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Abstract: The rotational motion of the medium granules under the influence of an impeller installed
in the bottom of a cylindrical reservoir is considered. The dependencies of the circulation velocity of
the abrasive granules, as well as the dependence of the pressure in the circulation flow of the granules
on the radius of the vibrating machine cylindrical reservoir for different speeds of the impeller
rotation are obtained. Furthermore, the velocities of the abrasive granules at various distances from
the center of the cylindrical reservoir of the vibrating machine have been determined. The amplitudes
of the tangential and radial components of the velocity of movement of pseudo-gas from abrasive
granules are obtained. The total pressure on the surface of the processed part and the average velocity
of the abrasive granules colliding with it are determined. The graphical dependencies of the integral
metal removal on the amplitude and frequency of oscillations of the walls of the vibrating machine
reservoir are given for various values of the angular velocities of the impeller rotation.

Keywords: vibration treatment; multi-energy technology; vibrating machine reservoir; impeller;
medium motion; processed parts; metal removal

1. Introduction

The improvement of vibration processing technologies and the expansion of their
technological capabilities lead to the creation of new multi-energy technologies. The
main prerequisite for their development is the principle of combining different processing
schemes, as well as two or more types of energy action.

As methods and features for the development of multi-energy technologies, various
energy levels can be used, causing changes in the state of the processed material. These
include: low temperatures, high speeds and pressures, and application of oscillations of
the infrasonic and ultrasonic ranges [1].

Among the number of above-mentioned features of multi-energy processing should
be included a limited volume of the vibrating machine reservoir, in which the processing
medium of the required characteristics and composition can be placed. The characteristics
of the medium in terms of its physical, mechanical and physicochemical properties may be
of a wide range [2–4]. These are solid, liquid, gaseous and combined, chemically active or
inert media. Processing can be carried out under conditions of superposition of electric
and magnetic fields on the reservoir. The processed parts can be supplied with additional
types of energy by installing them on spindle devices and vibration manipulators [5].
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By combining various combinations of the noted parameters, it is possible to sig-
nificantly expand the area of effective use of vibration treatment, based on the creation
of its multi-energy varieties. On this basis spindle, vibratory-abrasive electrochemical;
magneto-vibratory-abrasive [6]; vibration mechanical-thermal; vibrating eccentric; vibra-
tion electrical-physical and others are developed.

The variety of new kinds of multi-energy vibration processing, presented in the article,
led to the need to study the mechanisms of their work, which, in our case, are associated
with mathematical simulation of the mechanism of action of the oscillatory and rotational
motion of the working medium and parts on the processing.

The existing traditional technology of vibration treatment of parts is widely used in in
numerous industrial fields [7,8], while it is also employed in the metalworking industry [9,10].
Vibration finishing and grinding processing is a method of group-agent processing of parts
in an oscillating reservoir with a free abrasive or non-abrasive working medium in the
presence of a chemically active solution [11,12]. The vibration processing method is used
for grinding surfaces with removal of burrs and scale, rounding-off sharp edges, as well
as for polishing to achieve high classes of surface cleanliness [13,14]. Cyclic motion is
communicated to the reservoir to ensure the force interaction of the medium granules and
the processed parts under their relative movement and mutual pressure [15,16].

Vibration modes during vibration treatment are subjected to variation, as well as
other basic parameters of the technology. This makes it possible to expand the field of
effective use of vibration processing based on the creation of its new varieties. For this
purpose, dynamic models of the collision of the processed part with the working medium
have been developed. Thus, it is possible to predict the rate and amount of metal removal
during vibration treatment as well any changes in quality [17–19]. Additional kinds of
oscillatory and rotary motion are communicated to the processed parts by installing them
in manipulators and spindle devices.

Increasing the efficiency of the vibration treatment process involves the use of multi-
energy technologies, consisting in additional energy action on the medium and the pro-
cessed parts [20,21]. This refers to the simultaneous impact of two or more types of energies,
for example, the energy of vibrational and centrifugal action. The physical and technologi-
cal features of the schemes of energy which impact on the medium and the processed parts,
are the structural characteristics of the vibrating machine reservoir, as well as the principle
of placing the processed parts in the reservoir. A finely dispersed working medium is used
as an abrasive, the granule size of which does not exceed 1–2 mm [22].

This article presents the mathematical modeling of the process of multi-energy vi-
bration treatment, including the rotational motion of the medium granules created by an
impeller installed in the lower part of the reservoir. The aim of the work is to consider the
mechanism of the action of oscillating and rotational motion of the working medium and
parts on the processing process.

2. General Approach

The diagram of the arrangement of the processed parts inside the reservoir of the
vibrating machine is presented in Figure 1. The circle on the cylindrical wall of the reservoir
shows the dynamics of any point on its surface. The circulation of the abrasive caused by
the rotation of the impeller is shown with a curved arrow. The movement of the processed
parts is shown by arrows outside small circles representing processed parts.

Studies show that the energetic action of the impeller on pseudo-gas from abrasive
granules significantly exceeds the effect of rotating parts on these granules, that makes it
possible to divide the solution of the hydrodynamic problem of the rotation of pseudo-gas
from abrasive granules inside the reservoir of a vibrating machine into two problems,
consisting in the movement of an abrasive medium under the action of an impeller and
flow around rotating parts with moving abrasive granules of the medium [23].
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Figure 1. The layout of parts in the vibration machine cylindrical reservoir.

The circular motion of all points of the vibration machine reservoir surface (Ar, ωr)
can be decomposed into radial Vr(t, r, ϕ) and tangential Vϕ(t, r, ϕ) components. As shown
in [23], both of these components create a wave-like motion in a pseudo-gas of abrasive gran-
ules without causing stationary radial and tangential flows. Such motion is described not by
the classical solution of the wave equation of the form P (x, t) = A0/r exp(i(wt− kr x))
for a plane wave or P (r, t) = A0/r exp(i(wt− kr )) in the case of a spherical wave [24],
but is described by the product of the harmonic function of time and the radial component,
which is determined by the Bessel equations [25]. In the case of the rotating impeller action,
a tangential flow will occur. The solution of the problem of finding the dependence of the
velocity field of an elementary volume of a pseudo-gas, its density and pressure on the
coordinates and time should be sought using the Navier–Stokes equations, the continuity
equations and the equations of gas state.

In this study, the change in density, gravitational influence and convective acceleration
are neglected. All simplifications are consistent with experimental results on the study of
vibration-processed parts. Thus, the following simplified Navier–Stokes equations can be
written [26]:

∂
→
V

∂t
= −1

ρ
gradP + ν∆

→
V +

→
F , (1)

where ν is the kinematic viscosity of a pseudo-gas of abrasive granules.

The value of
→
F is the force arising due to the effect of a rotating impeller on the pseudo-

gas of abrasive granules. In polar coordinates, the Equation (1) for the tangential component
of the velocity of movement of the abrasive granules will have the following form:
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Solutions of Equation (2) are both time-dependent expressions [23] and the solution of
the equation for steady-state motion is:

ν

(
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Since Equation (2) is linear, in our case its complete solution is the sum of solutions [23]
and Equation (3). Based on the sticking hypothesis [27], it is assumed that the elementary
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volume of gas located on the inner wall of a cylinder-shaped reservoir has a velocity equal
to the velocity of this wall.

Processing of parts with the abrasive granules occurs due to both the oscillations of
the reservoir walls with modes Ar, ωr and due to the circular movement of the granules
caused by the movement of the impeller at a velocity of ωg and its own rotation of parts
with a radius of Rd at a velocity of ωd around its axis. The novelty in this article is the
determination of the nature of the multi-energy impacts on the machined parts. Such
an additional energy impact on the working medium and the parts makes it possible to
increase the efficiency of vibration treatment.

3. The Circulating Movement of the Abrasive Medium Granules under the Action of a
Rotating Impeller

In the previous section, it is shown that the oscillations of the cylindrical walls of
the reservoir cause a movement in the medium of granules similar to an acoustic wave
in a gas. In the next paragraphs, the effect of the rotation of the impeller on this medium
is considered.

3.1. Equations of the Circulating Movement

The rotational movement of the abrasive granules in the vibrating machine reservoir
occurs due to the impeller installed in the bottom of the cylindrical reservoir (see Figure 2).
The impeller has a radius of Rimp and rotates at an angular velocity of ωimp. The height H
of the reservoir is equal to the height of the volume occupied by the pseudo-gas from the
abrasive granules. Rr and Rimp are the radii of the reservoir wall of the vibrating machine
and impeller, respectively. ωimp is the angular velocity of rotation of the impeller.
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To determine the characteristics of the circular motion of a pseudo-gas of abrasive
granules, the following simplifications are considered:

• the equation for determining the circulation motion, neglecting changes in the motion
parameters along the vertical axis, that is, the flow will be considered as flat;

• the gravitation is neglected;
• the flow will be considered as laminar; the action of the impeller on the abrasive

medium granules is replaced by the distributed force F acting per unit volume at any
point of the pseudo-gas.
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The laminar flow will be realistic if the Reynolds number for the pseudo-gas of
abrasive granules is less than 1000 [28–30]. An estimation of this value can be obtained; for
the pseudo-gas of abrasive granules, the Reynolds number can be written as [31]:

Re =
VϕRrd2

g3π
√

2n

4
〈
Vg
〉 , (4)

where Vϕ is the tangential velocity of the circulating motion of the pseudo-gas, the
〈
Vg
〉

average velocity of the chaotic motion of the granules
〈
Vg
〉
≈ 1 m/s; Rr is the radius

of the cylindrical reservoir; dg is the average diameter of the abrasive granule; n is the
concentration of the granules in a pseudo-gas. The value of Vϕ can be estimated by the
velocity of the impeller; its angular velocity is ≈ 20 rad/s. With an impeller disk radius of
Rimp ≈ 200 mm, the tangential velocity component will be Vϕ ≈ 4 m/s and the average
diameter of the granules is dg ≈ 10 mm. The concentration of the abrasive granules can
be estimated from the ratio n · d3

g ≤ V, where V is the unit volume of the pseudo-gas. So
n ≤ d−3

g = 106 m−3. Thus, Re ≤ 500 and, therefore, the pseudo-gas motion is assumed
as laminar.

Finding the gas flow field in a cylinder under the action of a rotating disk at the
bottom of the cylinder is a complex three-dimensional problem that can be solved only
numerically and, therefore, goes beyond the assumptions made in this work. However, the
determination of the energy effect of the impeller on the pseudo-gas of abrasive granules is
possible with the help of experimental data and approximate calculations [32]. That allows
us to solve the task of analyzing the mechanism of action of circular motion of the working
medium and parts on the processing of their surface.

By virtue of all of the above assumptions, to determine the flow field from abrasive
granules in a cylindrical reservoir it is necessary to solve Equation (3), supplemented by
the equation for pressure [33]:

1
ρ ·

∂P
∂r −

V2
ϕ

r = 0;

v
(

∂2Vϕ

∂r2 + 1
r ·

∂Vϕ

∂r −
Vϕ

r2

)
+ Fϕ = 0.

(5)

In [26], it was shown that the force action of a disk (impeller) rotating in a liquid has
a linear dependence on the radius. It is assumed that this dependence of the force action
is maintained up to the reservoir wall of the vibrating machine. The more accurate this
assumption is, the closer the impeller radius will be to the reservoir radius. In our case, the
impeller radius is 200 mm, and the radius of the cylindrical surface of the reservoir walls is
300 mm. Thus, the following expression for the mass force Fϕ is considered,

Fϕ(r) = C f · r. (6)

The solution of the second equation of the system (5) is as follows:

Vϕ = Ar3 + Br, (7)

where A and B are needed constants. The distribution of pressure along a radius of the
cylindrical reservoir can be calculated with the equation of the system (5), after determining
the coefficients in expression (7).

3.2. Determination of Unknown Constants in the Expression of the Velocity of the Abrasive
Medium Granules Moving under the Action of the Rotating Impeller

In Formula (6) there are two unknown constants, one of which can be determined
from the equality to zero of the velocity of the reservoir cylindrical wall. To determine
the second constant, it is necessary to identify the action of the impeller on the rotation of
the pseudo-gas of abrasive medium granules. In [32], a solution is given that determines
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the moment of friction forces acting on a disk rotating in a cylinder. For small Reynolds
numbers, this value is equal to the following:

Mimp =
π

H
v ωimpR4

imp, (8)

where H is the height of the abrasive granules above the impeller.
By determining the moment of friction forces acting on the impeller, the power

consumed by the rotating impeller, and, consequently, the power transmitted by the
impeller to the pseudo-gas can be found. According to the law of conservation of energy,
this power is expended on work against the forces of internal friction, as well as on friction
on the reservoir wall arising from the circulation movement of a pseudo-gas made up of
abrasive granules. From the sticking hypothesis, the pseudo-gas velocity on the wall is
zero, that is, the equality (8) leads to the emergence of steady-state motion in the vibrating
machine reservoir. The equality to zero of the pseudo-gas velocity on the reservoir wall
allows us to represent one of the constants in the expression for the velocity (7) as:

B = −AR2
r . (9)

The power transmitted to the abrasive granules by the mass force Fϕ must be equal to
the power transmitted to the pseudo-gas by the impeller. It is presented in the form:

Nimp = kMimpωimpCimp, (10)

where Cimp =
Rimp
R∗ , R∗—a certain diameter less than Rimp

(
Cimp ≥ 1

)
, k—a correction factor,

taking into account the fact that the impeller has vertical ribs to increase the “grip” of the
impeller with the abrasive granules. The value of the coefficient k can be determined based
on the engine power (3 kW), which rotates the impeller. To do this, at first the viscosity
of a pseudo-gas from abrasive granules is estimated. According to [29] gas viscosity is
determined by the following relationship:

v = ρ〈V〉 · 4√
2πD2n

, (11)

where ρ is the gas density, 〈V〉 is the average velocity of the gas molecules, n is the
concentration of gas molecules, and D is the effective diameter of the gas molecules. In the
examined case, ρ ≈ 1000 kg/m3, 〈V〉 ≈ 1 m/s, n ≈ 106 1/m3. At the maximum angular
frequency of rotation ωimp = 20 rad/s, the power transmitted to the pseudo-gas by the
impeller, calculated by Formulas (9) and (10) (at Cimp = 1.3) will be equal to the expression:

Nimp ' 30k = 3000 W. (12)

Consequently k ≈ 100. To find the constant A in Formula (7), it is necessary to
equate the power dissipation of the energy of the circulating motion of a pseudo-gas from
the abrasive granules and the power delivered to the abrasive granules by the impeller.
According to [33,34], the power dissipation of the flow of a fluid or gas per unit volume in
cylindrical coordinates is equal to:

∂evol
∂t

= 2η

[(
∂vτ

∂r

)
+

(
∂u
∂z

)2
+

1
2

(
∂vϕ

∂z
+

∂u
∂r

)2
]

, (13)

where vϕ and u are the tangential and parallel axes of rotation of the vertical velocity
component. In this study, the change in velocity vτ along the vertical axis Z is neglected
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and it is assumed that u = 0, which corresponds to a flat flow. In this case the expression
(13) is simplified:

∂evol
∂t

= 2η

(
∂vϕ

∂r

)2

. (14)

The expression (14) must be integrated over the volume occupied by the pseudo-gas
and equate to the power transmitted to the abrasive granules by the impeller. Having car-
ried out these actions, taking into account the Formulas (7), (9) and (10) and the numerical
value of the correction factor k (12), it is obtained:

Ndis = 4πvHA
∫ Rr

0
r
(

3r2 − R2
r

)2
dr = 2πvHA2R6

r = k
π

H
vω2

impCimpR4
imp. (15)

From Equation (14) it follows that:

A = ±ωimp
R2

imp

HR3
r

√
kCimp

2
. (16)

To obtain the relation connecting the unknown constant C f , it is necessary to substitute
the expression (7) into the second equation of system (5). As a result, it can be written:

A = −C f
8v

. (17)

The dependence of the pressure inside the abrasive granules pseudo-gas on the
impeller radius can be determined from the first equation of the system (5). Having
performed the calculations and equating the pressure in the center of the cylindrical
reservoir to zero, it is obtained:

P = ρωimp
R2

imp

R3
r

√
kCimp

2
r
(

0.2r5 − 2
3

R2
r r2 + R4

r

)
(18)

The plots of dependencies of the circulation velocity of the abrasive granules and the
pressure on the radius of the vibration machine cylindrical reservoir for various angular
velocities of the impeller are presented in Figures 3 and 4.
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4. The Total Action on the Surface of the Processed Part

The action of all the above factors on the processed part is determined. When calculat-
ing the total pressure affecting the surface of the cylindrical parts, it is necessary to take
into account the influence of the oscillating walls of the vibration machine reservoir, the
impact of the impeller, and the action of the rotating part.

4.1. Pressure Created by the Oscillating Walls of the Vibration Machine

As mentioned, in [23], oscillations of the cylindrical walls of the reservoir propagate
in abrasive granule pseudo-gas in the form of an acoustic wave. The pressure created by
the acoustic wave is equal to the following relationship [35]:

Posc =
(γ + 1)

8
ρV2

osc =
ρV2

osc
2

. (19)

In relation (19), it is taken into account that for a monatomic gas, the quantity γ = 5
3 .

When interacting with the surface of the processed part, an acoustic wave in a pseudo-
gas from abrasive granules will be reflected. The pressure in this case depends on the
reflection of the wave. The main role in the reflection coefficient is played by the ratio
ρcpg
ρd

cd. Here ρ is the density of pseudo-gas from abrasive granules, cpg is the velocity of
sound in a pseudo-gas, ρd is the density of the material of the part, and cd is the velocity of
sound in the material of the part. The smaller this ratio, the more accurately the incident
wave is reflected [36]. For steel parts ρd = 7800 kg/m3, cd = 4500 m/s [37]. For pseudo-gas
ρ ' 1000 kg/m3.

The velocity of sound in a pseudo-gas of abrasive granules must be determined. For
an ideal gas, the velocity of sound is equal to the following:

C =

√
γk

T
m

, (20)

where γ is the adiabatic index, which in the case of a monatomic pseudo-gas is 5
3 , k is the

Boltzmann constant, T is the pseudo-gas temperature, and m is the mass of the granule
(pseudo-gas atom). From the kinetic theory of gases [31] it is known that the average
kinetic energy of an atom (granule) of a pseudo-gas is related to its temperature by the
following relationship: 〈

V2〉m
2

=
3
2

kT, (21)
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where
〈
V2〉 is the root-mean-square (rms) velocity of the atom (granule). Thus, in order to

determine the velocity of sound in a pseudo-gas from abrasive granules, it is necessary to
determine the root-mean-square velocity of the abrasive granules.

As mentioned, the mass of the granules during operation of the vibration machine
turns into a flow of separately moving granules due to the action of oscillations of the
reservoir walls. The velocity of the particles of the abrasive is determined by the velocity
of movement of the vibration machine walls. The velocities of the abrasive granules at
different distances from the center of the vibration machine cylindrical reservoir are shown
graphically (see Figure 5a,b). The dependencies of the radial component of the velocity of
the abrasive particles at different distances from the center of the cylindrical reservoir are
also presented in Figure 5a. The first curve corresponds to velocity Vr (300 mm/s) directly
near the wall (r = 300 mm), the second Vr (250 mm/s), the third Vr (200 mm/s), and the
fourth Vr (175 mm/s).
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Figure 5. The velocities of the abrasive granules at different distances from the center of the cylindrical
reservoir, the oscillation frequency of the reservoir = 50 Hz, the amplitude = 2 mm. (a) radial
component; (b) tangential component.

Dependencies of the tangential component of the velocity of the abrasive granules at
various distances from the center of the cylindrical reservoir are also given in Figure 5b.
The first curve corresponds to velocity Vϕ(0.3 m/s) directly near the wall r = 0.3 m, the
second Vϕ(0.25 m/s), the third Vϕ(0.2 m/s), and the fourth Vϕ(0.175 m/s).
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It is obvious from Figure 5a that the radial component of the velocity of the granules
decreases monotonously with distance from the wall of the reservoir. The behavior of the
curves in Figure 5b is different. That is, the tangential component of the velocity of the
granules initially decreases with increasing distance from the reservoir wall, i.e., decreasing
radius, and then increases. The behavior of the tangential component is presented in more
detail in Figure 6 and is calculated. From the graphs (see Figure 6), it can be seen that
the amplitude of the radial component monotonously decreases to zero with decreasing
radius. And in this case, the amplitude of the tangential component changes sign as the
radius changes.
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Such behavior Vϕ(r∗) is similar to the behavior of the function describing the propa-
gation of the wave motion of the abrasive medium inside the reservoir, along its radius.
However, since Vϕ(r∗) is a solution of the Bessel equation, such a wave cannot be described
by a simple dependence of the form f (r∗) · g(ωt− r∗). Function Vϕ(t, r∗, ϕ) tends to this
form only as r∗ → ∞ [38]. The ratio of the modulus of the amplitudes of the radial com-
ponent of the velocities Vr(175 mm)

Vr
(300 mm) = 0.475Aω is determined as 0.475Aω, while

for the tangential component a similar ratio is obtained: Vϕ(175 mm)
Vϕ

(300 mm) = 0.683Aω

(Figure 5). Based on the above, it can be assumed that:

V2 =
√

Vϕ(175 mm)2 + Vr(175 mm)2. (22)

Substituting expressions (21) and (22) into Formula (20), the final expression for the
velocity of sound in the pseudo-gas of abrasive granules near the surface of the rotating
processed parts is obtained:

Cpg =

√
γ

V2

3
= 0.62 Aω, (23)

where ω and A are the circular frequency and amplitude of oscillations of the walls of the vi-
bration machine reservoir, respectively. For A = 2.0 mm and ω = 50 Hz, Cpg = 0.39 m/s.
Thus, ρcpg

ρd
cd � 1; therefore, the surface of the part represents an absolutely solid surface for
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the wave in an abrasive granule pseudo-gas, from which the wave is completely reflected.
The wavelength of propagation of oscillations in a pseudo-gas, according to (23), is equal to:

λ =
Cpg2π

ω
= 1.24πA. (24)

With amplitude Ar = 2.0 mm λ = 7.8 mm, which is much less than the diameter of
the part (approximately equal to 60 mm). That is, the incident wave will be reflected in
the same phase and with the same amplitude. Consequently, the acoustic pressure on the
surface of the processed part will be twice the value calculated by Formula (19). Taking
into account the fact that V2

osc =
〈
V2〉 and using Formulas (19) and (22), the expressions of

pressure created by the vibrations of the reservoir walls of the vibration machine on the
surface of the rotating processed part are finally:

Posc = ρ
〈

V2
〉
= 0.832ρA2

r ω2
r . (25)

4.2. Total Pressure on the Surface of the Processed Part and the Average Velocity of the Abrasive
Granules Colliding with It

The total pressure on the surface of the rotating processed part, taking into account
relation (25), is as follows:

PdΣ = Pimp + ρ
V2

ϕ

2
+ Protd + P(RRd)Gimp

+ Pf rd − ρ
V2

dβ

2
+ Posc. (26)

According to the laws of the molecular theory of gases [31] the pressure and tempera-
ture of the gas are related as follows:

PdΣVpsg = NpsgkT, (27)

where Vpsg and Npsg are the volume occupied by the pseudo-gas and the number of
granules in this volume, respectively. Taking into account relation (21), the expression for
the root-mean-square velocity of the chaotic movement of abrasive granules

〈
V2

Σ
〉

near the
surface of the processed part depending on the pressure on its surface can be written as:〈

V2
Σ

〉
=

3PdΣ

ρ
, (28)

where, as in all the above ratios, ρ is the pseudo-gas density of abrasive granules. To

compare the magnitude of
√〈

V2
Σ
〉

with the rotational velocities of the impeller, of the part
and the oscillating reservoir wall, the graphs of the dependence of this quantity on the
above parameters are presented in Figure 7.

From the dependencies (Figure 7) it follows that the rms velocity of the chaotic
movement of abrasive granules is comparable to the velocity of a circular motion of the
part surface (up to 3.7 m/s). Therefore, to calculate the metal removal it is necessary to add√

V2
Σ with the velocity of the circular movement of the part surface.
The velocities of the abrasive granules approach to the surface of the part from different

sides with the same probability (random motion). Therefore, it is necessary to average the
magnitude of the velocity of the approximation of the granule over the angle between the
radius of the part and the direction of movement of the granule (Figure 8).
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From the dependencies (Figure 7) it follows that the rms velocity of the chaotic move-
ment of abrasive granules is comparable to the velocity of a circular motion of the part 
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Figure 7. Graphic dependencies of root-mean-square velocities
√

V2
Σ of chaotic movement of abra-

sive granules near the surface of the processed part, depending on the angle β and the angular
velocity of rotation of the part X for different values of the impeller angular velocity. Graphic
dependencies (a) correspond to the rotation of the processed part and the impeller in the same
direction, dependencies (b) correspond to the opposite direction of rotation of the processed part and
the impeller.
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Figure 8. Scheme of averaging the velocities of the granules approaching to the surface of the
part: Vgvelocity of approaching the granule to the part; Rdradius of the part; δangle between the
radius-vector Rd and the approaching velocity of the granule Vg.

The average velocity Vaver of the granules approaching the surface of the part will be
equal to:

Vaver =
1
π

∫ π
2

− π
2

Vg cos δdδ =
2
π

Vg =
2
π

√〈
V2

Σ
〉
. (29)

The velocity Vaver will be directed along the radius-vector and perpendicular to the
surface of the part. Thus, the mutual rate Vmusp of approach of any point on the part surface
and the granule approaching it will be equal to the following:

Vmusp =

√
R2

dω2
d +

4
π2

〈
V2

Σ
〉
. (30)

Graphic dependencies Vmusp on the angle β, the angular velocity of rotation of the
processed part, are presented for several values of the angular velocity of rotation of the
impeller in Figure 9. The graphic dependencies shown in Figures 7 and 9 are visually
similar, but differ numerically. It is the velocity Vmusp that will be used in the future to
determine the amount of metal removal using multi-energy technology, which consists of
the joint action of vibrational and centrifugal forces on the working medium.
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5. Removal of Metal Using Multi-Energy Technology

To determine the metal removal during multi-energy exposure of the joint action of
vibratory and centrifugal forces on the working medium, Formula (39) is used:

Q =
CΣRg

(
1− kωr ω2

r + kAr A2
r
)(

1 + C
〈
Vmusp

〉
2
) 〈

Vmusp
〉2.875F(k)sprot, (31)

where F(k) and spro are functions depending on the friction coefficient and the surface area
of the processed part, respectively; CΣ is the combined constant determined by the mecha-
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nism of metal removal by a single granule of the medium from the surface of the processed
part; kωr and kAr are coefficients which are corrections of velocity

〈
Vmusp

〉
for the circu-

lation movement of granules in terms of the frequency and amplitude parameters of the
oscillations of the walls of the vibration machine cylindrical reservoir; C ≈ 10 to 30 s2/m2;
Rg is the average radius of the abrasive granule; and t is the time of vibration treatment.

The function F(k) is determined by the following expression:

F(k)

= 2
π

(1−cos(arctg(7k)))2

7karctg(7k)

+ 2
π

(cos(arctg(7k)))(1−sin(arctg(7k)))−3.5(1−sin(arctg(7k)))
( π

2 −arctg(7k))

(32)

The function F(k) has been derived under the assumption that the reflection of the
granule from the processed part surface, in the direction perpendicular to its surface, is
absolutely elastic, that is, without loss of kinetic energy. Taking into account the reduction

coefficient—ϕ =
√

1− f
1+ f [39], where f is the coefficient of dry friction, k = 0.5(1 + ϕ) f

(Figure 10).
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Comparison of dependencies in Figure 11a,b shows that the difference in the direction
of rotation of the impeller and the part does not greatly affect the removal of metal.

The surfaces (Figure 11) do not describe the integral of metal removal, but the removal
of the part’s material at different points of the surface depending on the angle β defining this
point. Thus, the dependencies (Figure 11) allow the determination of the efficiency of multi-
energy technology, which consists of the joint action of vibrational and centrifugal forces
on the working medium at different points on the rotating surface of the processed part.

The integral metal removal is determined by averaging over the angle β in expression
(33). In this case, graphical dependencies of the integral metal removal rate on the part
rotation frequency were obtained for different values of the angular velocity of the impeller
rotation (Figure 12).

It is obvious that the integral metal removal increases both with an increase in the
velocity of the part rotation and with increasing the velocity of rotation of the impeller. The
non-zero value of the metal removal at zero velocities of rotation of the part and impeller is
explained by the action of vibrating reservoir walls oscillating with a frequency of 50 Hz
and amplitude of 2.0 mm. The graphical dependencies of the integral metal removal on the
amplitude and frequency of oscillation of the walls of the vibration machine reservoir are
presented in Figure 13 for various values of the angular velocities of rotation of the impeller.
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Figure 11. Graphic dependencies of metal removal from a rotating part on angle 𝛽, angular veloc-
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impeller. The graphical dependencies (a) correspond to the rotation of the processed part and the 
impeller in the same direction, the dependencies (b) correspond to the opposite direction of rota-
tion of the processed part and the impeller. 

Figure 11. Graphic dependencies of metal removal from a rotating part on angle β, angular velocity
of rotation of the processed part for several values of the angular velocity of rotation of the impeller.
The graphical dependencies (a) correspond to the rotation of the processed part and the impeller
in the same direction, the dependencies (b) correspond to the opposite direction of rotation of the
processed part and the impeller.



Machines 2021, 9, 118 17 of 22Machines 2021, 9, x FOR PEER REVIEW 17 of 22 
 

 

 

Figure 12. Graphic dependencies of the integral metal removal on the frequency of the part rota-
tion for different values of the angular velocity of rotation of the impeller: 𝑄 —angular velocity of 
rotation equal to 0; 𝑄 — 3.14 rad/s; 𝑄 — 6.28 rad/s; 𝑄 — 9.42 rad/s, 𝑄 — 12.56 rad/s. 

It is obvious that the integral metal removal increases both with an increase in the 
velocity of the part rotation and with increasing the velocity of rotation of the impeller. 
The non-zero value of the metal removal at zero velocities of rotation of the part and im-
peller is explained by the action of vibrating reservoir walls oscillating with a frequency 
of 50 Hz and amplitude of 2.0 mm. The graphical dependencies of the integral metal re-
moval on the amplitude and frequency of oscillation of the walls of the vibration machine 
reservoir are presented in Figure 13 for various values of the angular velocities of rotation 
of the impeller. 

 
Figure 13. Graphic dependencies of the integral metal removal rate on the amplitude and fre-
quency of oscillation of the walls of the reservoir for various values of the angular velocities of 
rotation of the impeller. 

Figure 12. Graphic dependencies of the integral metal removal on the frequency of the part rotation
for different values of the angular velocity of rotation of the impeller: Q1—angular velocity of rotation
equal to 0; Q2—3.14 rad/s; Q3—6.28 rad/s; Q4—9.42 rad/s, Q5—12.56 rad/s.
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Figure 13. Graphic dependencies of the integral metal removal rate on the amplitude and frequency
of oscillation of the walls of the reservoir for various values of the angular velocities of rotation of
the impeller.

The rotational velocity of the part ωd = 0. The lower surface corresponds to the
angular velocity of the impeller rotation equal to 0, the second from the bottom ωimp is
3.14 rad/s, the third ωimp is 6.28 rad/s, the fourth ωimp is 9.42 rad/s, and the fifth ωimp
is 12.56 rad/s. It is quite clear that the contribution of oscillations of the reservoir wall
to metal removal rate decreases as the impeller velocity increases; when ωimp reaches
12.56 rad/s, the contribution of oscillations of the reservoir walls is almost zero (Figure 14).
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Figure 14. Contribution of oscillations of the reservoir walls to the metal removal during the rotation
of the part. Impeller rotation velocity ωimp = 0.

The bottom surface corresponds to the angular velocity of the part rotation equal
to 0, the second from the bottom ωd—15.7 rad/s, the third ωimp—31.4 rad/s, the fourth
ωimp—47.1 rad/s, and the fifth ωimp—62.8 rad/s. As in the previous case, the metal
removal rate from the action of oscillating reservoir walls in the total metal removal
decreases with increasing velocity of rotation of the part; when ωd reaches 31.4 rad/s,
while the contribution of the oscillations of the reservoir walls is almost zero.

For experimental verification of the effectiveness of the described method of finishing
and grinding processing, a vibrating machine was developed (Figure 15). It consists of:
V-belt gears—1, 13; bevel reduction gears—2, 14; flexible couplings—3, 16; oscillating
system—4; elastic suspensions—6, 9; rigid supports—7, 10; vertical vibration exciters—11,
21; electric motors—12, 22; shafts—15, 17, 23, 24; impeller—18; reservoir—19; locating
fingers—20; fastenings of the elastic suspension—8. In the reservoir 19 of the vibrating
machine are loaded and the processed parts—5 and the working medium—25.

The proposed method is implemented as follows. The parts 5 to be machined are
mounted on locating fingers 20 located along concentric circles using an elastic suspension
6 on a rigid support 7. First, the vertical vibration exciter 21 of the oscillating system 4
is turned on. The system is placed in the working area of the reservoir 19 together with
the parts 5. The reservoir 19 is mounted on a rigid support 10 with the help of an elastic
suspension 9 and is filled with a working medium 25. The medium 25 receives rotational
motion from the impeller 18 and oscillatory motion from the vertical vibration exciter 11,
rigidly mounted on the shaft 17 of the impeller 18 and kinematically connected to the
reservoir 19.

The rotary motion from the electric motor 12 by the V-belt transmission 13 is trans-
mitted to the bevel reduction gear 14, the shaft 15 of which, through a flexible coupling
16, communicates with the shaft 17 of the impeller 18. As a result of the use of the energy
of vibrational and centrifugal forces that affect the working medium and processed parts
in the vertical and horizontal planes, we carry out processing, remove the defective metal
layer, and achieve the required surface roughness. Approbation of the described method
and experimental confirmation of theoretical calculations, as well as their convergence was
conducted during vibration finishing and grinding processing of complex-profile body
specimens-parts after the previous operations of turning, milling and drilling. The mate-
rial of the specimen-part is aluminum alloy AL7 DSTU 2839-94 (G-AlCu4Ti DIN 1725-2),
and the technological method of producing the blanks is casting into a chill mold. The
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thickness of the burrs at the base did not exceed 0.2 mm, the initial surface roughness was
Ra = 2.5 µm.
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The shape of the specimen-part is complex, obtained by conjugation of curved surfaces.
The design of the specimen-part had blind and through holes of various diameters, as well
as niches, pockets, and stepped transitions of surface elements. A through central hole was
used when installing the specimen-part in the fixture. The dimensions of the specimen
part are 80× 80 mm. Finishing and grinding processing was carried out in a vibrating
machine reservoir, which made it possible to place simultaneously 16 parts. The porcelain
spheres with a diameter of 2 mm were used as a working medium. The working medium
and specimens-parts in the reservoir were moistened with a chemically active solution on
an alkaline basis.

Processing modes are the following: impeller rotation speed—1440 rpm; the amplitude
and frequency of the reservoir movement—1.3 to 1.5 mm, 50 Hz; amplitude and frequency
of movement of the oscillating system of the device with parts—1 to 1.2 mm, 30 Hz,
respectively. The machine processing time was about 30 min. As a result of processing,
surface defects are completely removed, the required surface roughness is achieved with a
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natural shade of the metal. Sorting quality control of finishing and grinding processing did
not establish the appearance of defects.

6. Conclusions

The paper presents the results of using the multi-energy technology of vibration fin-
ishing and grinding processing proposed by the authors. This technology is characterized
by the combined effect of vibrational and centrifugal forces on the working medium and
the processed parts. The study was carried out on the basis of a mathematical model,
under the assumption that during vibration treatment the collective behavior of abrasive
granules is similar to the behavior of gas molecules or atoms. Simulation of multi-energy
impact processes is based on the application of the Navier–Stokes equations and the use of
gas laws.

1. It has been established that the circular motion of all points of the reservoir surface
of the vibrating machine can be decomposed into radial and tangential components,
which create wave motion in the granules of the working medium, without leading
to the appearance of stationary radial and tangential flows. The dependencies of
the radial and tangential components of the velocity of movement of the granules
of the medium inside the oscillating cylindrical reservoir on its radius and period of
oscillations are obtained.

2. It has been found that when distributing the pressure of the working medium granules
over the surface of the rotating processed part, it is necessary to take into account the
force of the impeller and the pressure caused by the rotation of the processed part, as
well as the friction force between the surface of the rotating processed part and the
granules of the medium.

3. Graphical dependencies of the speed of approach of any point of the surface of the
part and the granule of the medium flying up to it on the angle of the ordinate axis
and the angular velocity of rotation of the part for different values of the angular
velocity of the impeller are obtained.

4. It has been established that the integral metal removal increases with an increase in
the rotation speeds of the processed part and the impeller. The presence of removal at
these speeds equal to zero is explained by the action of the oscillating reservoir wall.
The share of these influences in the resulting metal removal decreases as the speed of
rotation of the impeller and part increases. When the rotation speeds reach for the
impeller 12.56 rad/s and for the part 31.4 rad/s, respectively, this fraction is equal
to zero.
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