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Abstract: The gear drive generally operates in elastohydrodynamic lubrication (EHL) contacts, and
the existence of oil film effectively reduces wear and improves transmission stability. However, little
research has been devoted to studying the effect of lubrication characteristics on load distribution
of gear transmissions. In order to investigate the coupling effect between the lubrication behavior
and load distribution, an analytical load distribution model suitable for EHL contact spur gear
pairs is proposed. The non-Newtonian transient thermal EHL solution, flexibility of meshing teeth,
structural coupling deformation of the gear body and extended tooth contact are considered in
the deformation compatibility condition for iteratively solving the load distribution. A parametric
analysis is performed to determine the influence of load torque and rotation speed on load sharing
ratio and loaded static transmission error. The transient lubrication behaviors based on the proposed
load distribution model is compared with that obtained from the traditional model. A series of
comparisons with different models demonstrated the correctness, significance and generality of
the present model. The results show that it is necessary to consider the thermal EHL calculation
into the iterative solution procedure of load distribution model for EHL contact gear pairs. The
proposed model is a useful supplement for an accurate study of thermal EHL characteristics of
gear transmissions.

Keywords: elastohydrodynamic lubrication; load distribution; spur gear transmission; extended
tooth contact; deformation compatibility condition

1. Introduction

The load distribution of meshing tooth pairs is essential to predict dynamic response
and the load capacity of the gear transmission. The load distribution model for dry contact
spur gear pairs has been widely investigated. However, the gear drive generally operates
under a lubricated condition in practice and the flowing oil film between the meshing gear
tooth effectively takes away friction heat, reduces tooth wear and improves transmission
stability. Lubrication behavior of the gear transmission plays an important role in meshing
stiffness, friction, damping and system dynamics. The interaction between load distribution
and lubrication characteristics of gear transmissions has rarely been addressed before.

For high contact stress components such as lubricated gear pairs, the lubrication
mechanism is considered as typical elastohydrodynamic lubrication (EHL). Research on
gear lubrication depends on the development of EHL systematic solution by Dowson
and Higginson [1]. The transient EHL model for gear drive is established by considering
the transient squeeze film action into Reynold equation. Then, the non-Newtonian effect
and thermal effect were further investigated for spur gear transmissions by Larsson [2]
and Wang et al. [3]. Gear lubrication has a significant influence on the dynamics of gear
system and the stiffness and damping of lubricant film cannot be ignored. Based on non-
Newtonian EHL equations, Zhou et al. [4] established the normal and tangential oil film
stiffness model of the spur gear pair. Xiao et al. [5] proposed normal and tangential oil
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film damping models considering non-Newtonian transient thermal EHL, and the effect of
contact force, rotation speed and teeth number on the oil film damping were investigated.
They further developed an enhanced spur gear dynamic model and the effect of oil film
on gear system dynamics was discussed [6]. Recently, the interaction between lubrication
and dynamic behavior has attracted wide attention [7]. Zhou et al. [8] studied the coupling
effect of gear dynamics and EHL based on an improved dynamic transmission error model
considering center oil film thickness. Yang et al. [9] integrated an EHL model of a spur gear
pair into a gearbox lumped parameter model and studied the effect of tooth lubrication on
gearbox vibration responses. Huangfu et al. [10] developed a generalized surface damage
model based on transient EHL theory to realize the damage simulation over the life-cycle
evolution process. The above research illustrates the significance of lubrication in dynamic
analysis. The transient characteristic of spur gear lubrication behavior is mainly due to
the squeezing and pumping effects caused by sudden load changes [11]. However, the
current studies on the lubrication characteristics of gear transmission basically use the load
distribution model under dry contact conditions as an approximate assumption. There
is no load distribution model dedicated to lubrication conditions which depends on the
contact status.

The load distribution of gear pairs has been a significant issue for many years [12–14].
Marques et al. [14] studied the load distribution problem considering rigid and elastic gear
teeth based on the minimization of the total potential energy stored in the system to evaluate
the gear power loss, but the nonlinear Hertzian effect is disregarded. Subsequently, Sanchez
et al. [13] proposed an improved spur gear mesh stiffness model considering bending, shear,
compressive and contact deflections, and based on this equation, the load at any point of
the path of contact was determined. The deformation compatibility condition should be
considered into the construction of load distribution model, which means that the base
pitch of each tooth pair that in simultaneously contact should be equal [15]. This base
pitch of tooth pair under simultaneously contact can in turn be interpreted as loaded static
transmission error (LSTE), which contains meshing deformation and tooth profile error.
Therefore, the load distribution model and the mesh stiffness model are interrelated. In
order to accurately calculate the mesh stiffness of the double-tooth contact region, Xie
et al. [16,17] calculated the correction coefficient to reveal the gear body-induced tooth
deflection and derived the analytical calculation formula. Lu et al. [18] considered the
thermal–elastic coupling deformation into the calculation of LSTE. The extended tooth
contact (ETC) is another important natural phenomenon that the theoretically separated
gear teeth forced to engage by the applied torque due to the flexibility of gear bodies.
The load-dependent ETC can be considered as tooth profile error into the deformation
compatibility condition. Tse and Lin [19] presented an analytical method to calculate tooth
separation distance and the effects of separation distance on the static transmission error
of meshing gears were investigated. Ma et al. [20] established an analytical method for
determining mesh stiffness which is suitable for gear pairs with tip relief considering
the effect of ETC and tooth profile modification. Recently, Chen and Ji [21] proposed an
improved load distribution model considering both the corner contact effects and wear
accumulation for wear process prediction. Wang et al. [22] computed the load distribution
by considering corner contact effects based on a frictional loaded tooth contact analysis to
calculate spur gears mechanical efficiency. Zheng et al. [23] extended the gear torsional
dynamic model to embody the ETC and the relevance between ETC and nonlinear dynamics
was investigated. It can be seen that many factors have been explored in the dry contact gear
load distribution model, but the effect of lubrication has been neglected. Linear or nonlinear
Hertzian contact deformation is considered into the total meshing deformation of the dry
contact gear pair; however, there is a significant variation in local contact deformation
under lubrication condition.
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In general, the influence of EHL contact on meshing deformation has not been consid-
ered in load distribution model yet, and a more accurate load model matching EHL contact
has not been used for gear lubrication solution. In order to solve these deficiencies, the
coupling effects between the lubrication behavior and load distribution are investigated.
An analytical load distribution model for spur gear pairs in transient non-Newtonian
thermal EHL contact is proposed with the consideration of meshing deformation, local
contact deformation according to EHL and extended tooth contact. The validity of the
proposed method is verified by comparing the numerical results with the finite element
method (FEM) examples in previous research. Based on the proposed model, the effects
of operating conditions such as torques and rotation speeds on load sharing ratio and
LSTE are discussed. The lubrication behaviors of the gear drive obtained by different load
distribution models are compared as well.

2. Transient Thermal EHL Equations

The contact of a spur gear pair can be characterized as the line contact since the
width of contact zone is much smaller than the gear tooth width. In addition, the oil film
between a meshing gear pair is general the non-Newtonian fluid, and the friction between
tooth surface has a significant thermal effect that further affects the viscosity and density
characteristics of the lubricating oil. Therefore, when considering the non-Newtonian fluid
and squeeze effect of lubricating oil, the transient thermal EHL line contact problem for a
smooth surface is governed by the one-dimensional generalized Reynolds equation [24]:
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η
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Specifically, p, h are the contact pressure and film thickness within the contact area,
respectively; ρ, η∗ are density and equivalent viscosity of the non-Newtonian fluid, respec-
tively; x and z denote the direction along the rolling direction and across the oil the film
thickness; up, ug represent the surface velocities of the pinion and gear, respectively; ur(t)
is the entrainment velocity; and t stands for time or mesh position.

The boundary conditions in the Reynolds equation are p(xin, t) = 0, p(xout, t) = 0. The
Ree–Eyring rheological model is adopted in present study to describe the non-Newtonian
behavior of lubricant and the equivalent viscosity is introduced by [25],

η∗(x, z, t) = η(x, z, t)
(
τ
/

τ0
)
/sinh

(
τ
/

τ0
)

(2)

where, τ0 is the characteristic shear stress; τ is the shear stress and expressed as τ = τp + z∂p/∂x,
τp represents the shear stress of pinion teeth surfaces.

The oil film thickness equation is written as,

h(x, t) = h0(t) +
x2

2R(t)
+ δ(x, t) (3)

where, h0(t) is the rigid body displacement; R(t) is the equivalent curvature radius; the
elastic deformation δ(x, t) of the two contact bodies under hydrodynamic pressure can be
calculated by [26],

δ(x, t) = − 2
πE′

w xout

xin
p
(
x′, t

)
ln
(
x− x′

)2dx′ (4)

where, E′ is the equivalent elasticity modulus.
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The viscosity–pressure–temperature formula for the lubricant proposed by Roelands
et al. [24] is expressed as,

η(x, z, t) = η0 exp

{
(η0 + 9.67)

[(
1 + 5.1× 10−9 p(x, t)z0

(
T(x, z, t)− 138

T0 − 138

)−s0
)
− 1

]}
(5)

where, η0 is the lubricant ambient viscosity; z0 and s0 denote the viscosity–pressure coeffi-
cient and viscosity–temperature coefficient, respectively; T0 and T represent the ambient
temperature and the temperature of the oil film, respectively.

The density–pressure–temperature relationship of lubricant proposed by Dowson and
Higginson [27] is written as,

ρ(x, z, t) = ρ0

[
1 +

0.6× 10−9 p(x, t)
1 + 1.7× 10−9 p(x, t)

− 0.0065(T(x, z, t)− T0)

]
(6)

where, ρ0 is the lubricant ambient density.
The load balance equation ensures that the applied load is balanced by the fluid

pressure and is expressed as,

W(t) =
w xout

xin
p(x, t)dx (7)

where, W(t) is the load per unit length along tooth width.
The temperature distribution of oil film and gear surface layer is determined by energy

equation. The oil film energy equation is expressed as [5],
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The solid energy equations are expressed as [5]:
cpρp

(
∂Tp(x,zp ,t)

∂t + up
∂Tp(x,zp ,t)

∂x

)
= kp

∂2Tp(x,zp ,t)
∂z2

p

cgρg

(
∂Tg(x,zg ,t)

∂t + up
∂Tg(x,zg ,t)

∂x

)
= kg

∂2Tg(x,zg ,t)
∂z2

g

(9)

where, ci, ki(i = o, p, g) are specific heat capacity and thermal conductivity of the oil, pinion
and gear, respectively; ρi, Ti and zi(i = p, g) are density, temperature distribution and the
coordinates across the pinion and gear, respectively.

On the oil–solid interface, the following continuous conditions of interface heat flow
should be satisfied, 

ko
∂T(x,z,t)

∂z

∣∣∣
z=0

= kp
∂Tp(x,zp ,t)

∂zp

∣∣∣
zp=0
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∂T(x,z,t)

∂z

∣∣∣
z=h

= kg
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∂zg

∣∣∣
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(10)

The temperature boundary condition of the inlet of the oil is T(0, z, t) = T0 (u(0, z, t) ≥ 0),
and the temperature boundary conditions along zp and zg directions are T|zp=−d = T0,
T|zg=d = T0, in which is the thickness of the thermal layers.

The lubrication governing equations are converted into dimensionless forms to ensure
the convergence of the numerical solution process, and the multigrid technique is utilized to
improve the convergence rate in this study. The Reynolds equation and energy equation are
solved by Gauss–Seidel low-relaxation iteration method and the chase method, respectively.
The proposed EHL model is designed to capture the transient characteristics of EHL contact
spur gear pairs when the mesh point moves along the line of action. The entrainment
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velocity ur(t) and the equivalent curvature radius R(t) can be obtained directly according
to the geometrical and kinematic characteristics of a gear pair [11]. The focus is on solving
the variation in the normal tooth contact force.

3. Load Distribution Model in Thermal EHL Contact
3.1. Deformation Components

The gear can be seen as the non-uniform cantilever beam supported by flexible gear
body. The total mesh deformation along the line of action under the applied load of the
lubricated gear pair consists of four parts, namely the tooth elastic deformation δt, local
gear body-induced tooth deformation δ f , coupling gear body-induced tooth deformation in
double-tooth engagement situation δ f 12, δ f 21 and the nonlinear local contact deformation δc.

The local contact deformation is the main difference between the EHL contact gear
pair and the dry contact gear pair. The oil film pressure distribution is different from
the Hertzian contact pressure distribution, and the presence of the oil film keeps the
two contacting tooth surfaces away from each other (see Figure 1). Therefore, the local
contact deformation in this study is equal to the value of subtracting the center oil film
thickness from center elastic deformation,

δc(F, t) = δ(0, t)− h(0, t) = −h0(F, t) (11)

where, δ(0, t) and h(0, t) are expressed in Equation (3), and local contact deformation is
nonlinear with the applied load according to the solution of thermal EHL.
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The tooth elastic deformation δt consists of the bending deformation δb, shearing
deformation δs and axial compressive deformation δa, and can be described as,

δt = δb + δs + δa = F
/

Kt = F
(
1
/

Kb + 1
/

Ks + 1
/

Ka
)

(12)

where, Kt is defined as gear tooth stiffness; Kb, Ks and Ka are the bending, shearing and
axial compressive stiffness calculated in Ref. [28].

The local gear body-induced tooth deformation is expressed as,

δ f = F
/

K f (13)

where, K f is the fillet foundation stiffness derived in Ref. [29].
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Therefore, the total deformation in the single-tooth contact region is obtained by,

δsi = δ
p
ti + δ

g
ti + δ

p
f i + δ

g
f i + δci(F, t) (14)

where, i represents the ith tooth pair; p and g represents the pinion and gear, respectively;
For double-tooth contact region, the coupling effect of adjacent teeth should be con-

sidered, since two adjacent teeth are coupled with each other through one gear body. As
long as elastic deformation exists in the gear body, all the teeth connected will surely be
influenced [30]. The gear body structure coupling deflection calculated by Xie et al. [16]
is used in this paper. Then, the total deformation of the ith tooth pair in the double-tooth
contact region can be represented as follows according to Equations (11)–(13),
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p
t1 + δ

g
t1 + δ

p
f 1 + δ

g
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/
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)
− h02(F2, t)

(15)

where, subscripts 1 and 2 represent tooth pair 1 and tooth pair 2, respectively; Fi is the
applied load of the ith tooth pair; the structure coupling gear body-induced flexibility
1
/

K f 12 represents the flexibility of the mesh point on tooth pair 1 that contributed by F1;
1
/

K f 21 represents the structure coupling flexibility of the mesh point on tooth pair 2 that
contributed by F2; the detailed analytical formulas can be seen in Ref. [16].

It should be mentioned that the above deformation components of the gear pair all
vary with the meshing position.

3.2. Extended Tooth Contact

In present study, the complete meshing process of a gear pair is defined as starting
with the engagement of tooth tip of the driven gear and ending with the disengagement of
tooth tip of the driving gear. Thus, for a standard mounted involute gear pair, the length of
theoretical double-tooth contact (TDTC) and single-tooth contact (TSTC) can be calculated
according to the geometric parameters, θdt = tan

(
arccos

(
rbp
/

rap

))
− 2π

zp
− tan

{
arccos

[
rbp

/√
r2

ag + a2 − 2arag cos
(

arccos
(

rbg
/

rag

)
− α0

)]}
θst = 2π

/
zp − θdt

(16)

where, rbi and rai(i = p, g) represent base circle radius and addendum circle radius of
the pinion and gear, respectively; zp is tooth number of the pinion; a is the gear standard
installation center distance; α0 is the pressure angle.

However, due to the deformation of the loaded gear pair, the actual contact region
will change and the effect of extended tooth contact (ETC) [20] should be considered. As
shown in Figure 2, the outgoing tooth pair 1 will keep in contact until tooth pair 2 enters
the point B′, later than the theoretical disengagement point B. Similarly, the incoming tooth
pair 3 will get into contact when tooth pair 2 enters the point C′, previous to the theoretical
engagement point C. Therefore, the actual meshing process of a gear pair is changed to
interval

[
A′, D′

]
. The actual double-tooth contact region (ADTC) is extended to

[
A′, B′

]
and the actual single-tooth contact region (ASTC) is shortened to

[
B′, C′

]
.
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In this paper, the angular range of the ETC is defined as (0, θ1) ∈
[
B, B′

]
and

(0, θ2) ∈
[
C, C′

]
. Since the ETC occurs near the node of the region of TSTC, the bound-

ary of the ETC, namely θ1 and θ2, should be calculated according to the relationship that
the loaded static transmission error (LSTE) in single-tooth contact region is equal to the
separation distances. The LSTE in single-tooth contact becomes,

δS
LSTE = δs + ep + eg (17)

where, δs is expressed in Equation (14); ep and eg are unloaded transmission errors.
The separation distances Sr and Sa are the formulas of the separation angle, and are

defined as the distance between a pair of teeth just out of contact, during engagement and
disengagement, respectively, under the unloaded condition. More derivation details can be
obtained in Ref. [31]. According to the above analysis, the implicit functions for θ1 and θ2
can be obtained according to Equations (14) and (17),

Sr(θ1) = F ∑
j=p,g

[
1
/

K j
t(ϕ1) + 1

/
K j

f (ϕ1)
]
− h0(F, ϕ1) + ep + eg

Sa(θ2) = F ∑
j=p,g

[
1
/

K j
t(ϕ2) + 1

/
K j

f (ϕ2)
]
− h0(F, ϕ2) + ep + eg

(18)

where, ϕ1 = θdt + θ1, ϕ2 = θdt + θst − θ2; (·) represents the meshing position.
Therefore, the length of ADTC and ASTC can be calculated as,{

θda = θdt + θ1 + θ2
θsa = θst − θ1 − θ2

(19)

3.3. Load Distribution in Double Tooth Contact

The loaded static transmission error (LSTE) in double-tooth contact region is,

δdi
LSTE = δdi + epi + egi (20)

where, i represents the ith tooth pair.
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The load distribution in double-tooth contact region is determined by the deformation
equilibrium condition, which means that the base pitches of two tooth pair that in simulta-
neously contact should be equal [22,30]. A more concise expression can be defined as the
loaded static transmission error of the meshing tooth pairs must be the same. Hence, the
deformation equilibrium equation for TDTC can be represented by,

∣∣∣δd1
LSTE − δd2

LSTE

∣∣∣/∣∣∣max
(

δd1
LSTE, δd2

LSTE

)∣∣∣ < ε1

F1 + F2 = T
/

rbp
(21)

where, ε1 = 10−4 is the convergence tolerance to facilitate iterative calculation; T is the
torque applied on the pinion.

The extended tooth contact (ETC) in the region of TSTC is the special case of double
tooth contact, in which the separation distances Sr and Sa should be embodied in the
calculation of LSTE. Taking the intervals

[
B, B′

]
and

[
C′, C

]
as examples, the detailed

deformation equilibrium equations can be established according to Equations (15) and (20),
When in the interval

[
B, B′

]
and ϕ ∈ (0, θ1),

δd1
LSTE = F1 ∑

j=p,g

[
1
/

K j
t1
(

ϕ′1
)
+ 1
/

K j
f 1

(
ϕ′1
)]

+ F2 ∑
j=p,g

1
/

K j
f 12

(
ϕ′1
)
− h01

(
F1, ϕ′1

)
+ ep1 + eg1

δd2
LSTE = Sr(ϕ) + F2 ∑

j=p,g

[
1
/

K j
t2[D] + 1

/
K j

f 2[D]
]
+ F1 ∑

j=p,g
1
/

K j
f 21[D]− h02(F2, [D]) + ep2 + eg2

(22)

where, ϕ′1 = θdt + ϕ; [D] represents the meshing position D.
When in the interval

[
C′, C

]
and ϕ ∈ (0, θ2),

δd1
LSTE = F1 ∑

j=p,g

[
1
/

K j
t1(ϕ′2) + 1

/
K j

f 1(ϕ′2)
]
+ F2 ∑

j=p,g
1
/

K j
f 12(ϕ′2)− h01(F1, ϕ′2) + ep1 + eg1

δd2
LSTE = Sa(ϕ) + F2 ∑

j=p,g

[
1
/

K j
t2[A] + 1

/
K j

f 2[A]
]
+ F1 ∑

j=p,g
1
/

K j
f 21[A]− h02(F2, [A]) + ep2 + eg2

(23)

where, ϕ′2 = θdt + θst − ϕ, [A] represents the meshing position A.

3.4. Iterative Solution Procedure

According to the above analysis, the solution of load distribution is based on the
deformation equilibrium condition of the meshing gear pairs. The local contact deformation
contained in the LTCA relies on the solution of thermal EHL equations, which in turn
requires the calculation of load distribution. Therefore, for EHL contact gear pairs, it is
not possible to directly give an intuitive formula for load sharing radio as in previous
studies of dry contact gears [20,32], especially when the deformation component is related
to operation conditions and lubrication. In order to solve the interdependence of the load
distribution and lubrication behavior, a circular iterative solution method needs to be
constructed. The detailed iterative solution process is described in Figure 3. It should
be mentioned that the proposed method has good compatibility and can also be used
to calculate the load distribution of dry contact gear pairs by replacing the local contact
deformation δc with linear or nonlinear Hertzian contact deformation, and in which case,
the solution of thermal EHL will be omitted.
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4. Results and Discussion
4.1. Model Verification

In this section, the proposed model is verified by comparing the results in previous
studies and the difference between the dry contact and EHL contact gear pairs is analyzed.
Recently, Zheng et al. [23] developed an analytical load sharing model for dry contact
spur gears considering the extended tooth contact, and the predicated result (continuous
lines) matches well with the FEM (dashed lines), see Figure 4a. To verify the correctness of
the model in this paper, the same geometrical and material properties of the Gear pair A
are applied (see details in Appendix A). In order to be consistent with the settings in the
reference, the dry contact condition is assumed by setting the local contact as the nonlinear
Hertzian contact deformation, that is, δci = 1.275F0.9

i

/
(E0.9L0.8). By comparing Figure 4a,b,

the proposed model has a good agreement with the FEM simulations. This indicates that
the model proposed in this study has wide applicability and the load distribution of dry
contact gear pairs can be correctly obtained.

The innovation of the proposed solution is the ability to study the load distribution
and the LSTE of lubricated gear pairs considering thermal EHL, which was not available in
previous studies. The results with and without the consideration of thermal EHL, namely,
in thermal EHL contact and in dry contact are further compared in Figure 5. As shown
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in Figure 5a, the distribution of each interval is consistent with that listed in Section 3.2.
The smooth transitions between DTC and STC are clearly reflected in both the lubricated
contact (blue continuous line) and dry contact (orange dashed line) gear pairs, and ETC
intervals are essentially the same under this geometric parameters and operating conditions.
However, the slope of the curve in DTC has a significant change, which indicates that
the local contact deformation under the effect of thermal EHL is quite different from the
nonlinear Hertzian contact deformation for dry contact. At the beginning of the TDTC
(position A), the load sharing ratio of the lubricated contact gear pairs is 0.38, which is
slightly lower than that of the dry contact gear pairs (0.41). Similarly, the load sharing
ratio of the lubricated contact gear pairs is higher than that of the dry contact gear pairs
(0.61 vs. 0.59) at the end of the TDTC (position B). The solution of the load distribution in
gear system is an important issue since it determines the calculation of mesh stiffness and
lubrication, and consequently affects the dynamic response. Even small differences in load
distribution can significantly affect the calculation of LTCA. As shown in Figure 5b, the
average LSTE of the EHL contact gear pairs is 23% smaller than that of the dry contact gear
pairs. This is due to the presence of the oil film which changes the pressure distribution
and affects the mutual distance between the tooth surfaces. Therefore, it is important to
consider the effect of thermal EHL into the calculation of load distribution for lubricated
gear pairs.

Lubricants 2023, 11, x FOR PEER REVIEW 10 of 18 
 

 

 
Figure 4. Load sharing ratio calculated in previous study and by the proposed model for dry contact 
gear pair A ( intR  = 8 mm, pT  = 25 Nm) (a) The predicted values and FEM in Ref. [23]; (b) The 

calculation results by the proposed model. 

The innovation of the proposed solution is the ability to study the load distribution 
and the LSTE of lubricated gear pairs considering thermal EHL, which was not available 
in previous studies. The results with and without the consideration of thermal EHL, 
namely, in thermal EHL contact and in dry contact are further compared in Figure 5. As 
shown in Figure 5a, the distribution of each interval is consistent with that listed in Section 
3.2. The smooth transitions between DTC and STC are clearly reflected in both the lubri-
cated contact (blue continuous line) and dry contact (orange dashed line) gear pairs, and 
ETC intervals are essentially the same under this geometric parameters and operating 
conditions. However, the slope of the curve in DTC has a significant change, which indi-
cates that the local contact deformation under the effect of thermal EHL is quite different 
from the nonlinear Hertzian contact deformation for dry contact. At the beginning of the 
TDTC (position A), the load sharing ratio of the lubricated contact gear pairs is 0.38, which 
is slightly lower than that of the dry contact gear pairs (0.41). Similarly, the load sharing 
ratio of the lubricated contact gear pairs is higher than that of the dry contact gear pairs 
(0.61 vs. 0.59) at the end of the TDTC (position B). The solution of the load distribution in 
gear system is an important issue since it determines the calculation of mesh stiffness and 
lubrication, and consequently affects the dynamic response. Even small differences in load 
distribution can significantly affect the calculation of LTCA. As shown in Figure 5b, the 
average LSTE of the EHL contact gear pairs is 23% smaller than that of the dry contact 
gear pairs. This is due to the presence of the oil film which changes the pressure distribu-
tion and affects the mutual distance between the tooth surfaces. Therefore, it is important 
to consider the effect of thermal EHL into the calculation of load distribution for lubricated 
gear pairs. 

Figure 4. Load sharing ratio calculated in previous study and by the proposed model for dry contact
gear pair A (Rint = 8 mm, Tp = 25 Nm) (a) The predicted values and FEM in Ref. [23]; (b) The
calculation results by the proposed model.

Lubricants 2023, 11, x FOR PEER REVIEW 11 of 18 
 

 

 
Figure 5. Comparison of load sharing ratio and LSTE with and without considering the effect of 
EHL by the proposed model for gear pair A ( intR  = 8 mm, pT  = 25 Nm, pn  = 2000 rpm). (a) Load 

sharing ratio; (b) LSTE. 

4.2. Effect of Torque on Load Distribution and LSTE 
This section compares the load sharing ratio and LSTE under different load torques, 

respectively. Figure 6a illustrates the variations of load sharing ratio with the increasing 
torques, and the dashed lines in the figure mark the intervals of the TDTC and TSTC. It 
can be seen that the change in load sharing ratio in TDCT under different torques is neg-
ligible, while the apparent variations are reflected in the region of ETC. The higher the 
torque applied on the gear pairs, the more significant difference between the actual and 
theoretical contact conditions, and the transition between DTC and STC becomes 
smoother. The extended tooth contact is the phenomenon of theoretical separation teeth 
contact under force. Due to the flexibility of the gear, the deformation of the gear pair 
increases as the applied force increases, resulting in earlier contact during engagement, 
and later separation during disengagement. Therefore, the load-dependent ETC influ-
ences the meshing intervals of the gear pairs. The actual double-tooth contact region in-
creases and the actual single-tooth contact region decreases with the increasing applied 
torques, which is further reflected in the calculation of the contact ratio indicated in Figure 
6b. The theoretical contact ratio is only related to the gear geometry parameters and does 
not change with the operating conditions. However, due to the extended tooth contact 
and gear flexibility, the actual contact ratio increases with the increasing torque, which 
indicates that the presence of ETC enhances the load-carrying capacity and transmission 
smoothness of the gear drive. The nonlinear effect of torque on the contact ratio can be 
observed in Figure 6b. This is due to the complex mechanism of nonlinear local contact 
deformation and structural coupling deformation on the deformation equilibrium condi-
tion with the consideration of thermal EHL. A similar phenomenon of the variation of 
load sharing ratio and contact ratio with increasing applied torques also appears in dry 
contact gear pairs, as studied in Ref. [22,23]. 

Figure 5. Comparison of load sharing ratio and LSTE with and without considering the effect of EHL
by the proposed model for gear pair A (Rint = 8 mm, Tp = 25 Nm, np = 2000 rpm). (a) Load sharing
ratio; (b) LSTE.



Lubricants 2023, 11, 177 11 of 17

4.2. Effect of Torque on Load Distribution and LSTE

This section compares the load sharing ratio and LSTE under different load torques,
respectively. Figure 6a illustrates the variations of load sharing ratio with the increasing
torques, and the dashed lines in the figure mark the intervals of the TDTC and TSTC.
It can be seen that the change in load sharing ratio in TDCT under different torques is
negligible, while the apparent variations are reflected in the region of ETC. The higher
the torque applied on the gear pairs, the more significant difference between the actual
and theoretical contact conditions, and the transition between DTC and STC becomes
smoother. The extended tooth contact is the phenomenon of theoretical separation teeth
contact under force. Due to the flexibility of the gear, the deformation of the gear pair
increases as the applied force increases, resulting in earlier contact during engagement,
and later separation during disengagement. Therefore, the load-dependent ETC influences
the meshing intervals of the gear pairs. The actual double-tooth contact region increases
and the actual single-tooth contact region decreases with the increasing applied torques,
which is further reflected in the calculation of the contact ratio indicated in Figure 6b.
The theoretical contact ratio is only related to the gear geometry parameters and does not
change with the operating conditions. However, due to the extended tooth contact and
gear flexibility, the actual contact ratio increases with the increasing torque, which indicates
that the presence of ETC enhances the load-carrying capacity and transmission smoothness
of the gear drive. The nonlinear effect of torque on the contact ratio can be observed in
Figure 6b. This is due to the complex mechanism of nonlinear local contact deformation
and structural coupling deformation on the deformation equilibrium condition with the
consideration of thermal EHL. A similar phenomenon of the variation of load sharing ratio
and contact ratio with increasing applied torques also appears in dry contact gear pairs, as
studied in Refs. [22,23].
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pair A (Rint = 12 mm, np = 3000 rpm). (a) Load sharing ratio; (b) Contact ratio.

The corresponding LSTE curves under different torques are shown in Figure 7. Com-
pared with the variation of loading sharing radio, the LSTE increases more evidently with
torque nonlinearity. The variation of LSTE with load is related to the load sharing ratio,
nonlinear meshing deformation and deformation coordination equation. To further investi-
gate the effect of thermal EHL on LSTE, Figure 7b compares the LSTE of the dry contact and
EHL contact gear pairs. The mean values of the LSTE both increase nonlinearly with the
increase in torque. The LSTE in the region of ASTC is higher than that in ADTC, which is
due to the better bearing capacity of double tooth contact. The LSTE of the EHL contact gear
pair is lower than that of dry contact gear pair, but the effect of lubricant oil film on LSTE
decreases with increasing torque both in the region of ADTC and ASTC. The reason is that
with the increase in load, the difference between oil film pressure distribution and Hertzian
pressure distribution decreases, and the proportion of local contact deformation in total
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deformation decreases. In other words, for the lightly loaded case, the effect of thermal EHL
behavior on LSTE is more obvious and needs to be considered into the iterative solution.
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4.3. Effect of Rotation Speed on LSTE

This section investigates the effect of input rotation speed on the LSTE and load
distribution. Figure 8 presents a comparison of the LSTE with and without considering the
thermal EHL, respectively, obtained under increasing rotation speeds. The dashed lines in
Figure 8a represents the intervals of ADTC and ASTC. It can be seen that the actual contact
situation remains essentially unchanged at different speeds and the smooth transition in
the region of ETC is also consistent, which indicates that the actual contact ratio can be
considered as not varying with the rotation speed. The difference between the load sharing
ratio with and without considering the thermal EHL is mainly reflected in the curve slope
in ADTC interval, which is the same as presented in Figure 5a. The effect of rotational
speed on load sharing ratio is not significant for dry contact or thermal EHL condition.
However, the difference between the corresponding LSTE is more obvious. The LSTE of
dry contact gear pair, that is, without considering thermal EHL, does not change with
the rotation speed, which is consistent with previous model simulation results. This is
because the deformation components of the dry contact tooth pair are all independent of the
rotation speed, especially for calculation of Hertzian contact deformation under dry contact
condition. However, the LSTE of EHL contact gear pair decreases with the increasing
rotation speed and this phenomenon was not reflected in previous studies. The reason is
that the central oil film thickness increases significantly with the increasing input velocity,
but the oil film pressure distribution change inapparent, resulting in the reduction in local
contact deformation. In other words, as the rotational speed increases, more lubricant
is wrapped into the contact zone, causing the contact tooth surfaces to move away from
each other and offsetting some of the elastic deformation. The local contact deformation is
even negative when the rotation speed is high enough. The influence of rotation speed is
further studied by comparing the average value of LSTE in single and double tooth contact
region between the dry contact and EHL contact gear pairs. Figure 8b shows that the LSTE
with the consideration of thermal EHL is nonlinearly influenced by the rotation speed
both in the region of ADTC and ASTC. The attenuation of the LSTE gradually flattens out
at higher speed, which indicates that the increase in oil film thickness is limited. Since
the LSTE of dry contact tooth pairs remains constant with the speed, this means that the
influence of EHL condition at high rotation speed is more pronounced and should be given
more attention.
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4.4. Influence of EHL Load Distribution Model on Lubrication Behavior

In previous literature on characteristics of gear contact elastohydrodynamic lubrication,
such as transient lubrication behavior [3,11], modeling and solving of oil film stiffness
and damping [5,33,34] and tribo-dynamic response [6,35], the load spectrums of the gear
drive are simple settings without considering the effect of extended tooth contact and EHL
contact. Since the transient behavior is mainly due to the squeezing and pumping effects
caused by sudden load changes, it is necessary to use a more reliable load distribution
model to study gear transmission lubrication behavior. Taking the case of gear parameters
and lubricant properties in Ref. [35] for comparison to investigate the effect of the proposed
load distribution model on gear drive lubrication behavior. The detailed parameters are
listed in Appendix as Gear pair B.

Figure 9 compares the load sharing ratio obtained by the model proposed in this paper
with the traditional model used in Ref. [35]. The traditional model displayed in black
dashed line simplified the compliance of the meshing tooth pair to facilitate the calculation
of LSTE, which can only reflect the sudden change in the alternating contact of single
and double tooth. However, the load sharing ratio in red line for the proposed model
shows smooth transition between the region of STC and DTC due to effect of ETC. The
change in the slope of the curve in DTC region indicates that EHL contact of the gear drive
leads one of the two meshing teeth to carry on a larger load at the engagement point and
at the junction of single and double tooth contact. The overall load sharing ratio varies
gradually rather than abruptly. This obvious difference in load sharing ratio indicates
that the proposed model is necessary. In order to facilitate comparison, only the curves
from theoretical approach point (position A) to theoretical recession point (position D) are
considered. The non-Newtonian transient thermal EHL problem for the given spur gear
transmission is solved by different load distribution models, and results of minimum oil
film thickness and central oil pressure are shown in Figure 10. In the region of DTC, due
to the difference in the values of load sharing ratio obtained from different models, the
central oil film pressure and the minimum oil film thickness reflect similar fluctuations
in variation. It should be noted that the change trend of oil film pressure and oil film
thickness is opposite, that is, the oil film thickness decreases at the contact position where
the film pressure becomes greater and vice versa. At the alternating position of theoretical
double-tooth and single-tooth contact, that is, position B and C, the oil film thickness and
central film pressure have transient changes for both proposed model and previous model
due to the squeezing and pumping effects included in Reynold equation. However, this
transient effect embodied by the proposed model lags compared to previous model due
to the delayed disengagement of double tooth contact. Moreover, the transient variations
in the proposed model are smoother both reflected in film thickness and pressure due
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to the smooth transition between the single-tooth and double-tooth contact caused by
ETC. This phenomenon indicates that the extended tooth contact has a significant impact
on the lubrication characteristics of gear drives and needs to be considered. To further
study the difference, the characteristic positions p1, p2 and p3 are taken to calculate the
contact pressure distribution and oil film thickness respectively for comparison. As shown
in Figure 11, the results of pressure distribution and film thickness obtained by different
models are different at any position, which indicates that the load distribution significantly
affects the thermal EHL behavior. Therefore, in order to accurately study the characteristics
of thermal EHL of gear transmission, a more reasonable load distribution model needs to
be constructed.
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5. Conclusions

In this study, an improved analytical load distribution model for the EHL contact
spur gear pair is proposed, which supplements the blank of research on gear transmission
thermal EHL characteristics. The proposed model is established based on a circulation iter-
ation method with the consideration of thermal EHL behavior, flexibility of the gear tooth,
structural coupling deformation of the gear body, extended tooth contact and deformation
compatibility condition. The variations of load sharing ratio, loaded static transmission
error, contact ratio at different torques and rotation speeds are investigated. The lubrica-
tion characteristics obtained with different load distribution models are compared. Some
contributions of this study are shown as follows:

1. The load sharing ratio predicted by the proposed model for dry contact gear drive
is consistent with the FEM simulation results presented in previous research, which
proves the correctness and universality of the proposed analytical model;

2. The load sharing ratio, LSTE and contact ratio of the gear pair vary significantly with
the applied torque due to the effect of extended tooth contact. The influence of thermal
EHL contact is more obvious for the lightly loaded case;

3. With the changes in rotation speed, the LSTE shows evident variation due to the
sensitivity of oil film thickness to speed. The influence of thermal EHL contact at high
rotation speed is more pronounced;

4. There is a significant coupling effect between the load distribution and thermal EHL
solution. Therefore, the thermal EHL solution should be calculated iteratively in the
load distribution model for the EHL contact gear pairs. Similarly, the accurate analysis
of transient thermal EHL behavior for gear transmission requires a matching load
distribution model.
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Appendix A

Table A1. Main parameters of the gear pair and lubricant.

Parameters
Gear Pair A Gear Pair B

Pinion Gear Pinion Gear

Tooth number z 40 40 42 86
Modules m (mm) 1 1 2.5 2.5

Tooth width L (mm) 20 20 30 30
Pressure angle α0 (◦) 20 20 20 20

Elastic modulus E (GPa) 206.8 206.8 210 210
Poisson’s ratio ν 0.3 0.3 0.3 0.3

Tip clearance coefficient 0.25 0.25 0.25 0.25
Addendum coefficient 1 1 1 1

Torque on pinion Tp (Nm) 5–45 - 100 -
Rotation speed of pinion np (rpm) 1000–5000 - 2000 -

Characteristic shear stress τ0 (MPa) 10 10
Ambient density of lubricant ρ0 (kg/m3) 870 870
Ambient viscosity of lubricant η0 (Pa · s) 0.03 0.06

Ambient temperature T0 (K) 313 313
Specific heat of lubricant co (J/(kg K)) 2000 2000

Thermal conductivity of lubricant ko (W/(m·K)) 0.14 0.14
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