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Abstract

:

To improve the measuring accuracy of circular encoders in special applications, self-calibration of the circular encoder is necessary. The commonly used self-calibration method, namely the Equal Division Average (EDA) method, requires a large number of reading heads and cannot be used when the structural space is limited. In this paper, a self-calibration method for a circular encoder based on two reading heads with adjustable positions (TRAP) is proposed. This TRAP method uses two reading heads to simulate multiple reading heads, which can be used to achieve self-calibration of circular encoders in limited space. This paper investigates the principle of simulating multiple reading heads with two reading heads, designs and builds an experimental system, and obtains and analyzes experimental data. The experimental results show that the peak-valley value of the angle measurement error is reduced from 252.41″ to 18.82″ after self-calibration with the TRAP method, and the repeatability of multiple self-calibration experimental results is less than 0.75″. The TRAP method breaks through the limitation of the number of reading heads that can be installed during the self-calibration of the circular encoder and can effectively suppress the angle measurement error of the circular encoder.






Keywords:


circular encoder; self-calibration; angular measurement; measurement error












1. Introduction


Precision angle measurement plays an important role in fields such as astronomical measurement, geographic surveying, aerospace, and precision machining. The circular encoder is a common high-precision angle sensor with the advantages of strong anti-interference ability and low cost. However, in practical applications, due to factors such as the grating engraving process, temperature, humidity, vibration, installation, and others, the circular encoder will exhibit an error in angle measurement. The main sources of angle measurement error in circular encoders include installation error, engraving error, and electronic subdivision error. Among these, the installation error caused by the eccentricity and inclination of the circular encoder accounts for the main part [1,2,3]. In order to improve the angle measurement accuracy of circular encoders, it is necessary to calibrate the encoders (i.e., measure and compensate for the angle measurement error of the circular encoder).



At present, many self-calibration methods for circular encoders have been proposed. Zhang [4] analyzed the optical dial-type circular indexing measurement device and found that when n reading heads are evenly distributed around the circumference of the dial and the average value of n reading heads is taken as the output value, all reading errors caused by harmonics other than integer orders of n can be eliminated. Probst [5] proposed a prime factor division (PFD) calibration method that calibrates divided circles using a prime factor algorithm based on a discrete Fourier transform to improve measuring accuracy. Lu et al. [6,7] introduced a new Time-measurement Dynamic Reversal (TDR) method to calibrate the circular encoder and compared it with the Equal Division Average (EDA) method to verify the effectiveness of the method. Feng et al. [8] used two reading heads to establish an eccentricity error model for the circular encoder, solving relevant eccentricity parameters based on the L–M algorithm and compensation for the eccentricity error in the measurement results of a single reading head. Jiao et al. [9,10] presented an optimization-based arrangement method for self-calibration of angle encoders. Based on the properties of Fourier analysis, the angle difference between reading heads was analyzed to determine the optimal arrangements of reading heads, and the optimal arrangements for two, three, and four reading heads were given. Wang et al. [11,12] used multiple reading heads to construct an equal-difference phase for error correction in order to ensure the accuracy of the angle measurement of the sensor. ISHII et al. [13,14] proposed a new self-calibration method with multiple reading heads that enables the detection of higher-order harmonic errors with a smaller number of reading heads and improves measurement accuracy. Zhang et al. [15,16,17] established a functional relationship between measurements and errors based on the principle of circular closure and the properties of the Fourier series and achieved self-calibration of the circular encoder with a single reading head. Zhang et al. [18] proposed a self-calibration method for circular encoders with multiple reading heads, deduced and analyzed the principle of error suppression of the reading head layout on the calibration results through harmonic analysis of angle measurement errors, and established a non-uniformly distributed layout of the reading heads to eliminate higher-order harmonic errors. Li et al. [19] introduced the main sources of error in angle measurements of circular encoders, analyzed the distribution pattern of angle measurement errors, and calibrated the accuracy of angle measurement using higher precision instruments. Additionally, the calibrated error data were fitted into a third-order sine function for error correction, and the effectiveness of the error correction was verified through experiments. Currently, the multiple reading head methods, including the Equal Division Average (EDA) method and the Unequal Division Average method, are commonly used self-calibration methods for circular encoders [20]. When the size of the circular encoder is fixed, the number of reading heads that can be installed is limited due to the constraints of the diameter of the circular encoder and the size of the reading head. In addition, the cost of the self-calibration system will increase if a larger number of reading heads are used.



In this paper, a self-calibration method for a circular encoder based on two reading heads with adjustable positions (TRAP) is proposed, which uses two reading heads to simulate multiple reading heads and achieve the calibration effect of multiple reading heads. The method breaks through the limitation of the number of reading heads that can be installed and can improve the measuring accuracy of the circular encoder.



This paper verifies the feasibility of the TRAP method and provides a new approach for high-precision self-calibration of circular encoders in a limited space, which has good research value. When space is not limited and the calibration effect of the TRAP method is compared with other (including the previously mentioned) calibration methods for circular encoders, the measurement accuracy that the TRAP method can achieve may be equivalent to or insufficient for them. In this case, this method may not be the best choice. However, when space is limited, the TRAP method has good applicability and can achieve a good self-calibration effect for a circular encoder. In this case, this method would be a good choice.




2. Self-Calibration Principle


The principle of the EDA method is based on the Fourier series and the circular closed principle, where m reading heads are evenly distributed around the circular encoder, and the m reading heads are used to eliminate harmonic errors other than k = c × m order (c = 1, 2, 3,…) [21,22,23].



The principle of self-calibration in this paper is to use two reading heads with adjustable positions to simulate the multi-reading head method, as exemplified by the simulating of the EDA method, which is described below.



2.1. Calculation Method for Actual Angle between Reading Heads


The circular encoder for self-calibration is an incremental encoder. When the circular encoder is rotated by an angle θ, according to the definition of error, the measured value of a single reading head can be expressed as:


   f i   ( θ )  = θ + Δ  ε i   ( θ )  ,  



(1)




where   i = 1 , 2 , 3 … m   is the serial number of the location of the reading head,    f i   ( θ )    is the measured value of the i-th reading head,  θ  is the true value of the rotation angle of the circular encoder, and   Δ  ε i   ( θ )    is the error value in angle measurement of the i-th reading head.



Two reading heads with adjustable positions are installed around the circular encoder, both of which can rotate around the circular encoder and are called fixed reading heads and adjustable reading heads, respectively. As shown in Figure 1, the fixed reading head is located at position P1, and the adjustable reading head is located at position Pn. The theoretical angle between the two reading heads is βn, 1, and the actual angle between the two reading heads is β.



When the rotation center of the circular encoder is at point-o in Figure 1, the true value of the rotation angle of the circular encoder satisfies:


   θ n  =  θ 1  ,  



(2)




where    θ n    is the true value of the adjustable reading head,    θ 1    is the true value of the fixed reading head. However, due to factors such as the scribing error of the circular encoder and the subdivision error of the reading head, the actual readings of the two reading heads are not the same during the rotation of the circular encoder. According to Formulas (1) and (2), it can be known that the measurement difference between the two reading heads is:


  Δ  f  n , 1   =  f n   ( θ )  −  f 1   ( θ )  = Δ  ε n   ( θ )  − Δ  ε 1   ( θ )  ,  



(3)







In the subscript of   Δ  f  n , 1    , n is the serial number of the location of the adjustable reading head, and 1 is the serial number of the location of the fixed reading head.



There is an error between the actual angle β and the theoretical angle βn, 1 between the two reading heads. In order to obtain a better self-calibration, it is necessary to obtain as accurate as possible β. The angle β between the actual installation positions of the two reading heads can be calculated from the readings of the two reading heads. For this purpose, the reading values of two reading heads are recorded at the time when the circular encoder zero-line passes through the two reading heads, respectively. When the circular encoder zero-line passes through the fixed reading head (position P1), the reading values of the fixed reading head are recorded as F1, and the reading values of the adjustable reading head are recorded as V1. When the circular encoder zero-line passes through the adjustable reading head (position Pn), the reading values of the fixed reading head are recorded as F2, and the reading values of the adjustable reading head are recorded as V2. Calculate the actual angle β between the installation positions of the two reading heads according to the following formula:


  β =  (   (  F 2 − F 1  )  +  (  V 2 − V 1  )   )  / 2 ,  



(4)







In theory, each time the adjustable reading head changes position, it should move to the designated position Pn so that the angle between the fixed reading head and the adjustable reading head is βn, 1. However, in practical application, there is a positioning error when the adjustable reading head is shifted to a specified position; there is an error between the actual angle β and the theoretical angle βn, 1 between the two reading heads, as shown in Figure 1. In the method of this paper, if |β − βn, 1| < 0.03°, it can be considered that the adjustable reading head has moved to the specified position; that is, the positioning error of the reading head can be negligible. The reason is that the amplitude of the angular error is small, the influence on the self-calibration results of the TRAP method is very small, and it is already possible to obtain a sufficiently high self-calibration accuracy of the circular encoder.




2.2. Self-Calibration Principle Based on Two Reading Heads with Adjustable Positions


As shown in Figure 2, the positions of the m reading heads are uniformly divided around the circular encoder, where m is the number of reading heads for the two reading heads simulation. The fixed reading head is located at position Pi, and the adjustable reading head is located at position Pj. At the current position, the theoretical angle βj,i between the two reading heads and the measurement difference Δfj,i between the two reading heads are calculated as follows:


   β  j , i   = (  |  j − i  |  )     360  ∘   m  ,  



(5)






  Δ  f  j , i   =  f j   ( θ )  −  f i   ( θ )  ,  



(6)




where i and j are the serial numbers of the position of the fixed reading head and the adjustable reading head, respectively, i = 1, 2, 3,…, m; j = 1, 2, 3,…, m.



Due to the size limitations of the circular encoder and reading head, there will be an allowable minimum angle between the two reading heads. In the EDA method, if the number of reading heads m is too large, the interference of two reading heads will occur when they are in adjacent positions. For example, assuming a minimum angle of 60°, if m = 12, the angle between adjacent reading-head mounting positions is 360°/12 = 30°. However, interference may occur due to 30° < 60°, which cannot be realized. In practice, the number of reading heads is limited by their size. In order to solve this problem, this paper proposes a method to perform permutation calculations that breaks through the limitation of the number of reading heads in this case.



This self-calibration method is based on whether there is interference between two reading heads and divides the calculation process into two parts, as detailed below. As shown in Figure 2, the fixed reading head is at position P1. Assuming that, due to size constraints, there is interference between the two reading heads when the adjustable reading head is located at position P2 or position Pm, and there is non-interference between the two reading heads when the adjustable reading head is at position Pj (j = 3, 4, …, m − 1).



When there is no interference between the two reading heads, the fixed reading head is located in position P1, and the adjustable reading head is changed several times. When the adjustable reading head is separately located at position Pj (j = 3, 4, …, m − 1), the measurements between the two reading heads can be collected. According to Formula (6), it can be inferred that the measurement difference between the two reading heads is:


  Δ  f  j , 1   =  f j   ( θ )  −  f 1   ( θ )  ,  



(7)




where j = 3, 4, …, m − 1.



When there is interference between the two reading heads, the fixed reading head is not moved, and the adjustable reading head is first shifted to a position that does not interfere with position P2 and position Pm. For example, if the adjustable reading head is located at position P4, it is known that the measurement difference between the two reading heads is at position P1 and position P4, respectively.


  Δ  f  4 , 1   =  f 4   ( θ )  −  f 1   ( θ )  ,  



(8)







Then, the identities of the two reading heads are reversed, and the original adjustable reading head is changed to the fixed reading head, and the original fixed reading head is changed to the adjustable reading head; that is, the fixed reading head is located at position P4 and the adjustable reading head is located at position P1. Keep the fixed reading head at position P4, change the adjustable reading head several times, and when the adjustable reading head is at position P2 and position Pm, respectively, the data between the two reading heads can be collected. According to Formula (6), it can be inferred that the measurement difference between the two reading heads is:


  Δ  f  j , 4   =  f j   ( θ )  −  f 4   ( θ )  ,  



(9)




where j = 2, m. Derived from Formulas (8) and (9)


  Δ  f  j , 1   = Δ  f  j , 4   + Δ  f  4 , 1   =  f j   ( θ )  −  f 1   ( θ )  ,  



(10)




where j = 2, m. From the above, the measurement difference Δfj, i (j = 1, 2, …, m) between the two reading heads is obtained, and then it is averaged by summing the


  Δ f =     ∑  j = 1  m   Δ  f  j , 1      m  ,  



(11)







In this way, an error in the angle measurement of the circular encoder can be calculated, which is used for error compensation. The method realizes the simulation of the EDA method by using two reading heads for the self-calibration of the circular encoder.



This method can also use two reading heads with adjustable positions to simulate the optimization method of multiple reading heads [24,25], the Unequal Division Average method. The process is similar to the above, and the efficiency of self-calibration can be improved.





3. Design and Construction of Experimental System


3.1. Structural Design of Self-Calibration Device


The mechanical structure of the self-calibration device in the experimental system is shown in Figure 3. In the figure, the circular encoder is RESM20 of Renishaw’s VIONiC (52 mm diameter, ±3.97″ scribing accuracy, 20 μm pitch, 8192 lines); the reading head is V2CL of Renishaw’s VIONiC (20 nm resolution, clocked at 50 MHz); and the servo motor is HTS-35H of Hiwonder (0.2° servo accuracy). The self-calibration device uses the axis of the circular encoder as the axis of rotation, and two reading heads with adjustable positions are installed around the circular encoder. Through the gear drive section, the two reading heads are, respectively, controlled by the corresponding servo motor. By controlling the servo motor, the rotation of the reading head around the circular encoder can be realized, which meets the design requirement that the two reading heads of the circular encoder can change their positions independently.




3.2. Design of Hardware Circuit and Software System


The hardware components of the experimental system include a circular encoder, reading heads, googol motion controller, and servo motors, as shown in Figure 4. The software running on a PC mainly realizes two functions: the data acquisition and processing function and the position control function of the reading head.



The principle of data acquisition and processing function is that the two reading heads are fixed, the PC sends control instructions to the servo motor, and the servo motor takes the air-bearing spindle and the circular encoder to rotate. Data information is collected by two reading heads at the same time as the rotation of the circular encoder, and then the collected data information is transmitted to the PC through the googol motion controller. Finally, the PC performs data processing on the collected data information and completes the data acquisition and processing function.



The principle of the position control function of the reading head is that the circular encoder is fixed, the PC sends control instructions to the servo motors (up/down), and the servo motors (up/down) control the rotation of the reading heads (up/down) corresponding to it. At the same time, the two reading heads collect the data produced in the rotation process of the reading heads and then transfer the collected data to the PC through the Googol motion controller to realize closed-loop feedback control to ensure the position of the reading head in the process of displacement to achieve the expected position and complete the position control function of the reading head.




3.3. Construction of Experimental Platform


The experimental platform is shown in Figure 5. The internal structure of the self-calibrating device is shown in Figure 3. The circular encoder is fixed on the spindle of the air-bearing turntable. The installation position of the circular encoder needs to be corrected, and the axial and radial runout of the circular encoder after correction is less than 0.05 mm. The installation position of the reading head also needs to be adjusted so that the indicator of the reading head shows normal operation, and the indicator shows normal operation when the reading head rotates around the circular encoder. Two servo motors control the rotation of the two reading heads through gear drive, respectively, and a servo motor is located at the bottom of the air-bearing turntable and drives the air-bearing spindle to rotate. In order to explain the effect of the method in this paper, an angular measuring system of a laser interferometer is also installed in the experiment platform. The laser interferometer includes an XL80 laser module (±0.5 ppm system accuracy (0~40 °C), 0.001 μm resolution), an angle interferometer, and an XR-20W gyroscope (±1″ measuring accuracy). In the experiment, experimental data obtained by Renishaw’s laser interferometer are taken as references, and the validity of the method is verified by comparing the angle measurement error of the circular encoder before and after self-calibration.





4. Experiment


4.1. Experimental Process


In this experiment, the self-calibration method of two reading heads simulating six reading heads is used as an example to explain the process of the self-calibration method in this paper. The process of adjusting the position of the reading heads is shown in Figure 6. At first, the fixed reading head is at position P1, and the adjustable reading head is at positions P3, P5, and P4, respectively. Then, the identities of the fixed reading head and the adjustable reading head are switched; the fixed reading head is at position P4, and the adjustable reading head is at positions P1, P2, and P6, respectively.



The measurements of the reading head at each position are shown in Table 1, where m is the number of measurements of the reading head during one rotation of the circular encoder. In order to ensure the integrity of data information and improve accuracy, record two or more cycles of data information each time, take out two or more whole circles of data from the data information, and take the average value of the data of each circle. The data information to be recorded should include the measurement data as the zero line of the circular encoder passes through each reading head. After recording, mark the current installation position of the two reading heads as having been measured in the list of installed positions of the reading heads.



In Table 1, the data measured by the fixed reading head and the adjustable reading head are presented in an array; measurements in Table 1 are data of two whole circles. In the subscript of Pi, j, i represents the number of measurements, and j represents the installation position; in the subscript of Pi, j, K, i represents the number of measurements, j represents the installation position, and k represents the serial number of data.



Each set of measurements is recorded from the time when the zero line of the circular encoder passes through each reading head. The aim is to align all the data, that is, make the data in each curve have a uniform starting point or put the curves in the same coordinate system.



As mentioned earlier, to reduce the impact of random errors, the collected data can be averaged. The idea of the averaging process is to take the average value of the corresponding m data for each cycle. The specific data processing method is described in the self-calibration principle section. The compensation data for error in angle measurement of the circular encoder, which can be obtained by data processing, can be used to improve the measuring accuracy of the circular encoder.




4.2. Analysis of Experimental Data


Through the experimental process as described in Section 4.1, the two reading heads can be used to simulate different numbers of reading heads and obtain an error curve with the zero line of the circular encoder as the starting point for the corresponding case. Figure 7 shows the error curve of each position when two reading heads simulate two, three, five, six, ten, fifteen, and thirty reading heads. As shown in Figure 7, in the same set of equal data, the error curves of reading heads at different positions follow a certain regularity; that is, the error curve at any one position can be converted into an error curve at other positions by adjusting the phase and initial zero-position of the error curve.



In practical applications, there are many interference factors, such as environmental vibration, noise, the installation position of reading heads, the shaking of the turntable, etc. These factors will randomly affect the measurements of the reading head to different degrees. Therefore, using two reading heads to simulate more reading heads can make the overall calibration process more stable and improve the effect of calibration.



In the experiment with the self-calibration method, the measured data of 30 reading heads are simulated by two reading heads. The data can be subdivided again into 15 groups of two equal divisions, 10 groups of three equal divisions, 6 groups of five equal divisions, 5 groups of six equal divisions, 3 groups of ten equal divisions, and 2 groups of fifteen equal divisions.



The difference in data for each group can be used as an indicator to evaluate the stability of the self-calibration results of the TRAP method in this paper. The variability of each group of data can be quantified by calculating the standard deviation of the data in this group. Figure 8 shows the standard deviation for each group with different equal divisions. The legend in Figure 8 represents the number of equal divisions. As can be seen in Figure 8, the variability of the measured data is gradually reducing as the number of reading heads simulated by the two reading heads increases. The difference between the groups of data is greatest in the two equal divisions. In this case, the standard deviation is calculated as follows:


  σ (  y i  ) =       ∑  i = 1  n     (  y i  −  y ¯  )  2      n − 1     ,  



(12)




where i = 2, 3, …, n is the serial number of the data,    y i    is the data of group-i,   y ¯   is the average of group-n of measurements, and n is the number of groups under the equal division if there are 15 groups of two equal divisions; that is, n = 15.



In order to verify the repeatability of the experimental system, 10 sets of two reading heads simulating three reading heads (three equal divisions) were carried out under the premise of ensuring the same installation position of the virtual reading head. Figure 9 shows the difference between the data from the group-1 trial and the data from the other nine groups. As can be seen in Figure 9, the repeatability of the data for each group of measurements is good. Further, the standard deviation of these data in Figure 9 is also calculated, and the results are shown in Figure 10, where Max (  σ (  y i  )  ) = 0.75″ for all measured positions.




4.3. Comparison with Interferometric Measurements


In order to verify the validity of the self-calibration method, the circular encoder was measured using an interferometer; the measured value was taken as the true value of the rotation angle of the circular encoder. Then, it was compared and analyzed with the data measured using the simulated thirty equal divisions using the TRAP method.



As shown in Figure 11, it is a comparison graph of the measurement errors before and after the error compensation under the current experimental conditions. Before error compensation, the error peaks are 247.72″ and −4.69″, respectively, and the error of angle measurement is 252.41″; after error compensation, the error peaks are reduced to 12.10″ and −6.72″, respectively, and the error of angle measurement is 18.82″. Through THE contrast experiment, it can be clearly seen that the use of the present self-calibration method has an obvious suppression effect on the error of angle measurement.





5. Conclusions


In this paper, a self-calibration method for a circular encoder based on two reading heads with adjustable positions is presented. This method collects measurement data of the reading head at different positions through multiple positional changes of two reading heads with adjustable positions, establishes the correlation between these measurement data, and then calculates the angle measurement error of the circular encoder, achieving self-calibration of the circular encoder. At the same time, this paper also designed the mechanical structure, hardware circuit, and software system of the self-calibration system and completed the construction of the experimental platform. Through analysis and comparison of the experimental data, it can be seen that the method has a significant reduction effect on an error of angle measurement. Under the present experimental conditions, the error in angle measurement of the circular encoder is reduced from 252.41″ to 18.82″, and the repeatability error of the self-calibration result is less than 0.75″.



The self-calibration method proposed in this paper provides a new approach to the study of the high-precision self-calibration of circular encoders in a limited space. However, this paper only studied the EDA method. In future research, it may be necessary to simulate the method of non-uniform layout of multiple reading heads to improve the efficiency of self-calibration of circular encoders. Due to the limitations of experimental conditions, the experimental data in this paper were inevitably affected by environmental interference. In the future, the effect of self-calibration on this method will be further explored by optimizing the experimental conditions.
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Figure 1. Position of two reading heads (fixed reading head is at P1; adjustable reading head is at Pn). 
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Figure 2. Positions of the reading heads when simulating the EDA method. 
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Figure 3. Structural of the self-calibration device. (a) Schematic diagram of the self-calibration device; (b) Physical diagram of the self-calibration device; (c) RESM20 circular encoder of Renishaw’s VIONiC; (d) V2CL reading head of Renishaw’s VIONiC; (e) HTS-35H servo motor of Hiwonder. 
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Figure 4. Block diagram of hardware circuit system. 
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Figure 5. Experimental platform. (a) Schematic diagram of the experimental platform; (b) XL80 laser module; (c) angle interferometer; (d) XR-20W gyroscope. 






Figure 5. Experimental platform. (a) Schematic diagram of the experimental platform; (b) XL80 laser module; (c) angle interferometer; (d) XR-20W gyroscope.



[image: Machines 12 00246 g005]







[image: Machines 12 00246 g006] 





Figure 6. Process of adjusting positions of two reading heads. (a) Fixed reading head is at P1 and adjustable reading head is at P3; (b) Fixed reading head is at P1 and adjustable reading head is at P5; (c) Fixed reading head is at P1 and adjustable reading head is at P4; (d) The identities of two reading heads are switched; fixed reading head is at P4, and adjustable reading head is at P1; (e) Fixed reading head is at P4, and adjustable reading head is at P2; (f) Fixed reading head is at P4, and adjustable reading head is at P6. 
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Figure 7. Measured error curve of each position when two reading heads simulate multiple reading heads (different equal divisions). (a) Two equal divisions; (b) three equal divisions; (c) five equal divisions; (d) six equal divisions; (e) ten equal divisions; (f) fifteen equal divisions; (g) thirty equal divisions. 
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Figure 8. Standard deviation of differences in multiple sets of data (with different numbers of read heads). 






Figure 8. Standard deviation of differences in multiple sets of data (with different numbers of read heads).



[image: Machines 12 00246 g008]







[image: Machines 12 00246 g009] 





Figure 9. Difference curve of three equal divisions. 
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Figure 10. Standard deviation of three equal divisions. 
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Figure 11. Comparison of curves before and after error compensation. 
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Table 1. Measurements of the reading heads at each location.
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	Number of Measurements
	Position of Fixed Reading Head
	Position of Adjustable Reading Head
	Measurements of Two Reading Heads
	Position Marked as Measured





	1
	P1
	P3
	    P  1 , 1   = {  p  1 , 1 , 1   ,  p  1 , 1 , 2   , ⋯ ⋯ ,  p  1 , 1 , 2 m   }   P  1 , 3   = {  p  1 , 3 , 1   ,  p  1 , 3 , 2   , ⋯ ⋯ ,  p  1 , 3 , 2 m   }   
	P1, P3



	2
	P1
	P5
	    P  2 , 1   = {  p  2 , 1 , 1   ,  p  2 , 1 , 2   , ⋯ ⋯ ,  p  2 , 1 , 2 m   }   P  2 , 5   = {  p  2 , 5 , 1   ,  p  2 , 5 , 2   , ⋯ ⋯ ,  p  2 , 5 , 2 m   }   
	P1, P3, P5



	3
	P1
	P4
	    P  3 , 1   = {  p  3 , 1 , 1   ,  p  3 , 1 , 2   , ⋯ ⋯ ,  p  3 , 1 , 2 m   }   P  3 , 4   = {  p  3 , 4 , 1   ,  p  3 , 4 , 2   , ⋯ ⋯ ,  p  3 , 4 , 2 m   }   
	P1, P3, P4, P5



	4
	P4
	P2
	    P  4 , 4   = {  p  4 , 4 , 1   ,  p  4 , 4 , 2   , ⋯ ⋯ ,  p  4 , 4 , 2 m   }   P  4 , 2   = {  p  4 , 2 , 1   ,  p  4 , 2 , 2   , ⋯ ⋯ ,  p  4 , 2 , 2 m   }   
	P1, P2, P3, P4, P5



	5
	P4
	P6
	    P  5 , 4   = {  p  5 , 4 , 1   ,  p  5 , 4 , 2   , ⋯ ⋯ ,  p  5 , 4 , 2 m   }   P  5 , 6   = {  p  5 , 6 , 1   ,  p  5 , 6 , 2   , ⋯ ⋯ ,  p  5 , 6 , 2 m   }   
	P1, P2, P3, P4, P5, P6
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