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Abstract: Generally, in the laser measurement of gears, the laser beam passes through the center of
the gear, and the laser displacement sensor reads the spatial distance from the gear involute tooth
surface to the laser displacement sensor. However, in this method, the angle between the laser beam
and the normal vector of the measured tooth surface is too large, which affects the accuracy of the
measurement and the stability of the data. This paper proposes an offset laser measurement method.
The laser beam is offset from the center of the gear by a certain distance to form a larger incident angle
with the tooth surface, which can effectively address the problem and increase the measurement
accuracy. Through a selection of the optimal offset distance, the range of optimal offset measurement
positions was obtained and clarified by experiments. We solved the data conversion problem caused
by the change in measuring position, and we measured the pitch deviation and helix angle of the gear
to confirm the feasibility of this method. According to the theoretical calculation and experimental
verification, it was found that this method has the advantages of better measurement accuracy and
less fluctuation in measurement data. It is, thus, suitable for precision gear measurement.

Keywords: laser displacement sensor; gear measurement; offset distance; gear deviation

1. Introduction

Gear measurements play an important role in the quality assessment of finished prod-
ucts, and they also represent a technical guarantee for quality control during processing.
With the development of industrial technology and the increasing requirements for gears,
comprehensive gear measurements are being widely used. Mainstream examples of gear
measuring equipment include gear meshing testers, CNC gear measuring centers, online
measuring and sorting machines for gears, and laser measuring instruments [1]. Gear
meshing testers are used to mesh and rotate the measured gear as a function of an ideal
and accurate measuring gear, and the recorded error curve can reflect the multiple errors of
the gear. These testers can be divided into single-sided meshing and double-sided meshing
comprehensive measuring instruments. Single-sided meshing comprehensive measuring
instruments can be further characterized as mechanical type, grating type, magnetic index
type, and inertial type, and their movement is close to the state of gear in use [2]. Gear mea-
suring centers are similar in principle to polar coordinate measuring machines. The probe
produces the required measurement motion relative to the workpiece, and the computer
collects the indication value of the micrometer and the actual position of each coordinate
axis to obtain the measurement result. This method has high precision but a large amount
of data calculation and a long measurement time.

In recent years, many applications of laser displacement sensors have been revealed in
the detection of gear geometric accuracy and transmission stability. Ma et al. [3] proposed
an experimental device composed of a specially fabricated micro-displacement platform
and a pair of laser displacement sensors to measure the vertical and horizontal displacement
of the flexspline of harmonic drive gears to determine the radial displacement. Tian et al. [4]
proposed using two opposing adjustable laser sensors to obtain tooth profile information
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through one scan and to reconstruct the key geometric model of the gear profile after
compensation. Raghuwanshi et al. [5] presented a laser displacement sensor technique to
measure the tooth deflection of spur gears to calculate the friction stiffness of cracked teeth,
but the mechanism used by the experimental device for the determination of tooth surface
friction was not very clear. Jiang et al. [6] used a laser displacement sensor to measure the
bending deformation and stiffness of the output shaft to obtain the friction force. Qiu [7]
proposed a non-contact gear measurement method to measure various geometric errors
of gears by building a gear detection platform. However, as described in [8,9], if the laser
beam passes through the center of the gear during measurement, the angle between the
laser beam and the normal vector of the tooth surface is too large to form an irregular
elliptical spot, which affects the detection accuracy. Pei et al. [10] optimized the installation
angle and position of the laser displacement sensor to address this problem; however,
during the measurement process, the previous tooth blocks the measuring laser beam
of the target tooth across a large range, which leads to a decrease in the effectiveness of
the measurement.

Therefore, this paper proposes an offset laser measurement method for the devia-
tion analysis of cylindrical gears to address these problems and increase the accuracy
of the measurement. Firstly, a mathematical model of the best offset selection was
established to clarify the selection range of the offset, and the best measurement posi-
tion was selected according to the offset value and the range of the laser displacement
sensor. Then, an offset measurement control software was developed to control the
three-coordinate translation device and the workpiece turntable, as well as record
the values of the laser displacement sensor and the encoder on the turntable during
the measurement process to obtain the measurement data of the tooth profile. Lastly,
the various parameters and deviations of the gear were obtained through coordinate
conversion and data analysis of the measurement data.

2. The Influence of Spot Shape on Laser Measurement

The laser displacement sensor used in gear measurement is based on triangulation.
As shown in Figure 1, the laser beam emitted by the laser source hits H1 on the surface of
the object, while H0 is a point on the reference plane, and the imaging of the two points on
the CCD is denoted by M1 and M0. A perpendicular can be drawn from H1 and M1 to H0
and M0 to obtain B and D, respectively. The triangle M1DO is, thus, similar to the triangle
H1BO. The distance of BH1 can be calculated according to the triangle similarity rule, and
then the distance of y can be obtained.

According to the principle of triangulation, the calculation of length y is restricted by
the accuracy of the two points M0 and M1, while the accuracy of the two points is affected
by the shape and size of the spot. The tooth surface is a complex space curve, and its
curvature changes constantly, which easily leads to measurement fluctuations. Huang [11]
proposed an object surface inclination error. It was obtained through experiments that,
when the tilt angle is within 5◦, the measurement error can be controlled at 0.12 mm, and,
when the tilt angle is 30◦, the maximum measured displacement error reaches 0.5 mm.

When the measured surface is close to a flat surface, the laser beam hits the surface
with a uniform circular spot, which is common in the measurement of gear addenda and
dedenda. At this time, the angle between the normal vector of the tooth profile and the
laser beam is close to 0◦, which is equivalent to the laser beam hitting the surface vertically.
At this time, it has no effect on the accuracy of the laser beam. When the curvature of the
surface changes continuously and there is a large height difference, the laser beam hits
the surface with an uneven and approximate ellipse. At this time, the angle between the
normal vector of the tooth profile and the laser beam is close to 90◦, which is equivalent
to the laser beam being tangent to the surface. The non-linear error in the measurement
system increases, which is common in measurements of the tooth profile. Therefore, by
improving the angle between the laser beam and tooth profile, placing the maximum
angle within a reasonable range, the accuracy of tooth profile measurement can be greatly
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improved. Figures 2 and 3 are schematic diagrams of the laser beam spots when the laser
beam is at different positions on the cylinder shaft. Figure 2 shows the spot formed by
the laser beam directly facing the center of the shaft. In this case, the spot is uniform and
convergent. Figure 3 shows the spot formed by the laser beam on the steep surface of the
cylinder shaft, which is uneven and has large scattering during practical application.
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As shown in Figure 4, Ob is the center of the base circle, H(xH , yH) is the measured
point on the gear, L1 is the line connecting the center of the base circle and point H, L2
is the normal line of the involute at point H, and the radius of the base circle is rb. After
the involute has turned at a certain angle, the center of the base circle is described as
Ob(−x0,−y0), αH is the pressure angle at point H, and k is the slope of L2. The line L2
within the normal vector of the tooth profile at point H can be expressed as:

y = k(x− xH) + yH

k = tan(arctan( yH+y0
xH+x0

) + π
2 − αH)

αH = rb
Ob H

.

During offset measurement, the laser beam is offset by a distance e along the x-axis. If
the angle between the normal of the tooth profile and the x-axis is ϕ, the angle between
the normal of the tooth profile and the laser beam is π

2 − ϕ. It can be seen that a larger k
value leads to a larger ϕ value and a smaller π

2 − ϕ angle, thereby increasing the stability of
the measured value. By contrast, a smaller k value leads to a smaller ϕ value and a larger
π
2 − ϕ angle, thereby increasing the fluctuation of the measurement data.
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3. Principle of Offset Laser Measurement Method

During measurement, the laser displacement sensor measures the distance from the
laser emitting point to the tooth surface, and the encoder feeds back angle information.
When the laser passes through the center of the gear, the sensor and the encoder reflect the
position and angle data of the same point. In the offset laser measurement, the y-axes of
the measurement coordinate system and the workpiece coordinate system are not collinear.
The position and angle data actually correspond to the position data of the measured point
and the gear rotation angle. The corresponding position and angle of the current point can
be obtained through coordinate system conversion.

The schematic diagram of offset measurement data conversion is shown in Figure 5.
The offset distance between the laser displacement sensor and the gear center is e, ld is the
distance from the sensor to the measured point, the distance from the sensor to the x-axis
is d, and the distance from the measured point to the x-axis is l = d− ld. When taking
any two points pm and pn on the gear, the measured data of the two points are pm(ldm, θm)
and pn(ldn, θn). When taking pm as the initial point, the angle between pm and the x-axis is
arccos(e/rm), the angle rotated by the gear from pm to pn is θn − θm, and the angle between
pn and the y-axis is arsin(e/rn); thus, the angle between pm and pn relative to the gear
coordinate system can be expressed as:

θ = arccos(e/rm) + θn − θm + arcsin(e/rn)− π/2.

The measurement result can be transformed into polar coordinates as follows:{
r =
√

e2 + l2 =
√

e2 + (d− ld)
θ = arccos(e/rm) + θn − θm + arcsin(e/rn)− π/2

.
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Taking consecutive points for iterative calculation yields:

θn = ∆θ + θn−1 = arccos(e/rn−1) + θn + arcsin(e/rn)− π/2.

Then, the conversion formula becomes:{
rn =

√
e2 + l2 =

√
e2 + (d− ld)

θn = arccos(e/rn−1) + θn + arcsin(e/rn)− π/2
.
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4. Basis for Offset Selection

Offset selection is affected by many factors. When using a small offset value, the prob-
lem of laser incident angle is not addressed, whereas a larger offset value leads to greater
occlusion of the target tooth by the previous tooth, thereby reducing the effectiveness of
the measurement, which cannot accurately reflect the gear error. Accordingly, the front
tooth occlusion degree AM, the slope of the tooth profile normal line k, and the overall data
efficiency DM were introduced to best select the range of the offset.

Here, the tooth number is z, the modulus is m, the addendum radius is ra, the deden-
dum radius is r f , the reference circle radius is r, the tooth thickness at the reference circle is
s, and the pressure angle is α. Furthermore, αM is the angle occupied by the effective part
of the measured point on the tooth profile, αoverall is the gear center angle occupied by the
single-sided tooth line, sa = sra

r − 2ra(invαa − invα) is the gear center angle occupied by

the addendum, and s f =
sr f
r − 2r f

(
invα f − invα

)
is the gear center angle occupied by the

dedendum. The front tooth occlusion degree AM can be expressed as:

AM =
αM

αoverall

where αoverall =
π
z −

sa
2 −

s f
2 .

When considering the angle between the laser beam and the tooth profile normal, the
angle can be judged according to the slope of the tooth profile normal line k. The center of
the basic circle is Ob(0, 0), and, after the involute has turned at a certain angle, it is recorded
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as Ob(−x0,−y0). Moreover, H(xH , yH) is the measured point, the basic circle radius is rb,
and αH is the pressure angle at point H. Thus, the normal line of the tooth profile is:

y = k(x− xH) + yH

k = tan(arctan( yH+y0
xH+x0

) + π
2 − αH)

αk =
rb

Ob H

.

As the value of k decreases, the angle between the normal of the tooth profile and the
laser beam increases, and the fluctuation of the measurement data increases. In order to
improve the angle during the measurement process, the angle should be close to parallel;
in other words, the maximum k on the involute line should be kept at a large value under
the offset. To reduce the angle to less than 30◦, the absolute value of k should be larger
than

√
3.

The rationality of the offset value selection can be judged by the overall data efficiency.
Accordingly, D is the number of valid data points in the measurement result data and
Doverall constitutes all the data points of the measurement result. The overall data efficiency
can be expressed as:

DM =
D

Doverall
.

Combining the three factors, the best offset value can be described as
MAX {AM · K · DM} , with the following boundary conditions:{

AM ≥ 1
√

3 ≥ K or K ≤ −
√

3
.

For example, for an involute gear with 20 teeth, a modulus of 3, and a pressure angle of
20◦, assuming no fluctuation in the measurement data, D = 1. In this scenario, H(xH , yH) is

a point on the reference circle, where
{

xH = e
yH =

√
302 − e2 . Let

√
3 ≥ K or K ≤ −

√
3, such

that π
3 < arctan( yH+y0

xH+x0
) + π

2 − αH < 2π
3 , and the solution is e ≥ 15. Furthermore, A(xa, ya)

is a point on the addendum; let the point of the addendum just cover the dedendum,
whereby the angle between the addendum and the dedendum is θ = 2π

z − sa, where{
xa = e
ya =

√
332 − e2 = ra cos α

and α = arcsin(
r f

r2
a+r2

f−2rar f cos θ
sin θ). Let AM ≥ 1, such that

solution is e ≤ 21.54. The value of the offset is, thus, between 15 and 21.54.

5. Deviation Analysis Method
5.1. Pitch Deviation Analysis Method

After data conversion, the measurement data change from offset measurement data
to gear center measurement data. The unfolding angle of any data point on the gear
coordinate system is expressed as:

βi = (Yi −Y1) ·
α

Yn −Y1
,

where Yi is the number of pulses corresponding to any point, Y1 is the number of pulses at
the first point, and Yn is the number of pulses at the last point.

The data points are expanded according to the polar coordinates of the gear; then,
the coordinates of the intersection point Pi of the fitted tooth profile and the theoretical
reference circle can be determined. When using the dichotomy iteration to find points
near the reference circle, the pitch value of the interpolation curve of each tooth profile is
expressed as:

PI−1Pi = rm · 2arcsin(

√
(yi − yi−1)

2 + (xi − xi−1)
2

2rm
),
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where rm is the reference circle radius, and (xi, yi)(xi−1, yi−1) are the coordinate data of the
interpolation point after iteration.

5.2. Helix Angle Analysis Method

Figure 6 shows a schematic diagram of helix angle analysis. Suppose that the fitted
line equation is z = b0 + b1y; thus, the sum of squared deviations from three points to the

line is
3
∑

i=1
δi

2 = [zi − (b0 + b1yi)]
2. Using the least square method, the derivative of bi can

then be obtained as follows: 3
3
∑

i=1
yi

3
∑

i=1
yi

3
∑

i=1
y2

i

[ b0
b1

]
=


3
∑

i=1
zi

3
∑

i=1
ziyi

,

where β = arctanb1.
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6. Measuring Device and Software System

As shown in Figure 7, the designed measuring device is mainly composed of three
parts: the computer control system, the servo system, and the grating feedback system.
The position data are measured by the laser displacement sensor. The angle data are read
by the encoder on the workpiece turntable. The spatial position and movement of the laser
displacement sensor are fed back by the grating of the three coordinates.

As shown in Figure 8, the device has a vertical structure. The three-coordinate dis-
placement device is equipped with a laser displacement sensor, which can move linearly in
the x-, y-, and z-directions. The laser displacement sensor and the guide rail are connected
by an adjustable indexing plate, which can be adjusted on the YOZ plane. The workpiece
turntable is driven by a motor with a built-in encoder. The spatial positions of the laser
beam and gear are checked by the reference shaft. Parts with holes can be installed on
the shaft for measurement. The laser displacement sensor used was an LK-H050 from
KEYENCE, and the reference shaft used was a GCr15-SUS440C with five-level accuracy.

The software system is shown in Figure 9. The coordinate translation module is used
to control the movement of the probe in the x-, y-, and z-directions and the rotation of the
workpiece turntable along the C-axis. The speed control module is used to control the
movement speed of the four axes, the grating feedback module feedback is used to control
the theoretical displacement and actual displacement of each axis, the measured value
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display module displays the current laser displacement sensor readings, the automatic
control module can realize automatic alignment of the shaft center, and the offset measure-
ment module can realize automatic offset measurement. The spatial position of the laser
probe or worktable can be adjusted manually or automatically, whereas the tooth profile
measurement and offset measurement can be performed automatically.
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7. Experiment
7.1. Experimental Device

In offset measurement, the relative spatial position of the laser beam and the gear is
calibrated by the cylindrical shaft; in other words, the laser beam passes through the center
of the workpiece coordinate system when the reading of the laser displacement sensor
moving along the x-axis guide rail reaches the maximum value. Then, according to the
offset value e and gear parameters, the laser displacement sensor can be moved along the
x-axis rail to the offset position and along the y-axis rail to the measurement position, such
that the gear reference circle is located within the range D of the sensor.

The offset measurement experiment is shown in Figure 10. The gear was installed on
the shaft, and the sensor was offset by a certain distance from the gear center. During the
measurement, the gear rotated at a constant speed ratio, and the encoder on the workpiece
turntable recorded the angular pulse data of the measured point on the gear. At the same
time, the laser displacement sensor collected the displacement data of the measured point
relative to the laser source. The angular displacement data were output to the file through
the measurement software.

7.2. Data Conversion

As an example, we considered the measurement result curve of a helical cylindrical
gear with 30 teeth, a normal modulus of 3, and a helix angle of 20◦ for data conversion. The
measured offset was 23. In Figure 11, the red line is the result of the measurement data, and
the black line is the result of transforming the red line. The abscissa is the number of pulses
of the measurement system, whereby the workpiece rotates 360◦ for one million pulses,
and the ordinate is the distance from the measurement data point to the center of the gear.
It can be seen from Figure 11 that the black line was skewed before transformation, and the
proportion of measured pulses at the tooth profile involute was significantly higher than
the normal proportion. After coordinate transformation, the deflection was eliminated,
and the tooth profile conformed to the actual tooth profile.
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7.3. Selection of the Best Offset Value

Using a seven-level accuracy helical cylindrical gear with 30 teeth, a normal modulus
of 3, and a helix angle of 20◦ as an example, 14 sets of different offset control tests were
carried out according to the gear parameters with values of 17–30. Figure 12 shows a graph
of the measurement data obtained with different offsets. Figure 13 shows measurement
graphs in the three cases where the offset was 17, 24, and 30. It can be seen that, when the
offset was small, there were few effective measurement points of the involute tooth profile.
When the offset was increased, the number of points of the involute tooth profile in the
graph also increased, thus slowing the measurement graph at the involute, decreasing the
number of points at the dedendum, and reducing their proportion in the measurement
graph. Upon further increase, the occlusion of the back teeth by the front teeth increased
during the measurement process, and the dedendum was gradually blocked until it could
no longer be measured.

Among the offsets selected in the experiment, only the last set of tooth profiles was
covered by the front teeth. The accuracy was judged on the basis of the number of valid data
points. In the measurement data, the tooth profile was considered between the dedendum
radius measurements +10% of the tooth height and the addendum radius measurements
−10% of the tooth height. As shown in Table 1, the selection of offset values was positively
correlated with the number of effective points of the tooth profile. Within a reasonable
range of offset values, a larger offset value resulted in a greater number of valid data points
of the tooth profile. However, when the offset value exceeded 29, the laser beam crossed
the tooth tip and instead measured the back tooth from the dedendum, thereby increasing
the data fluctuation. In this case, the distance between the measurement starting point
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and the side of the tooth was relatively short, which affected the measurement of the tooth
profile and shortened the effective measurement range.
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Table 1. Average number of effective data points for a single tooth under different offsets.

Offset Value 17 18 19 20 21 22 23 24 25 26 27 28 29 30

Average number of valid data
points for a single tooth profile 86 86 87 88 89 90 91 93 95 97 99 101 102 104

According to Figure 13 and Table 1, when the offset value was between 23 and 29,
there were more effective data points and less data fluctuation. Specifically, when the
offset value was 29, the angle between the laser beam and the tooth profile normal was
the smallest, leading to the greatest number of effective data points, thereby meeting the
conditions of the best offset value.
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7.4. Error

A pitch deviation analysis and a helix angle analysis were performed on the measured
data with an offset of 23. In addition to the offset measurement, two measurements were
taken at different sections of the gear to measure the helix angle.

(a) Pitch deviation analysis result

To analyze the tooth pitch deviation, the data points were connected by the spline
curve after coordinate conversion. Dichotomy was used iteratively to identify the in-
tersection point of the reference circle and spline curve. The distance between adjacent
intersections was considered an individual pitch deviation, the difference between the
individual pitch and the nominal pitch was considered a single pitch deviation, and the
difference between the actual arc length and the nominal arc length of k pitches was con-
sidered the cumulative pitch deviation. Table 2 shows the individual pitch deviations and
cumulative pitch deviations of some teeth. Figure 14 shows the individual pitch deviation
graphs of all 30 teeth of the tested gear. Figure 15 shows the cumulative pitch deviation
graphs. The maximum pitch deviation of this gear was 0.02 mm, the minimum pitch
deviation was 0.003 mm, and the maximum cumulative pitch deviation was 0.03 mm.

Table 2. Pitch deviation with an offset value of 23.

Number Pitch Individual Pitch Deviation Cumulative Pitch Deviation

. . . . . . . . . . . .

2 9.96928 0.02091 0.02091

3 9.93671 −0.01167 0.00923

4 9.95896 0.01058 0.01982

5 9.96029 0.01191 0.03173

6 9.93681 −0.01157 0.02016

. . . . . . . . . . . .
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After converting the measurement data from the different sections of the gear, the
intersection point of each data point with the reference circle was calculated. Then, a
straight-line equation was fitted using three points on the same tooth, before determin-
ing the slope k value of the straight-line equation using the least-squares method, thus
obtaining the helix angle. Table 3 lists the calculated helix angles of some teeth, whereas
the actual helix angle of the gear was 20.57◦.

Table 3. Analysis of helix angle with an offset value of 23.

Number . . . 15 16 17 18 19 20 21 . . .

Helix
angle . . . 20.55892 20.86931 20.85579 20.95526 21.06316 20.86795 20.94725 . . .

The above experiments show that this measurement method is suitable for a rapid
and precise measurement of gears. It represents a novel idea for the laser measurement of
gears, representing a notable contribution to the field of gear measurement.

8. Conclusions

(1) This paper proposed an offset laser measurement method for the deviation analysis
of cylindrical gears. By offsetting the laser beam and the gear within a certain range,
the accuracy and stability problems caused by object surface inclination errors could
be addressed. We provided a basis for offset selection by discussing an optimal
offset model, and we proposed a coordinate conversion method to process the offset
measurement data. The feasibility of the method was verified by experiments.

(2) The selection of offset is affected by gear parameters, the front tooth occlusion degree,
the slope of the tooth profile normal line, and the overall data efficiency. According to
the gear parameters, the minimum offset determined by the slope of the tooth profile
normal line and the maximum offset should be identified to ensure the efficiency of
the data. The maximum value in the interval should be measured, where the angle
between the laser beam and the tooth profile normal is smallest and the number of
effective data points is greatest, thus meeting the conditions of the best offset value.

(3) The offset laser measurement method proposed in this paper allows optimizing the
angle of the laser beam and the normal vector of the tooth profile. Compared with
laser measurement methods through the gear center, this approach allows collecting
more data points of the tooth profile, as well as analyzing multiple errors. This leads
to an improvement in the measurement accuracy and data stability, making this
approach suitable for precision gear measurement. It can also be used to measure
other types of gear or rotating bodies.
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