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Abstract: This work develops a numerical methodology for predicting the performance of an au-
tomotive piston ring system by considering contact and lubrication mechanics. The rough surface
contact mechanics and lubrication occurs on a scale much smaller than the size of the piston rings
and therefore the key aspect of the model is an algorithm that simultaneously solves the multiple
mechanisms at different scales. The finite element method will be used to model the mechanical
deformations of the piston ring surfaces at large scales. The quasi-steady state model includes heat
generation due to solid and viscous friction. This heat generation will then be used to predict the
temperature rise and thermal effects in the lubricant and component. A statistical rough surface
method that renders asperities as elastic–plastic wavy surfaces predicts the solid contact area. The
modified Reynolds equation will be solved to consider the effects of mixed hydrodynamic lubrication
while using flow factors formulated for actual piston and ring surfaces. The lubricant viscosity
depends both on temperature and shear rate. This will allow for the regimes of boundary, mixed,
and full-film lubrication to be considered. The model predicts friction for various loads and speeds
that are then compared to experimental measurements. Although the contacts operate mostly in the
mixed lubrication regime, the model and experiments show changes in friction with load, speed,
and temperature.

Keywords: rough surface elastic-plastic contact; sinusoidal asperity; boundary lubrication; flow
factors; shear thinning; thermal heating; automotive

1. Introduction

Combustion engines are still the most common source of power for vehicles at 97% of
the vehicle market in 2021 [1]. Electric vehicles will displace some combustion vehicles, but
it will take many years for them to overtake combustion vehicles in number. The rate at
which this is predicted to occur varies drastically depending on the organization making
the prediction (between 20% and 90% of vehicles by 2050) [2]. The adoption of electric
vehicles will also be slower in developing countries [1]. Certain applications and types of
vehicles, such as heavy trucks, will also mostly consist of combustion powered vehicles for
a longer period. Therefore, combustion will arguably be a significant part of the market for
many years.

Piston assembly is also the largest source of friction loss in combustion engines [3].
Therefore, there has been a great deal of work on reducing the friction in the piston ring–
cylinder liner interface using such things and coatings and textures, as will be discussed
briefly below. To evaluate possible technologies, it is also advantageous to have models
capable of predicting the friction. Therefore, this work aims at creating a model that
compares well to experimental measurements of a piston ring to cylinder liner interface.
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The model will consist of a rough surface contact and hydrodynamic lubrication modules
and therefore a brief background of these areas is also provided. While many models
for the individual modules exist, there are few models that combine all these aspects
at once. This work creates a model that combines wavy elastic–plastic rough surface
contact and hydrodynamic lubrication and evaluates three variants, two of which introduce
frictional heating.

1.1. Prior Works on the Piston Ring–Cylinder Liner Interface

Many methods and techniques have been used in the past to predict the frictional
losses of a piston ring–cylinder liner interface in an engine [4–20]. The piston ring–cylinder
liner interface system includes several variables such as surface topography, transient
lubrication, and exhaust flow rate that interact with each other. Prior works have generally
focused on only one variable at a time. Furuhama and Sumi’s [4] analysis of compression
ring linings is one of the first investigations on the subject. Ma et al. [5] analyzed lubricant
transport and found that cylinder liner surface and ring movement significantly influence
tribological behavior. Akalin and Newaz [6] analyzed the mixed lubrication regime using
the Reynolds equation with flow factors. They found that hydrodynamic lubrication occurs
during most parts of the stroke, but the friction coefficient increases greatly at top and
bottom dead center when the sliding speed is too low for the lubricant to support much
of the load. Their analysis did not calculate flow factors for a specific surface or consider
elastic–plastic asperity contact, nor did they perform experiments to validate their model.
Jeng [7] analyzed the lubrication conditions at the ring contact surface. Furuhama and
Sasaki [8] derived a new technique to measure friction forces for small engines. Previously,
this was a difficult task because they could not be isolated from much larger gas and inertia
forces. Taking into account torsion, film thickness changes, and ring wear, Tian [9] studied
piston ring dynamics numerically and experimentally. Harigaya et al. and Rahmani et al.
investigated temperature effects on the friction and piston ring lubrication [10,11].

In recent years, several studies have focused on improving internal combustion engine
efficiency. Morris et al. [12] optimized the piston ring to minimize energy losses, incidence
of asperity contact, and ring mass. Bewsher et al. [13] applied atomic force microscopy
to measure the boundary asperity shear strength and thus calculate localized values of
frictional losses on real engine components. Howell-Smith et al. [14] tested lubricant
coatings and surface textures for friction reduction. They found that surface modifications
of the liner at top dead center (TDC) reduces friction by creating additional lubricant
reservoirs there. In turn, this increases the power output of the engine by up to 4%. Li
et al. [15] found that laser finishing could reduce the friction coefficient and weight loss of
an Al-Si alloy cylinder liner by removing the aluminum layer and exposing rounded edges
of silicon particles.

Efficiency can also be improved by changing the surface texture. Senatore et al. [16]
studied a bronze coating with different surface textures and found that an appropriate
texture geometry improves the friction coefficient and wear. Wang et al. [17] tested the
effects of dimples on brass discs. They found that only a small dimple pattern reduced the
friction—for large dimples, the friction coefficient actually increased. Kligerman et al. [18]
developed an analytical model for partial laser surface texturing to reduce the friction in
the piston ring–cylinder liner system. They found an optimal percentage of the textured
portion and dimple depth depending on operating conditions. Spencer [19] developed
simulations to evaluate a cross-hatched cylinder liner to reduce oil consumption, wear, and
friction. Lu and Wood [20] observed an 82% reduction in piston ring–cylinder liner friction
when texture grooves were normal to the sliding direction. Abril et al. [21] studied the
effects of dimples and the honing groove in the cylinder liner. A slight increase in dimple
density increased the minimum film thickness and reduced the friction force. Comparable
increases in minimum film thickness could be obtained with deeper, larger dimples. Their
honing groove analysis found that a 15 degree increase in honing angle reduced the friction
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coefficient by more than 14%. However, friction increased when the honing groove density
was too high.

1.2. Rough Surface Contact

Contact between rough surfaces is a ubiquitous problem that can be applied to nu-
merous phenomena such as friction, wear, and contact resistance. This work employs
a statistical model in which mathematical parameters describing the surface are used to
calculate probabilities and determine the contact area and load. This model was initially
developed by Greenwood and Williamson [22] (GW model). They considered the inter-
action between a perfectly flat, rigid plane and a plane covered with spherical asperities
of varying heights. They assumed that asperities behave independently of each other,
and that deformation is limited to the asperities. However, they only assumed elastic
contact, so other models were subsequently derived when yielding occurs at larger loads.
Jackson and Green (JG) [23] derived a statistical elastic–plastic deformation model in which
they established the load required for plastic deformation. As contact pressure increases,
the internal stress within asperities increases as well. This results in yielding and plastic
deformation. The JG model, while it includes varying fully plastic pressure not captured
by most other models, is limited to small deformations where the contact radius is no more
than 41% of the radius of curvature. Note that wavy asperities also result in a varying fully
plastic pressure with load and can also be incorporated into statistical rough surface contact
models [24].

Statistical models are reliable and easily implemented, but shortcomings exist. Those
previously described assume a homogenous radius of curvature over an entire region,
neglect the effects of different scales of features, and do not couple the deformation be-
tween asperities and the substrate. Bush et al. [25] developed a statistical model that
accounts for variable asperity radius, but they still assumed negligible adjacent or lateral
asperity interaction. Ciavarella et al. developed a model that accounts for lateral asperity
interaction [26]. Afferrante et al. followed up with a coalescing asperity model, while
Vakis expanded it below the mean asperity height [27,28]. These works are similar to the
wavy asperity model used in this work that includes lateral asperity interaction. A recent
work compared spherical and wavy asperity-based statistical models to a deterministic
prediction. The wavy asperity model compared best and will therefore be implemented
here [29].

1.3. Hydrodymanic Lubrication

To calculate the hydrodynamic load in modeling viscous flow of lubricant between the
cylinder wall and the piston ring, the modified Reynolds Equation is used. It is a second-
order partial differential equation derived from the Navier–Stokes equations assuming a
Newtonian fluid, negligible inertia and body forces, negligible pressure variation across
the film, laminar flow, and negligible curvature [30]. It can take many forms, depending on
the physical mechanisms involved in the system.

Flow Factors are a method to determine roughness effects on lubrication flow in any
of the three regimes: full film lubrication, mixed lubrication, and boundary lubrication.
These regimes are depicted in Figure 1.

Boundary lubrication, which is characterized by high surface abrasion and wear, is on
the left side. On the right side, the lubricant separates the surfaces sufficiently such that no
solid contact occurs. The lubrication regimes can be categorized by the Stribeck curve, a
plot of friction coefficient against the dimensionless bearing number, shown in Figure 2. It
is used to determine transitions between flow regimes.
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Lubricants interact at both the macroscopic and the microscopic scales; the latter
is especially important for the surfaces. Using the Reynolds equation to determine the
pressure at each asperity is possible akin to a deterministic contact model, but it becomes
computationally unfeasible for a sufficiently large surface resolution. Flow past individual
asperities is too computationally and numerically difficult to model, so the simpler method
of flow factors added to the Reynolds equation is used instead. Patir and Cheng [32] were
the first to determine the effects of surface roughness on flow between three-dimensional
surfaces. They derived statistical flow factors added to the Reynolds equation as follows:

∂

∂x

(
ϕx

ρh2

12µ

∂p
dx

)
+

∂

∂z

(
ϕz

ρh2

12µ

∂p
dz

)
=

U
2

∂ρh
∂x

+
∂ρh
∂t

+
∂ϕs

∂x
(1)

This modified Reynolds equation produces a more accurate solution that accounts for
microscopic surface features. In this equation, ϕz and ϕx measure the flow resistance across
asperities in the flow direction and the transverse direction, respectively, while ϕs measures
lubricant transport due to shear effects. The flow factors depend on the film thickness, the
RMS surface roughness, and the Peklenik number, γ. This number can be calculated from
auto-correlation functions derived from the surface topography [33].
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The flow factors calculated by Patir and Cheng were based off a statistically generated
surface whose asperities were purely transverse, isotropic, or purely longitudinal. However,
their flow factors are not totally accurate for a real surface that is not perfectly Gaussian.
Other researchers tried methods to improve upon Patir and Cheng’s work to find a more
accurate model for specific cases. Wilson and Marsault derived an alternate form of the
Reynolds equation applicable for high contact area ratios [34]. Peeken et al. investigated
flow factors for sintered bearing surfaces [35]. Hu and Zheng considered different boundary
conditions and numerical methods to calculate flow factors but still considered theoretical
surfaces [36]. Morales-Espejel derived a transformation to calculate flow factors for a non-
Gaussian surface from their counterparts for a Gaussian surface [37]. Sahlin et al. devised a
new way to calculate flow factors that accounts for contact mechanics and used measured
surfaces to do so [38]. Their results agreed with those of Patir and Cheng for longitudinal
asperities but differed substantially for cross-hatched surfaces. Others applied various
numerical and analytical methods [39–41]. The methodology used here is similar to work
by Leighton et al. [42], who derived surface-specific flow factors for a piston ring–cylinder
liner interface.

Previous studies of surface roughness effects on lubrication flow was mostly limited
to stochastic concepts such as those first introduced by Tzeng and Saibel [43]. Patir and
Cheng [24,44] derived a new method based on numerically solving the Reynolds equation
over a randomly generated surface and calculating an average equation from flow quanti-
ties. Their method assumes that rough surface heights are a perfect Gaussian distribution
though. This work uses the flow factors Locker et al. [45] derived for an actual cross-
hatched cylinder wall by combining stochastic concepts with Peklinik’s signal processing
theory [33].

2. Model Methodology

Figure 3 shows the overview of the iterative axisymmetric model of the piston ring–
cylinder liner interface. While a full 3D model would be ideal, that was deemed to be too
computationally expensive due to the number of iterations and finite element analyses
required. The model is also pseudo-steady state, meaning it does not consider transient
or dynamic effects, but it does consider different sliding speeds, U (see Figure 4). As
shown in Figure 3, the problem is solved iteratively by updating the forces, deformations,
and surface separation with each iteration. On the inner radius of the ring, the applied
load, P, (50, 100, or 150 N) was converted to a pressure using the area on the inside. This
mimics the loads applied in the experiment and those experienced in an actual engine (see
Figure 3). Combining the applied load on the inside with the contact and fluid pressures
on the outside gives an equation that relates net radial force and surface separation. The
location of the ring was numerically solved for a net zero radial force. The contact and
hydrodynamic forces that solve the equilibrium equation are written in an Abaqus™ input
file that creates the mesh shown later. The input file is then run in Abaqus™, and the
toolbox abaqus2matlab is used to transfer the displacements back to MATLAB™. These
displacements are then used to alter the piston ring profile, and the process is repeated
until convergence is reached. The problem is considered converged when the difference
in the forces between iterations is less than 0.5%. Additional details are provided in the
following sections.

A profilometer was used to measure the surface height of a 1 mm2 sample area from
a cylinder liner and a piston ring. The diamond stylus employed has a tip radius of
2 µm and a resolution of 1 nm. Due to the profilometer’s sensitivity, it was operated on a
self-leveling pneumatic vibration isolation table to ensure steadiness. The surface profiles
are shown in Figures 5–8. As shown in Figures 5 and 6, the cylinder liner surface has a
cross-hatched finishing. The ring surface (Figures 7 and 8) also possesses some dimples by
design. All surface parameters for the lubrication and the statistical rough surface contact
modules were calculated from these measurements. Additional details about the parameter
calculations are provided later.
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2.1. Rough Surface Contact

This work uses the Greenwood–Williamson statistical model [22] as a base for predict-
ing the effects of rough surface contact. The equations to find the total contact load and
area are

P(h) = Anη

∞∫
h

P(z− h)φ(z)dz (2)

A(d) = Anη
∫ ∞

d
A(z− h) · φ(z) · dz (3)

P is the total contact force, An is the nominal area of contact (neglecting roughness), h
is the mean surface separation, η is the areal asperity density, and φ is the asperity height
distribution. Asperities are assumed to be homogenous and evenly distributed; their RMS
(root mean square) height is σs. To calculate the statistical parameters, asperities were
manually counted by scanning the surface profile and identifying points whose height was
higher than any of the eight surrounding points. The radius of curvature of each asperity
was calculated in two orthogonal directions, using

rx =

[
1 + dh

dx

] 3
2

d2h
dx2

(4)

and

ry =

[
1 + dh

dy

] 3
2

d2h
dy2

(5)

The two values were averaged to estimate asperity’s radius of curvature r. This
parameter was calculated for every asperity, and then it was averaged to find R for all the
asperities. The asperity density η was found by dividing the number of asperities counted
by the area scanned. The original G–W model assumes elastic Hertz contact and a constant
value of R. Different equations are used here because this work assumes the asperities are
sinusoidal in nature and the loads are large enough for yielding to occur. The following
relations were used to convert the asperity radius and density to frequency and amplitude:

f =

√
η

2
(6)

∆ =
1

4R( f π)2 (7)

For a single λ× λ (λ = 1/f ) wavy asperity area to reach complete elastic contact, the
pressure required is given by [46]

p∗ =
√

2πE′ f ∆ (8)

where the effective elastic modulus to account for the deformations of both surfaces is
given by

1
E′

=
1− ν2

1
E1

+
1− ν2

2
E2

(9)

assuming plane strain. Assuming an average contact pressure of p, a required pressure p*
for complete contact, and letting

Pe =
p
p∗

(10)
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The following asymptotic solutions were found by Johnson, Greenwood, and Higgin-
son [46]: (

AJGH
)

1 = πλ2
[

3Pe

8π

] 2
3

(11)

for small values of Pe and

(
AJGH

)
2 =

λ2

2

(
1− 3

2π
[1− Pe]

)
(12)

when Pe approached unity.
Jackson and Streator [47] fitted a polynomial combining these equations using experi-

mental data from Johnson et al. [46]:

Ã =

{(
AJGH

)
1

(
1− Pe

0.51)+ (AJGH
)

2Pe
1.04, Pe < 0.8(

AJGH
)

2, Pe ≥ 0.8
(13)

These equations neglect asperity yielding, so the elastic–plastic model developed by
Krithivasan and Jackson is used instead. They derived an expression for the contact area
above which elastic–plastic contact occurs. This was derived from spherical contact, so this
work uses a model developed by Jackson et al. [48] that computes the critical interference
above which elastic–plastic relations are used. That expression from Ghaednia et al. [49] is

∆c =

√
2Sy

E′ f π
[
3e−

2
3 (ν+1) + 2

(
1−2ν
1−ν

)] (14)

Using this value of critical interference, the following equation was fitted to the FEM
data of Krithivasan and Jackson [24] that links the pressures required for complete contact
under elastic and elastic–plastic loading:

P∗ep

p∗
= 0.992[{

∆
∆c }

10
3 ( ∆

∆c
)
−0.39

+ 9
4 ν4+0.64−1] (15)

The contact area for low loads is found using

Ap = 2
(

Ac

2

) 1
1+d
(

3p
4C f 2Sy

) d
1+d

(16)

where

d = 3.8
(

E′ f ∆
Sy

)0.11

(17)

and

Ac =
2
π

(
CSy

8E′ f 2∆

)2
(18)

is the critical contact area at which elastic–plastic contact begins.
The equation that links the contact area for low and high loads is

A = Ap

(
1− Pep

1.51
)
+
(

AJGH
)

2Pep
1.04 (19)

In this equation,
(

AJGH
)

2 is calculated by replacing Pe with Pep in Equations (12) and (16).
To apply sinusoidal asperities to the GW model, the surface separation needs to

be calculated. Rostami and Jackson [50] derived expressions by averaging the surface
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separation from a finite element model. Their fitted equations for the dimensionless surface
separation G are

G =
(

1−
√

Pe

)2.5
(20)

for elastic contact and
G =

(
1− Pep

A1Pep+A2
)2.5

(21)

for elastic–plastic contact. In these equations,

G =
g
∆

, (22)

A1 = −0.08 ln B∗ (23)

A2 =
1

15
(B∗ − 1)0.44 + 0.990.41{B∗−1} − 0.5 (24)

and
B∗ =

∆
∆c

(25)

The integrals in Equations (2) and (3) were numerically evaluated for specified values
of surface separation. To find the corresponding load, Equation (19) for elastic contact or
Equation (20) for elastic–plastic contact was solved numerically.

2.2. Fluid Lubrication Model

The piston ring–cylinder wall interface is not exclusively boundary lubrication; fluid
film lubrication plays an integral role in the overall system behavior. To calculate the
hydrodynamic lift, the modified Reynolds equation that considers roughness effects via
flow factors is employed. For rough surfaces in the mixed lubrication regime, the modified
Reynolds equation is given as Equation (1).

Locker et al. [45] used deterministic modeling of flow around the measured rough
surfaces of a ring a cylinder to find the averaged flow factors over the entire surface and
fitted empirical equations to the predicted flow factors:

ϕx = 2.48
(

h
σ

)−1.777
+ 1 (26)

ϕz = 1− 0.4824e−0.2477( h
σ ) (27)

For the surfaces being studied, ϕx and ϕz are related through the film thickness,
roughness, and surface anisotropy index as

ϕx

(
h
σ

, γ

)
= ϕz

(
h
σ

,
1
γ

)
(28)

Because the model predicted mostly hydrodynamic lubrication at very low sliding
speeds, a shear thinning model was introduced. A version of the Carreau model adapted
from Jang, Khonsari, and Bair [51] was introduced as follows:

µe f f = µ2 + (µ1 − µ2)

(
1 +

(
µ1U
hG

)2
) n−1

2

(29)

µ2 was set to zero, and a fit was generated at a temperature of 60 ◦C using the data
in Table 1 below. Figure 9 shows the fit to the shear thinning data, and Table 2 shows the
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values of G and n. Although there is a limited amount of data available, the usage of a
well-accepted phenomenological equation should limit the uncertainty.

Table 1. Lubricant Viscosity Dependence on Shear Rate (the first two measurements were conducted
with a Cone and Plate Viscometer, while the other values were measured by a Tapered Bearing
Simulator Viscometer and modified relative to ASTM D6616).

Shear Rate (1/s) µ (Pa·s)

103 0.02

104 0.01921

104 0.01971

105 0.01777

106 0.01601

3.5 × 106 0.01537
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Table 2. Coefficients Used in Equation (29).

G (Pa) 299

n −0.0254

It was presumed that the coefficients remained valid for different temperatures. A
shear factor that reflects the surface roughness was added later in the model’s development
when predicting the shear stress and friction from viscous shearing:

τ = µ
U2 −U1

h

(
φ f ± φ f s

)
± h

2
∂p
∂x

(30)

As an improved comparison to experimental data was sought, pressure and tempera-
ture viscosity effects were incorporated. This model uses the Barus equation to account for
increased viscosity under loading.

µ = µ0eξP (31)

Table 3 lists the values used for the pressure viscosity coefficient. There are concerns
in the literature about properly accounting for pressure viscosity and shear rate to viscosity
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relations, but this is more important for contacts where higher pressures are likely, such
as in rolling element bearings. The issues are most with Roelands Equation for piezo-
viscosity [52], which we are not using it for. The equations employed are well recognized
in the literature and probably adequate for the limited ranges of temperature and pressure
that are expected in this model.

Table 3. Pressure Viscosity Coefficient Values for the Lubricant.

Temperature (◦C) ξ (Pa·s)

25 2.05 × 10−8

100 1.248 × 10−8

With only two values provided, the coefficient was assumed to vary linearly. If the
temperature was beyond the range of the provided values, the closer value was used
without modification.

The Roelands equation was used to adjust the viscosity due to changes in temperature.

µ

µ0
=

µ∞

µ0
10G0(1+

tm
135 )

−S0
(32)

Figure 10 illustrates the viscosity fit as a function of temperature.
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2.3. Frictional Force Calculation

To determine the frictional force from rough surface contact, Amonton’s Law of
Friction is used.

Ff = Fcontactµk (33)

To determine the value of the friction coefficient, the following equation derived from
a curve fit of the experimental data is used. Note that this description possesses a decrease
in friction with load which is also predicted and observed by previous works [53–56].

µk = 0.1565− 0.2F∗n (34)
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The frictional force from viscous shear, Fv, is calculated by multiplying the shear stress
calculated from Equation (30) by the area on which it is applied. This was performed on
the ring surface. The total frictional force can be calculated as follows:

Ft = Fv + Ff (35)

2.4. Temperature Adjustments Due to Frictional Heating

Due to the high friction coefficient in boundary lubrication, a large amount of heat can
be generated, especially when the load is large. On the local scale, this is known as flash
temperature. The following equation can be used to calculate the generated heat.

Q = µkPV (36)

The heat depends on the total frictional force and the velocity–higher speeds and/or
loads will result in a greater amount of heat generated. That manifests itself in a temperature
increase in the surfaces as given by Equation (37) for a moving surface and 38 for a stationary
surface [57]. In the following equations, k is the thermal conductivity, rc is the applicable
contact area, and κ is the thermal diffusivity.

T − T0 =
Q

4.56rck
√

0.66 + Pe
(37)

T − T0 =
Q

4rck
(38)

Pe =
Vrc

2κ
(39)

Based off an analogy with electrical current, Equations (37) and (38) can be combined
for the case in which neither surface is adiabatic [30]:

Q = 4rck1(T − T0) + 4rck2(T − T0) (40)

Equation (38) for heat conduction away from the surfaces assumes a low sliding speed
for both of them but can be easily adapted if either surface is sliding rapidly. Solving it for
the temperature change results in

T − T0 =
Q

4.56rck
√

0.66 + Pe + 4rck
(41)

There are several ways that the temperature will directly influence the model. First,
the temperature will change the viscosity, as described by Equation (31). Second, the
temperature could influence the strength of the material locally. The model incorporates the
reduction in metals’ yield strength as the temperature increases modeled by Johnson and
Cook [58]. This would result in the surfaces becoming more liquid-like and less resistant
to flow, meaning that the predicted dry friction coefficient would decrease. This assumes
the adhesive friction model mentioned previously [52,53]. Following how shear strength
is lowered by Johnson and Cook, then the friction can be approximately modified by
the following:

µk = µb(1− T∗) (42)

T∗ =
T − Troom

Tm − Troom
(43)

2.5. Finite Element Model

The deformation of the surfaces is divided into two scales, the asperity and macro
scale. The asperity-scale deformations of both surfaces are considered by the statistical
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rough surface contact model by using the effective elastic modulus E’ (Section 2.1), while
the macro-scale deformation is considered by a finite element model. The combined
surface contact pressure and oil hydrodynamic pressure deforms the ring, so the model
is combined with a finite element analysis performed in Abaqus™. The abaqus2matlab
toolbox is used to allow the MATLAB program to read the displacements from the finite
element analysis to determine the new ring profile for the next iteration [59]. Figure 11
shows the axisymmetric mesh of the piston ring with 1726 linear CAX4R elements. In the
finite element analysis, a known load is applied to the inside (left side of the figure) of the
ring, while the balancing loads due to rough surface contact and hydrodynamic lift are
applied to the outside (right side). Also applied are frictional forces that would induce
ring tilt; the center of the ring is held stationary in the z-direction. As stated earlier, a
three-dimensional model was considered to be too computationally expensive but could be
implemented in future versions of the model. Due to the large variation in deformations
observed at high loads, the relaxation factor was set to 0.2 to assist with convergence.
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3. Results

This work assesses three slightly different models that predict the friction coefficient
of the piston ring–cylinder liner system. The first model neglects the effects of thermal
heating and does not incorporate Equations (36)–(43) at all. The second model includes
thermal heating and Equations (39) and (41) to calculate the temperature increase. The
third model reflects metals’ decreased yield strength by adding Equations (42) and (43). To
determine the validity of the models, they are compared to experimental measurements
of a reciprocating piston ring sliding against a cylinder liner in a Phoenix Tribology TE77
High Frequency Friction Machine [60,61] (see Figures 3 and 12). The same ring, liner, and
lubricant considered in the model is used in the experiment. The experiments featured
loads of 50 N, 100 N, or 150 N that simulates actual forces applied to the piston ring, average
sliding speeds of 0.3 or 0.6 m/s by running the machine with a stroke length of 0.15 m and
a frequency of 5 or 10 Hz, and base oil temperatures of 30 ◦C, 50 ◦C, 80 ◦C, or 120 ◦C, that
represent typical operating conditions of a combustion engine. This results in 24 different
cases being experimentally measured and then predicted by the described model. Figure 12
shows the setup.
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To compare to the experiments, the model was run over a range of sliding speeds
as shown in Figures 13 and 14. These represent the different sliding speeds of the piston
during one-reciprocating stroke. Then, the average friction coefficients over the stroke are
calculated. As shown, the model is weakest at predicting transient effects such as when
the sliding velocity changes direction at 0 s. In these transition regions, the contacts might
actually stick briefly due to mechanical play or the ring rotating. This behavior is ignored
in the model. Then, the average friction coefficients for average piston speeds of 0.3 m/s
and 0.6 m/s are calculated from the model for comparison to the experiments, as will be
discussed next.
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Figures 15 and 16 show the overall comparisons. Overall, there is good agreement
between the models and the experiments. The largest differences are at the extremities
of load and speed. Tables 4–7 compare the average means and rms error between the
model versions and the experiments. These values were calculated by averaging every
point in time during the repeating tests whose friction coefficient value was at least 10%
of the maximum observed during its test. Based on these results, the adjustments for
frictional heating, in particular metal softening with increasing temperature in the second
flash temperature model, do not improve the model prediction. For a baseline temperature
of 120 ◦C, the second flash temperature model predicts a much lower friction coefficient
than the model that does not adjust for frictional heating at high temperatures. However, it
predicts the highest friction coefficient at the lowest loads and temperatures. This is likely
because the lower dry friction coefficient due to metal softening does not counteract the
decreased load-carrying capacity of the lubricant due to the increased temperature and
decreased viscosity.

Table 4. Average Friction Coefficient for a Mean Piston Speed of 0.3 m/s.

Data Set Average Standard Deviation

Experimental Measurements 0.1275 0.0143

No Adjustments for Frictional Heating 0.1280 0.0031

First Flash Temperature Model (Equation (41)) 0.1302 0.0017

Second Flash Temperature Model (Equations (41)–(43)) 0.1262 0.0016
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Table 5. Average Friction Coefficient for a Mean Piston Speed of 0.6 m/s.

Model Average Standard Deviation

Experimental Measurements 0.1237 0.0164

No Adjustments for Frictional Heating 0.1235 0.0053

First Flash Temperature Model (Equation (41)) 0.1280 0.0027

Second Flash Temperature Model (Equations (41)–(43)) 0.1244 0.0023

Table 6. Average RMS Error Relative to the Experiments for a Mean Piston Speed of 0.3 m/s.

Model RMS Error
Number of Cases For Which

Model Was Closest to
Experimental Average

No Adjustments for Frictional Heating 0.0014866 6

First Flash Temperature Model
(Equation (41)) 0.0018159 4

Second Flash Temperature Model
(Equations (41)–(43)) 0.0027476 2

Table 7. Average RMS Error Relative to the Experiments for a Mean Piston Speed of 0.6 m/s.

Model RMS Error
Number of Cases For Which

Model Was Closest to
Experimental Average

No Adjustments for Frictional Heating 0.0011368 7

First Flash Temperature Model
(Equation (41)) 0.0021501 3

Second Flash Temperature Model
(Equations (41)–(43)) 0.0028841 2

4. Conclusions

This work presents three slightly different mixed lubrication and solid contact models
of a piston ring–cylinder liner interface. The first model does not account for temperature
changes at all due to frictional heating. The other two models increase the temperature
due to the frictional force and account for that in different ways. One of those models
decreases the solid friction coefficient due to metal softening with increasing temperature
using Equations (41) and (42). This effect becomes more pronounced as the base temper-
ature increases because the heating pushes the system towards the melting temperature.
The models overall display good agreement with experimental measurements performed
over a wide range of operating conditions, but larger discrepancies exist for low or high
temperatures and high loads and speeds. This can partially be attributed to the shear
thinning fit not working as well farther from the temperature from which it was found.
The models predict an increase in friction coefficient as temperature increases or load or
speed decreases. However, they do not predict as large an increase at high temperature
and low load, the condition under which the largest friction coefficients were measured.
Overall, these models can be used to design or evaluate friction-reduction technologies
such as better lubricants or surface textures.
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Nomenclature

P Total load
An Nominal contact area
Ar Real contact area
A Single asperity contact area
ω Interference between surfaces
ωc Critical interference
Sy Yield strength
E Elastic modulus
ν Poisson’s ratio
E’ Effective elastic modulus
F Single asperity contact force
η Asperity density
R Asperity radius
σ Composite root mean square (RMS) roughness of surfaces
σs Root mean square (RMS) asperity height
f Spatial frequency
λ Wavelength of sinusoidal surface (1/f )
∆ Amplitude of sinusoidal surface
p Average pressure over surface
p* Average pressure for complete elastic contact
Pe Ratio of surface pressure to pressure needed for complete elastic contact
p*

ep Average pressure for complete elastic–plastic contact
Ac Contact area above which elastic–plastic contact occurs
G Dimensionless surface separation
F*n Local dimensionless load
h Surface separation or film thickness
Fv Frictional Force due to viscous shear
Ff Frictional force due to rough surface contact
ρ Density of lubricant
µ Dynamic viscosity of lubricant
p Hydrodynamic pressure
qx, qz Flow rate in axial and transverse directions
U1, U2 Velocity of surfaces in sliding direction
γ Peklenik number in the principal direction
ϕs Combined shear flow factor
ϕx, ϕz Pressure flow factors
µk Sliding friction coefficient due to rough surface contact
k Thermal conductivity of components
rc Contact area radius
Pe Peclet number
κ Thermal diffusivity of components
T0 Baseline surface temperature
Troom Room temperature (presumed to be 20 ◦C)
Tm Melting point of cylinder liner/piston ring

References
1. IEA. Electric Vehicles, IEA, Paris. 2022. Available online: https://www.iea.org/reports/electric-vehicles (accessed on 1 Decem-

ber 2022).
2. Kah, M.; Wong, H.X.; Chiu, J.; Lang, S. Forecasts of Electric Vehicle Penetration and Its Impact on Global Oil Demand; Columbia Center

on Global Energy Policy: New York, NY, USA, 2022. Available online: https://www.energypolicy.columbia.edu/research/
report/forecasts-electric-vehicle-penetration-and-its-impact-global-oil-demand (accessed on 1 December 2022).

https://www.iea.org/reports/electric-vehicles
https://www.energypolicy.columbia.edu/research/report/forecasts-electric-vehicle-penetration-and-its-impact-global-oil-demand
https://www.energypolicy.columbia.edu/research/report/forecasts-electric-vehicle-penetration-and-its-impact-global-oil-demand


Lubricants 2023, 11, 208 22 of 23

3. Holmberg, K.; Andersson, P.; Erdemir, A. Global energy consumption due to friction in passenger cars. Tribol. Int. 2012, 47,
221–234. [CrossRef]

4. Furuhama, S.; Sumi, T. A Dynamic Theory of Piston-Ring Lubrication: 3rd Report, Measurement of Oil Film Thickness. Bull.
JSME 1961, 4, 744–752. [CrossRef]

5. Ma, M.-T.; Sherrington, I.; Smith, E.H. Analysis of lubrication and friction for a complete piston-ring pack with an improved oil
availability model: Part 1: Circumferentially uniform film. Proc. Inst. Mech. Eng. Part J J. Eng. Tribol. 1997, 211, 1–15. [CrossRef]

6. Alakin, O.; Newaz, G.M. Piston Ring-Cylinder Bore Friction Modeling in Mixed Lubrication Regime: Part I—Analytical Results.
J. Trib. 2001, 123, 211–218.

7. Jeng, Y.-R. Theoretical Analysis of Piston-Ring Lubrication Part II—Starved Lubrication and Its Application to a Complete Ring
Pack. Tribol. Trans. 1992, 35, 707–714. [CrossRef]

8. Furuhama, S.; Sasaki, S. New Device for the Measurement of Piston Frictional Forces in Small Engines. SAE Trans. 1983, 92,
781–792. [CrossRef]

9. Tian, T. Dynamic behaviours of piston rings and their practical impact. Part 2: Oil transport, friction and wear of ring/liner
interface and the effects of piston and ring dynamics. Proc. Inst. Mech. Eng. Part J J. Eng. Tribol. 2002, 216, 229–248. [CrossRef]

10. Harigaya, Y.; Suzuki, M.; Takiguchi, M. Analysis of oil film thickness on a piston ring of diesel engine: Effect of oil film
temperature. J. Eng. Gas Turbines Power 2003, 125, 596–603. [CrossRef]

11. Rahmani, R.; Rahnejat, H.; Fitzsimons, B.; Dowson, D. The effect of cylinder liner operating temperature on frictional loss and
engine emissions in piston ring conjunction. Appl. Energy 2017, 191, 568–581. [CrossRef]

12. Morris, N.; Mohammadpour, M.; Rahmani, R.; Rahnejat, H. Optimisation of the piston compression ring for improved energy
efficiency of high performance race engines. Proc. Inst. Mech. Eng. Part D J. Automob. Eng. 2017, 231, 1806–1817. [CrossRef]

13. Bewsher, S.R.; Leighton, M.; Mohammadpour, M.; Rahnejat, H.; Offner, G.; Knaus, O. Atomic force microscopic measurement of
a used cylinder liner for prediction of boundary friction. Proc. Inst. Mech. Eng. Part D J. Automob. Eng. 2019, 233, 1879–1889.
[CrossRef]

14. Howell-Smith, S.; Rahnejad, H.; King, P.D.; Dowson, D. Reducing In-Cylinder Parasitic Losses through Surface Modification and
Coating. Proc. Inst. Mech. Eng. Part D J. Automob. Eng. 2014, 228, 391–402. [CrossRef]

15. Li, C.-D.; Jin, M.; Du, F.-M.; Wang, W.-W.; Shen, Y.; Xu, J.-J. Wear behavior of Al-Si alloy cylinder liner prepared by laser finishing.
Proc. Inst. Mech. Eng. Part D J. Automob. Eng. 2018, 232, 1944–1949. [CrossRef]

16. Senatore, A.; Risitano, G.; Scappaticci, L.; D’Andrea, D. Investigation of the Tribological Properties of Different Textured Lead
Bronze Coatings under Severe Load Conditions. Lubricants 2021, 9, 34. [CrossRef]

17. Wang, X.; Liu, W.; Zhou, F.; Zhu, D. Preliminary investigation of the effect of dimple size on friction in line contacts. Tribol. Int.
2009, 42, 1118–1123. [CrossRef]

18. Kligerman, Y.; Etsion, I.; Shinkarenko, A. Improving Tribological Performance of Piston Rings by Partial Surface Texturing. J.
Tribol. 2005, 127, 632–638. [CrossRef]

19. Spencer, A. Optimizing Surface Texture for Combustion Engine Cylinder Liners. Ph.D. Thesis, Luleåtekniska Universitet, Luleå,
Sweden, 2010.

20. Lu, P.; Wood, R.J.K. Tribological performance of surface texturing in mechanical applications—A review. Surf. Topogr. Metrol.
Prop. 2020, 8, 043001. [CrossRef]

21. Abril, S.O.; Fonseca-Vigoya, M.D.S.; Pabón-León, J. CFD Analysis of the Effect of Dimples and Cylinder Liner Honing Groove on
the Tribological Characteristics of a Low Displacement Engine. Lubricants 2022, 10, 61. [CrossRef]

22. Greenwood, J.A.; Williamson, J.B.P. Contact of nominally flat surfaces. Proc. R. Soc. London Ser. A Math. Phys. Sci. 1966, 295,
300–319. [CrossRef]

23. Jackson, R.L.; Green, I. A Statistical model of Elastic-Plastic Asperity Contact between Rough Surfaces. Trib. Int. 2006, 39, 906–914.
[CrossRef]

24. Krithivasan, V.; Jackson, R.L. An analysis of three-dimensional elasto-plastic sinusoidal contact. Tribol. Lett. 2007, 27, 31–43.
[CrossRef]

25. Bush, A.; Gibson, R.; Thomas, T. The elastic contact of a rough surface. Wear 1975, 35, 87–111. [CrossRef]
26. Ciavarella, M.; Greenwood, J.; Paggi, M. Inclusion of “interaction” in the Greenwood and Williamson contact theory. Wear 2008,

265, 729–734. [CrossRef]
27. Afferrante, L.; Carbone, G.; Demelio, G. Interacting and coalescing Hertzian asperities: A new multiasperity contact model. Wear

2012, 278–279, 28–33. [CrossRef]
28. Vakis, A.I. Asperity Interaction and Substrate Deformation in Statistical Summation Models of Contact Between Rough Surfaces.

J. Appl. Mech. 2013, 81, 041012. [CrossRef]
29. Chu, N.; Jackson, R.; Wang, X.; Gangopadhyay, A.; Ghaednia, H. Evaluating Elastic-Plastic Wavy and Spherical Asperity-Based

Statistical and Multi-Scale Rough Surface Contact Models with Deterministic Results. Materials 2021, 14, 3864. [CrossRef]
30. Khonsari, M.M.; Booser, E.R. Applied Tribology: Bearing Design and Lubrication; John Wiley & Sons Ltd.: Chichester, UK, 2008;

p. 566.
31. Jackson, R.L. The Wear and Thermo-Elastohydrodynamic Behavior of Thrust Washer Bearings under Non-Axisymmetric Loads.

Ph.D. Thesis, Woodruff School of Mechanical Engineering, Georgia Institute of Technology, Atlanta, GA, USA, 2004.

https://doi.org/10.1016/j.triboint.2011.11.022
https://doi.org/10.1299/jsme1958.4.744
https://doi.org/10.1243/1350650971542273
https://doi.org/10.1080/10402009208982175
https://doi.org/10.4271/831284
https://doi.org/10.1243/135065002760199970
https://doi.org/10.1115/1.1501078
https://doi.org/10.1016/j.apenergy.2017.01.098
https://doi.org/10.1177/0954407016686249
https://doi.org/10.1177/0954407018792143
https://doi.org/10.1177/0954407013512626
https://doi.org/10.1177/0954407017737873
https://doi.org/10.3390/lubricants9040034
https://doi.org/10.1016/j.triboint.2009.03.012
https://doi.org/10.1115/1.1866171
https://doi.org/10.1088/2051-672X/abb6d0
https://doi.org/10.3390/lubricants10040061
https://doi.org/10.1098/rspa.1966.0242
https://doi.org/10.1016/j.triboint.2005.09.001
https://doi.org/10.1007/s11249-007-9200-6
https://doi.org/10.1016/0043-1648(75)90145-3
https://doi.org/10.1016/j.wear.2008.01.019
https://doi.org/10.1016/j.wear.2011.12.013
https://doi.org/10.1115/1.4025413
https://doi.org/10.3390/ma14143864


Lubricants 2023, 11, 208 23 of 23

32. Patir, N.; Cheng, H.S. An Average Flow Model for Determining Effects of Three-Dimensional Roughness on Partial Hydrodynamic
Lubrication. J. Lubr. Technol. 1978, 100, 12–17. [CrossRef]

33. Peklenik, J. Paper 24: New Developments in Surface Characterization and Measurements by Means of Random Process Analysis.
Proc. Inst. Mech. Eng. Conf. Proc. 1967, 182, 108–126. [CrossRef]

34. Wilson, W.R.D.; Marsault, N. Partial Hydrodynamic Lubrication With Large Fractional Contact Areas. J. Tribol. 1998, 120, 16–20.
[CrossRef]

35. Peeken, H.J.; Knoll, G.; Rienäcker, A.; Lang, J.; Schönen, R. On the Numerical Determination of Flow Factors. J. Tribol. 1997, 119,
259–264. [CrossRef]

36. Hu, Y.; Zheng, L. Some Aspects of Determining the Flow Factors. J. Tribol. 1989, 111, 525–531. [CrossRef]
37. Morales-Espejel, E.G. Flow factors for non-Gaussian roughness in hydrodynamic lubrication: An analytical interpolation. Proc.

Inst. Mech. Eng. Part C J. Mech. Eng. Sci. 2009, 223, 1433–1441. [CrossRef]
38. Sahlin, F.; Larsson, R.; Almqvist, A.; Lugt, P.; Marklund, P. A mixed lubrication model incorporating measured surface topography.

Part 1: Theory of flow factors. Proc. Inst. Mech. Eng. Part J J. Eng. Tribol. 2010, 224, 335–351. [CrossRef]
39. Tripp, J. Surface Roughness Effects in Hydrodynamic Lubrication: The Flow Factor Method. J. Lubr. Technol. 1983, 105, 458–463.

[CrossRef]
40. Elrod, H.G. A General Theory for Laminar Lubrication With Reynolds Roughness. J. Lubr. Technol. 1979, 101, 8–14. [CrossRef]
41. Lunde, L.; Tonder, K. Pressure and Shear Flow in a Rough Hydrodynamic Bearing, Flow Factor Calculation. J. Tribol. 1997, 119,

549–555. [CrossRef]
42. Leighton, M.; Rahmani, R.; Rahnejat, H. Surface-specific flow factors for prediction of friction of cross-hatched surfaces. Surf.

Topogr. Metrol. Prop. 2016, 4, 025002. [CrossRef]
43. Tzeng, S.T.; Saibel, E. Surface Roughness Effect on Slider Bearing Lubrication. A S L E Trans. 1967, 10, 334–348. [CrossRef]
44. Patir, N.; Cheng, H.S. Application of Average Flow Model to Lubrication Between Rough Sliding Surfaces. J. Lubr. Technol. 1979,

101, 220–229. [CrossRef]
45. Locker, A.J.; Jackson, R.L.; Ghaednia, H.; Gangopadhyay, A. Flow factor modeling of combustion engine ring and cylinder

components in mixed hydrodynamic lubrication. Proc. Inst. Mech. Eng. Part J J. Eng. Tribol. 2022, 237, 210–221. [CrossRef]
46. Johnson, K.; Greenwood, J.; Higginson, J. The contact of elastic regular wavy surfaces. Int. J. Mech. Sci. 1985, 27, 383–396.

[CrossRef]
47. Jackson, R.L.; Streator, J.L. A multi-scale model for contact between rough surfaces. Wear 2006, 261, 1337–1347. [CrossRef]
48. Jackson, R.L.; Saha, S.; Xu, Y. The Influence of Single Asperity Models on Predicting Contact Between Elastic Rough Surfaces

Using Statistical Methods. In Proceedings of the STLE Tribology Frontiers Conference, Denver, CO, USA, 25–27 October 2015.
49. Ghaednia, H.; Wang, X.; Saha, S.; Xu, Y.; Sharma, A.; Jackson, R.L. A Review of Elastic–Plastic Contact Mechanics. Appl. Mech.

Rev. 2017, 69, 060804. [CrossRef]
50. Rostami, A.; Jackson, R.L. Predictions of the average surface separation and stiffness between contacting elastic and elastic–plastic

sinusoidal surfaces. Proc. Inst. Mech. Eng. Part J J. Eng. Tribol. 2013, 227, 1376–1385. [CrossRef]
51. Jang, J.Y.; Khonsari, M.M.; Bair, S. Correction Factor Formula to Predict the Central and Minimum Film Thickness for Shear-

Thinning Fluids in EHL. J. Tribol. 2008, 130, 024501. [CrossRef]
52. Bair, S. Roelands’ missing data. Proc. Inst. Mech. Eng. Part J J. Eng. Tribol. 2004, 218, 57–60. [CrossRef]
53. Cohen, D.; Kligerman, Y.; Etsion, I. A Model for Contact and Static Friction of Nominally Flat Rough Surfaces Under Full Stick

Contact Condition. J. Tribol. 2008, 130, 031401. [CrossRef]
54. Li, L.; Etsion, I.; Talke, F.E. Contact Area and Static Friciton of Rough Surfaces with High Plasticity Index. J. Tribol. 2010, 132,

031401. [CrossRef]
55. Wang, X.; Xu, Y.; Jackson, R.L. Theoretical and Finite Element Analysis of Static Friction Between Multi-Scale Rough Surfaces.

Tribol. Lett. 2018, 66, 146. [CrossRef]
56. Dickey, I.R.; Jackson, R.L.; Flowers, G.T. Measurement of Static Friction Coefficients and Comparison to Theoretical Models. J.

Tribol. Trans. ASME 2011, 133, 031408. [CrossRef]
57. Tian, X.; Kennedy, F.E., Jr. Maximum and Average Flash Temperatures in Sliding Contacts. J. Tribol. 1994, 116, 167–174. [CrossRef]
58. Johnson, G.R.; Cook, W.H. Fracture characteristics of three metals subjected to various strains, strain rates, temperatures and

pressures. Eng. Fract. Mech. 1985, 21, 31–48. [CrossRef]
59. Papazafeiropoulos, G.; Muñiz-Calvente, M.; Martínez-Pañeda, E. Abaqus2Matlab: A suitable tool for finite element post-

processing. Adv. Eng. Softw. 2017, 105, 9–16. [CrossRef]
60. Kamps, T.; Walker, J.; Wood, R.; Lee, P.; Plint, A. Reproducing automotive engine scuffing using a lubricated reciprocating contact.

Wear 2015, 332–333, 1193–1199. [CrossRef]
61. ASTM-G0133-22; Standard Test Method for Linearly Reciprocating Ball-on-Flat Sliding Wear, G-133. ASTM International: West

Conshohocken, PA, USA, 2016.

Disclaimer/Publisher’s Note: The statements, opinions and data contained in all publications are solely those of the individual
author(s) and contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury to
people or property resulting from any ideas, methods, instructions or products referred to in the content.

https://doi.org/10.1115/1.3453103
https://doi.org/10.1243/PIME_CONF_1967_182_309_02
https://doi.org/10.1115/1.2834180
https://doi.org/10.1115/1.2833178
https://doi.org/10.1115/1.3261961
https://doi.org/10.1243/09544062JMES1399
https://doi.org/10.1243/13506501JET658
https://doi.org/10.1115/1.3254641
https://doi.org/10.1115/1.3453283
https://doi.org/10.1115/1.2833536
https://doi.org/10.1088/2051-672X/4/2/025002
https://doi.org/10.1080/05698196708972191
https://doi.org/10.1115/1.3453329
https://doi.org/10.1177/13506501221091456
https://doi.org/10.1016/0020-7403(85)90029-3
https://doi.org/10.1016/j.wear.2006.03.015
https://doi.org/10.1115/1.4038187
https://doi.org/10.1177/1350650113495188
https://doi.org/10.1115/1.2842249
https://doi.org/10.1243/135065004322842834
https://doi.org/10.1115/1.2908925
https://doi.org/10.1115/1.4001555
https://doi.org/10.1007/s11249-018-1099-6
https://doi.org/10.1115/1.4004338
https://doi.org/10.1115/1.2927035
https://doi.org/10.1016/0013-7944(85)90052-9
https://doi.org/10.1016/j.advengsoft.2017.01.006
https://doi.org/10.1016/j.wear.2014.12.045

	Introduction 
	Prior Works on the Piston Ring–Cylinder Liner Interface 
	Rough Surface Contact 
	Hydrodymanic Lubrication 

	Model Methodology 
	Rough Surface Contact 
	Fluid Lubrication Model 
	Frictional Force Calculation 
	Temperature Adjustments Due to Frictional Heating 
	Finite Element Model 

	Results 
	Conclusions 
	References

