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Abstract: The bilinear hysteresis friction model and the Coulomb friction model are two typical macro
slip models which are widely used by researchers in simulation analysis of rub-impact dynamics
of shrouded blades. However, differences in the simulation results of shrouded blades based on
these two friction models have not well been studied recently. In this paper, a two-dimensional
lumped mass model of shrouded blades including axial displacements and tangential displacements
is established, and the kinetic equations of the blades under different contact conditions are derived.
The contact-separation and stick-slip transition points are determined by the bisection method. Using
the fourth-order Runge–Kutta method, comparative analysis of the nonlinear characteristics and
the vibration reduction characteristics of shrouded blades based on the bilinear hysteresis friction
model and the Coulomb friction model are carried out. Numerical simulation results indicate that
the nonlinear characteristics and the vibration reduction characteristics of shrouded blades based
on these two friction models are not accordant. The discussion in this paper offers thinking for the
selection of the friction model in a study on rub-impact dynamics of shrouded blades.

Keywords: shrouded blades; rub-impact dynamics; Coulomb friction model; bilinear hysteresis
model; nonlinear characteristics comparison; vibration reduction characteristics comparison

1. Introduction

Damping is very important in the manufacturing of Integrally Bladed Rotors, as
illustrated in [1–4]. Meanwhile, in the service life of turbine blades damping design
is also a key operation, as high cycle fatigue failures may occur due to high vibratory
stresses. The shroud device is actually an effective dry friction damper that is insensitive
to temperature, simple in structure and has been widely used to reduce the vibration of
turbine blades [1,5,6]. The rub-impact dynamics of shrouded blades is the focus of this
research field, in which selection of the friction model is very important because it partly
determines the accuracy of the prediction of the blade response. In recent studies, the
Coulomb friction model and the bilinear hysteresis model are mainly used as two typical
macro slip friction models which are suitable for modeling point to surface dry friction
contact. The micro slip friction model which is suitable for modeling surface to surface dry
friction contact has been proposed, but it should be pointed out that the micro slip model is
basically based on the bilinear hysteresis model. In this paper, studies on the rub-impact
dynamics of shrouded blades with the two typical macro slip models are summarized
as follows.

Studies using the Coulomb friction model: Yang et al. [7] studied the stick-slip friction
phenomenon with the Coulomb friction model and predicted the resonant response of
a two-degree-of-freedom oscillator constrained by friction with the harmonic balance

Lubricants 2022, 10, 31. https://doi.org/10.3390/lubricants10020031 https://www.mdpi.com/journal/lubricants

https://doi.org/10.3390/lubricants10020031
https://doi.org/10.3390/lubricants10020031
https://creativecommons.org/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://www.mdpi.com/journal/lubricants
https://www.mdpi.com
https://orcid.org/0000-0002-6973-1800
https://doi.org/10.3390/lubricants10020031
https://www.mdpi.com/journal/lubricants
https://www.mdpi.com/article/10.3390/lubricants10020031?type=check_update&version=1


Lubricants 2022, 10, 31 2 of 17

method (HBM). Xia [8] set up a model to discuss the stick-slip motion of a two-dimensional
oscillator with the Coulomb friction model and a numerical method was adopted. Allara [9]
described different models for the friction contact of non-spherical geometries and studied
the dissipated energy of different contact geometries with different models. In [10], different
contact models were proposed using the finite element method and these models were
compared to predict the nonlinear dynamic behavior of blades. In [11], the impact vibration
of aeroengine shrouded blades under a multiple-harmonic excitation was studied by
employing the Galerkin method, and an approximate analytical solution of the responses
of the shrouded blades was obtained with the Fourier series method. With the HBM,
Wang and Zhang [12] analyzed the forced responses of a dry friction oscillator based
on the Iwan model. Considering the contact stiffness of the contact surface, Zucca and
Firrone [13] investigated the performances of HBM by comparing the uncoupled approach
to a fully coupled static/dynamic approach. Roberta and Rubens [14] adopted the spring
mass model, and stick and slip modes are considered along with a non-smooth transition
between them. In [15], the steady-state response of the dry friction damping system was
solved by the multi-harmonic balance method and the alternating time/frequency domain
strategy is integrated for evaluating the nonlinear force and pertinent stiffness.

Studies using the bilinear hysteresis model: Popp [16] discussed the influence of
friction contact on the structural stiffness and the expected damping ratio, and performed
experimental tests based on the theoretical model under different frictional contact samples’
structures. Petrov [17] developed an effective method to analyze the periodic forced
response of nonlinear cyclically symmetric structures, which used the periodic sector
model to calculate the multi-harmonic forced response of the whole blade disk without any
loss in accuracy in calculations and modeling. Qi [18] established the macro-micro model
to analyze the vibration response of the dry friction damping systems and used the bilinear
hysteresis model to analyze the macro-micro model. In [19], a decrease in vibrational
amplitudes was explained by changes of boundary conditions induced by a stick/slip
behavior. The contributions of respective energy dissipation and the change of contact state
on peak levels were showed. Fu and Lu [20] studied the influences of the gap between
adjacent shrouds, the amplitude of the external force, the width, thickness and length of the
blade on the nonlinear dynamical responses of the blades. In [21], the nonlinear dynamic
responses of the rotating blade are obtained and the shock and vibration mechanism of the
shrouded blade was revealed, the relationship between vibration suppression and structure
parameters of the blade shroud was studied. In [22], the vibration impact mechanism of a
rotating shrouded blade with asymmetric clearance was investigated, and the influence
of the initial gap between two adjacent shrouds on the vibration amplitude was obtained.
Pešek et al. [23] studied the effect of friction in blade shrouds under appropriate frequency
harmonic excitation and subsequent free vibration attenuation. The experimental results
agreed well with the numerical results. In [24], an analytical expression was formulated to
compute the Jacobian matrix for 3D friction contact modeling. The developed expression
has been successfully used for the calculation of the friction damping on a turbine blade
with a shroud contact interface having an arbitrary 3D relative displacement. Considering
the effects of the centrifugal stiffening and the spin softening of the blade, Ma et al. [25]
established a dynamic model of rotating shrouded blades. He et al. [26] studied stick-slip-
separation transition boundary conditions and the nonlinear dynamics of shrouded blades,
the vibration response is calculated using Runge–Kutta algorithm. Botto and Umer [27]
developed a novel experimental test rig to extensively investigate the dry friction damper
dynamic behavior. In [28], the mechanism of a complex bifurcation behavior caused by
flight maneuvers in an aircraft rub-impact rotor system with Duffing type non-linearity
was discussed, which provided deep insight into the mechanism of the complex nonlinear
phenomenon induced by the constant excitation. Yang et al. [29] investigated the influence
of the parametric uncertainties on the dynamic characteristics of a rotor-blade system. He
et al. [30,31] studied the influence of the convective inertial force and Coriolis inertial force
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on the vibration reduction of dry friction damped blades considering the rotation of the
bladed disc.

Recent studies have not fully dealt with the difference of simulation results based on
the two typical macro slip models. In this paper, a comparative analysis of the nonlinear
characteristics and the vibration reduction characteristics of shrouded blades based on
the two typical macro slip models was carried out and the differences between two kinds
of simulation results can be found. It is also meaningful for the improvement of the
micro slip model. In order to explore the influence of the two different friction models
on the simulation results of the system response, the following work has been carried
out. As the main work of this paper is mechanism research, the mass-spring model which
has higher computational efficiency is adopted and a two-dimensional lumped mass
model including axial displacements and tangential displacements of shrouded blades
is established. The impact force is simulated by a linear spring and the friction force is
simulated by the bilinear hysteresis model and the Coulomb friction model, respectively.
The kinetic equations and the stick-slip transition boundary conditions of the blades under
different contact conditions are all derived and a fourth-order Runge–Kutta algorithm is
presented to predict the system response. Since the change of normal load requires a higher
step size of the Runge–Kutta algorithm, the capture of stick-slip and contact-separation
transition points is very important and can be completed by the bisection method with a
variable step size. With the two different friction models, the influences of stiffness ratio,
initial gap and amplitude of excitation force on the nonlinear characteristics and vibration
reduction characteristics of the shrouded blades are studied and compared.

2. Rub-Impact Dynamic Modeling Based on the Coulomb Friction Model and the
Bilinear Hysteresis Model

In the aero-engine, all the shrouded blades are set up in a circle which can be considered
as a symmetric structure. In order to simplify the dynamic model, two adjacent shrouded
blades are selected and the structure of the blades discussed in this paper is shown in
Figure 1, where the xyz orthogonal coordinate system attached to the bladed disc is defined
with three orthogonal directions, namely tangential direction (x), axial direction (y), and
radial direction (z).
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Figure 1. The structure of shrouded blades.

2.1. Rub-Impact Dynamic Model and Equations

As shown in Figure 1, in the working condition of the turbine blades, the blades will
undergo contact-separation transition and stick-slip transition due to the bending vibration
in both x and y directions. In the contact state, the impact and dry friction occurs in the
contact surface. In engineering practice, the shrouded blades vibrate in a three-dimensional
direction which is very complicated. In this paper, the bending vibration of the blade in x
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direction and y direction is discussed, while the bending vibration in z direction, which
is very small in comparison to that in x and y direction, and the torsional vibration is not
considered for simplicity. Based on the analysis above, a spring-mass model of the structure
in Figure 1 can be set up and shown in Figure 2.
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Figure 2. Kinetic model of the shrouded blades with impact and dry friction.

When the initial gap ∆ is negative, a preload is applied between the two shrouds,
otherwise, there is a certain initial distance between the two shrouds.

The dry friction and impact between the two shrouds are shown in Figure 3, which
are very complex in the process of the vibration of the blades. As the torsional vibration
is not considered, the contact of two blades is face to face. The direction r is tangential to
the contact, while the direction n is normal to the contact. The relation motion in r and n
direction will lead to stick-slip transition and contact-separation transition separately.
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Figure 3. Dry friction force and normal load between two adjacent shrouds.

In the process of the vibration of the two blades, there are two stages: the separation
stage and the contact stage in which stick-slip transition occurs. To analyze the normal
load and friction force, displacements of blades in x and y directions can be projected into r
and n directions. Then the displacements of shrouded blades in r and n directions can be
written as: {

r1 = x1 cos α + y1 sin α, n1 = x1 sin α− y1 cos α
r2 = x2 cos α + y2 sin α, n2 = x2 sin α− y2 cos α

(1)

In Equation (1), r1 and r2 denote the displacements of the left and the right shroud in r
direction, while n1 and n2 denote the displacements of the left and the right shroud in n
direction.

According to Figures 2 and 3, kinetic equations of the blades can be written as:
m1

..
x1 + c1x

.
x1 + k1xx1 = Q1 cos β− N(t, x1 − x2, y1 − y2, ∆) sin α− f cos α

m1
..
y1 + c1y

.
y1 + k1yy1 = Q1 sin β + N(t, x1 − x2, y1 − y2, ∆) cos α− f sin α

m2
..
x2 + c2x

.
x2 + k2xx2 = Q2 cos β + N(t, x1 − x2, y1 − y2, ∆) sin α + f cos α

m2
..
y2 + c2y

.
y2 + k2yy2 = Q2 sin β− N(t, x1 − x2, y1 − y2, ∆) cos α + f sin α

(2)

Due to the symmetry characteristics of the shrouded blades, some parameters of
the two blades are consistent. So: m1 = m2 = m, c1x = c2x = cx, c1y = c2y = cy,
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k1x = k2x = kx, k1y = k2y = ky, Q1 = F0 sin(ωt + ϕ1), Q2 = F0 sin(ωt + ϕ2). Equation (2)
can be expressed as:

m
..
x1 + cx

.
x1 + kxx1 = Q1 cos β− N sin α− f cos α

m
..
y1 + cy

.
y1 + kyy1 = Q1 sin β + N cos α− f sin α

m
..
x2 + cx

.
x2 + kxx2 = Q2 cos β + N sin α + f cos α

m
..
y2 + cy

.
y2 + kyy2 = Q2 sin β− N cos α + f sin α

(3)

The normal load is simulated by a linear spring with its stiffness of k and can be
described as Equation (4).

N =

{
0 (n1 − n2 − ∆ < 0)

k(n1 − n2 − ∆) (n1 − n2 − ∆ ≥ 0)
(4)

Accordingly, the bilinear hysteresis model and the Coulomb friction model which are
shown in Figure 4 are introduced separately to simulate the friction force f . In order
to simplify the calculation, the difference of kinetic and static friction coefficients is not
considered in this paper. Thus, the friction coefficient is denoted as µ.
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sis model.

In Figure 4a, the Coulomb friction model is introduced. With the Coulomb friction
model, points 1 and 2 are always attached to the left shroud and the right shroud, re-
spectively. In contrast with the bilinear hysteresis model, the elastic deformation is not
considered in the Coulomb friction model, and the viscous state of the contact surface is
actually a relatively static state. In this paper, as described in reference [26], an error limit is
given for the relative velocity and the stuck state of the contact surface is studied.

(1) When
.
r1 −

.
r2 = 0, points 1 and 2 remain relatively static, Equations (5) and (6) can

be obtained.
(

.
x1 −

.
x2) cos α + (

.
y1 −

.
y2) sin α = 0 (5)

(
..
x1 −

..
x2) cos α + (

..
y1 −

..
y2) sin α = 0 (6)

Performing a linear operation on formulas in Equation (3), Equations (7) and (8) are
derived.

m(
..
x1 −

..
x2) cos α + cx(

.
x1 −

.
x2) cos α + kx(x1 − x2) cos α

= (Q1 −Q2) cos α cos β− 2N sin α cos α− 2 f cos2 α
(7)

m(
..
y1 −

..
y2) sin α + cy(

.
y1 −

.
y2) sin α + ky(y1 − y2) sin α

= (Q1 −Q2) sin α sin β + 2N sin α cos α− 2 f sin2 α
(8)

Based on Equations (5)–(8), Equation (9) can be obtained.

f = 1
2 [(Q1 −Q2)(cos α cos β + sin α sin β)− cx(

.
x1 −

.
x2) cos α

−cy(
.
y1 −

.
y2) sin α− kx(x1 − x2) cos α− ky(y1 − y2) sin α]

(9)

If f ≤ µN, the friction force f is calculated by Equation (9).
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Otherwise, f equals to µN and reverses its direction.
(2) If

.
r1 −

.
r2 6= 0, relative slipping occurs at the contact interface, the value of the

sliding friction force equals µN.
In Figure 4b, the bilinear hysteresis model is introduced and the friction force is

simulated by a spring with a finite contact stiffness kd. The spring has no initial length and
can yield. Points 1 and 2 are attached to the left shroud and the right shroud, respectively,
at all times. Point b is the sliding contact point that can slide relative to point 2. Initially,
Points 1, 2 and b coincide with each other, and point b is attached to point 2 with a limiting
friction force. The displacements of the left and the right shroud in r direction are denoted
by r1 and r2, respectively, while that of the sliding contact b relative to the bladed disc is
denoted by rb. With two shrouds moving, point b keeps static with the right shroud when
|r1 − rb| is less than µN/kd and keeps static with the left shroud when the distance of the
point 1 and b is equal to µN/kd. The friction force can be determined by Equation (11), and
the key to friction calculation is to trace the position of point b.

f = kd(r1 − rb) (10)

2.2. The Nondimensionalization of the Kinetic Equations

To analyze the nonlinear dynamics of the system conveniently, the nondimensional-
ization can be introduced as follows.

Denote ωx
2 = kx

m , ωy
2 =

ky
m , ε1 = cx

2mωx
, ε2 =

cy
2mωy

, X1 = x1
∆ , X2 = x2

∆ , Y1 = y1
∆ ,

Y2 = y2
∆ , τ = ωt, (·)′ = d·

dτ , (·)′′ = d2·
dτ2 , fx = f

m∆ωx2 , fy = f
m∆ωy2 , Q1x = Q1 cos β

m∆ωx2 ,

Q1y = Q1 sin β

m∆ωy2 , Q2x = Q2 cos β

m∆ωx2 , Q2y = Q2 sin β

m∆ωy2 , Nx = N
m∆ωx2 , Ny = N

m∆ωY
2 .

So, Equation (3) can be rewritten as Equation (11).
X′′1 + 2ε1X′1 + X1 = Q1x − Nx sin α− fx cos α

Y′′1 + 2ε2Y′1 + Y1 = Q1y + Ny cos α− fy sin α

X′′2 + 2ε1X′2 + X2 = Q2x + Nx sin α + fx cos α

Y′′2 + 2ε2Y′2 + Y2 = Q2y − Ny cos α + fy sin α

(11)

3. Comparative Analysis of Dynamic Characteristics of the System with the Two
Friction Models
3.1. Comparative Analysis of the Nonlinear Characteristics of the System

Based on the two-dimensional kinetic model and the above-derived equations of the
shrouded blades, the transition points of the stick-slip and contact-separation are both
captured by the bisection method to suppress the errors. Then a numerical integration
scheme implementing a fourth-order Runge–Kutta algorithm with variable step is set up
by using the two friction models separately. Combined with the time history, frequency
spectrum, Poincare map and phase diagram, the nonlinear characteristics of the system are
analyzed. In this section, with the two friction models, a comparative analysis of influences
of different parameters including the stiffness ratio, the initial gap and amplitude of external
excitation on the nonlinear characteristics of the system is carried out.

For the simulation study, as the dynamic characteristics of both the left blade and the
right blade are the same, the simulation results of the left blade under different parameters
are displayed and analyzed. According to reference [26], the basic parameters of the system
are shown in Table 1 and specific parameters are given in the corresponding section. Denote
Q1 = F0 sin(ωt + ϕ1), Q2 = F0 sin(ωt + ϕ2), fe = ω/2π.
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Table 1. Basic parameters of the system.

Parameters Values Parameters Values

m 0.085 kg cx 3.5 N·s/m
kx 1 × 105 N/m cy 20 N·s/m
ky 3 × 106 N/m β π/6 rad
kd 1 × 106 N/m µ 0.5
ϕ1 π/3 rad ϕ2 4π/3 rad
α π/3 rad ω 290 rad/s

3.1.1. The Influence of the Stiffness Ratio γ on the Nonlinear Characteristics of the System

The stiffness ratio is denoted by γ = k/kx. The specific parameters needed are shown
in Table 2. The simulation results are shown in Figures 5–8.

Table 2. The specific parameters used in Section 3.1.1.

Parameters Values

∆ 0.04 mm
F0 60 N
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Figures 5 and 6 separately show the bifurcation diagram of X1 versus γ with the
Coulomb friction model and the bilinear hysteresis model. Comparing Figure 5 with
Figure 6, the bifurcation phenomenon occurs in different stiffness ratios and the bifurcation
characteristics of the system are different with the increase of γ.

Figures 7 and 8 illustrates Figures 5 and 6 separately. In Figures 7a and 8a, when γ = 1,
there is only one point in the Poincare map and only high-order harmonics exist in the
frequency spectrum. The motions are both period-1 motions whose minimum period is
equal to that of the external force. Comparing Figure 7b with Figure 8b, with the Coulomb
friction model (Figure 7b, γ = 5.3), there are two points in the Poincare map and fractional
frequencies ( fe/2, fe . . .) exist in the frequency spectrum, period-2 motion occurs and the



Lubricants 2022, 10, 31 9 of 17

minimum period is twice of that of the external force; with the bilinear hysteresis model
(Figure 8b, γ = 4), period-3 motion occurs and the minimum period is three times of that
of the external force. In Figures 7c and 8c, when γ is further increased to 8, there are a lot of
points in disorder in the Poincare map, the frequency spectrum becomes continuous, and
chaos both occurs with the two friction models.

3.1.2. The Influence of the Initial Gap ∆ on the Nonlinear Characteristics of the System

The specific parameters are displayed in Table 3. The simulation results are shown in
Figures 9–12.

Table 3. The specific parameters used in Section 3.1.2.

Parameters Values

γ 4
F0 60 N

Lubricants 2022, 10, x FOR PEER REVIEW 10 of 17 
 

 

Table 3. The specific parameters used in section 3.1.2. 
Parameters Values 

γ  4 
0F  60 N 

 
Figure 9. Bifurcation diagram of 1X versus Δ based on the Coulomb friction model. 

 
Figure 10. Bifurcation diagram of 1X versus Δ based on the bilinear hysteresis model. 

    
(a) 

    
(b) 

    
(c) 

Figure 11. Influence of on characteristics of vibration response of the left based on the Coulomb 
friction model, (a) 51 10 m−Δ = × , (b) 56 10 m−Δ = × and (c) 42.5 10 m−Δ = × . 

Δ

Figure 9. Bifurcation diagram of X1 versus ∆ based on the Coulomb friction model.

Lubricants 2022, 10, x FOR PEER REVIEW 10 of 17 
 

 

Table 3. The specific parameters used in section 3.1.2. 
Parameters Values 

γ  4 
0F  60 N 

 
Figure 9. Bifurcation diagram of 1X versus Δ based on the Coulomb friction model. 

 
Figure 10. Bifurcation diagram of 1X versus Δ based on the bilinear hysteresis model. 

    
(a) 

    
(b) 

    
(c) 

Figure 11. Influence of on characteristics of vibration response of the left based on the Coulomb 
friction model, (a) 51 10 m−Δ = × , (b) 56 10 m−Δ = × and (c) 42.5 10 m−Δ = × . 

Δ

Figure 10. Bifurcation diagram of X1 versus ∆ based on the bilinear hysteresis model.



Lubricants 2022, 10, 31 10 of 17

Lubricants 2022, 10, x FOR PEER REVIEW 10 of 17 
 

 

Table 3. The specific parameters used in section 3.1.2. 
Parameters Values 

γ  4 
0F  60 N 

 
Figure 9. Bifurcation diagram of 1X versus Δ based on the Coulomb friction model. 

 
Figure 10. Bifurcation diagram of 1X versus Δ based on the bilinear hysteresis model. 

    
(a) 

    
(b) 

    
(c) 

Figure 11. Influence of on characteristics of vibration response of the left based on the Coulomb 
friction model, (a) 51 10 m−Δ = × , (b) 56 10 m−Δ = × and (c) 42.5 10 m−Δ = × . 

ΔFigure 11. Influence of ∆ on characteristics of vibration response of the left based on the Coulomb
friction model, (a) ∆ = 1× 10−5 m, (b) ∆ = 6× 10−5 m and (c) ∆ = 2.5× 10−4 m.

Lubricants 2022, 10, x FOR PEER REVIEW 11 of 17 
 

 

    
(a) 

    
(b) 

    
(c) 

Figure 12. Influence of on characteristics of vibration response of the left blade based on the bilin-
ear hysteresis model, (a) 51 10 m−Δ = × , (b) 53 10 m−Δ = ×  and (c) 42.5 10 m−Δ = × . 

The bifurcation diagram of 1X versus Δ with the Coulomb friction model and the bi-
linear hysteresis model is shown in Figure 9 and Figure 10, respectively. Based on the 
comparison of the two Figures, as Δ increases bifurcation phenomenon occurs with differ-
ent initial gaps and the bifurcation characteristics of the system are not consistent.  

In Figures 11(a) and 12(a), when 51 10 m−Δ = × , chaos occurs in both of the two friction 
models. Comparing Figure 11b with Figure 12b, based on the Coulomb friction model 
(Figure 11b, 56 10 m−Δ = × ), the motion is period-4 motion whose minimum period is four 
times of the external force; based on the bilinear hysteresis model (Figure 12b, 

53 10 m−Δ = × ), period-3 motion occurs and the minimum period is three times of that of 
the external force. In Figures 11c and 12c, when 42.5 10 m−Δ = × , the motions are both pe-
riod-1 motion. 

3.1.3. The Influence of the Amplitude of Excitation Force 0F on the Nonlinear Characteris-
tics of the System 

The specific parameters are summarized in Table 4 and the simulation results are 
shown in Figures 13 to 16. 

Table 4. The specific parameters used in section 3.1.3. 

Parameters Values 
Δ   
γ  4 

Δ

54 10 m−×

Figure 12. Influence of ∆ on characteristics of vibration response of the left blade based on the bilinear
hysteresis model, (a) ∆ = 1× 10−5 m, (b) ∆ = 3× 10−5 m and (c) ∆ = 2.5× 10−4 m.

The bifurcation diagram of X1 versus ∆ with the Coulomb friction model and the bilin-
ear hysteresis model is shown in Figures 9 and 10, respectively. Based on the comparison of
the two Figures, as ∆ increases bifurcation phenomenon occurs with different initial gaps
and the bifurcation characteristics of the system are not consistent.

In Figures 11a and 12a, when ∆ = 1× 10−5 m, chaos occurs in both of the two friction
models. Comparing Figure 11b with Figure 12b, based on the Coulomb friction model
(Figure 11b, ∆ = 6× 10−5 m), the motion is period-4 motion whose minimum period
is four times of the external force; based on the bilinear hysteresis model (Figure 12b,
∆ = 3× 10−5 m), period-3 motion occurs and the minimum period is three times of that of
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the external force. In Figures 11c and 12c, when ∆ = 2.5× 10−4 m, the motions are both
period-1 motion.

3.1.3. The Influence of the Amplitude of Excitation Force F0 on the Nonlinear
Characteristics of the System

The specific parameters are summarized in Table 4 and the simulation results are
shown in Figures 13–16.

Table 4. The specific parameters used in Section 3.1.3.

Parameters Values

∆ 4 × 10−5 m
γ 4
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0FFigure 16. Influence of F0 on characteristics of vibration response of the left based on the bilinear
hysteresis model, (a) F0 = 5 N, (b) F0 = 66 N and (c) F0 = 110 N.

Figures 13 and 14 separately show the bifurcation diagram of X1 versus F0 with the
Coulomb friction model and the bilinear hysteresis model. Comparing the two Figures, the
bifurcation phenomenon occurs at different values of the excitation force amplitude and it
shows different bifurcation characteristics with the increase of F0.

Figures 15 and 16 illustrate Figures 13 and 14. In Figures 15a and 16a, when F0 = 5 N,
the motions are period-1 motion in both of these two friction models. Comparing Figure 15b
with Figure 16b, when F0 = 66 N, based on the Coulomb friction model, Period-4 motion
occurs; based on the bilinear hysteresis model, Period-3 motion occurs. In Figures 15c and
16c, when F0 continues to increase to 90 N and 110 N, chaos occurs with different friction
models.
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3.2. The Vibration Reduction Characteristics of the System

In Section 3.1, the response characteristics of the system have been analyzed in detail.
It is clear that fractional harmonics or chaos may appear in the system response under some
parameters. In [31], a method to evaluate the vibration reduction characteristics of the blade
when chaos or fractional harmonics occurs is proposed, Pd is the percentage of the average
steady-state power reduction of the system. Referring to reference [31], the vibration
reduction formula can be written as Equations (12) and (13). When no impact occurs
between these two mass blocks during the whole process of motion, the displacements
of the arbitrary point on the mass block are x′1 and y′1. With these two friction models,
comparative analysis of the vibration reduction characteristics of the system under different
stiffness ratios, initial gap and amplitude of external excitation is carried out in detail.

P =

∫
nT

s

A
(x1

2+y1
2)dxdydt

nT

P0 =

∫
nT

s

A
(x′1

2+y′1
2)dxdydt

nT

(12)

Pd =
P0 − P

P0
× 100% (13)

In the following section, the higher harmonic corresponds to period-1 motion, and the
fractional harmonic corresponds to period-doubling motion.

3.2.1. The Influence of the Stiffness Ratio γ on Vibration Reduction Characteristics of
the System

Specific parameters needed are summarized in Table 5 and the simulation result is
shown in Figure 17.

Table 5. Specific parameters needed in Section 3.2.1.

Parameters Values

∆ 4 × 10−5 m
F0 60 N
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In Figure 17, with the increase of γ, the responses follow a sequence of period motions
with higher harmonics, period motions with fractional harmonics and chaotic motions.
With the Coulomb friction model, Pd initial increases to the optimal value, then decreases
significantly and tends to be stable; in contrast, with the bilinear hysteresis model, Pd
first increases and then keeps stable basically. Based on these two models, the stiffness
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ratio corresponding to the optimal vibration reduction effect of the system is different.
Compared with the bilinear hysteresis model, prediction of the vibration reduction effect
of the system based on the Coulomb friction model is generally conservative. When the
stiffness ratio increases to some extent, the simulation results of Pd based on these two
friction models are obviously different.

3.2.2. The Influence of the Initial Gap ∆ on the Vibration Reduction Characteristics of
the System

Specific parameters needed are summarized in Table 6 and the simulation result is
shown in Figure 18.

Table 6. Specific parameters needed in Section 3.2.2.

Parameters Values

γ 4
F0 60 N
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Figure 18. The influence of ∆ on the vibration reduction characteristics of the system.

In Figure 18, with the increase of ∆, chaotic motions, period motions with fractional
harmonics, and period motions with higher harmonics appear successively in the responses.
When the initial gap is negative, it is equivalent to giving a preset positive pressure to two
shrouds. As the absolute value of ∆ gradually decreases, that is, the preset positive pressure
gradually decreases, Pd gradually increases. When ∆ is positive, Pd keeps decreasing
with the increase of the value of ∆. When ∆ increases to some extent, it is difficult for
the two blades to contact with each other, and Pd tends to be zero. Based on these two
models, the initial gap corresponding to the optimal vibration reduction effect of the
system is not accordant. Compared with the bilinear hysteresis model, prediction of the
vibration reduction effect of the system based on the Coulomb friction model is generally
conservative. The simulation results of Pd based on these two friction models are obviously
different in certain initial gap bands.

3.2.3. The Influence of the Amplitude of Excitation Force F0 on the Vibration Reduction
Characteristics of the System

Specific parameters needed are summarized in Table 7 and the simulation result is
shown in Figure 19.
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Table 7. Specific parameters needed in Section 3.2.3.

Parameters Values

∆ 4 × 10−5 m
γ 4
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In Figure 19, with the increase of F0, there are period motions with higher harmonics,
period motions with fractional harmonics and chaotic motions successively. With the
Coulomb friction model, Pd initially increases to the optimal value, then decreases slightly
and tends to be stable; by contrast, with the bilinear hysteresis model, Pd first increases
and then keeps stable basically. Based on these two models, the amplitude of the excitation
force corresponding to the optimal vibration reduction effect of the system is different.
Compared with the bilinear hysteresis model, prediction of the vibration reduction effect
of the system based on the Coulomb friction model is generally conservative. When the
amplitude of excitation force increases to some extent, the simulation results of Pd based on
these two friction models are obviously different.

4. Conclusions

In this paper, a two-dimensional lumped mass model for rub-impact dynamics of the
shrouded blades is proposed. With two different friction models: the bilinear hysteresis fric-
tion model and the Coulomb friction model, stick-slip motion is analyzed and comparative
analysis of influences of some key parameters for shrouded blade design on the nonlinear
characteristics and vibration reduction characteristics of shrouded blades are carried out in
detail. It has been shown that the simulation results of the nonlinear characteristics and
the vibration reduction characteristics of the shrouded blades based on these two different
friction models are not accordant. In addition, the computational efficiency of the two
friction models has little difference. The following trends have been identified.

(1) For the stiffness ratio, the initial gap and the amplitude of excitation force in a certain
range, the nonlinear characteristics of the system based on these two friction models
are obviously different.

(2) Based on these two friction models, with the change of these parameters, the cor-
responding parameter value of the optimal vibration reduction is different and the
vibration reduction law is not completely consistent.

(3) Prediction of the vibration reduction effect with the Coulomb friction model is basi-
cally lower than that with the bilinear hysteresis model.

This paper provides insights into the influences of the two different macro friction
models on the nonlinear dynamics of the shrouded blades. The bilinear hysteresis model
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seems to be more scientific than the Coulomb friction model in the prediction of the
response of the shrouded blade system, which may not be true in engineering practice due
to the inaccurate value of the contact stiffness and other reasons. The selection of these two
friction models still needs further study in combination with experimental results.
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Nomenclature

m1(kg) The equivalent mass of the left blade Q1(N) Aerodynamic excitation force acting
on the left blade

m2(kg) The equivalent mass of the right blade Q2(N) Aerodynamic excitation force acting
on the right blade

k1x(N/m) The vibration stiffness of the left blade c1x(N.s/m) The linear damping coefficient of the
in the x direction left blade in the x direction

k1y(N/m) The vibration stiffness of the left blade c1y(N.s/m) The linear damping coefficient of the left blade
in the y direction in the y direction

k2x(N/m) The vibration stiffness of the right blade c2x(N.s/m) The linear damping coefficient of the right blade
in the x direction in the x direction

k2y(N/m) The vibration stiffness of the right blade c2y(N.s/m) The linear damping coefficient of the right blade
in the y direction in the y direction

β1(rad) The angle of Q1 andx axis k(N/m) The impact stiffness in normal direction
β2(rad) The angle of Q2 andx axis F0(N) The amplitude of the excitation force
γ The stiffness ratio ∆(m) The initial gap of two adjacent shrouds
f (N) The friction force of the two adjacent shrouds N(N) The normal load of the two adjacent shrouds
µ The friction coefficient α(rad) The contact angle of two adjacent shrouds
kd(N/m) Contact stiffness of the bilinear hysteresis model ω(rad/s) The angular frequency of the excitation force
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