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Abstract: The detachment between the cam and the follower was investigated for different cam
speeds (N) and different internal distance of the follower guide from inside (I.D.). The detachment
between the cam and the follower were detected using largest Lyapunov exponent parameter, power
density function of Fast Fourier Transform (FFT), and Poincare’ maps due to the nonlinear dynamics
phenomenon of the follower. The follower displacement and the contact force between the cam and
the follower were used in the detection of the detachment heights. Multi-degrees of freedom (spring-
damper-mass) systems at the very end of the follower were used to improve the dynamic performance
and to reduce the detachment between the cam and the follower. Nonlinear response of the follower
displacement was calculated at different cam speeds, different coefficient of restitution, different
contact conditions, and different internal distance of the follower guide from inside. SolidWorks
program was used in the numerical solution while high speed camera at the foreground of the
OPTOTRAK 30/20 equipment was used to catch the follower position. The friction and impact were
considered between the cam and the follower and between the follower and its guide. The peak
of nonlinear response of the follower displacement was reduced to (15%, 32%, 45%, and 62%) after
using multiple degrees of freedom systems.

Keywords: follower detachment; Lyapunov exponent parameter; power density function; contact
force; non-periodic motion; coefficient of restitution

1. Introduction

Follower displacement and the contact force are criteria to the detachment and sepa-
ration between the cam and the follower at high speeds based on the nonlinear dynamic
analysis conception. Largest Lyapunov exponent parameter using average logarithmic
divergence, power density function using Fast Fourier transform, and Poincare’ maps are
investigated to detect the detachment in nonlinear dynamic phenomenon. The application
of this cam–follower system can be found in internal combustion engines.

Sundar et al. used the Hertzian contact theory to calculate the contact stiffness by
analyzing the coefficient of restitution model using single degree of freedom when the cam
was spinning about a fixed point, [1]. Yan and Tsay solved the separation phenomenon
problem between the cam and the follower by increasing the preload rate of the spring force.
They proposed a mathematical model for the cam profile with a variable speed to change
the follower motion by using Bezier function, [2]. Jamali et al. discussed the parameters
that affect the contact problem between the cam and flat-faced follower such as radius of
curvature, surface velocities and applied load under thin film of lubricants. They improve
numerically the level of film thickness lubricant by taking into consideration the parabolic
shape of the pressure distribution through cam depth which reduced the detachment
between the cam and the follower, [3]. Pugliese et al. designed an apparatus to measure the
contact force using an optical interferometry sensor with high speed camera. They showed
different conditions for the contact at low and high magnification to detect the angular
positions of the cam, [4]. Ciulli et al. measured the contact force experimentally during
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the rotation of a circular eccentric cam and an engine spline cam at different rotational
speeds and preloads in the presence of lubricant film thickness between the cam and the
follower, [5]. Alzate et al. observed experimentally the detachment when the contact force
exceeds the restoring force at critical velocity region. They concluded that the detachment
and the separation between the cam and the follower occurs when there will be a difference
in angular velocity between the cam and the follower at the contact point. The detachment
between the cam and the follower has been detected based on bifurcation diagram and
chaos, [6]. Desai and Patel determined the critical angular speed when the follower jumps
off the cam. They determined the kinematic parameters of the dynamic force analysis
at different motion for the follower such as constant velocity motion, cycloidal motion,
parabolic motion and simple harmonic motion, [7]. Yang et al. extended a transient impact
hypothesis of the contact model by considering the tangential slip between the cam and the
follower. They showed that the cam and the follower kept permanent contact at low speeds,
while the separation and oblique impact will happen at high speeds, [8]. Lassaad et al.
studied the effect of the error in cam profile on the behavior of nonlinear dynamics of the
oscillated roller follower by solving the nonlinear second order differential equations, [9].
DasGupta and Ghosh used a constant pressure angle to assess jamming of the follower
in its guide based on the follower–guide friction, [10]. Yousuf and Marghitu studied
the influence of flank curvature of the cam profile on the nonlinear dynamic behavior
of the roller follower at different cam speeds (N) and different follower guides’ internal
dimensions (F.G.I.D.). They concluded that the follower motion is non-periodic when the
cross-linking of the phase-plane diagram diverges with no limit of spiral cycles by taking
into consideration the impact through impulse and momentum theory, [11]. This study is
an extension of previous studies in the field of nonlinear dynamics phenomenon in cam
follower system. The detachment between the cam and the follower is investigated based
on follower displacement and the contact force at different cam speeds (N) and different
internal distance of the follower guide from inside (I.D.). The variation of the contact force
against time is used in the Lyapunov exponent parameter code to detect for the detachment
between the cam and the follower. A positive value of Lyapunov exponent of the contact
force indicates non-periodic motion, while a negative value of the Lyapunov exponent
reflects the periodic motion of the contact force. Moreover, non-periodic motion of the
contact force indicates that there will be a detachment or separation while the periodic
motion of the contact force interprets that the cam and the follower stays in permanent
contact.

The main contribution of this work is to detect that either the follower will stay in
permanent contact with the cam profile or there will be a separation between the cam and
the follower.

The manuscript is organized as follows:
(a) In Section 2, the experiment setup was carried out through high speed camera

at the foreground of OPTOTRAK 30/20 equipment to catch the follower position and to
calculate the contact force. (b) In Section 3, the analytic displacement of the follower was
derived using Newton’s second law of translation and rotation motions in the presence
of three degrees of freedom for the follower. (c) In Section 4, the detachment between the
cam and the follower was detected numerically through follower displacement and contact
force using SolidWorks program. (d) In Sections 5–7, the detachment between the cam
and the follower was detected using largest Lyapunov exponent parameter, power density
function of (FFT), and Poincare’ map, respectively.

2. Experiment Test

An internal distance of the follower guide (I.D. = 16 mm) with different cam speeds
was used in the experiment test. The internal dimension of the follower guide refers to
the size of the follower guide from the inside, meaning the distance between the two
halves of the cylindrical shape of the follower guide. There was a link between the two
halves of the cylindrical shape. The internal distance of the follower guide from the inside
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was measured to be (I.D. = 16 mm) because it is constant from the manufacturer. The
experimental setup was carried out through a high speed camera at the foreground of
OPTOTRAK 30/20 equipment to catch the follower position and to determine the contact
force. Multi-degrees of freedom (spring-damper-mass) system was used at the very end
of the follower stem to keep both cam and follower in permanent contact and to reduce
the detachment heights of the follower. All the springs have the stiffness (K1= K2 = K3 =
K4 = K5 = 73.56 N/mm) while the coefficient of the damping have the values (C1 = C2
= C3 = C4 = C5 = 9.19 N·s/mm). The masses of the four boxes were (M1 = M2 = M3 =
M4 = 0.2625 Kg, Mtotal = 1.05 Kg) to reduce the peak of follower displacement of the lift
position. The follower moves with three degrees of freedom in which the contact point was
considered in the calculation of follower displacement. The signal of follower movement
was derived once and twice to determine the follower acceleration. After multiplying the
follower acceleration by the follower mass using Newton’s second law of dynamic motion,
the contact force can be experimentally determined [12]. Figure 1 shows the experiment
test. Due to the interface feedback of an infrared 3-D camera of the OPTOTRAK / 3020
device, the follower movement was stocked in an Excel file. The follower displacement
was processed using MatLab software. To retain the contact between the cam and the
follower, a spring with the specification [13] such as spring index (C = 3), number of turn
(n = 6), modulus of rigidity (G = 80 GPa.), coil diameter (d = 2.5 mm), outside diameter
(OD = 10 mm) and preload extension (∆ = 15 mm) had been used between the vertical
table and follower stem. The spring was suspended from a fixed point, and the load was
applied at the very end point of the spring. The spring deflection was recorded against
the applied load, [14] in which the slope represented the spring stiffness (K = 400 N/m) as
indicated in Figure 2.

The jumping phenomenon started at critical operating speed (N = 212 rpm) in which
the cam lost the contact with the follower. The critical operating speed of the cam was
calculated by equating the summation of the weight and the spring force with the inertia
force of the follower, [15]. The impact between the cam and the follower was considered
based on impulse and momentum theory because the impact velocity was illustrated in
the following equation:

∆Vimpact

∆t
=

√
2∗g∗∆h

∆t
(1)

where

∆h is the change in follower displacement when the follower is turned with an angle (θ)
about z-axis, mm.
g is the gravitational acceleration, mm/s2

∆t is the change in time when the follower displacement has been changed, s.

The following equation was used to calculate the critical speed of the cam if the spring
force was constant and equal to the preload.

ω =

√
m1g + S

rm1
(2)

where

r is the minimum radius in the cam profile which is equal to (22.5 mm), [16].
S is the total force acting on the follower in the direction of the axis when the mechanism is
stopped in the minimum lift position, N.
m1 is the weight which locates at the end of the follower stem, kg.
ω is the critical speed of the cam, rpm.

The total force (S) represents the impulse force as follows:

S = m1 ∗
∆Vimpact

∆t
∗ Sin(θ) (3)
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Substitute Equation (1) into Equation (3) and Equation (3) into Equation (2) to obtain
the parameter (m1) and this parameter disappeared from Equation (2):

ω =

√
∆t

∆Vimpact
∗ 1

Sin(θ)

√
g + Sin(θ) ∆t

∆Vimpact

r
(4)

Figure 3 showed how the critical jumping speed of the cam was decreased with the
increasing weight where the spring force was constant and equal to the preload until the
cam speed settled down. It was hard to operate the cam experimentally over (N = 200 rpm)
when the detachment occurred and the cam follower system was collapsed, in which some
of the cam profile material took away due to impact, high temperature and friction. For the
purpose of comparison with the numerical simulation, both cam and follower were made
from plastic material.
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3. Equations of Motion of Three Degrees of Freedom System

In this paper, the nonlinear dynamics phenomenon occurred due to the motion of the
follower with three degrees of freedom (right-left, up-down, and rotation about z-axis).
Newton’s second law of the dynamic motion was applied to describe the three degrees of
freedom of the follower. Figure 4 showed the mechanical vibration representation of the
three degrees of freedom system for the flat-faced follower and its guide. All the springs
have the stiffness (KK1 = KK2 = KK3 = KK4 = KK5 = 73.56 N/mm) while the coefficients of
the damping have the values (CC1 = CC2 = CC3 = CC4 = CC5 = 9.19 Ns/mm). The mass of
the follower was (m = 0.2759 Kg). The cam follower mechanism can be treated as a single or
multi-degrees of freedom based on the motion of the follower, [17]. The impedance matrix
can be put into terms of frequency response matrix, [18]. The contact force expression in
terms of the pressure angle has been taken from, [19,20]. The equations of motion with the
solution can be seen in Appendix A.
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4. Numerical Simulation
4.1. Detachment Detection through Follower Displacement

(a) SolidWorks program was used in the modeling of computer aided design (CAD), [21].
In the numerical simulation, the follower moved with three degrees of freedom (up-
down, right-left, and rotation about z-axes). The two rollers in both sides between
the wall and the mass of the spring–damper system helped the multi-degrees of
freedom moved up and down as indicated in Figure 5. In SolidWorks program,
there were three types of integrator, (GSTIFF), (SI2-GSTIFF) and (WSTIFF), in which
the integrator of the type (GSTIFF) was selected. The (GSTIFF) solves the complex
nonlinear dynamics system, and it can be operated over a range of speeds of the cam.
The integrator (GSTIFF) works with maximum iteration (50), initial integrator step
size (0.0001), minimum integrator step size (0.0000001), and maximum integrator
step size (0.001). The dimensions of cam, flat-faced follower, and the two guides
are taken from Ref. [22] while the dimensions of the outside frame and the four
mass boxes are assumed to be arbitrary. The SolidWorks simulation setup can be
seen in Appendix B. In regards to the multi-degrees of freedom at the very end
of the follower stem, all the springs have the stiffness (K1 = K2 = K3 = K4 = K5 =
73.56 N/mm) while the coefficients of the damping have the values (C1 = C2 = C3 =
C4 = C5 = 9.19 Ns/mm). The values of the masses of the four boxes are (M1 = M2 =
M3 = M4 = 0.2625 Kg, Mtotal = 1.05 Kg) to reduce the peak of follower displacement
of the lift position. The spring constants are the spring index (C = 3), number of turn
(n = 6), modulus of rigidity (G = 80 GPa.), coil diameter (d = 2.5 mm), and outside
diameter (OD = 10 mm). In regards to the spring between the follower stem and the
vertical table, the spring index (C = 3), number of turn (n = 6), modulus of rigidity
(G = 80 GPa.), coil diameter (d = 2.5 mm), outside diameter (OD = 10 mm), and the
spring stiffness (K = 400 N/m).
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Figure 5. Computer aided design of SolidWorks simulation using multi-degrees of freedom.

Multi-degrees of freedom was used to reduce the detachment between the cam and
the follower and to improve the dynamic performance through the reduction in the peak
of the nonlinear response of the follower as shown in Figure 6. The peak of nonlinear
response of the follower displacement was reduced to (15%, 32%, 45%, and 62%) after
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using multi-degrees of freedom systems. Four spring-damper-mass systems are used at the
very end of the follower stem to reduce the detachment between the cam and the follower
as low as possible and to keep the cam and the follower in permanent contact. The system
with internal distance of the follower guide (I.D. = 17 mm) and cam speed (N = 300 rpm)
was used in the simulation.
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Figure 6. Follower linear displacement against time using multi-degrees of freedom systems.

As stated earlier, the follower moved with three degrees of freedom because of the
clearance between the follower and its guide. The variation of nonlinear response of the
follower displacement was intangible in the x-direction while there was a variation in the
y-direction for the follower displacement as indicated in Figure 7.
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Four different internal distance of the follower guide such as (I.D. = 16, 17, 18, 19 mm)
were used in the simulation of the follower displacement and the contact force in which
the clearance between the follower and its guide has a variable value. Figures 8 and 9
showed the follower linear displacement mapping against time for (I.D. = 16 and 17 mm),
and these figures indicated how the follower detaches from the cam profile at different
cam speeds. The follower stayed in permanent contact with the cam profile as shown in
Figures 8a and 9a at (I.D. = 16 and 17 mm) and (N = 100 and 200 rpm), respectively. The
follower started the detachment from the cam profile as shown in Figures 8b and 9b at
(I.D. = 16 and 17 mm) and (N = 200 and 350 rpm), respectively. The follower started multi-
detachments and multi-impacts in one cycle of the cam rotation as shown in Figures 8d and 9d
at (I.D. = 16 and 17 mm) and (N = 600 rpm). In general, the detachments between the cam
and the follower was increased with the increasing of internal distance of the follower
guide (I.D.) and cam speeds (N).
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Figure 9. Follower linear displacement mapping against time for (I.D. = 17 mm).

The impact between the follower and its guide was shown in Figure 10a, while the
follower stem with its guide was shown in Figure 10b. The impact was analyzed at the
contact point based on different values of coefficient of restitution, while the contact was
investigated using steel greasy and steel dry frictions. When the value of contact force is a
maximum value, it means that the cam and the follower are in permanent contact. On the
other hand, when the value of contact force is zero, it means that the follower will detach
from the cam at high speeds.
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Figure 11 showed the follower displacement mapping against time at different coeffi-
cient of restitution values for (I.D. = 19 mm) and (N = 200 rpm). SolidWorks program was
used in the simulation of follower displacement. Coefficient of restitution induces impact
and is defined as a loss in potential energy due the reduction in the peak of nonlinear
response of the follower. There were no losses in potential energy when the cam and
the follower were in permanent contact as indicated in Figure 11a. The potential energy
losses were increased with the increasing of coefficient of restitution due to the impact
until the peak of nonlinear response of the follower displacement settles down as shown
in Figure 11b–d. In general, when both the cam and follower are in permanent contact, it
means there was no loss in potential energy and there was no either impact or coefficient
of restitution. The detachment between the cam and the follower was increased with the
increasing of the coefficient of restitution in the presence of the impact.

In this paper, the cam profile with return-dwell-rise-dwell-return-dwell-rise-dwell-return-
dwell-rise-dwell was selected, [23]. The system with (I.D. = 16 mm) and (N = 200 rpm) was
used in the verification of the follower displacement as shown in Figure 12 for one cycle of
cam rotation.

The analytic follower displacement was done by applying Equation (A13). Follower
linear displacement was tracked experimentally through high speed camera at the fore-
ground of OPTOTRAK/3020 equipment. Solidworks program was used in the numerical
simulation of follower linear displacement. In the analytic solution of the follower dis-
placement, the dwell stroke period of time was a straight line, which means that there
was no detachment between the cam and the follower. In the numerical simulation, the
dwell stroke was divided between the rise and return strokes and the detachment was
intangible between the cam and the follower. In the experiment setup, the dwell stroke was
tangible and it was varied sinusoidal against time. Regarding the comparison of the present
work with the other publications, Figure 13 showed the comparison of nonlinear response
of the follower against time. In the present work, the system with (I.D. = 17 mm) and
(N = 200 rpm) was considered in the simulation using SolidWorks program. The author
in Ref. [24] used six orders of piecewise polynomials for smoothing the motion curve of
flat-faced follower due to the contact with a polydyne cam.
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4.2. Detachment Detection through Contact Force

The weight of the follower was sufficient to maintain the contact when the follower
moved with simple harmonic motion. Moreover, the preload spring between the instal-
lation table and the follower stem must be properly designed to maintain the contact.
Figures 14 and 15 showed the mapping of contact force against time for internal distance
of the follower guide (I.D. = 16 and 17 mm) at different cam speeds (N). The detachment
height was varied with the variation of the contact load value. The detachment occurred
between the cam and the follower when the value of the contact force was in a minimum
value, as indicated in Figures 14b–d and 15b–d. There was an intangible detachment when
the follower slipped off the cam as indicated in Figures 14a and 15a at (N = 400 rpm and
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200 rpm). In general, the detachments between the cam and the follower was increased
when the contact force was in minimum value. SolidWorks program was used in the
calculation of contact force at different (I.D.) and (N).
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Figure 16 showed the comparison of the contact force against time at (I.D. = 16 mm)
and (N = 200 mm). The analytic set of data of the contact force was calculated after applying
Equation (A12), while the numerical simulation of the contact force was determined using
SolidWoks program. The experimental set of data of the contact force was calculated
after tracking the follower position using high speed camera at the foreground of the
OPTOTRAK 30/20 equipment. Newton’s second law of dynamic motion was applied
once and twice in the presence of follower mass and follower acceleration as mentioned
earlier in (Experiment Test) section. In high speeds of the cam, it is important to produce
a maximum acceleration which gives a negative value of the contact force. The follower
acceleration is positive when the radius of curvature of the contact of the follower with the
cam profile is positive and vice versa, [25]. Based on the above, the detachment between
the cam and follower decreases when the follower decelerates at negative value for the
contact force, especially at high speeds of the cam.
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Figure 16. Comparison of contact force against time.

In this study, the detachment height of the follower was investigated in the presence
of four internal distance of the follower guide from inside (I.D.) during the run of the
numerical simulation analysis. In the experiment setup, the internal distance of the follower
guide from inside was measured to be (I.D. = 16 mm) because it is constant from the
manufacturer as shown in Figure 17.
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5. Detachment Detection through Largest Lyapunov Exponent Parameter

Largest Lyapunov exponent parameter was used to detect the detachment in cam-
follower system through the contact force. When the value of Lyapunov exponent of
the contact force is positive, it means that there will be a detachment between the cam
and the follower (non-periodic motion). Negative largest Lyapunov exponent value of
the contact force indicates to periodic motion (the cam and the follower is in permanent
contact) and the contact force has a maximum value. Wolf algorithm code based on MatLab
software was used to extract the values of largest Lyapunov exponent by monitoring the
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orbital divergence for the contact force, [26]. Equations (5) and (6) were used to build Wolf
algorithm code of the dynamic tool, [27].

d(t) = Deλt (5)

y(i) =
1

∆t
[
lndj(i)

]
(6)

Figure 18 showed the numerical value of largest Lyapunov exponent against number
of samples at (I.D. = 16 mm) and (N = 400 rpm). The value of Lyapunov exponent parameter
was taken at its respective equilibrium point. One column of the contact force with the
values of time delay and embedding dimension were used in Wolf algorithm to extract
the numerical value of largest Lyapunov exponent parameter. One column of the contact
force has been taken from the SolidWorks program where it was used in the dynamic tool
of Wolf algorithm code. When the value of largest Lyapunov exponent is positive and
above zero, it gives the indication that there will be a detachment between the cam and the
follower.
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Figure 18. Local Lyapunov exponent against number of samples for (I.D. = 16 mm) and
(N = 400 rpm).

Time delay and embedding dimensions are numeric values in which it is needed
in Wolf algorithm code in the estimation of local Lyapunov exponent Parameter. The
algorithm of the dynamic code of global false nearest neighbors of the contact force was
used to obtain the value of embedding dimensions in which it is estimated when the trend
of global false nearest neighbors approaches zero, [28]. In this paper, a local and optimal
time delay was estimated in which it is recommended that the local time delay should be
chosen to be dependent on the embedding dimensions, [29]. The algorithm code of average
mutual information was used to obtain the value of time delay and the first minimum
time in the average mutual information trend represents the value of the time delay. The
optimal time delay was calculated from the following equation:

τw = (P − 1)τ∗ (7)

where

τ∗ is the local time delay.
τw is the optimal for independence of time series.
P is the embedding dimensions.

Figures 19 and 20 showed the comparison of time delay, while Figures 21 and 22
showed the comparison of embedding dimensions.
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There was another way for estimating largest Lyapunov exponent of the contact
force which was called average logarithmic divergence. The straight line represented the
slope of average logarithmic divergence which reflected the value of Lyapunov exponent
parameter. The curve represented the logarithm function against time of the contact force.
As is known, the logarithm function treats any set of data by a straight line which gives
the value of largest Lyapunov exponent. Figure 23 showed the comparison of average
logarithmic divergence of contact force against time for (I.D. = 16 mm) and (N = 200 rpm).
The analytic largest Lyapunov exponent of the contact force was calculated after applying
Equation (A13) on one column of the contact force using average logarithmic divergence
approach, while the numerical simulation of the largest Lyapunov exponent of the contact
force was determined using SolidWoks program. The experiment value of largest Lyapunov
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exponent had been obtained after tracking the follower position using OPTOTRAK 30/20
equipment through high speed camera and by applying Newton’s second law of dynamic
motion on the follower mass and follower acceleration as mentioned in (Experiment Test)
section.
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6. Detachment Detection through Fast Fourier Transform (FFT)

Power density function was used to detect the detachment between the cam and
the follower because it gives six frequency peaks’ alongside with the fundamental fre-
quency. [30]. The fundamental frequency has the letter (F), while the other frequencies’
peaks have the numbers (2, 3, 4, 5, 6) in (FFT) diagram. The peaks of the fundamental
frequency and the other frequencies’ peaks refers to periodic motion (the contact force was
in maximum value and there was no detachment between the cam and the follower). When
the frequencies’ peaks have been started disappearing from (FFT) diagram, the motion
is non-periodic (the contact force is approaching zero and the detachment between the
cam and the follower is occurred). Figures 24 and 25 showed the comparison of power
spectrum analysis of Fast Fourier Transform (FFT) at (I.D. = 17 mm) and (N = 200 rpm).
The numerical simulation values of the contact force was calculated using SolidWorks
program, and after that, the one column of contact force was treated using (FFT). The exper-
iment data of the follower displacement was tracked using OPTOTRAK 30/20 equipment
through high speed camera and Newton’s second law of dynamic motion was applied
based on the values of follower mass and acceleration to determine one column of the
contact force. One column of the contact force was treated using (FFT). It can be concluded
from Figures 24 and 25 that there was no detachment between the cam and the follower
because the six frequency peaks had not been disappeared from (FFT) diagram.
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7. Detachment Detection through Poincare’ Map

Poincare’ maps was used to investigate the periodicity of contact force diagram.
Poincare’ map represents the records of the contact status between the cam and the follower.
It is useful in identifying that either the follower is detached due to high speeds or it stays in
permanent contact with the cam, [31]. Figures 26 and 27 showed the mapping of Poincare’
maps for (I.D. = 16 and 18 mm) at different cam speeds (N). SolidWorks program was used
in the simulation of Poincare’ maps. The more black dots, the more contact between the
cam and the follower because the detachment is intangible when the follower either slips
off or slides off the cam, as indicated in Figures 26a,b and 27a,b,d,e. When the black dots
started disappearing from Poincare’ maps, it means that the follower is detached from the
cam profile, and the follower will start multi-impacts inside the cycle of the cam rotation,
as shown in Figures 26e,f and 27f.
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Figure 27. Poincare’ maps for (I.D. = 18 mm) at different cam speeds.

Phase-plane diagram works alongside with Poincare’ map to check for periodic and
non-periodic motion of the follower movement. When the orbit of the follower movement
is one closed curve which indicated to periodic motion but when the orbit of the follower
movement diverges with no limits of spiral open cycles, it gives indication to non-periodic
motion and chaos. Figure 28 showed the mapping of phase-plane diagram after using
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different values of coefficient of restitution at (I.D. = 19 mm) and (N = 200 rpm). The broken
lines in the upper and lower surfaces in phase-plane diagram indicated to multi-impacts
inside one cycle of the cam rotation as illustrated in Figure 28b–d. The broken lines in the
upper and lower surfaces in the phase-plane diagram were increased with the increasing of
coefficient of restitution values. The variation of the follower movement was increased with
the increasing of coefficient of restitution values. Figure 28a showed the smooth contact
between the cam and the follower at low speed (N = 200 rpm) without the use of coefficient
of restitution parameter in which there was no broken lines in the upper and lower surfaces
in the phase-plane diagram. SolidWorks program was used in the simulation of mapping
of phase-plane diagram.
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8. Results and Discussions

Figures 29 and 30 showed the mapping of follower linear displacement against time
at different cam speeds for (I.D. = 18 and 19 mm), respectively. There was no detachment
between the cam and the follower as indicated in Figures 29a and 30a, which means that
the contact force has a maximum value. The detachment between the cam and the follower
was increased with the increasing of cam angular velocities, which means that the contact
force is approaching zero, as illustrated in Figures 29b–d and 30b–d. Multi-detachments
happened in one cycle of the cam rotation when the detachment heights were increased
with the increasing of internal distance of the follower guide (I.D.) and cam speeds (N),
as indicated in Figures 29c,d and 30c,d. SolidWorks program was used in the numerical
simulation of follower displacement.
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Figures 31 and 32 showed the mapping of contact force at different cam speeds (N) 
and different internal distance of the follower guide (I.D.). The detachment occurred be-
tween the cam and the follower when the value of the contact force was in a minimum 
value, as indicated in Figures 31c,d and 32b,c. The value of the contact force had declined 
with the increasing of cam speeds and internal distance of the follower guide. The system 
with (I.D. = 18 mm) and (N = 1500 rpm) has a minimum value of contact force (multi-
detachment heights happened in one cycle of the cam rotation). SolidWorks program was 
used in the simulation of the contact force. 

Figure 30. Follower linear displacement mapping against time for (I.D. = 19 mm).

Figures 31 and 32 showed the mapping of contact force at different cam speeds (N) and
different internal distance of the follower guide (I.D.). The detachment occurred between
the cam and the follower when the value of the contact force was in a minimum value,
as indicated in Figures 31c,d and 32b,c. The value of the contact force had declined with
the increasing of cam speeds and internal distance of the follower guide. The system
with (I.D. = 18 mm) and (N = 1500 rpm) has a minimum value of contact force (multi-
detachment heights happened in one cycle of the cam rotation). SolidWorks program was
used in the simulation of the contact force.
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Normal Letters 
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Figure 31. Contact force mapping against time for (I.D. = 18 mm).
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Figure 33 showed the maximum detachment heights of the follower against cam 
speeds at different internal distance of the follower guide (I.D.). The maximum detach-
ment height of the follower was increased with the increasing of cam speeds. The detach-
ment height of the follower was in a minimum value at (N = 200–300 rpm) and (I.D. = 16, 
17, and 18 mm). There was no detachment between the cam and the follower at (N = 100–
200 rpm) for all internal distance of the follower guide (I.D.), which means that the contact 
force has a maximum value (no separation between the cam and the follower will occur). 
SolidWorks program was used in the simulation of the follower displacement. 

Figure 32. Contact force mapping against time for (I.D. = 19 mm).

Figure 33 showed the maximum detachment heights of the follower against cam
speeds at different internal distance of the follower guide (I.D.). The maximum detachment
height of the follower was increased with the increasing of cam speeds. The detachment
height of the follower was in a minimum value at (N = 200–300 rpm) and (I.D. = 16, 17, and
18 mm). There was no detachment between the cam and the follower at (N = 100–200 rpm)
for all internal distance of the follower guide (I.D.), which means that the contact force has
a maximum value (no separation between the cam and the follower will occur). SolidWorks
program was used in the simulation of the follower displacement.
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Figures 34 and 35 showed the comparison of power density function of Fast Fourier 
Transform (FFT) of the contact force at (I.D. = 19 mm) and (N = 400 rpm). It can be con-
cluded from Figures 34 and 35 that there was detachment between the cam and the fol-
lower since the six frequency peaks have disappeared from the (FFT) diagram when the 
contact force approaches zero. 
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Figure 33. Maximum follower detachment heights against cam speeds.

Figures 34 and 35 showed the comparison of power density function of Fast Fourier
Transform (FFT) of the contact force at (I.D. = 19 mm) and (N = 400 rpm). It can be
concluded from Figures 34 and 35 that there was detachment between the cam and the
follower since the six frequency peaks have disappeared from the (FFT) diagram when the
contact force approaches zero.
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Figure 36 showed the largest Lyapunov exponent against cam speeds at different in-
ternal distance of the follower guide (I.D.). The values of largest Lyapunov exponent of 
the contact force were increased with the increasing of cam speeds. The values of (LLE) 
for all the systems were the same at N = (200–400 rpm), while (LLE) was varied with si-
nusoidal against cam speeds at (N = 400–1000 rpm). The value of Lyapunov exponent 
parameter was taken at its respective equilibrium points. The value of largest Lyapunov 
exponent was above zero and was positive, which gives indication that there was a de-
tachment height between the cam and the follower. SolidWorks program was used in the 
numerical simulation of the contact force. 
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Figure 37 showed the behavior of the follower displacement against time for different 
values of coefficients of restitution. The peak of the follower displacement was decreased 
with the increasing of coefficients of restitution because the potential energy of the fol-
lower has declined and dissipated due to the impact. There was no loss in potential energy 
because both the cam and the follower were in permanent contact with no effect of the 
coefficient of restitution. 

Figure 35. Power density function of the numerical simulation.

Figure 36 showed the largest Lyapunov exponent against cam speeds at different
internal distance of the follower guide (I.D.). The values of largest Lyapunov exponent of
the contact force were increased with the increasing of cam speeds. The values of (LLE) for
all the systems were the same at N = (200–400 rpm), while (LLE) was varied with sinusoidal
against cam speeds at (N = 400–1000 rpm). The value of Lyapunov exponent parameter
was taken at its respective equilibrium points. The value of largest Lyapunov exponent
was above zero and was positive, which gives indication that there was a detachment
height between the cam and the follower. SolidWorks program was used in the numerical
simulation of the contact force.
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Figure 36. Largest Lyapunov exponent against cam speeds.

Figure 37 showed the behavior of the follower displacement against time for different
values of coefficients of restitution. The peak of the follower displacement was decreased
with the increasing of coefficients of restitution because the potential energy of the follower
has declined and dissipated due to the impact. There was no loss in potential energy
because both the cam and the follower were in permanent contact with no effect of the
coefficient of restitution.
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Figures 38–40 showed the comparison of follower linear displacement, velocity, and 
acceleration against time for (I.D. = 16 mm) and (N = 200 rpm). The experiment set of data 
of the follower displacement was tracked using a high speed camera at the foreground of 
the OPTOTRAK 30/20 equipment, and the follower displacement was derived once and 
twice to determine follower velocity and acceleration, respectively. 
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Figure 37. Follower linear displacement against time at different values of coefficient of restitution.

Figures 38–40 showed the comparison of follower linear displacement, velocity, and
acceleration against time for (I.D. = 16 mm) and (N = 200 rpm). The experiment set of data
of the follower displacement was tracked using a high speed camera at the foreground of
the OPTOTRAK 30/20 equipment, and the follower displacement was derived once and
twice to determine follower velocity and acceleration, respectively.
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Figures 41 and 42 showed the Poincare’ maps of the contact force for different inter-
nal distance of the follower guide (I.D.) and different cam speeds (N). SolidWorks pro-
gram was used in the simulation. The more black dots, the more contact between the cam 
and the follower in which the detachment was intangible. The follower had slipped off 
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Figures 41 and 42 showed the Poincare’ maps of the contact force for different inter-
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Figure 40. Comparison of follower linear acceleration against time.

Figures 41 and 42 showed the Poincare’ maps of the contact force for different internal
distance of the follower guide (I.D.) and different cam speeds (N). SolidWorks program
was used in the simulation. The more black dots, the more contact between the cam and
the follower in which the detachment was intangible. The follower had slipped off the cam,
as indicated in Figures 41a,b and 42a,b,f. When the black dots started disappearing from
Poincare’ maps, it meant that the follower was detached from the cam profile and started
multi-impacts inside one cycle of the cam rotation, as shown in Figures 41c,e and 42c,d.
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for (I.D. = 18 mm) and (N = 200 rpm), respectively. The experiment results of Lyapunov 
exponent was carried out through high speed camera which was located at the foreground 
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algorithm code. The analytic value of Lyapunov exponent was done by calculating one 
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Figure 42. Poincare’ maps for (I.D. = 19 mm) at different cam speeds.

Figure 43 showed the average logarithmic divergence of contact force against time
for (I.D. = 18 mm) and (N = 200 rpm), respectively. The experiment results of Lyapunov
exponent was carried out through high speed camera which was located at the foreground
of the OPTOTRAK 30/20 equipment by tracking the follower position, and I used them
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as a one column of follower position with time delay and embedding dimension in Wolf
algorithm code. The analytic value of Lyapunov exponent was done by calculating one
column of the contact force after applying Equation (A12), while the numerical simulation
value of Lyapunov exponent was determined based on one column of the contact force
from SolidWorks program.

Machines 2021, 9, x FOR PEER REVIEW 35 of 42 
 

 

column of the contact force after applying Equation (A12), while the numerical simulation 
value of Lyapunov exponent was determined based on one column of the contact force 
from SolidWorks program.  

 
Figure 43. Average logarithmic divergence against the time for (I.D. = 18 mm) and (N = 200 rpm). 

Figures 44 and 45 showed the local Lyapunov exponent against number of samples 
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Lyapunov exponent parameter were taken at their respective equilibrium point. The val-
ues of largest Lyapunov exponent were above zero and were positive, which gives indi-
cation that there will be a detachment between the cam and the follower. The detachment 
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Figure 43. Average logarithmic divergence against the time for (I.D. = 18 mm) and (N = 200 rpm).

Figures 44 and 45 showed the local Lyapunov exponent against number of samples
at (I.D. = 17 mm and 18 mm) and (N = 600 rpm and 800 rpm), respectively. The values of
Lyapunov exponent parameter were taken at their respective equilibrium point. The values
of largest Lyapunov exponent were above zero and were positive, which gives indication
that there will be a detachment between the cam and the follower. The detachment height
of the system in Figure 45 was bigger than the detachment height of the system in Figure 44
because the system in Figure 45 has a larger value of local Lyapunov exponent than the
system in Figure 44.
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(N = 600 rpm).
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made from steel. The follower displacement for the both cases were compatible, which 
means that there was no detachment between the cam and the follower. The steel dry and 
steel greasy types of the contact had no effect on the detachment heights between the cam 
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ment between the cam and the follower during the use of steel dry at high speeds of the 
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Figure 46. Follower linear displacement against time at (I.D. = 19 mm) and (N = 200 rpm) using 
different types of contacts. 

Figure 45. Local Lyapunov exponent against number of samples for (I.D. = 18 mm) and
(N = 800 rpm).

Figures 46 and 47 showed the follower linear displacement against time at (I.D. = 19 mm)
and (N = 200 rpm and 1000 rpm), respectively. In this comparison, two types of contacts
were used, such as steel greasy and steel dry, in which the cam and the follower were made
from steel. The follower displacement for the both cases were compatible, which means
that there was no detachment between the cam and the follower. The steel dry and steel
greasy types of the contact had no effect on the detachment heights between the cam and
the follower at low speeds of the cam, as indicated in Figure 46. There was a detachment
between the cam and the follower during the use of steel dry at high speeds of the cam,
as shown in Figure 47. SolidWorks program was used in the contact comparison of the
follower displacement using steel greasy and steel dry.
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9. Conclusions

This study analyzed and discussed the detachment heights in cam follower system
at different internal distance of the follower guide from inside (I.D.) and cam speeds
(N). The steel dry and steel greasy types of the contact had no effect on the detachment
heights between the cam and the follower at low speeds while there was a detachment
between the cam and the follower during the use of steel dry at high speeds. The values
of largest Lyapunov exponent were above zero and were positive, which gives indication
that there will be a detachment between the cam and the follower. The peak of the
follower displacement decreased with the increasing of coefficients of restitution because
the potential energy of the follower has declined and dissipated due to the impact. The
detachment between the cam and the follower increased with the increasing of coefficient
of restitution. It can be concluded from the (FFT) diagram that there was a detachment
between the cam and the follower when the contact force is approaching zero. When
the black dots started disappearing from Poincare’ maps, it means that the follower was
detached from the cam profile and started multi-impacts inside one cycle of the cam
rotation.
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Data Availability Statement: The data that support the findings of this study are available from the
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Article Highlights

• The detachment between the cam and the follower was detected using largest Lya-
punov exponent parameter, power density function using (FFT), and Poincare’ maps
due to the nonlinear dynamics phenomenon of the follower.

• Multi-degrees of freedom (spring-damper-mass) systems at the very end of the fol-
lower were used to improve the dynamic performance and to reduce the detachment
height between the cam and the follower.
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• Friction and impact were considered between the cam and the follower and between
the follower and its guides.

• The experiment test was carried out using high speed camera at the foreground of
the OPTOTRAK 30/20 equipment, while the numerical simulation was done using
SolidWorks program.

Nomenclatures

Normal Letters
I.D. Internal distance of the follower guide from inside, mm.
N Cam speed, rpm.
I Polar moment of inertia, mm4.
L1, L2, L3 Dimensions of the follower stem, mm.
K1, K2, K3, K4, K5 Spring stiffness, N/mm.
C1, C2, C3, C4, C5 Damping coefficient, Ns/mm.
KK1, KK2, KK3, KK4, KK5 Spring stiffness of the three degrees of freedom, N/mm.
CC1, CC2, CC3, CC4, CC5 Damping coefficient of the three degrees of freedom, Ns/mm.
Rb Radius of the base circle of the cam, mm.
m Mass of the follower, kg.
PC Contact force between the cam and the follower, N.
d(t) Rate of change in the distance between nearest neighbors.
dj(i) Distance between the jth pair at (i) nearest neighbors, mm.
t Single time series, s.
y(i) Curve fitting of least square method for the follower displacement data.
FFT Fast Fourier Transform of the power density function.
LLE Largest Lyapunov exponent parameter.
Greek Letters
θ Rotational angle of the follower, Degree.
Ø Phase shift angle of the vibration mode shape, Degree.
∅1 Pressure angle, degree.
λ Lyapunov exponent.
ω Critical speed of the cam, rpm.
Latin Letters
Ω Eigenvalue problem, rpm.
∆(t) Discrete time steps, s.
∆ Preload extension, mm.
D Average displacement between trajectories at (t = 0).
X1 Horizontal movement of the follower in the x-direction, mm.
X2 Vertical movement of the follower in the y-direction, mm.
X Equivalent solution of the follower movement, mm.
.
X,

..
X Velocity, and acceleration of the roller follower, mm/s, mm/s2.

Appendix A

The cam follower mechanism can be treated as a single or multi-degrees of freedom
based on the motion of the follower. By applying the Newton’s second law of translation
motion in the y-direction, it can be obtained:

∑ Forces = m
..
x2

PC − KK5(X2 − Tθ)− CC5

( .
X2 − T

.
θ
)
= m

..
x2 (A1)

After simplification Equation (A1):

m
..
x2 + CC5

.
X2 + KK5X2 − KK5Tθ− CC5T

.
θ = PC (A2)
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By applying the Newton’s second law of translation motion in the x-direction on the
follower stem, it can be obtained:

∑ Forces = m
..
x1

−KK1(X1 − L1θ)− CC1(
.
X1 − L1

.
θ)− KK3(X1 − L1θ)− CC3(

.
X1 − L1

.
θ)− KK2(X1 − L2θ)−

CC2(
.
X1 − L2

.
θ)− KK4(X1 − L2θ)− CC4(

.
X1 − L2

.
θ) = m

..
x1

(A3)

After simplification Equation (A3):

m
..
x1 + (CC1 + CC2 + CC3 + CC4)

.
X1 − (CC1L1 + CC2L2 + CC3L1 + CC4L2)

.
θ+

(KK1 + KK2 + KK3 + KK4)X1 − (KK1L1 + KK2L2 + KK3L1 + KK4L2)θ = 0
(A4)

By applying Newton’s second law of rotation motion about the point in the middle of
the follower stem:

∑ Moments = I
..
θ

PC
L3
2 Sin(θ)− mg L3

2 Sin(θ)− KK1(L1θ− X1)L1 − CC1(L1
.
θ−

.
X1)L1−

KK3(L1θ− X1)L1 − CC3(L1
.
θ−

.
X1)L1 − KK2(L2θ− X1)L2 − CC2(L2

.
θ−

.
X1)L2 − KK4(L2θ− X1)L2 − CC4(L2

.
θ−

.
X1)L2 = I

..
θ

(A5)

After simplification Equation (A5):

I
..
θ+ (CC1 + CC3)L2

1

.
θ+ (CC2 + CC4)L2

2

.
θ+ (KK1 + KK3)L2

1θ+ (KK2+

KK4)L2
2θ− PC

L3
2 θ+ mg L3

2 θ− (CC1 + CC3)L1
.
X1 − (CC2 + CC4)L2

.
X1−

(KK1 + KK3)L1X1 − (KK2 + KK4)L2X1 = 0
(A6)

where:

I =
mL2

3
12

+ m
L2

3
4

Put the equations of motion Equations (A2), (A4) and (A6) in matrix form: m11 m12 m13
m21 m22 m23
m31 m32 m33




..
X1..
X2..
θ

+

 C11 C12 C13
C21 C22 C23
C31 C32 C33




.
X1.
X1.
θ

+

 K11 K12 K13
K21 K22 K23
K31 K32 K33


X1
X2
θ

 =


F1
F2
F3

 (A7)

where:

m11 = m, m12 = 0, m13 = 0

m21 = 0, m22 = m, m23 = 0

m31 = 0, m32 = 0, m33 = I

C11 = CC1 + CC2 + CC3 + CC4, C12 = 0, C13 = −(CC1L1 + CC2L2 + CC3L1 + CC4L2)

C21 = 0, C22 = CC5, C23 = −CC5T

C31 = −(CC1 + CC3)L1 − (CC2 + CC4)L2, C32 = 0, C33 = (CC1 + CC3)L2
1 + (CC2 + CC4)L2

2

K11 = (KK1 + KK2 + KK3 + KK4), K12 = 0, K13 = −(KK1L1 + KK2L2 + KK3L1 + KK4L2)

K21 = 0, K22 = KK5, K23 = −KK5T

K31 = −(KK1 + KK3)L1 − (K2 + K4)L2, K32 = 0, K33 = (KK1 + KK3)L2
1+

(KK2 + KK4)L2
2 − PC

L3
2 + mg L3

2

F1 = 0, F2 = PC, F3 = 0
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Equation (A7) can now be put into terms of frequency response matrix which is also
called the impedance matrix as follows: Z11(Ω) 0 Z13(Ω)

0 Z22(Ω) Z23(Ω)
Z31(Ω) 0 Z33(Ω)


X1
X2
θ

 =


F1
F2
F3

 (A8)

where:

Z11(Ω) = −Ω2m11 + iΩC11 +K11

Z13(Ω) = iΩC13 +K13

Z22 = −Ω2m22 + iΩC22 + K22

Z31 = iΩC31 +K31

Z33 = −Ω2m33 + iΩC33 + K33

The Eigenvalue problem is solved when the determinant of the impedance matrix
equal to zero. ∣∣∣∣∣∣

Z11(Ω) 0 Z13(Ω)
0 Z22(Ω) Z23(Ω)

Z31(Ω) 0 Z33(Ω)

∣∣∣∣∣∣ = 0 (A9)

The amplitude of Eigenvectors problem (mode shape) is calculated by taking the
inverse of the impedance matrix and multiplying by the force vector.

X1
X2
θ

 =

 Z11(Ω) 0 Z13(Ω)
0 Z22(Ω) Z23(Ω)

Z31(Ω) 0 Z33(Ω)

−1
F1
F2
F3

 (A10)

The solution of the multi-body dynamics response is as in below:
x1(t)
x2(t)
θ(t)

 =


X1
X2
θ

Sin(Ωt −∅) (A11)

The contact force between the cam and the follower is illustrated in the following
equation:

PC =
1

Cos(∅1)
[K(∆ + X(t))− KX(t)− m

..
X] (A12)

where:

tan(∅1) =

.
X(t)

X(t) + R2
b

The analytic solution of the follower displacement is as in below because the follower
displacement is varied in x and y directions:

X =
√

X2
1 + X2

2 (A13)

Appendix B

The numerical simulation of SolidWorks program were illustrated in the following
steps as in below:

(a) Ten parts such as (polydynecam.SLDPRT, flat-facedfollower.SLDPRT,guideno1.SLDPRT,
guideno2.SLDPRT, outsideframe.SLDPRT, massboxno1.SLDPRT, massboxno2.SLDPRT,
massboxno3.SLDPRT, massboxno4.SLDPRT, and cylindricalrollers.SLDPRT) has been
created using the modeling computer aided design (CAD) of SolidWorks program. It
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can be assembled the above nine parts using camfollowerassembly.SLDASM to obtain
Figure 5.

(b) Select Motion Analysis from Motion Study Tab and select number frames per second
equal to 1000 to make the solution of the dynamic motion more accurate.

(c) Select the Option of Units from Document Properties Tab and select MMGS.
(d) Select Gravity from Motion Study Tab and select the y-direction.
(e) Select Contact from Motion Study Tab and check mark the box of Use Contact Groups

in which there will be two boxes. Select the cam geometry in the first box and select
the follower geometry in the second box to make the contact between the cam and
the follower. Also there will be another two boxes to make the contact between the
follower and the two guides.

(f) Select Motor button from Motion Study Tab and select Rotary Motor and the cam
speed should be constant.

(g) Select Mechanical Mate from Mate button to make the mate between the cam and the
follower.

(h) Select the integrator type GSTIFF from Advanced Motion Analysis Options Tab.
(i) Select Force button from Motion Study Tab and enter the spring force between the

follower and the installation table as an external constant force.
(j) Select Spring button from Motion Study Tab to apply multi-degrees of freedom

(spring-damper-mass system) and enter the spring constant and the damping coef-
ficient and select the top and bottom surfaces of mass box no. 2, 3, and 4. To apply
the spring and damper on mass box no. 1 select the bottom surface of the outside
frame and top surface of mass box no. 1. Moreover, to apply the spring and damper
on mass box no. 4 select the bottom surface of mass box no. 4 and the very end top of
follower stem.

(k) Select Calculate from the Motion Study Tab to solve for the motion study.
(l) Select Results button from Motion Study Table Select Displacement and Linear Dis-

placement to obtain the follower displacement against time and select lower surface
of guide no.2 and the contact point between the cam and the follower. On the other
hand, select from Results button Forces and select Contact Force and select lower
surface of guide no.2 and select the contact point between the cam and the follower
to obtain the contact force against time.
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