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Abstract: This study deals with experimental and numerical analysis of the thermal effects of slender
elastohydrodynamically lubricated (EHL) contacts under high sliding. Thereby, the entrainment
direction is along the major axis of the contact ellipse. Film thickness measurements were carried
out on an optical EHL tribometer with a glass disk and steel roller. Numerical EHL solutions were
obtained with consideration for non-Newtonian rheology and thermal effects. The results show that
thermal effects can result in a strong viscosity wedge diverting oil flow to the contact sides. For
high positive sliding, in which the glass disk moves faster, the influence of entrainment speed on
minimum film thickness is almost negligible, while the film thickness shows a continuous decrease in
gap length direction.

Keywords: elastohydrodynamic lubrication (EHL); slender point contacts; Reynolds equation; finite
element method (FEM); optical tribometer

1. Introduction

Machine elements with rolling-sliding contacts, such as rolling bearings, gears, and
cam followers, are characterized by elastohydrodynamic lubrication (EHL). A typical
hard EHL contact features a submicrometer-thin lubricant film with a pressure of up to
several GPa. For such a high pressure to develop in the lubricant film, the contacting
surfaces need to form a geometrically converging gap through which they entrain the
lubricant. As the lubricant passes through, the pressure, and consequently the viscosity, of
the lubricant increases. The highly pressurized lubricant film exerts an elastic deformation
on the contacting surfaces, facilitating their separation, and resulting in low wear and
friction. The EHL film thickness is mainly affected by the effective viscosity in the contact
inlet, while the EHL friction is determined by the conditions in the contact.

Many experimental and numerical studies have been conducted in search of EHL film
forming mechanisms under a variety of rolling-sliding conditions. In terms of elliptical
point contacts, these relate in particular to configurations in which the main lubricant
entrainment direction coincides with the minor axis of the contact ellipse, so-called wide
elliptical contacts. In contrast, there are surprisingly few studies that consider narrow ellip-
tical or so-called slender contacts, in which the lubricant entrainment direction coincides
with the major axis of the contact ellipse. Worm gears are a typical example of machine
elements with slender contacts [1], but they are also characteristic of other gear applica-
tions [2–4] and are found at the roller-flange interface in cylindrical and tapered rolling
element bearings [3,5]. When designing such machine elements, it is of great importance to
understand the relationships and characteristics of slender EHL contacts and to determine
the underlying mechanisms.

A major breakthrough in the field of EHL occurred in 1963, when Gohar and Cameron [6]
successfully applied the optical interferometry technique to measure oil film thickness in
point contacts and presented the interference pattern of a classic horseshoe-shaped circular
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EHL contact in their paper. In 1972, Thorp and Gohar [7] applied optical interferometry to
slender EHL contacts. Their film thickness interferograms show a flat plateau in the central
region with two minima in the side lobes. In 1982, Mostofi and Gohar [4] developed a
numerical model of elliptical EHL contacts involving solving the Reynolds equation under
isothermal conditions. They varied the direction of the rolling velocity to obtain wide
and slender contact configurations and derived a simple analytical formula that describes
the minimum film thickness in dependence on ellipticity, dimensionless speed, load, and
material parameters. In 1983, Evans and Snidle [5] analyzed heavily loaded slender EHL
contacts under pure rolling and isothermal conditions. They found a discrepancy in the
minimum film thickness when compared to the analytical results obtained by Mostofi
and Gohar. In 1985, Chittenden et al. [8] performed extensive numerical studies under
isothermal conditions and derived minimum and central film thickness formulae for a
wide range of ellipticity ratios, including wide and slender elliptical contacts. In 2016,
Wheeler et al. [9] and in 2020 Marian et al. [10] found that the formulae proposed by
Chittenden et al. are only valid within a very limited range of dimensionless load and
material parameters. In 2010, Venner et al. [2] performed a numerical study on slender
EHL contacts under isothermal conditions. They discovered that the ratio of central to
minimum film thickness depends strongly on the ellipticity and load conditions, and
stressed the necessity for improved film thickness formulae for slender EHL contacts. In
2016, Wheeler et al. [11] studied the role of ellipticity in a range of slender to wide elliptical
configurations, assuming Newtonian behavior and isothermal conditions. They found that
wide elliptical contacts are greatly influenced by backflow and slender elliptical contacts
by side flow. In 2021, Wolf et al. [3] used a multilevel isothermal EHL solver to derive a
new central film thickness formula for slender contacts with variable ellipticity. The central
film thickness formula devised by the authors displays a greater accuracy than that by
Chittenden et al. [8]. In their latest work [12], Wolf et al. validated their formula for pure
rolling conditions by comparison with the experimental data.

In the aforementioned parametric numerical studies on slender EHL contacts, the
primary focus was on developing simple analytical formulae that describe how the central
and minimum film thickness varies with ellipticity ratio, operating conditions and material
properties, taking into consideration Newtonian rheology and isothermal conditions. How-
ever, rheological and thermal effects play a dominant role under rolling-sliding conditions.
The importance of thermal effects in elliptical contacts can be observed in the experimental
work performed by Kaneta et al. [13] in 2000. The authors studied elliptical contacts in pure
sliding conditions and with different angles of oil entrainment using optical interferometry.
In both wide and slender elliptical EHL contacts, they found conical depressions in the film
thickness, known as ‘dimples’ and attributed them at the time to the so-called ‘squeeze film
effect’. In later work [14,15] it was attributed to the ‘temperature-viscosity wedge’ effect.
Another important study in this context was performed by Sharif et al. [1] in 2001. By
considering the realistic geometry of worm gears, non-Newtonian rheology, and thermal
effects, the authors performed a numerical analysis of elliptical contacts in worm gears, in
which the main entrainment direction is at an angle or coincides with the major axis of the
contact ellipse. They found that the formulae proposed by Chittenden et al. [8] significantly
overestimated the film thickness due to the isothermal effects considered in the process of
their development.

The literature review shows that slender EHL contacts have been rarely studied in
literature. No study has addressed thermal effects in slender EHL contacts for different
rolling-sliding conditions systematically, especially not in comparison to circular EHL
contacts. This study will show relevant particularities of slender thermal EHL (TEHL)
contacts that should be considered when designing machine elements. The focus is on the
influence of thermal effects on film thickness as well as on understanding the underlying
mechanisms. Different entrainment speeds and slide-to-roll ratios are considered, and the
obtained results are compared against circular EHL contact configurations.
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2. Methods

Experimental and numerical investigations are conducted to investigate the thermal
effects of slender EHL contacts. The tribometer and operating conditions are described at
the beginning of the section, followed by a detailed description of the numerical model.

2.1. Experimental Investigation

The experimental investigation employed an optical EHL tribometer based on thin
film colorimetric interferometry. Figure 1 shows the mechanical layout of the tribometer.
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Figure 1. Mechanical layout of the used optical EHL tribometer based on [16].

The EHL contact is formed between a glass disk (2) and a counter steel body (1).
Different types of counter bodies are used to create the slender and circular contacts.
For the slender contact, a tire-shaped roller was produced with a radius of curvature of
Rx = 12.7 mm in the rolling-sliding direction and of Ry = 4 mm in the transversal direction,
resulting in an ellipticity ratio k =

ay
ax

= 0.51. For the circular contact, a standard steel
ball with a diameter of R = 12.7 mm is used. Both types of counter bodies were surface-
hardened and mechanically polished to an arithmetic mean roughness of Ra ≤ 0.01 µm.
The load is applied by a dead-weight lever mechanism. The speeds of the disk and the
counter body are controlled by two electric motors. The entrainment speed vm,x and the
slide-to-roll ratio SRR are defined as:

vm,x =
v2 + v1

2
, (1)

SRR =
v2 − v1

vm,x
. (2)

The contact side of the glass disk is coated with a very thin, semi-reflective, chromium
layer. The contact area is illuminated by a high-intensity lamp, observed through an
industrial microscope, and recorded with a high-speed camera. When a light beam il-
luminates the lubricant film in the EHL contact, due to the chromium layer that serves
as a beam splitter, the light is reflected from the steel surface and from the chromium
layer. The superimposed reflected beams form an optical interference pattern, which is
evaluated in accordance with the theory of thin film colorimetric interferometry developed
by Hartl et al. [17] and Molimard et al. [18]. The optical interference pattern is converted
to a quantitative lubricant film thickness by the color-matching algorithm and color-film
thickness calibration integrated in the AChILES software developed by Hartl and his team.

All experiments were conducted at a Hertzian pressure of pH = 0.63 GPa and an oil
temperature of ϑoil = 40 °C. To cover different rolling-sliding conditions, three types of
motion were investigated:

1. pure rolling SRR = 0;
2. negative sliding SRR = −1.5 (counter steel body moves faster than glass disk);
3. positive sliding SRR = +1.5 (glass disk moves faster than counter steel body).
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The chosen operating conditions, presented in Table 1, are characteristic for EHL
slender contacts in worm gears. Solid material properties are listed in Table 2. The mineral
oil FVA3A (MIN100) [19] was used as a lubricant, whose properties are listed in Table 3.

Table 1. Operating conditions.

Slender Contact Circular Contact

FN 15.5 54 N
pH 0.63 0.63 GPa

vm,x {0.6, 1.2, 1.8} {0.6, 1.2, 1.8} m/s
SRR {0,−1.5,+1.5} {0,−1.5,+1.5} −
ϑoil 40 40 °C

Table 2. Solid material properties.

Steel Glass

E 210 81 GPa
υ 0.3 0.208 −
ρ 7850 2500 kg/m3

cp 470 858 J/(kgK)
λ 21 [20] 1.1 W/(mK)

e =
√

λρcp 8802 1536 J/
(
K
√

sm2)
Table 3. Properties of MIN100 [19].

Aη 0.047 mPa·s
Bη 1006 °C
Cη 0 °C
pη0 0 Pa

Eαp1 0.181 m2/N
Eαp2 −0.0059 1/N

ρ (15 °C) 885 kg/m3

ρs 1042 kg/m3

αs 0.00053 1/K
Dρ0 0.0786 −
Dρ1 315.8 N/mm2

Dρ2 0 N/mm/K
Dρ3 0.00035 N/mm/K2

η0 11.0 mPa·s
αp (90°C) 0.021 mm2/N

2.2. Numerical Investigation

The experimental investigations are accompanied by numerical modelling of the EHL
contact. A fully-flooded contact with ideally smooth surfaces and steady-state conditions
is considered.

2.2.1. Governing Equations

To determine the fluid flow, the generalized Reynolds equation for point contacts with
unidirectional lubricant entrainment in gap length direction (x) is solved. The generalized
Reynolds equation in dimensionless form reads [21]:

− ∂

∂X

(
ε

∂P
∂X

)
− k2 ∂

∂Y

(
ε

∂P
∂Y

)
+

∂(ρ∗x H)

∂X
+ ξPΘ(−P) = 0, (3)

where
ξPΘ(−P) is penalty term
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k =
ay
ax

, ε = H3 pH a3
x

vm,xη0R2
x

(
ηe
η′e

ρ′ − ρ′′
)

, ρ∗x =
ρev1,x+ηevg,xρ′

vm,x
,

ρ′ =
∫ 1

0 ρ
∫ Z

0
dZ′
η dZ, ρ′′ =

∫ 1
0 ρ
∫ Z

0
Z′dZ′

η dZ,
1
ηe

=
∫ 1

0
dZ
η , 1

η′e
=
∫ 1

0
ZdZ

η , and ρe =
∫ 1

0 ρdZ.

Cavitation is treated by adding the penalty term to the Reynolds equation. The
ellipticity parameter k is determined according to Nijenbanning et al. [22]. The special case
when k = 1 corresponds to the circular contact, for which: ax = ay = a. The velocity and
shear stress in dimensionless form are defined by Equations (4) and (5), respectively [21]:

v f ,x = v1,x +
pH H2a3

x
η0R2

x

∂P
∂X

(∫ Z
0

Z′dZ′
η − ηe

η′e

∫ Z
0

dZ′
η

)
+ ηevg,x

∫ Z
0

dZ′
η ,

v f ,y = k pH H2a3
x

η0R2
x

∂P
∂Y

(∫ Z
0

Z′dZ′
η − ηe

η′e

∫ Z
0

dZ′
η

)
,

(4)

∫ 1
0

Hax pH
Rx Z ∂P

∂X (X, Y)+τ0
z,x pH

η0η
Ha2

x
Rx

dZ = vg,x,∫ 1
0

k Hax pH
Rx Z ∂P

∂Y (X, Y)+τ0
z,y pH

η0η
Ha2

x
Rx

dZ = 0.
(5)

The dimensionless energy equations for fluid and solids are defined by Equations (6)
and (7), respectively:

− H
Rx

∂
∂X

(
λ ∂T

∂X

)
− H

Rx
k2 ∂

∂Y

(
λ ∂T

∂Y

)
− ∂

∂Z

(
λRx
Ha2

x

∂T
∂Z

)
+ ρ0ρcp

Hax
Rx

(
v f ,x

∂T
∂X + v f ,yk ∂T

∂Y

)
+

T
ρ

∂ρ

∂T
pH
TM

Hax
Rx

(
v f ,x

∂P
∂X + v f ,yk ∂P

∂Y

)
− η0η

TM

Ha2
x

Rx

[(
∂v f ,x
∂Z

)2
+
(

∂v f ,y
∂Z

)2
]
= 0,

(6)

− ∂

∂X

(
λi
ax

∂T
∂X

)
− k2 ∂

∂Y

(
λi
ax

∂T
∂Y

)
− ∂

∂Z

(
λi
ax

∂T
∂Z

)
+ ρicp,ivi,x

∂T
∂X

= 0. (7)

The film thickness equation reads:

H(X, Y) = H0 +
X2

2
+

Ry

Rx

1
k2

Y2

2
+ δ(X, Y). (8)

The elastic deformation of an equivalent body is obtained by solving the linear elastic-
ity equation, which reads:

∇·σ = 0, (9)

where

σ = C·ε(U), U =

 u
v
w

, δ = w. (10)

The applied load and generated fluid pressure are balanced using the load balance
equation, which reads:∫

ΩP

P(X, Y)dXdY =
2π

3

(
or

π

3
for symmetric boundary conditions

)
. (11)

The Vogel model in Equation (12) [23–25] and Roelands model in Equation (13) [26] de-
scribe the pressure and temperature dependence and the Ree–Eyring model in Equation (14) [27]
describes the rheology of the oil MIN100:

η(T) = Aη · exp
(

Bη

Cη + (T − 273.15 K)

)
, (12)
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η(T, p) = η(T)· exp

(ln(η(T)) + 9.67)·

−1 +
(

1 +
p

pη0

) αp(T)·pη0
(ln(η(T))+9.67)

, (13)

η
(
T, p,

.
γx
)
=

τc
.
γx

sinh−1
(

η(T, p)· .
γx

τc

)
. (14)

The value of the Eyring stress is set to τc = 3.8 MPa. Oil density is modeled with the
Bode model [28], which reads:

ρ(T, p) =
ρs·(1− αs·T)

1− Dρ0· ln
((

Dρ1 + Dρ2·T + p
)
/
(

Dρ1 + Dρ2·T
)) . (15)

The thermal conductivity and specific heat capacity per volume are described by the
models of Larsson and Andersson for paraffinic mineral oils [29]:

λ(p) = λ0·
(

1 +
dλ1·p

1 + dλ2·p

)
, (16)

(
cp·ρ

)
(T, p) =

(
cp·ρ

)
(295 K)·

(
1 + Ac1·p

1+Ac2·p

)
·
[
1 + Ac3·

(
1 + Ac4·p + Ac5·p2)·(T − 295 K)

]
.

(17)

2.2.2. Computational Domain and Meshing

The Reynolds equation is solved on the two-dimensional domain ΩP, while the energy
equations for fluid and solids are solved on the three-dimensional computational domains
ΩT , ΩT,1 and ΩT,2, as shown in Figure 2. Unidirectional oil entrainment in the X-direction
guarantees symmetric film thickness distribution with respect to the X–Z plane passing
through the contact center at Y = 0. Hence, the complete problem is solved on one half
of the computation domains. The pressure field obtained from the Reynolds equation is
mapped in the gap height direction. The shear stress equation in the gap height direction is
solved by the shear stress distribution over the two-dimensional oil film domain, and the
oil properties variation with pressure, temperature and shear stress over the entire oil film
domain are thus obtained.
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Figure 2. FEM model of the TEHL point contact problem. (a) Geometry of the 3D computation
domains; (b) Discretized domains; (c) Discretized oil film domain.

The numerical model is based on the work by Habchi [21] and Ziegltrum et al. [19,30].
Triangular and tetrahedral elements are used for the domains ΩP, Ωδ, ΩT,1 and ΩT,2. For
ΩP, a finer mesh is used in the regions where high-pressure gradients are expected to occur,
that is, within the contact area and at the location of the second pressure maximum. In the
gap height direction, uniformly distributed prism elements are used, which speeds up the
computation of the integral terms [21].

Reynolds, energy and linear elasticity equations are written in a weak form, as a
convection-diffusion type. Due to the high Peclet numbers (∼ Pee = 102 in the fluid domain,
for the highest considered entrainment speed), Streamline Upwind Petrov Galerkin (SUPG)
and Galerkin Least Squares (GLS) stabilization terms are applied to the energy equation.
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The weak form of the equations is transferred to dimensionless form and solved by the
finite element method (FEM), using the full-system approach for the generalized Reynolds
equation and the linear elasticity equation, with strong coupling of this system of equations
with the energy equation. Further details on the equations and numerical procedure used
can be found in [19,30].

The sensitivity of the solution to mesh size was tested by applying five different mesh
resolutions and comparing the results (see Table 4 and Figure 3). A slender contact for
which FN = 15.5 N, vm,x = 0.6 m/s, SRR = +1.5 and ϑOil = 40 °C was simulated as test
case. The geometric, material and oil properties are given in Section 2.1.

Table 4. Number of elements per each individual computation domain.

Mesh Case nΩP
e nf

e nΩT
e nΩδ

e n
ΩT,1
e nΩT,2

e ne
1

Extra coarse 1301 3 3903 671 5891 5826 16,291
Coarse 1521 3 4563 2489 7143 7028 21,233
Normal 1866 4 7464 7289 8734 8792 32,279

Fine 2658 5 13,290 13,385 12,345 12,336 51,356
Extra fine 2658 10 26,580 40,958 12,345 12,336 92,219

1 Total number of mesh elements ne is calculated as: ne = nΩT
e + nΩδ

e + nΩT,1
e + nΩT,2

e .
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The film thickness and temperature results in Figure 3 reveal a small influence of
mesh size on the TEHL solution, which converges with an increasing number of elements.
A fine mesh with a total of ne = 51, 356 elements was chosen for all simulations. The
corresponding pressure, film thickness and temperature distributions of the slender contact
test case are shown in Figure 4.

1 
 

 

  Figure 4. Solution of a slender EHL contact test case with fine mesh. (a) Pressure distribution; (b) Film
thickness distribution; (c) Temperature distribution.

3. Results and Discussion

This section presents and discusses the experimental and numerical results for the
slender EHL contacts. For the purpose of classification, the same set of experimental and
numerical results are provided for circular EHL contacts. Operating conditions, geometric
and material properties are listed in Tables 1–3.
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3.1. Film Thickness

Figures 5 and 6 show measured and calculated film thickness interferograms, together
with the derived film thickness hexp and hnum, and calculated pressure profiles pnum in gap
length direction for the entrainment speeds vm,x and slide-to-roll ratios SRR. Figure 5 refers
to slender EHL contacts and Figure 6 to circular ones. In the graphs showing film thickness
and pressure profiles, x-axis is normalized by the semi-major Hertzian contact length ax for
the slender contact and Hertzian half-width a for the circular contact. Hence, the positions
X = −1.0 and X = 1.0 represent the outer borders of the Hertzian contact area for both
types of contact.
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At SRR = 0, the film thickness interferograms and profiles for the slender EHL contact
in Figure 5a–c show that the film thickness in the central region is flat and has a “U-shape”.
Also, it can be seen that it reaches its minima in the side lobes regardless of the applied
speed. The overall increase in film thickness with increasing entrainment speed is evident.
Pressure distributions are characterized by a second pressure maximum. The described
features and trends are typical for pure rolling conditions. They are also seen in the circular
contact (Figure 6a–c) with the difference that the film thickness in the central region is
semi-circular rather than U-shaped. Overall, at SRR = 0 the film thickness in the circular
contact is approx. 0.2 µm higher than in the slender contact.

At SRR = −1.5, at which the upper glass disk moves more slowly than the lower
steel roller, different trends of the film thickness are visible than at SRR = 0. For all three
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entrainment speeds, the film thickness of the slender EHL contacts at SRR = −1.5 in
Figure 5d–f is lower than at SRR = 0. This is a consequence of oil shearing and consequent
temperature generation inside the oil film at SRR = −1.5. On the other hand, the film
thickness features, in terms of the shape in the central region and the location of the minima,
are similar to those seen at SRR = 0 for the all three entrainment speeds. The second
pressure maximum is less pronounced than at SRR = 0. The conclusions that can be drawn
for negative SRR in the circular EHL contact case in Figure 6d–f are almost the same; the
film thickness is approx. 0.2 µm higher in the circular contact case.

At SRR = +1.5, where the upper glass disk moves faster than the lower steel roller, the
shape of the film thickness changes, as does its dependence on the entrainment speed. The
film thickness inteferogram for the lowest entrainment speed of vm,x = 0.6 m/s (Figure 5g)
shows that the film thickness is mostly flat with a U-shape in the central region and minima
located in the side lobes. These features of the film thickness closely resemble those visible
at SRR = 0 and SRR = −1.5. However, at higher entrainment speeds of vm,x = 1.2 m/s
and 1.8 m/s, the two side minima merge in the contact outlet region, as shown by the
interferograms in Figure 5h–i. It can also be seen here that the film thickness is no longer flat
in the central region of the contact, but decreases over the gap length, taking on a V-shape
in the central region. Because of this, the film thickness in the central region increases with
increasing entrainment speed, while the film thickness at the constriction remains almost
constant. The pressure profiles display changes, and their level increases with increasing
entrainment speed. Also, the second pressure maximum is less visible than at SRR = 0
and SRR = −1.5. The slender EHL contact in Figure 5d–f shows a lower film thickness
in the central region at SRR = −1.5 than at SRR = +1.5 and a higher film thickness at
the constriction at SRR = −1.5 than at SRR = +1.5, regardless of the entrainment speed.
This indicates that the oil quantity causing a higher film thickness in the central region at
SRR = +1.5 has to leave the contact through the sides for the film thickness to be lower
at the same SRR. Furthermore, the pressure profile changes, and its level is lower for
SRR = −1.5 compared to SRR = +1.5.

The features and trends occurring in the corresponding circular EHL contact (Figure 6g–i)
are similar to those of the slender EHL contact at SRR = +1.5. However, the film thickness
does not decrease along the gap length direction but increases in the central region and
shows a higher dependence on the entrainment speed at the constriction than in the slender
contact. Additionally, the film thickness is approx. 0.2 µm greater in the circular contact
than in the slender one. Furthermore, dimples are more pronounced in the circular contact.

The results shown in Figures 5 and 6 are further evaluated in terms of the minimum
and central film thickness. In most cases, the minimum film thickness hm occurs in the side
lobes of the EHL contact. Only at SRR = +1.5 and entrainment speeds vm,x ≥ 1.2 m/s does
hm occur along the central profile in gap length direction. The central film thickness hc is
defined as h(x = 0, y = 0). Figure 7 shows the values of hm and hc as well as their ratio for
the slender and circular EHL contact for all entrainment speeds vm,x and slide-to-roll ratios
SRR. The entrainment speed range is extended by the numerical results for vm,x ≥ 1.8 m/s,
which was not investigated experimentally. A comparison of different SRR values for the
slender EHL contact (Figure 7a) confirms that both hc and hm are lower for SRR = ±1.5
compared to SRR = 0. For SRR = +1.5, hc is very similar and hm significantly lower
compared to SRR = 0. For the circular EHL contact (Figure 7b), the film thickness is
generally higher, with very comparable trends. This is confirmed by the ratio of hm to hc in
Figure 7c. Note that the ratios are very similar when comparing SRR = 0 and SRR = −1.5,
but different for SRR = +1.5. This applies to the slender and circular EHL contact under
consideration and can be explained by analyzing the contact temperature and viscosity for
SRR = ±1.5 in Section 3.2.
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Figure 7. Experimental and numerical results for hm and hc over entrainment speed
vm,x for SRR = 0 (left), SRR = −1.5 (middle) and SRR = +1.5 (right). (a) Slender EHL contact;
(b) Circular EHL contact; (c) Ratio of hm to hc for slender and circular EHL contact.

In general, the experimental and numerical results for the slender and circular EHL
contacts are in good agreement. Slightly higher differences between the numerical and
experimental results are seen at positive SRR and higher entrainment speeds, especially for
the circular contact. All things considered, the differences do not affect the general trends
or conclusions.

3.2. Temperature, Viscosity and Velocity

The results in Section 3.1 show that for SRR = +1.5, with the glass disk moving
faster than the counter steel body, increasing vm,x has almost no effect on hm. This can
be understood by analyzing the contact temperature and viscosity distributions. Only
the results for the slender EHL contact are analyzed, as the circular EHL contact has very
similar characteristics.

Figure 8 shows the calculated temperature (ϑ), viscosity (η) and velocity (v f ,x) dis-
tributions across the oil film for vm,x = 1.8 m/s and different SRR for the slender EHL
contact. Here, x-axis is normalized by the semi-major Hertzian contact length ax. Please
also note that one color scale is used for SRR = ±1.5 and another for SRR = 0. This allows
a qualitative comparison to be made between SRR = −1.5 and SRR = +1.5, while the
results at SRR = 0 serve as a reference with negligible thermal effects.

Since glass has a much lower thermal effusivity than steel (see Table 2), the glass
surface has a higher temperature than the steel surface for conditions where SRR 6= 0 (see
Figure 8a, SRR = ±1.5). This results in the oil being more viscous in the vicinity of the steel
surface (see Figure 8b, SRR = ±1.5), creating a so-called viscosity wedge [15,31]. When
the steel surface moves faster than the glass surface (SRR = −1.5), the viscosity wedge is
weak. The flow is less constricted, and the oil moves through the contact at higher speed
(see Figure 8c, SRR = −1.5), resulting in a lower central film thickness. When the steel
surface moves more slowly than the glass surface (SRR = +1.5), the viscous oil moves
more slowly through the contact (see Figure 8c, SRR = +1.5). This is due to the strong
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viscosity wedge on the steel surface that constricts the oil flow in the entrainment direction.
It induces additional fluid pressure (see Figure 5) and increases the film thickness in the
central region. Hence, the different ratio of hm to hc when comparing SRR = −1.5 and
SRR = +1.5 in Figure 7c is due to the unequal temperature distributions in the gap height
direction caused by the different thermal effusivities of glass and steel.
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Figure 8. Numerical results for temperature (a), viscosity (b) and velocity (c) distributions in the
slender EHL contact at vm,x = 1.8 m/s and different SRR.

Comparing the slender and circular EHL contacts, it can be seen that the film thickness
shape in the central region differs significantly at SRR = +1.5 (see Figures 5g–i and 6g–i).
For the slender EHL contact, there is a decreasing trend along the gap length, and it displays
a V-shape. This characteristic is discussed in the comparison of the slender and circular
EHL contacts in Section 3.3.

3.3. Side Flow

The side flow in the EHL contacts can be quantified in terms of the mass flow rate
crossing a frontier F in y-direction:

.
Qyp =

s
F ρ·v f ,y dxdz. In this study, the frontier F is

defined within the lubricated contact at positions where the film thickness minima form an
envelope. It is obtained by reading the minima in the z-y-planes for different x positions.
The total side flow is defined as

.
ΣQyp = ∑

F

{∣∣∣ .
Qyp(y > 0)

∣∣∣+ ∣∣∣ .
Qyp(y < 0)

∣∣∣}.

Figure 9 shows the evaluated side flow Σ
.

Qyp for the slender and circular EHL contact

for all calculated entrainment speeds vm,x in a relative manner. Thereby,
.

ΣQyp(SRR = −1.5)

and
.

ΣQyp(SRR = +1.5) is related to Σ
.

Qyp(SRR = 0), as it constitutes a reference with neg-
ligible thermal effects. The results show that over the considered range of entrainment
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speeds, the side flow ratio is significantly higher at SRR = ±1.5 than at SRR = 0, and
higher at SRR = +1.5 than at SRR = −1.5. Since side flow is governed by the pressure
driven flow in y-direction (see v f ,y in Equation (4)), high side flow occurs in cases where
the pressure gradient is high. For SRR = +1.5, the strong viscosity wedge (see Section 3.2)
results in higher fluid pressure (see Section 3.1) and gradients. For SRR = −1.5, the effect
is present, but less pronounced. For SRR = 0, no viscosity wedge occurs. 

2 

 

Figure 9. Schematic representation of the frontier F used for the side flow analysis (top). Vari-
ation of side flow ratio for different vm,x and SRR in the slender (bottom left) and circular EHL
contact (bottom right).

The main reason for decreasing trend along the gap length direction for the slender
EHL contact at SRR = +1.5 (see Figure 5g–i) is the strong viscosity wedge, which constricts
the oil flow. Its diversion through the contact sides leaves less oil for maintaining the oil
film in the central region. Consequently, the film thickness steadily decreases along the
gap length. Although a strong viscosity wedge also exists in the circular EHL contact at
SRR = +1.5, the wider contact area here limits the side leakage. This in turn results in more
oil being available for maintaining the oil film than in the slender EHL contact. However,
as the oil is still forced to pass over the viscosity wedge in the circular contact, additional
pressure inside the oil is induced, which causes dimples to occur in the film thickness.

4. Conclusions

This study analyzed a slender EHL contact by numerical and experimental means
with a focus on thermal effects at high sliding. For classification, a circular EHL contact was
considered under the same operating conditions. The main conclusions can be summed up
as follows:

1. The film thickness is lower for slender EHL contacts than for circular ones, considering
the same Hertzian pressure.

2. The different thermal effusivities of glass and steel result in a viscosity wedge, which
is particularly pronounced at high positive sliding with the glass disk moving faster.

3. A strong viscosity wedge diverts the oil flow to the contact sides and limits the amount
of oil maintaining the oil film in the central region.

4. At high positive sliding, a continuous decrease in film thickness is observed in the
gap length direction of the slender EHL contact.
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5. At high positive sliding, the influence of entrainment speed on minimum film thick-
ness is almost negligible, especially for slender contacts.

6. To support EHL film formation in slender EHL contacts at higher sliding, the solid
body made of the material with higher thermal effusivity has to move faster.

Worm gears are machine elements characterized by slender EHL contacts, high sliding
and different materials, e.g., bronze and steel. The ellipticity ratios are typically lower than
those considered in this study. Slender EHL contacts of worm gears will be the focus of
further investigations.
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Nomenclature

Latin symbols
Ac1,...,5 Coefficients of the lubricant heat capacity model −
Aη , Bη , Cη Coefficients of the lubricant Vogel temperature model −
a Hertzian half-width, circular contact m
ax Semi-major Hertzian contact length, slender contact m
ay Semi-minor Hertzian contact length, slender contact m
→
C Compliance matrix Pa
cp Specific heat capacity J/(kg K)
Dρ0 , Dρ1 , Dρ2 , Dρ3 Coefficients of the lubricant Bode density model −
e Thermal effusivity J/

(
K
√

sm2)
dλ1, dλ2 Pressure coefficients of the lubricant thermal conductivity model 1/Pa
E Young’s Modulus Pa
FN Normal force N
h Film thickness m
hc Central film thickness m
hm Minimum film thickness m
H Dimensionless film thickness −
H0 Dimensionless constant parameter of the film thickness equation −
k Ellipticity ratio −
nΩP

e Number of mesh elements in domain ΩP −
n f

e Number of mesh layers in gap height direction in domain f −
nΩT

e Number of mesh elements in domain ΩT −
nΩδ

e Number of mesh elements in domain Ωδ −
nΩT,1

e Number of mesh elements in domain ΩT,1 −
nΩT,2

e Number of mesh elements in domain ΩT,2 −
ne Total number of mesh elements −
p Hydrodynamic pressure Pa
P Dimensionless hydrodynamic pressure −



Lubricants 2022, 10, 89 15 of 17

pH Hertzian pressure Pa
.

Qyp Mass flow rate crossing the frontier F in y-direction kg/
(
m2s

)
pη0 Coefficient of the Roelands’ equation Pa
Pee Peclet number for the energy equation −
Rx, Ry Radii of curvature in x- and y-direction m
SRR Slide-to-roll ratio −
T Temperature K
Tmax Maximum temperature K
TM Bulk temperature K
→
U Displacement vector m
vg,x Sliding speed in x-direction. m/s
vm,x Entrainment speed in x-direction m/s
vΣ,x Sum speed in x-direction m/s
v1 Speed of the counter steel body m/s
v2 Speed of the glass disk m/s
x, y, z Coordinates m
X, Y, Z Dimensionless coordinates −
Greek symbols
αp Pressure viscosity coefficient 1/Pa
αs Coefficient of the lubricant Bode density model 1/K
δ Deformation of the equivalent body m
δ Dimensionless deformation of the equivalent body −
→
ε Strain tensor −
.

γx Shear rate in x-direction 1/s
ϑ Temperature °C
ϑoil Oil temperature °C
η Dynamic viscosity Pa·s
η Dimensionless dynamic viscosity −
η0 Dynamic viscosity of the lubricant at TM and atmospheric pressure Pa·s
λ Thermal conductivity W/(m K)
λ0 Thermal conductivity of the lubricant at TM and atmospheric pressure W/(m K)
v Poisson’s ratio −
ρ Density kg/m3

ρ Dimensionless density −
ρ0 Fluid density at TM and atmospheric pressure kg/m3

ρs Coefficient of the lubricant Bode density model kg/m3
→
σ Stress tensor of the equivalent body Pa

.
ΣQyp Total mass flow rate crossing the frontier F in y-direction kg/

(
m2s

)
τ Shear stress Pa
τc Eyring shear stress Pa
τ0

z,x, τ0
z,y Dimensionless shear stress components in the x- and y-directions over the

domain ΩP

−

Special symbols
F Frontier used for the side flow analysis −
Indices
1 Lower solid body (counter steel body) −
2 Upper solid body (glass disk) −
f Fluid −
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