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Abstract: A 3D coupled model to simulate vehicle–bridge interactions (VBI) to estimate its structural
responses and impact factors (IMs) was developed in this study. By structural health monitoring
(SHM) of a real concrete bridge, several data were collected to calibrate the bridge model by the finite
element method (FEM). These models provide the bridge response in terms of vertical displacements
and accelerations. VBI models provide reliable outputs without significantly altering the dynamic
properties of the bridge. Modified recent analytical equations, which account for the effects of the
asymmetric two-axle vehicles, were developed numerically. These equations, plus some proposed
solutions, also quantified the vehicle response in terms of accelerations to estimate a more conservative
driving comfort. The goal consisted in fitting the SHM with numerical and analytical models to find
a more appropriate response for safety purposes and maintenance. From the codes and the literature,
it was shown that a unique IM factor was not found. Moreover, most approaches underestimate
the phenomena; in fact, results show that a monitored IM factor is 2.5 greater than IM from codes.
Proposed equations for vehicle accelerations provided more conservative values up to about three
times the standard comfort value.

Keywords: Brazilian bridge; concrete bridge; IM factors; SHM; VBI

1. Introduction

The dynamic analyses for bridges under the influence of moving vehicles are of interest
for researchers from Bailey’s bridge [1] and the futuristic ultra-high-speed train [2] up to
the world’s longest suspension footbridge in 2020 [3,4].

Bridges are subjected to dynamic actions of variable magnitudes due to the different
interactions with vehicles [5–8], humans [9], monorail vehicles [10], and wind vehicles [11].

These interactions affect the behaviour of the bridge and vehicles, particularly the
internal stresses of the bridge’s elements and their displacements [12–14]. Depending on
the magnitude and intensity, these adverse effects may compromise the structural response
leading to a reduction in the service life [15].

For concrete bridges, the fatigue behaviour [16] and the pavement imperfection effects
by analytical and numerical solutions [17,18] and experimental tests [19,20] were studied.
For steel bridges, several conventional solutions [21–23] or modular solutions [24,25]
were proposed.
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In order to quantify the response of the bridge under moving vehicle actions, there
are several methods. These problems are usually treated by using the vehicle–bridge
interaction (VBI) models.

In [26,27], four basic VBI models are shown, from the simpler moving vertical load or
mass model to the more complete sprung mass and suspended rigid beam model. These
models provide analytical solutions to be used for preliminary and reference results.

More recently, some modified VBI analytical models were proposed. In [28], the modified,
suspended rigid beam model considers the asymmetrical two-axle vehicle to account for the
different vertical actions of the vehicle weight acting on the bridge. In [29], the same model
was modified, adding an elastic foundation of the bridge to detect its possible damage.

However, analytical models are subjected to some approximations neglecting some
effects, e.g., the irregularity of pavement [11,12] and the continuous interaction vehicle–
bridge point-by-point [30,31].

For this, more advanced methods that account for these effects were developed.
In [7,32], numerical models based on a coupled multibody finite element method (MB-
FEM) are shown [33,34]. In [35], an alternative numerical model was proposed where the
bridge was schematised by a single-line model. These methods are usually developed by
the Runge–Kutta approach explicating the time marching scheme [36,37].

Other advanced numerical solutions to provide a more precise VBI model were pro-
posed in [38] and [39], where an arbitrary Lagrangian–Eulerian approach by adopting a
fixed coordinate system is proposed. In [11,40], specific approaches to study the wind
effects were presented by a complete wind–VBI framework.

The main goals of these models are basically to estimate: (i) the dynamic amplification
of the bridge and (ii) the vertical accelerations of the vehicle. Both goals account for the
vertical actions of the moving vehicle that act on the bridge amplifying the static behaviour
of the system of a certain factor called “dynamic amplification factor (DAF)”, “dynamic
load allowance (DLA)” or—used in this paper—“impact factor (IM)” [31,41,42].

The common practice consists in multiplying the calculated IM factor by the static
forces, internal stresses, and displacements [43] and thus developing the pseudo-static
verifications of the bridge.

There are several equations in codes and manuals to obtain IM factors, as shown
in [44,45]. The key parameters more used are the span length and the frequency of the bridge.
Most formulas are calculated by the span length, and they are calibrated by experimental
tests, e.g., American [5,46,47], English [48], Brazilian [49], Italian [50], and Portuguese [51]
codes. In [42], it was stated that “these formulas yield inconsistent results that can dif-
fer widely”.

In [52], it was shown, by analysing 256 bridges, that the IM factors calculated using
only the span length underestimate the dynamic amplification as a parameter; for this,
it was suggested to consider the bridge frequency parameter.

In general, several design codes would underestimate the IM factor for standard road
surface [53] and under poor road surface conditions [30]. However, many parameters are
often neglected also in the VBI analysis, e.g., braking and accelerations/decelerations of
the vehicles, type of bridge, axle load, and traffic tonnage [45].

Some advanced codes, e.g., European [54] and Spanish [55], account for not only the
bridge span length but also its structural behaviour and vehicle speed. The pavement
status is also considered; however, it is considered by a simple coefficient, so the continuous
interaction vehicle–bridge, above mentioned, is completely neglected.

Due to the road surface deterioration of existing bridges, some studies showed that
the real IM factors could be higher than the values indicated in codes and manuals, which
refer to new bridges [5,30,45,56]. Regarding the vehicle speed, as a parameter to define
IM factors, in [30], it is mentioned that “an increase of vehicle speed does not necessarily
guarantee an increase of the impact factor” as also shown in [18,20].

In [57], it was concluded that the IM factor of the bending moment is higher than
that of deflection when the bridge deck is deteriorated, reaching a value of 0.70; in [34], it
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can reach up to 0.90 if the road surface irregularities in the lateral direction are neglected.
However, it was demonstrated that it is very difficult to estimate by a unique form of
the IM factor. In [53], it is stated that the determination of the IM factor “remains as a
controversial issue”.

For this, in the past three decades, significant efforts to investigate the IM factors have
been carried out by using several models accounting for not only the above-mentioned
parameters but also vehicle weight, vehicle position, high vibration modes [17,18,57],
3D pavement irregularities [11], and the road surface in lateral directions [19,30]. In [53],
alternative effects on the IM factors due to the skew angle of the bridge were also included.

Due to the several randomnesses present in these analyses, many studies adopt
probabilistic methods, as shown in [43,45,56]. In fact, in [45], it was concluded that IM
factors by deterministic analysis “cover only 1.14% of the real estimation”.

Finally, as mentioned in [52], “an exact impact factors can be obtained by measuring
the response under in-service conditions”; however, in [38], it is “complicated to analyse
vehicle–bridge interaction dynamics” in “real-life situations” since there are several factors
that affect the whole system and “their whole coverage in the literature is limited”. More-
over, in [56], it is mentioned that the actions and responses of the system “cannot be exactly
known because of the inherent uncertainty affecting them”.

All these considerations should represent the motivations and justifications of this study.
In this paper, the real behaviour of a Brazilian bridge was monitored by structural

health monitoring (SHM) analysis, which is currently considered the best analysis [58].
Analytical and numerical solutions of VBI models were carried out to study the bridge and
vehicle responses for several conditions. All these analyses should reach a high precision
level to obtain more realistic results for safety purposes and maintenance of bridges, which
is also explained in [58].

2. Case Study
2.1. Brazilian Concrete Bridge

The case study is the simply supported bridge placed at São Paulo State in Brazil.
Figure 1 shows a photo of the bridge (with the position of the monitoring devices T1, T2,
and A) and its FEM model [59–61]. Figure 2 shows the technical drawing of the symmetric
transversal section of the bridge [62]. The FEM model of the lateral longitudinal beam is
also shown in Figure 1b since it represents the beam where the T1 sensor is placed. It is
called “equivalent beam”, as explained in Section 2.4.
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Figure 1. Brazilian bridge: (a) photo with the position of the sensors; (b) FEM model of the whole
bridge and the lateral longitudinal beam [60].
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Figure 2. Transversal symmetric section (in cm) of the Brazilian bridge provided by the designer
(VL = Longitudinal beam) [59,62].

The bridge was modelled using Sap2000 software (Computers and Structures, Berkeley,
CA, USA) [60]. The 3D model was formed by four longitudinal central girders; two
longitudinal, lateral girders; three transversal central beams; two transversal lateral beams;
one slab composed of shell elements (0.50 m × 0.50 m); and six foundation piles connected
to the super-structure by six elastomeric pads modelled as “rigid link”.

At the end of the pile was assigned a vertical translation restrain, and along the
pile was assigned a horizontal spring value of 5000.0 kN/m to simulate the horizontal
confinement of the ground with the pile [43].

The model was constructed in an attempt to reproduce the real structure in a better
way; thus, the axis of each bar coincided with its centre of gravity, the nodes of the slab
coincided with the nodes of the beams, and the dead weight of each element was manually
inserted to avoid the double calculation in the overlapped sections.

The permanent loadings consisted of the dead weight of the structural and non-
structural elements, pavement weight, and wheel-guard weight. Table 1 shows the geomet-
rical parameters and loadings of the studied bridge.

Table 1. Bridge data.

Parameter Value

Longitudinal length, L 41.90 m
Transversal length, D 17.70 m

Pile length 15.0 m
Pavement weight 24.0 kN/m3 a

Wheel-guard weight 7.85 kN/m3 b

Bridge mass, mb 8500.95 kN
Bridge frequency, fb 2.421 Hz c

Bridge damping ratio 5.0% [49]
Horizontal stiffness of one elastomeric pad 24,000.0 kN/m d

Concrete elastic modulus, E 50.0 GPa d

Concrete transversal modulus, G 23.0 GPa
a This loading was applied on the trail surface of 0.10 m. b This loading was applied for a width of 1.0 m. c This
value refers to the fourth mode where the modal participating mass ratio (MPMR) is predominant in the vertical
direction (MPMR = 63.57%). d Values provided by the designer.

In the literature [16,52,63], there are several relations to estimate fb in the function of
L. From these studies, a mean value of fb = 2.76 Hz was obtained (for the studied bridge),
which is similar to the 2.421 Hz used in this analysis. These relations were calibrated by
monitoring real bridges in different countries; therefore, they can be used only as general
reference values.
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2.2. Vehicle Loadings

This vehicle, called the “2C vehicle”, represents the most common vehicle that circu-
lates on Brazil’s roadways, with a quantity on the road of 26.0%, as indicated in [56]. In this
sense, it could represent the vehicle “used” for “in-situ” experimental testing.

The configuration of the used two-axle vehicle indicating the predefined lengths, i.e.,
the distance between both wheels, d, and the distance from the front wheel, d11, or rear
wheel, d22, of a car to its nearest end, is shown in Section 2.3.

Table 2 lists the used data regarding this vehicle. The considered vehicle speed
is v = 16.0 m/s (≈60.0 km/h) since it represents the mean speed registered to assume a
stationary traffic action during the monitoring period.

Table 2. The 2C vehicle data.

Parameter Value

Vehicle mass, mv 15,000.0 kg a

Front suspended mass, mv,1 772.0 kg a

Rear suspended mass, mv,2 1066.0 kg a

Length d11 0.50 m [56]
Length d 4.50 m [56]

Length d22 2.0 m [56]
Front suspended frequency, fv,1 3.71 Hz b

Rear suspended frequency, fv,2 6.86 Hz b

Front suspended stiffness, k1 580.0 kN/m [35]
Rear suspended stiffness, k2 1180.0 kN/m [35]

Vehicle frequency, fv 2.41 Hz c

Mass moment of inertia, Jc ~25,000.0 kg m2

a Estimated by the influence line (Figure 3). A weight of 15,000 kg was distributed as 6300.0 kg (front) and
8700.0 kg (rear). b Estimated values from the literature [35]. c It refers to the vertical pitching movement. It was
estimated by using two spring in series with kv ,eq = 388.86 kN/m and mv ,eq = 17.01 kN. This value is consistent
with the literature, e.g., 2.30 Hz [15,32] and 2.46 Hz [42].
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(V1–V6 = Longitudinal girders).

In a more complete model, the contribution of the wheel should be considered [34,35,38].
However, the suspended system (i.e., vehicle suspensions k1, k2) is predominant in terms of
the frequency with respect to the non-suspended system (i.e., tires) of ~7 times, as shown
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in the literature [18,29]; therefore, in this study, the parameters mv and fv can adequately
represent the whole vehicle system.

The transverse load distribution of the vehicle (one axis) was performed according to
the Fauchart’s method, where the girders are replaced by translational (kb1 and kb2) and
rotational (kθ1 and kθ2) spring constants, then connected to a longitudinal slab strip of 1.0 m
width, as described in [16,64].

By using this method, the VBI analytical analyses should consider the influence of the
transverse location of the vehicle on the bridge. Figure 3 shows the scheme of Fauchart’s
method and the influence line developed by the Ftool software [65].

In this method, the Euler–Bernoulli beam model was applied to the girders. The con-
stant springs were determined by the beam equation for bending and torsion and through
a Fourier’s expansion. They are estimated as [64]:{

kbi = EIi
(

π
L
)4 → {kb1 = 1008.0; kb2 = 1092.0}kN/m

kθi = GJi
(

π
L
)2 → {J1 = 23.41; J2 = 25.96}m4 → {kθ1 = 3071.0; kθ2 = 3406.0}kNm/rad

(1)

where E, G and L were defined in Table 1; I and J are the moment of inertia (Table 3) and
torsional inertia of the beam, respectively.

Table 3. Equivalent longitudinal beam data.

Equivalent Parameter Value

Concrete elastic modulus × inertia, (EI)eq 1.94 × (50.0 GPa × 0.7255 m4) = 70.37 GN m2 a

Mass, mb,eq 6714.34 kg/m b

Longitudinal length, Leq 42.0 m c

Frequency, fb,eq 2.40 Hz c

a The inertia I = 0.7255 m4 and the mass mb = 3461.0 kg/m refer to the external longitudinal beam shown in
Figures 1b and 2. b Estimated as ratio between the total vertical reactions in the external supports due to the
permanent loadings and Leq. c The same values of the whole bridge are used due to calibration by the factor 1.94
(see Table 1).

From the influence line we obtained mv,1 = 772.0 kg (≈30.90 (0.18 + 0.065)) and
mv,2 = 1066.0 kg (≈42.70 (0.18 + 0.065)) (Table 2). These values are consistent with the
literature [35,56].

2.3. Structural Health Monitoring (SHM)

The structural health monitoring of the Brazilian bridge lasted 8 months, and it con-
sisted of three phases: (i) registration of the structure data (usually accelerations [58]),
(ii) elaboration and transmission of data and (iii) visualisations and plotting of the out-
put data.

The registration of the data was made by the accelerometer “ADXL355” (points T1
and T2 as already shown in Figure 1a), which records the accelerations of the bridge in the
three directions, with the radio frequency component “NRF24L01” and the microcontroller
“Arduino NANO” (Figure 4a). In this study, only the vertical accelerations were treated.

For the elaboration and transmission of data, the same accelerometer and “NRF24L01”
device were used with the “Arduino NANO” device for the transmission, and the micro-
computer “Raspberry Pi 4B” (see point A in Figure 1a) and microcontrollers “Arduino
UNO” (Figure 4b) device for the elaboration/visualisation.

A fast Fourier transform (FFT) was implemented by the microcomputer to detect
the high Fourier amplitude of the bridge to monitor the possible variation in the bridge
behaviour. Collected data were sent by 4G mobile phones each ~2.0 min to a predefined
cloud [66].

Finally, all accelerations were visualised by a “dashboard” developed in “Python”
language. In [66], it was possible to see in real-time the monitoring of the bridge and its
structural 3D model.
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During the long monitoring, several accelerations were registered; therefore, some
choices were made to select the more useful accelerations. The criteria mainly regard
the amplitude of the accelerations and the sharpness of the signal concerning the noise
interferences. For this, the accelerations were filtered by PRISM software [67], applying
the low-pass filter with a cut frequency of 0.20–25.0 Hz using an 8-th order Butterworth
filter [40]. Moreover, the accelerograms were corrected using the baseline correction to
remove large errors in the velocities and displacement records caused by double time-
integration [68].

Another aspect regarding the vibrations during the entering of the vehicle on the
bridge. In fact, the bridge is fixed to the road by mechanical joints that can generate large
vertical accelerations that must not be considered [11,35]. The free vibrations caused by
all previous loads passing the considered beam were also suppressed (e.g., other vehicles,
human-induced vibrations).

From the FEM model, the estimation of the vertical acceleration was also calculated.
Due to the difficulty in simulating the real phenomenon well, 78 cases with several-speed v
and mv of the vehicle were generated. These cases allow calibrating the model to obtain
good results. Figure 6 shows the steps of the 2C moving vehicle on the bridge. In order to
obtain consistent results concerning the real monitoring, the same T1 point was used as a
reference point. The results are shown in Section 4.
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Figure 6. Dynamic simulation of the bridge–vehicle interactions by FEM [60] and configuration of
the used two-axle 2C vehicle type (adapted from [56]).

2.4. Definition of the Equivalent Beam

In order to develop the VBI model by analytical solutions, it is necessary to define an
equivalent beam. The equivalent bending stiffness of the beam that provides equivalent
vibration modes concerning the whole structure must be estimated [35]. For this, a con-
centrated load of 10.0 kN was applied in the middle of the longitudinal beam of the FEM
model. From the obtained vertical displacement (=0.209 mm), by classical beam theory, an
equivalent EI, (EI)eq, was estimated. Thus, a factor, defined as a ratio between the real value
and the equivalent value, was found (=1.94).

This factor of 1.94 should allow a good agreement between the whole bridge and its
equivalent beam; thus, some parameters (i.e., Leq, fb,eq) of the equivalent beam are the same
as for the whole bridge. Table 3 shows the data of the adopted equivalent beam.

Once the parameters for an equivalent beam were found, it was necessary to define a
model to extrapolate the results to determine the IM factors. In the following sections, two
analytical models were used to obtain dynamic displacements of the bridge, thus the IM
factors. Moreover, the vehicle response was estimated.

3. VBI System
3.1. Modified Suspended Rigid BEAM Model

The suspended rigid beam model is based on the application of two concentrated
loads to a simple-supported beam following the Euler–Bernoulli theory [26], as shown in
Figure 7. The system was modelled with four degrees of freedom (DOFs) (three verticals
u1, u2, y, and one rotational angle θ) and two suspended stiffnesses k1 (front) and k2 (rear).
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Figure 7. Asymmetric two-axles vehicle interacting with the bridge (modified from [28]).

Only one car was accepted to move on the bridge with constant velocity v, and the
vehicle wheels were always in contact with the bridge surface during the crossing, and
no jumps occurred [34,38]. For short/medium span bridges (i.e., L < 40.0 m [69]), this
hypothesis of a reduced number of vehicles (here one vehicle) should represent the more
critical situation as explained in [58,63].
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The modified suspended rigid beam model, introduced in [32] and improved in [28],
consists of accounting for the asymmetric of the vehicle, which could represent a real
situation. In fact, the used 2C vehicle is subjected to an asymmetrical interaction with the
bridge since d1 = 2.61 m > d2 = 1.89 m.

This model neglects the damping of the vehicle and bridge and does not account
for the pavement irregularity between the two bridge/vehicle contact points [70]. In the
literature, it was shown that the contribution of vehicle [32] and bridge damping [17,63]
could play a minor role in the dynamic amplification of the bridge.

3.1.1. Bridge Response

The equation of the motion of the beam is [28]:

mb,eq
..
u(x, t) + (EI)eq u(x, t)

′′′′
= F(t) (2)

where mb,eq is the mass of the equivalent beam per unite length, (EI)eq is the equivalent
elastic modulus times the moment of inertia, and u(x,t) is the vertical displacement of the
beam. The superscripts (′) and (˙) denote differentiation concerning the horizontal axis x
and time t, respectively.

Given that vehicle mass mv is very small compared with the bridge mass mb (here
mv/mb = 0.017 < 0.30 [53]), the vehicle’s action on the bridge can be treated as two external
discrete moving loads (k = 1, 2) neglecting the VBI effects:

F(t) =
2

∑
k=1

pkδ[x− v(t− tk)][H(t− tk)− H(t− tk − ∆t)] (3)

where δ is the Dirac delta function, H is the unit step function, v is the vehicle velocity.
Other parameters are: ∆t = Leq

v , pk =
d−dk

d (mv g), tk =
(k−1)d

v , where Leq is the equivalent
length of the beam, d is the vehicle length, dk is the distance from the k-th axle to the centre
of gravity, g, of the vehicle.

The displacement of the simple supported beam is described by [71]:

u(x, t) = φn(x)qn(t)→ u(x, t) =
N

∑
n=1

[
qn(t)sin

(
n π x

Leq

)]
(4)

where φn(x) denotes the n-th vibration mode, qn(t) denotes the modal generalised coordi-
nates, x = v(t − tk), N = 1.0.

By substituting Equations (3) and (4) in Equation (2), multiplying both sides of the
equation by sin[(nπx)/Leq], and integrating for Leq, the following was obtained:

..
qn(t) + ω2

bn,eq qn(t) = Fn(t) (5)

where ωbn,eq is the equivalent circular frequency and Fn(t) (see Equation (3)) is defined as:

Fn(t) =
2

mb,eq Leq

2

∑
k=1

pk

[
sin
(

n π v(t− tk)

Leq

)
H(t− tk) + (−1)n+1sin

(
n π v(t− tk − ∆t)

Leq

)
− H(t− tk − ∆t)

]
(6)

Obtaining qn(t) by solving Equation (5) for qn(0) = 0 and
.
qn(0) = 0, Equation (4) becomes:

u(x, t) = ∑N
n=1 ∑2

k=1 An pk

{[
sin
(

n π v(t−tk)
Leq

)
− Sn sin

(
ωbn,eq(t− tk)

)]
H(t− tk)

+
[
sin
(

n π v(t−tk−∆t)
Leq

)
− Sn sin

(
ωbn,eq(t− tk − ∆t)

)]
H(t− tk − ∆t)

}
sin
(

n π x
Leq

) (7)

where An = − 2 L3
eq

(EI)eq n4 π4 (1−S2
n)

and Sn = n π v
Leq × ωbn,eq

.
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3.1.2. Vehicle Response

The governing equations of the motion for the vertical displacement y(t) and rotational
angle θ(t) of the vehicle can be defined with respect to the static equilibrium position. These
equilibriums are [28]:{

mv
..
y(t) + k1(y(t) + d1θ(t)− u1(t)) + k2(y(t)− d2θ(t)− u2(t)) = 0

Jc
..
θ(t) + k1d1(y(t) + d1θ(t)− u1(t))− k2d2(y(t)− d2θ(t)− u2(t)) = 0

(8)

where Jc is the mass moment of inertia of the vehicle, whereas the other parameters were
already explained.

As mentioned in [28,29], the vehicle response is quite complicated to be found analyti-
cally since the wheel responses u1 and u2 are “a-priori” unknown. However, it is possible
to define some functions for u1 and u2 as input signals for two wheels. In this way, by
substituting u1 and u2 in Equation (8), with the initial conditions y(0) = 0 and y′(0) = 0, it
is possible to estimate y and θ. Possible relations proposed by the authors are shown in
Section 3.3.1.

3.2. Sprung Mass Model

This VBI model is based on the simply supported beam subjected to a moving sprung
mass where the vehicle (or sprung) mass mv is supported by a dashpot–spring unit of
spring constant kv [26,27]. The above-mentioned hypotheses explained for the suspended
rigid beam model are still valid for the sprung model.

The system was modelled with 2-DOFs (i.e., the vertical displacements y and u), and a
unique contact point between vehicle and bridge was present, as shown in Figure 8.

Figure 8. Sprung mass model (modified from [26]).

The equation of the motion of the beam and the vehicle are given by, respectively [26]:

..
u(t) +

(
2ω2

v
mv

mb,eq Leq
sin
(

π v t
Leq

)2
+ ω2

b,eq

)
u(t)−

(
2ω2

v
mv

mb,eq Leq
sin
(

π v t
Leq

))
y(t)

= −2 mv g
mb,eq Leq

sin
(

π v t
Leq

) (9)

..
y(t)−

(
ω2

v
mv

mb,eq Leq
sin
(

π v t
Leq

))
u(t) + ω2

v y(t) = 0 (10)

In this form, Equations (9) and (10) refer only to the first vibration mode of the beam
φ1(x) (see Equation (4)).

The vertical deformation, u(t), at the beam midpoint was obtained by solving the
system of Equations (9) and (10) under u(0) = 0 and

.
u(0) = 0; thus,

..
y(t) was also found.

3.3. Additional Effects for VBI

The described analytical VBI models have the great advantage of solving a relatively
simple problem regarding the bridge response under vehicle moving providing good
results for bridge design. However, as mentioned in Equation (3), the VBI effects, due to
continuous interaction between vehicle and bridge, were not considered.

Usually, these effects amplify two main actions that can destabilise the vehicle and
the passengers, i.e., the vehicle vertical accelerations, which are directly correlated to the
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riding comfort, and the pavement irregularities, which produce additional dynamic forces
by exciting vehicle mass that impact on the bridge slightly destabilising the riding comfort.

3.3.1. Vehicle Vertical Accelerations

The vehicle vertical accelerations of the sprung mass model serve as a measure of the
riding comfort for passengers [26]; moreover, in [27], it was stated that “the acceleration of
the sprung mass has been taken as a measure of the passengers’ riding comfort”.

By developing Equation (10), it is possible to estimate a possible trend of the vehicle
vertical accelerations, which can be used as a reference model. Therefore, by adopting
simple cosine harmonic functions, u1 and u2 (see Equation (8)), as input signals to the two
wheels as suggested in [28], it could be possible to estimate the vehicle vertical accelerations
by using the suspended rigid beam model.

The process is iterative since the functions u1 and u2 were adopted “a-priori”, and
their amplitude U1 and U2 are unknown. The authors propose the following relations to
directly find a possible vertical response of the vehicle:

u1(t) = U1 cos(ωv,1t)
u2(t) = U2 cos(ωv,2t)

Ui =
mv,i × g

ki

(11)

The criterium of the proposed Equation (11) follows the principle used in [28] in
adopting cosine function but here mv,I; thus, Ui are estimated by using Fauchart’s model. In
this sense, both models (i.e., suspended + Fauchart) were coupled to provide new solutions.

In this analysis, from Table 2, both amplitudes are U1 = 18.03 mm and U2 = 5.28 mm,
but for other cases, these amplitudes should be quantified by a function of the considered
vehicle. Figure 9 shows the response of the vehicle suspensions in t by Equation (11) [71].
Provided that k1 < k2, it is necessary for a great displacement u1 to equilibrate the system.

Figure 9. Possible response to the vehicle suspensions.

3.3.2. Pavement Irregularities

For pavement irregularities, the road/wheel roughness is usually considered as indi-
cated in the literature [30,34,42,72]. However, there are two other types of irregularities:
(i) the manufacturing imperfections corresponding to initial deformations of the pave-
ment modulus (more common for steel pavements), and (ii) the installation misalignments
correlated to vertical step defects in the transversal joints of pavement modules [63,70].

In this study, the irregularity effects in the analytical and FEM analyses are not con-
sidered for two main reasons (it is clear that for experimental results, they are intrinsically
considered; however, it is difficult to quantify their contributions):

(1) The contribution of the IM factors due to irregularities could be low. When consider-
ing three imperfections, in [70], it was shown as the total 2D irregularities are about
±4.0 mm. In [11], a more accurate analysis by considering 3D pavement irregulari-
ties was carried out, estimating an amplitude of about ±5.0 mm. In [38,39], it was
shown that the irregularities affect the vertical bridge displacements little; in fact, the
response obtained accounting for the irregularities is very similar to the analytical
solutions without irregularities. However, for larger amplitude (e.g., > ±15.0 mm),
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the irregularity effects should not be neglected, as shown in [12]. In [34], road surface
irregularities in the lateral directions can quite amplify the IM factor;

(2) Most codes do not explicitly account for the irregularities; therefore, they are not
considered in design practice for bridges. Codes provide equations and methods for
new bridges where the pavement is considered of a very good quality and under
standard maintenance (i.e., class A [72]). The irregularities are considered in, e.g.,
Spanish code [28] and European code [54] using a factor between 0.50 and 1.0, and
in the literature [30], where is proposed a factor between 0.70 and 6.0. However,
in [28,54], the irregularity contribution on the IM factors is very small, e.g., for the
studied bridge, it is 0.42%.

3.4. IM Factor

The IM factors are evaluated based on the following Equation (12) [70]:

IM =

(
u(t)

u
− 1
)

(12)

where u(t) and u are the dynamic and static vertical bridge displacement, respectively,
already defined.

Equation (12) defines the IM factors through a ratio in which the static quantity is
magnified to obtain the dynamic quantity by using numerical methods. Several prede-
fined methods exist to estimate the IM factors, as listed in Table 4. Other methods are
shown in [45,52], where two types of IMs are listed: one regards the vehicle and the other
the bridge.

Table 4. Some approaches for estimating the IM factors.

Reference Specification for IM Factors

Codes and manuals
American (AASHTO) [47] It amplifies static live load stresses. It is estimated by L. IM < 0.30–0.33 a

American (AREA) [5] It is estimated by L and D
Brazilian (NBR) [49] It amplifies static vertical moving loads. It is estimated by L. IM < 0.35 b

English (BS5400) [48] It amplifies static bending moments and shears. It is estimated by L. IM < 1.0
Italian (NTC) [50] It amplifies static stresses and displacements. It is estimated by L. IM < 1.0

Portuguese (RSA) [51] It amplifies static loads and transversal forces. It is estimated by L. IM < 1.0
Spanish (IAPF) [55] It amplifies static forces. It is estimated by L, v, fb

European (Eurocode) [54] It amplifies static forces and moments. It is estimated by L, v, fb
Canadian (CSA) [41] It amplifies static live loads. It is estimated by fb and the number of axles. IM < 0.40

Published studies
Deng and Cai (2010) [30] It is estimated by L and pavement irregularities. IM < 0.33 a

Rodrigues et al. (2013) [56] It is estimated by L, v, fb
Carneiro et al. (2021) [16] It is estimated by L, v, fb

This study It was defined by “in-situ” experimental tests, FEM and analytic VBI models

a Adapted from [46]. b For the studied bridge, the previous Brazilian code reduced the IM by 0.48% [56].

Most of IM factors are calibrated for concrete bridge with relatively medium span
(e.g., L < 65.0 m [48,52]) and for train actions [7,30] (experimental approach). The main
three parameters used for the IM estimation are L (geometrical approach), and fb and v
(dynamic approach).

It is interesting to note that the Canadian code [41] associates fb with the number of
axles, which can be correlated to the transversal length of the bridge D, also studied in the
AREA American manual [5,63]. These relations could account for the transverse location of
the vehicle on the bridge; however, it is difficult to quantify it.

In [5,31] was reported that a unique safe IM factor could not guarantee the safe
evaluation of the whole bridge; therefore, local analyses of the structural and non-structural
elements are necessary.
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4. Analyses and Results
4.1. Calibration and Some Structural Responses

The calibration consists in fitting the maximum bridge accelerations due to the vehicle
moving provided by the four explained analyses: (i) “in-situ” experimental measurements,
(ii) FEM model; (iii) suspended model; (iv) sprung model.

The used parameters are shown in Tables 1–3 with v = 16.0 m/s (= 57.60 km/h). This
value was chosen since, as stated in [42], “in most cases the DAF of a continuous beam
bridge peaks at the velocity range of 40–60 km/h”.

In a similar way to [73], both analytical models are used to verify the accuracy and
efficiency of the experimental tests and FEM model.

In order to homogenise the horizontal axis, some step numbers (0–3.69) were defined
where each accelerogram is formed by 209 points. With ∆t = 2.62 s (defined in Equation (3))
each step is equivalent to 0.71 s. Figure 10a shows the response of the bridge in terms of
accelerations by using all models with the vehicle entering the L span of the bridge. The
numerical analyses were carried out by Mathematica software [74].
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In Figure 10a, the registered acceleration (blue points) is considered an exact solution
where all external and internal interactions of the system are included. The FEM accel-
eration (black line) is intrinsically an approximation influenced by modelling conditions;
however, it provided good results. Both analytical suspended and sprung models (red
lines) could also represent exact solutions, but under some specific approximations (already
mentioned); in fact, they provided more regular trends with low frequencies with respect
to the other results.

As known, the peak accelerations do not happen in the midpoint of the beam due to
the interlocking effect of the front and rear wheels [27]. This effect moves the acceleration
trends towards the vehicle direction. The acceleration peak values of the sprung and
suspended model are 8.56 m/s2 and 8.25 m/s2, respectively, whereas the registered and
FEM accelerations provide a peak value of 7.98 m/s2 (i.e., 0.814 g, see Figure 11) and
8.86 m/s2, respectively. These values show a good correspondence between all models (the
coincidence of points in Figure 10a).

The difference between analytical responses and other ones can be attributed mainly
due to the omission of higher modes; in fact, the analytic results only consider the first
vibration mode of the bridge [27]. In [19], it is shown as numerical solutions can provide
higher values than experimental solutions. However, considering only the first vibration
mode can be considered acceptable, as shown in [53].
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Moreover, the VBI results by the FEM model and experimental tests account for
the transverse location of the vehicle in the bridge; however, it is difficult to estimate its
real percentage. In the analytical VBI analyses, these should be considered by coupling
Fauchart’s method with the suspended model.

FEM results show very low vertical accelerations in the interval 0.5–2.0 s due to proba-
bly a damped response of the bridge that is not excited by the vehicle. Other differences
can be attributed to the non-linear effects of the material and damping ratio, which are only
accounted for in the registered results.

If all analytical and numerical displacements can be directly calculated for the regis-
tered displacement, it is necessary to discuss some aspects. As mentioned in Figure 5, the
real selected accelerogram was filtered and then corrected. However, this does not imply
that the choice of the adequate displacement is direct; in fact, the maximum acceleration
corresponds to the maximum displacement of 7.627 mm, which is 1.85 times the static
value (i.e., 4.12 mm) calculated by the FEM model [60]. This means that the IM calculated
by Equation (12) would assume a very high value (i.e., IM = 0.85); therefore, it could be
reasonable to consider a group of dynamic displacements and to use its mean value.

However, it is important to highlight that in the literature, high values of IM are found;
for example, in [56], by experimental measurement, a maximum value of IM = 0.84 was
registered, whereas in [39], a numerical value of IM = 0.70 is estimated. By probabilistic
analyses, IM could also reach a value of 0.88 [45], up to 0.90, when the road surface
irregularities in the lateral direction are neglected [34].

Figure 11 shows the real accelerogram (already shown in Figure 10a) in a very short
interval where three peaks are included. The criterium consists in selecting the values of
the dynamic displacements (red curve)—obtained by integrating the real accelerograms by
PRISM software [67]—greater than the static displacement (horizontal line) obtained by the
FEM model and then defining their mean value, i.e., 6.04 mm.

Other maximum displacements are 5.96 mm, 4.86 mm and 6.26 mm for FEM, sprung
and suspended models, respectively (see Figure 10b).

4.2. Other Structural Responses

Other analyses to estimate the dynamic responses of the bridge by varying the vehicle
speed v between v≈ 20.0 and 120.0 km/h were carried out. These speed values are expected
in the road traffic for the studied bridge. Figure 12 shows only some cases. The values by
registered and FEM model refer to v = 16.0 m/s (≈60.0 km/h)
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some v.

The considerations of Figure 10 are still valid for Figure 12. By changing the vehicle
speed v, it is possible to note that the maximum bridge displacements are not much
altered, and they maintain at ~4.5 mm and ~6.0 mm for the sprung and suspended model,
respectively; however, it alters the trend of the curve due to the variation in the sin(·)
function in both models (see Equations (7) and (9)). The main parameter that changes both
responses is ωb,eq; in Equation (9), this parameter is also squared.

This effect is more evident for the accelerations since they are calculated by deriv-
ing two times u(t). Moreover, by plotting ü(t) curves, the effects of vehicle speed v are
more evident.

In general, the vertical accelerations of the bridge increase with the increase in the
vehicle speed in accordance with the literature [6,8]. For v between 11.0 and 16.0 m/s,
similar trends of vertical accelerations of the bridge are verified, indicating that both models
can be valid for this range.

However, as mentioned, these analytical models do not account for the continuous
interaction between vehicle and bridge, which can increase bridge displacements. Phys-
ically, as mentioned in [53], it is possible that, at high v, there is insufficient time for the
force to compel a significant dynamic deflection in the bridge; thus, from v = 33.0 m/s, the
displacement curves show fewer undulations.

Figure 13 shows the response of the vehicle in terms of vertical accelerations for differ-
ent v. The responses are obtained by Equation (10) for the sprung model and by Equation (8)
(first line) plus the proposed Equation (11) for the suspended model. The horizontal line
represents a limit value for a good riding conform, i.e., 0.315 m/s2 [38].
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(c) v = 16.0 m/s, (d) 22.0 m/s, (e) 28.0 m/s, (f) v = 33.0 m/s.

In Figure 13, it is possible to see that from v = 28.0 m/s, the vehicle accelerations
show fewer undulations such as the bridge response. This indicates that the riding comfort
should not be good for low speeds since several high peaks are verified.

As mentioned in Section 3.3.1, the accelerations of the sprung model are usually taken
as a measure of the passengers’ riding comfort; in fact, from v = 11.0 m/s, their maximum
values are similar to the comfort limit; however, they are generally non-conservative [27].

For this, the proposed Equation (11) should provide a more conservative response to
the vehicle accelerations similar to the more advanced analysis in [39], which provides a
maximum vertical acceleration of about 0.70 m/s2. It was reached a valued of 1.50 m/s2

in [27], 2.0 m/s2 in [73], up to 8.0 m/s2 in [42]. It is clear that these values strongly depend
on the used vehicle characteristic in each study; however, these high values are possible.

Finally, by Equation (8) (second line), it is possible to estimate the rotational angle θ
of the vehicle in the function of time, t. For this, a pseudo-adimensional ratio Jc/mv (see
Table 2) was calculated to evaluate the order of magnitude of the vehicle. The parameter
Jc depends not only on mv but also on the vehicle geometry. The θ values depend on
the y(t), u1 and u2, thus the response in this study is more conservative; in fact, here θ(t)
varies between about −1.0 and 1.0 × 10−5 rad (for Jc/mv = 1.67 m2 and v = 10.0 m/s),
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whereas in the literature [28,32], it is ±0.20 × 10−5 rad (for Jc/mv ≈ 0.10–1.0 m2 and
v ≈ 10.0–30.0 m/s).

4.3. IM Factors

Figure 14 shows the IM factors calculated by codes and proposed relations listed in
Table 4. By Equation (12), four IM factors were estimated using the results obtained in this
study. The mean IM factors for each group were also indicated (green values).
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Figure 14 serves as a comparison to show the difference between different methods
and approaches. As already mentioned, the main parameters that affect IM factors are L
and fb. The approaches that use L (e.g., NTC, BS5400) underestimate IM for the studied
bridge, whereas the approaches that use fb (e.g., CSA) provide a higher IM. This is also well
explained in [52].

From codes and manuals, it is calculated a mean IM = 0.16, which is 1.66 smaller than
the mean IM from published studies (i.e., IM = 0.266) and 2.51 smaller than the mean IM
obtained in this paper (i.e., IM = 0.403).

By using a suspended model, the IM values can present an irregular trend in the function of
v and fb with respect to Eurocode [54], Carneiro et al. (2021) [16] and Rodrigues et al. (2013) [56].
This indicates a great variation to estimate IM when more factors (e.g., fv, mv, vehicle
asymmetric) are also considered.

In [18,30,36], it was demonstrated how it is very complex and, in some cases, incorrect
to estimate the IM factor in the function of v. This is because a unique IM could correspond
to various v values, e.g., in this study, IM ≈ 0.50 for v ≈ 60.0 km/h and for v ≈ 90.0 km/h.
Therefore, a unique IM factor was not found.

In accordance with the literature [5] it is possible to adopt some dimensionless parame-
ters as α = v/(fb,eq × (d + d11 + d22)) = 0.959 (with v = 16.0 m/s); k = fv/fb,eq = 2.41/2.40 = 1.0;
γ = mv/mb,eq = 0.05 (see Tables 2 and 3). For low values of α and γ, there is no significant
interaction between vehicle and bridge; in fact, the sprung model, directly correlated to
mv thus γ, provides a low IM (i.e., IM = 0.18), whereas other analyses (i.e., suspended
model, FEM model, registered values), affected by k parameter, provide a high IM (i.e.,
0.447–0.519).

IM factors probably assume high values since the system is amplified by resonance
(i.e., k ≈ 1.0); this aspect cannot be detected by codes and manuals. Moreover, in [16,39,56],
an adimensional speed parameter S was used that, for the studied bridge, assumes the
value of 0.079, which is like S regarding the first resonance, i.e., 0.053 as shown in [75].

The mean IM from this study (i.e., IM = 0.403) is consistent with the literature; for
instance, in [5], for α = 0.95, the mean IM is 0.433, and in [52], for a bridge with similar
characteristics to the studied bridge in this paper, an IM = 0.40 was proposed.

Finally, as mentioned, the irregularity effects were not considered in the analytical and
numerical models. However, there are some relations to estimate the frequencies of the
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irregularities fr (or loading frequencies) applied at the vehicle wheels, which depend on
v. In [70], fr,i was defined as fr,1 = v/(D/4), and in [72] fr,2 = v × kn, where kn is a spatial
frequency of the road (estimated as kn = 0.17 m−1 [11] for the pavement with very good
condition (i.e., class A [72]).

From both relations and for v = 16.0 m/s, fr,1 = 3.61 Hz and fr,2 = 2.72 Hz are obtained.
The former value is greater than fv (i.e., 3.61 > 2.41 Hz, see Table 2); therefore, there is
no resonance of the vehicle-irregularity system. The latter value is fr,2 ≈ fv; therefore,
there would be resonance. However, fr,2 refers to a very good pavement, and thus the
amplification effect should be very low.

5. Conclusions

In this paper, the VBI analyses were studied by using analytical and FEM models.
A Brazilian concrete bridge was monitored to obtain a real response in terms of accelerations
and displacements to quantify the IM factors due to a moving vehicle.

The main conclusions are:

1. The real test measurements of the Brazilian bridge for 8 months consisted of three
phases: registration and elaboration of accelerations from T1 and T2 sensors and
visualisation of collected data by using a 4G mobile phone each ~2.0 min to a prede-
fined cloud [66]. Data were filtered and corrected to eliminate noise interferences for
obtaining reliable responses. The two-axle 2C vehicle with v = 16.0 m/s was used for
dynamic test. The monitoring provided a maximum acceleration and displacement of
the bridge of about 8.0 m/s2 and 0.60 cm, respectively;

2. The FEM and modified analytical models were carried out to simulate the bridge and
the vehicle response. These models accounted for the geometrical and mechanical
characteristics of the system. From these models, not only the bridge displacements
were obtained but also the vehicle accelerations; for this, proposed equations pro-
vided more conservative vertical accelerations with values up to about three times
the standard value of 0.315 m/s2. With respect to the registered value of 6.0 mm,
other models provide a difference of about 1.0% (FEM), 20% (sprung model) and 5%
(suspended model), indicating that the FEM and modified suspended models well
estimate the bridge response;

3. From the codes and literature, several IM factors were calculated for the studied
bridge. The results show that a monitored IM factor (IM = 0.403) is 2.5 greater than
IM from codes (i.e., 2.5 × 0.16). Moreover, the results show that a unique way to
estimate IMs does not exist; therefore, more accurate research should be developed,
and “in-situ” studies for bridges are necessary.

Finally, based on the results of this study, we hope in the future to design and carry
out an experimental campaign that allows us to compare and validate the models. Some
aspects could regard the vehicle response, parametric analyses to evaluate the behaviour
of the structural elements and the coupling between analytical solutions in a longitudinal
way with Fauchart’s model in a transversal way.
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