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Abstract: The current constitutive model and damage evolution law of crumb rubber concrete (CRC)
were obtained by fitting and changing parameters based on the normal concrete model. However,
this model does not accurately reflect the characteristics of the material. In this paper, we studied
the energy dissipation in the failure process of CRC to derive the constitutive model and damage
evolution law of CRC based on the energy method. Four substitution rates of 5%, 10%, 15%, and 20%
were selected, and the rubber concrete prism was prepared by replacing the natural fine aggregate
with the same volume of crumb rubber aggregate. After that, uniaxial compressive tests were
conducted. The energy lost due to the damage was calculated and analyzed, and the energy method
was used to establish the damage evolution law and damage model of the crumb rubber concrete. The
results demonstrated that the Guo Zhenhai damage model, which is based on the energy method, can
more effectively explain the crumb rubber concrete stress–strain full curve, and the energy consumed
as a result of the damage exhibits a growing and then reducing pattern with the increase in rubber
doses. When the energy-based method is used, the Guo Zhenhai damage evolution model is similar
to the damage evolution law calculated using the SIR damage evolution model. During uniaxial
compression damage, rubber concrete with various rubber dosages demonstrated varying energy
absorption in different deformation phases. When the rubber particle content was 10%, the energy
absorption capacity of the specimen was 6.9% higher than that of normal concrete.

Keywords: crumb rubber concrete; energy method; energy absorption; damage model; damage evolution

1. Introduction

China’s automobile industry has undergone rapid development in recent years, with
the national rate of car ownership increasing from 281 million in 2020 to 417 million
in 2022 [1]. The number of waste tires has increased accordingly, becoming the main
source of waste rubber, which is a waste of resources and a major source of environmental
pollution [2]. The utilization rate of waste tires in China is only 60%, which is far lower than
the utilization rate of 90% or more that has been observed in developed countries [3]. Proper
handling of scrap tires is an environmental issue that requires attention. In order to alleviate
the shortage of resources, solid waste is widely utilized in concrete, as demonstrated
by research on the frost resistance of concrete prepared using nano-modified recycled
aggregate [4] and research on the macroscopic and microscopic properties of steel slag
concrete prepared using steel slag instead of fine aggregates [5]. The preparation of rubber
concrete using rubber chips opens up a new channel for the resource utilization of waste
tires [3]. Rubber particles improve the flexural strength and deformation capacity of the
composites; the increase in rubber doping leads to different degrees of improvement in the
flexural strength, but the compressive strength decreases as a result [6]. This phenomenon
is becoming increasingly common in practical engineering [7,8].

When conducting nonlinear analyses of concrete members, a complete stress–strain
curve is required, and it serves as the foundation for calculating the final stress distribution,
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carrying capacity, and ductility of the section [9,10]. Several researchers have studied crumb
rubber concrete’s stress–strain characteristics and constitutive model. Li et al. [11] used
the Popovics model and Carreira and Chu’s model to predict the stress–strain behavior
of crumb rubber concrete. A more accurate stress–strain prediction model for rubber con-
crete was established by modifying the Aslani and Nejadi models. Elzeadani et al. [12]
established the constitutive model of uniaxial compression stress–strain and bending stress–
crack of rubber single component alkali-activated concrete and verified it experimentally.
Their findings revealed that the established constitutive model was in good agreement
with the measured results. Zhang et al. [13] established a new multi-scale fiber-reinforced
rubber concrete uniaxial compression residual constitutive model under high tempera-
tures, considering the effects of high temperature, rubber particles and multi-scale fibers.
Dong et al. [14] proposed an optimized uniaxial compressive constitutive model for steel
fiber-reinforced crumb rubber concrete by modifying the classical model of the Chinese spec-
ification (GB50010-2010) [15]. This was in good agreement with the experimental findings,
which are applicable to the optimized steel fiber rubber concrete, as it has a small volume
ratio of steel fiber and rubber particles. Abbara et al. [16] proposed that a rubber coarse
aggregate concrete uniaxial compression constitutive equation may accurately forecast
the rubber coarse aggregate concrete stress–strain relationship, as it demonstrated greater
accuracy than the existing model. Bompa et al. [17] deduced a detailed constitutive analysis
prediction model, which can precisely forecast the rubber concrete’s mechanical properties
as well as its horizontal and vertical constitutive relations. Li et al. [18] derived a uniaxial
compression stress–strain model for crumb rubber concrete that included the crumb rubber
dosage q, sand ratio reduction coefficient k, crumb rubber concrete compressive strength fc,
and crumb rubber particle size d. They achieved this by improving the existing principal
constitutive model, which has wide applicability and better predictive capabilities. Pan [19]
used the rubber particle size and rubber particle substitution rate as variables, obtaining
the constitutive model of crumb rubber concrete through experimental studies.

Several papers have focused on damage analyses of crumb rubber concrete. Guo et al. [20]
studied the rubber concrete damage law when the material was subjected to a freeze–thaw
cycle environment and concluded that when the rubber size was between 80 and 20 mesh
and the replacement rate was between 10 and 30 percent, the rubber concrete showed greater
frost resistance. Zhu et al. [21] studied the effects of crumb rubber aggregate content and
particle size on concrete under a freeze–thaw environment and concluded that when the crumb
rubber aggregate content and particle size were small, the number of freeze–thaw cycles of
concrete could be increased. Wen et al. [22] investigated the frost resistance of rubber concrete
by incorporating polypropylene fibers in the material. The results showed that the rubber
concrete’s strength and relative dynamic elastic modulus gradually decreased with the increase
in the number of freeze–thaw cycles, and the concrete’s tensile strength showed a greater
improvement than its compressive strength. Gonen et al. [23] showed that the concrete’s impact
resistance and freeze–thaw resistance can be greatly enhanced by the incorporation of rubber
particles. The weight loss of freeze–thaw specimens was reduced by about 90%, and the impact
resistance was improved to varying degrees with the frequency of use. Zhu et al. [24] studied
the change mechanism of internal damage and the bearing capacity of rubber concrete under
a chloride environment and concluded that rubber concrete has the best corrosion resistance
when the dosage is 5% and the rubber particle size is 3–6 mm. In recent years, acoustic emission
technology has become increasingly prevalent in concrete fracture studies and concrete structure
damage monitoring and assessment [25,26]. Xu et al. [27] investigated how wasted ceramic chips
affected rubber concrete’s damage. The experimental results of acoustic emission technology
showed that in three evaluation grades (25, 50, 100%), when the ceramic chips’ replacement rate
was 25%, the compressive and flexural properties of the crumb rubber concrete were improved
compared with those of crumb rubber concrete without waste ceramic chips. Han et al. [28]
investigated the rubber concrete damage evolution using the acoustic emission technique
and concluded that prior to the major collapse stage, the rubber powder concrete’s fracture
magnitude was larger than that of regular concrete. Still, the corresponding b-value in rubber
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powder concrete is comparatively low. Using acoustic emission technology, Zhang et al. [29]
showed that adding crumb rubber increased the porosity of the concrete. Abouhussien and
Hassan’s [30] four-point bending test study showed that three additional acoustic emission
parameters (severity, historic index, and b-value) and three conventional acoustic emission
parameters could be used to detect early damage in rubber concrete, independent of the rubber
particle dosing. Karunarathna et al. [31] found that rubber particles at lower dosages can
enhance the energy absorption capacity of concrete, increasing its toughness, with little effect on
its strength and other properties. Guo et al. [32] added crumb rubber into steel fiber-reinforced
recycled aggregate concrete (RSRAC) to study its relevant properties under high temperatures.
Their results show that incorporating an adequate quantity of crumb rubber can alleviate the
weakening of compressive strength of RSRAC under high temperatures and improve its energy
absorption capacity.

In addition, many scholars have used numerical simulation methods when study-
ing the damage evolution of crumb rubber concrete. Abbasi et al. [33] created a three-
dimensional digital image correlation (3D-DIC) method which can simulate the detailed
experimental data of crumb rubber concrete during uniaxial compression. The results
of the numerical simulation demonstrated that the highest energy absorption capability
of crumb rubber concrete exists when the crumb rubber content ranges from 8% to 12%.
Guan et al. [34] built a three-point bending numerical model based on the actual meso-
structure of crumb rubber concrete. Their findings demonstrated that when the amount
of rubber aggregate increases, the concrete’s fracture toughness first increases and subse-
quently decreases. The concrete reached its maximum fracture toughness at a 10% rubber
aggregate dosage. Guo et al. [35] established a new quantitative cloud imagery correlation
(QCIC) method. This method established that during uniaxial compression of recycled
crumb rubber concrete, although the amount of crumb rubber has little bearing on the
damage area, it has a significant impact on the damage development path.

Recent studies have revealed that even though the damage model for crumb rubber
concrete has been the subject of several investigations, most of them were based on traditional
methods. Most studies on damaged crumb rubber concrete are based on the freeze–thaw
cycle of composite salt, acoustic emission, or numerical simulations; thus, they are in need
of further theoretical innovation, investigation, and analysis. The basic law of irreversible
thermodynamics and the principle of energy balance can describe the conversion between
work and energy more intuitively. In this paper, the damage model and damage evolution law
of rubber concrete are studied by calculating the energy dissipation in the failure process of
rubber concrete, and two damage models and damage evolution models based on the energy
method are compared and analyzed. The energy absorption of rubber concrete with different
rubber contents in different deformation stages is also studied.

2. Materials and Methods
2.1. Material

This study used PO 42.5 ordinary Portland cement; its physical property index is
summarized in Table 1. The specifications of the rubber granules were 30 mesh, with
an average particle size of 420/µm, apparent density of 1240 kg/m3, sieve particle size
of 620/µm, bulk density of 720 kg/m3, ash content of ≤8%, and a sieving rate of ≥95%.
Figure 1 shows the crumb rubber aggregate used in the experiment. The fly ash dosage
was 20% of the cement dosage; its performance is summarized in Table 2. We used coarse
aggregate with a bulk density of 1550 kg/m3, 5–20 mm continuous gradation, an apparent
density of 2870 kg/m3, a fine aggregate with ordinary river sand, a fineness modulus
of 2.5, a particle size of 0–5 mm, an apparent density of 2640 kg/m3, and a bulk density
of 1510 kg/m3. Polycarboxylate high-performance water reducer was used as an admixture,
and the rate of water reduction was ≥25%. Normal tap water was used in the experiment.
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Table 1. Cement physical properties.

Apparent
Density
(kg/m3)

Stability
(Boiling
Method)

Setting Time (min) Standard-
Consistency Water
Consumption (%)

Flexural
Strength (MPa)

Compressive
Strength (MPa)

Initial Setting Final Setting 3d 7d 3d 7d

2900 Qualified 115 255 27 5.8 9.4 24.7 47.8
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Table 2. Material properties of fly ash.

Projects Burning Loss (%) Fineness (%) Water Requirement (%) Apparent Density (kg/m3) SO3 (%)

Index 2.7 18 93 2448 2.57

2.2. Experiment and Testing Methods

The concrete mixtures were prepared as described by JGJ 55-2011 [36], with a base
water–binder ratio of 0.45. Thirty-mesh rubber particles were selected to prepare the rubber
concrete by replacing natural sand at 5%, 10%, 15%, and 20% rates by equal volumes,
respectively. The five concrete mixes designed in this study are shown in Table 3, which
contains a group of ordinary concrete specimens, with three specimens in each group. Re-
ferring to GB/T50080-2016 [37], using HJW-60 concrete mixer, we performed the following
stirring steps: first, the natural aggregate and cement were poured into the mixer and
stirred evenly, then the rubber particles were added and the mixture was stirred until it
was uniform. After that, we added approximately 70% of the water, followed by another
15–20 s of mixing. Finally, we added the admixture and remaining water and stirred for
2~3 min until the mixing was uniform. After the crumb rubber concrete solidified and
formed, it was removed from the mold and left to cure for 28 days according to standard
curing procedures. According to GB/T50081-2019 [38], the size of the uniaxial compression
specimen was 150 × 150 × 300 mm.

The axial compression test of the prism was conducted using an electro-hydraulic
servo press with two additional rigid components of 1000 kN hydraulic jacks. To enhance
the integral rigidity of the testing equipment and prevent the sudden destruction of rubber
concrete, the test device measured the descending portion of the crumb rubber concrete’s
stress–strain curve. The specimen’s longitudinal displacement during axial compression
was measured by two linear variable displacement transducers (LVDTs) on both sides, and
the other two sides were pasted with concrete strain gauges at the vertical and horizontal
geometric center lines to measure the horizontal and vertical strain of the crumb rubber
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concrete on the ascending portion of the stress–strain curve. Before the specimens reached
75% of the ultimate stress, the loading speed of the test device was 0.01 mm/s; after
the stress of the specimens reached 75%, the loading speed was adjusted for 0.03 mm/s.
The strain values were automatically collected using a DTS-530 high-speed static data
acquisition instrument. A schematic of the experimental equipment is shown in Figure 2.

Table 3. Rubber concrete mix proportion (kg/m3).

Specimen Number Rubber Particles Sand Water Cement Fly Ash Crushed Stone Water Reducer

NC 0 772 154 300 40 1158 6.8
CRC-5 18.4 733.4 154 300 40 1158 7.5

CRC-10 36.8 694.8 154 300 40 1158 7.8
CRC-15 55.2 656.2 154 300 40 1158 8.2
CRC-20 73.6 617.6 154 300 40 1158 8.8
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Figure 2. Schematic of the experimental equipment.

3. Energy Absorption of Crumb Rubber Concrete

The toughness of materials is usually determined based on their strength and ductility.
Calculating the area under the uniaxial compression stress–strain curve reveals the related
toughness of the material. The toughness of the material is determined from an energetic
perspective by adding the pre-crack energy (PEC) before the crack, the absorbed energy
during the crack, and the absorbed energy after the crack. The energy absorbed from the
start of the test load to the yield point is known as the pre-cracking energy; this is acquired
based on the area integral of the stress–strain curve between the origin and the yield point
and the strain axis, as shown in the PEC section of Figure 3. Concrete’s characteristics differ
from those of steel bars in that its yield stress and peak stress are closer together and its
yield point is difficult to locate on the stress–strain curve. For this reason, Muhammad [39]
researched a new method in which the yielding point is defined as the stress at the first
crack on the specimen’s surface under uniaxial compression, and the crack energy absorbed
by crumb rubber concrete during compression is defined as the integral area bounded by
the stress–strain curve from the yielding point to peak point and strain axis, as shown in the
CEC portion of Figure 3. We chose the stress corresponding to 80% after the stress–strain
curve’s peak stress as the ultimate stress. The energy after the crack is the stress–strain
curve’s integral area from the peak point to the ultimate stress and the strain axis, as shown
in the PCEC section of Figure 3. The yellow part of Figure 3 shows the amount of energy
that the concrete absorbed during uniaxial compression, including pre-crack energy, crack
energy, and post-crack energy, defined as the sum of the three [39].
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3.1. Pre-Crack Energy

The pre-crack energy (PEC) value of the rubber concrete specimen is the energy
absorbed to the yield point from the loading starting point. This is calculated by integrating
the stress–strain curve’s area from the loading starting point to the yield point, as shown in
Figure 4. The PEC value relies on the curve’s peak. Figure 4 shows that when the crumb
rubber content increases, the PEC value increases and subsequently decreases, indicating
that the crack resistance of the crumb rubber concrete also first increases and subsequently
decreases when the crumb rubber content increases. At a 10% crumb rubber content, the
PEC value reaches its maximum and is 26% greater than that of the regular concrete. The
crumb rubber concrete absorbs the most energy and has the best anti-crack performance
prior to the appearance of cracks when the rubber particle content reaches 10%. When the
crumb rubber dosages are 15% and 20%, the PEC values are 40.7% and 48.1% less than that
of regular concrete, respectively. The extensive use of crumb rubber is the primary factor in
lowering the PEC value [40].
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3.2. Crack Energy

The stress–strain curve’s integral area from the yield point to the peak is called the
cracking energy of concrete (CEC). The time from the yield point to the peak value in
concrete is very short, accounting for only 10–15% of the whole compression process [39].
Figure 5 compares the crack energy absorption behavior for various amounts of crumb
rubber content. The change trend of the PEC value and the CEC value are practically
identical; that is, when the content of crumb rubber increases, the CEC value first increases
and subsequently decreases. When using 10% and 15% crumb rubber, respectively, the
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CEC value of the crumb rubber concrete was 45.5% and 54.5% greater than that of standard
concrete; this shows that the energy absorption during crack development was significantly
greater for the crumb rubber concrete compared to the standard concrete. When the crumb
rubber concrete was damaged, the transition time was prolonged between the peak point
and the yielding point, slowing the deterioration. The CEC value of 5% and 20% crumb
rubber concrete does not significantly differ from that of ordinary concrete, indicating that
the energy required for the development of cracks in crumb rubber concrete is similar to
that of ordinary concrete at this dosing level.
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3.3. Post-Crack Energy Absorbed in Compression

The post-crack energy absorbed during the compression (PCEC) of the concrete spec-
imens is the integral area enclosed by the stress–strain curve from the peak stress point
to the ultimate stress point and strain axis, and the ultimate stress is defined as the stress
corresponding to a 20% decrease in the peak stress on the stress–strain decrease section. The
energy absorption capacity of each specimen after the peak point is displayed in Figure 6.
This figure indicates that as the rubber dosage is increased, the PCPE value of the rubber
concrete essentially continues to decrease, and when the dosage of rubber is 5%, the rubber
concrete’s energy dissipation capacity does not change significantly, the brittleness does not
change significantly compared with ordinary concrete, and the PCEC value only decreases
by 7.1%. When the dosage of rubber particles exceeds 5%, the PCPE value decreases
sharply. The PCPE value is reduced to the lowest when the rubber dosage is 15%, which is
71.4% lower compared with ordinary concrete. At this time, the crumb rubber concrete’s
energy dissipation capacity decreases sharply, the brittleness increases significantly, and it
is rapidly crushed after reaching the peak stress.
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3.4. Total Energy Absorption during Compression

The area from the starting point to the end point of the stress–strain curve can be
used to characterize the energy absorbed by rubber concrete from the beginning of loading
to complete destruction, which is related to the toughness and strength of the crumb
rubber concrete. Figure 7 illustrates the energy absorbed during the destruction of rubber
concrete. When the rubber particle dose is increased, the total energy absorbed during
the entire destruction process of the rubber concrete initially increases before falling again.
When the rubber dosage is 10%, the total energy absorbed reaches the maximum. This
is largely because it is difficult to observe the rubber particles weakening the strength of
concrete when the rubber content is minimal, indicating that the addition of crumb rubber
enhances the toughness of concrete. As a result of the low crumb rubber dosage, crumb
rubber concrete has a slightly higher energy absorption capacity than regular concrete. A
large dosage of rubber particles significantly weakens concrete. The improvement in the
concrete’s toughness is not sufficient to compensate for its reduction in strength, and as
such, it shows a significant decrease in its energy absorption capacity [41]. In Figure 7, the
rubber concrete absorbs 69.4% more energy than the ordinary concrete when the rubber
dosage is 10%. The total energy absorbed by the rubber concrete is lowered by 41.7% with
a rubber dosage of 20% compared to the ordinary concrete.
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4. Establishing the Damage Model Based on the Energy Method
4.1. Establishment of the Damage Model

In references [42,43], the statistical method of calculating damage microelements
before and after the introduction of the damage threshold was used to establish the concrete
damage constitutive model, which revealed that the theoretical basis of the statistical
method is insufficient [44,45]. In this study, by applying the basic law of irreversible
thermodynamics and the principle of energy balance, the uniaxial compression damage
process of crumb rubber concrete is regarded as a transition from the structural phase to
the damage phase, and the damage model and damage evolution law of crumb rubber
concrete are analyzed [46].

From the point of view of energy conversion, damage is the conversion of structural
phase deformation energy to damage evolution energy consumption [46]. Figure 7 shows
the damage energy consumption evolution curve. Meanwhile, Figure 8a shows that as
the stress increases, the structural phase’s area decreases, with a subsequent reduction in
the structural phase’s bearing capacity. Figure 8b shows that when the stress and strain
increase dσn and dεn, respectively, the damage phase increases dAd, while the structural
phase decreases dAd accordingly, and the energy consumed by the damage is Ω.

dΩ = An
1
2

σndεn (1)
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From the viewpoint of irreversible thermodynamics, the energy consumed when
the structural phase progresses into the damaging phase is a reflection of the continuous
development process of microcracks in the structural phase of rubber concrete, so the
structural phase’s damage results in energy consumption [46]. As the damage phase’s area
grows, dAd, the energy dissipation can be represented as follows:

dΩ =
dΩ
dAd

dAd = ΩdAd (2)

The formulation of the damage variable D from a damage mechanics viewpoint is:

D =
Ad
A

=
Ad
An

(3)

According to Equation (2), we should rewrite Equation (3) as:

dD =
1

2Ω
(1 − D)σndεn (4)

The evolution of the damage variable D is shown in Equation (4), which has a clear
physical meaning. In uniaxial compression, the damage energy consumption is propor-
tional to the ease of damage development, and it is easier to develop a damage phase when
the structural phase’s stress A is larger. The rubber concrete damage evolution law can be
expressed by Equation (4), which can be rewritten as follows:

dD
1 − D

=
1

2Ω
σndεn (5)

Introducing the damage threshold k for analysis and integrating Equation (5), the
damage variable D can be expressed as:

D =

{
0 ε ≤ k

1 − exp(− 1
2Ω

∫
σndεn) ε ≥ k

(6)

From the perspective of the elastic–plastic strain principle, the strain ε of the concrete
be subdivided into the elastic strain and plastic strain, εp. Thus, when the plastic strain is
considered, the damage constitutive equation for rubber concrete is:

σ = E0(1 − D)(ε − εP) (7)
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Under the triaxial stress state, substituting Equation (6) into Equation (7) yields the
damage constitutive equation:

σ =

{
E0(ε1 − εP) + µ(σ2 + σ3) ε ≤ k
E0(ε1 − εP) exp(− 1

2Ω

∫
σndεn) + µ(σ2 + σ3) ε ≥ k

(8)

When the system composed of different components is subjected to external forces,
the dynamic evolution process of its traits and internal structure can be reflected in the
susceptible–infective–removal (SIR) model and the Guo Zhenhai model. Therefore, these
two models can describe the damage process of crumb rubber concrete undergoing uniaxial
compression. The expression of the SIR model is:

y = c
(

ebx − eax
)

(9)

In the equations x = ε/εc, y = σ/ fc, the formula using the energy method for the SIR
damage variable representation is obtained by substituting Equation (9) into Equation (6)
in the case of uniaxial compression.

D =

{
0 ε ≤ k

1 − exp[− 1
2Ω

∫ εc
0 c(eb ε

εc − ea ε
εc ) fcdε] ε ≥ k

(10)

By substituting Equation (10) into Equation (7), an energy method-based SIR damage
constitutive model of crumb rubber concrete can be obtained. The expression is as follows:

σ =

{
0 ε ≤ k

E0(ε − εP) exp[− 1
2Ω

∫ εc
0 c(eb ε

εc − ea ε
εc ) fcdε] ε ≥ k

(11)

In the equation, a/εc, b/εc, and c f c are constants, defining them as a1, b1, and c1,
respectively.

When the damage threshold k of rubber concrete is obtained, using the energy method,
the SIR damage model for rubber concrete can be produced according to the peak stress
fc and plastic strain εp of the stress–strain curve. Figure 9 shows the experimental curve
of the CRC-15 group and the theoretical curve derived from multiple damage thresholds.
As shown in the diagram, when the damage threshold k is 0.2, the theoretical curve is
similar to the experimental curve, and the degree of agreement is the highest. Therefore,
k = 0.2 is taken as the optimal damage threshold of the CRC-15 group, represented by
k′. Similarly, the optimal damage threshold of the other groups of rubber concrete can be
determined, and the theoretical damage model of the rubber concrete under the optimal
damage threshold with the corresponding ratio can be derived.

The constitutive relation expression of concrete under uniaxial compression proposed
by Guo Zhenhai is in segmental form, with the peak stress point defined as the boundary,
divided into rising and falling segments. The rising segment is defined as a polynomial
function, and the falling segment is defined as a rational fractional function. Its expression
is as follows:

y =

{
Ax + (3 − 2A)x2 + (A − 2)x3 0 ≤ x ≤ 1

x
B(x−1)2+x

(12)

In the equation, y = σ/ fc, σ is the stress, fc is the peak stress; ε is the strain, and εc is
the peak strain.
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Using the constitutive model of Guo Zhenhai (Equation (12)), using the energy method,
an equation for the damage variable can be derived:

D =


0 0 ≤ ε ≤ k

1 − exp[− 1
2Ω ( 1

2
A
ε2

c
ε2 + 1

3
3−2A

ε3
c

ε3 + 1
4

A−2
ε4

c
ε4)] k ≤ ε ≤ εc

1 − exp[− 1
2Ω ( 1

12 Aεc +
1
2 εc)− 1

2Ω

∫ ε
εc

εεc
Bε2−(2B−1)εεc+Bεc

dε] ε ≥ εc

(13)

Using the energy method, the damage model for the crumb rubber concrete can be
derived by inserting Equation (13) into Equation (7).

σ =


E0(ε1 − εp) + µ(σ2 + σ3) ε ≤ k
E0(ε1 − εp) exp[− 1

2Ω ( 1
2

A
ε2

c
ε2 + 1

3
3−2A

ε3
c

ε2 + 1
4

A−2
ε4

c
ε4)

]
k ≤ ε ≤ εc

E0(ε1 − εp) exp[− 1
2Ω ( 1

12 Aεc +
1
2 εc)− 1

2Ω ( εεc
Bε2−(2B−1)εεc+Bεc

)] ε ≥ εc

(14)

The determination method for the k value in Equation (14) is consistent with that in
Equation (11).
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According to Equations (11) and (14), the SIR and Guo Zhenhai damage models
based on the energy method for crumb rubber concrete can be calculated, respectively.
Figure 10 compares the two damage models and the test results. As seen in Figure 10, the
rising section of the test curve of the crumb rubber concrete is in good agreement with the
two damage models, indicating that the two damage models can satisfactorily express the
rising section of the test curve of the crumb rubber content. However, the damage model
is in good agreement with the descending section of the test curve only when using the
energy method. Therefore, this study employed the Guo Zhenhai damage model based on
the energy method to describe the stress–strain curve of the crumb rubber concrete.
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4.2. Analysis of Model Parameters

The test curve in this study is expressed by the damage model built by Guo Zhenhai
based on the energy method. The material properties and the loading method are deter-
mined based on the damage threshold k of the model, and the starting point of the plastic
damage due to the uniaxial compression of the specimen is defined as the damage thresh-
old, which is expressed as the strain to peak strain ratio at the onset of the plastic damage.
The method used to determine the optimal damage threshold k′ is discussed in Section 4.1
of this paper. Table 4 shows the optimal damage threshold k′ of the damage model built by
Guo Zhenhai based on the energy method, and its changes with the dimensionless stress
σ/σ0 and rubber content r are exhibited in Figure 11. Figure 11 indicates that as the crumb
rubber content increases, the damage threshold decreases, indicating that incorporating
crumb rubber will lead to more rapid deformation of concrete before it reaches the plastic
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stage. Figure 12 (1000× zoomed in) shows a scanning electron microscope image of the
interfacial transition zone (ITZ) between the rubber particles, natural sand, and cement
matrix, where the poor bonding performance between the rubber particles and cement
matrix [2,47] only allows the rubber concrete to maintain linear elasticity for a short time.

Table 4. Optimal damage threshold.

NC CRC-5 CRC-10 CRC-15 CRC-20

k′ 0.6 0.5 0.4 0.2 0.1
k′′ 0.621 0.489 0.360 0.228 0.101
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According to Figure 11, the relationship between the dimensionless stress σ/σ0, the
rubber dosage r, and the optimal damage threshold k′ can be fitted, as shown in Equation (15).
The determination coefficient is greater than 0.98. According to Equation (15), the optimal
damage threshold k′′ can be calculated, as shown in Table 4; the difference between k′′ and k′ is
small, and Equation (15) can be used to calculate the optimal damage threshold to determine
the strain state of the rubber concrete corresponding to plastic deformation.

k = −0.025
σ

σ0
− 2.676r + 0.646 (15)

In the equation, σ = σpk, and dσ
dε = 0 is the ordinary concrete’s peak stress.

Based on the full stress–strain curve, the following geometric boundary conditions are
identified: (1) ε = 0, σ = 0; (2): ε = 0, dσ

dε = E; (3): σ = σpk, ε = εpk; (4): σ = σpk, dσ
dε = 0.

The calculation expression of the damage energy dissipation is shown in Equation (16),
which is obtained by substituting Equation (11) into the above four boundary conditions.
The results of the damage energy dissipation calculated using Equation (16) are listed in
Table 5. Reference [46] states that when the damage energy dissipation Ω increases, the
peak stress σpk gradually increases and the peak strain gradually decreases, which leads to
an increase in the concrete’s strength and brittleness. Figure 13 shows the changes in the
damage energy dissipation Ω with the crumb rubber dosage r and dimensionless stress
σ/σ0. The fitting function appears in Equation (17).

Table 5. Calculated values of parameters Ω, A, and B.

Specimen Number Ω A B

NC 1.278 1.278 7.796
CRC-5 1.610 1.610 10.170
CRC-10 1.702 1.702 9.670
CRC-15 2.135 2.135 13.480
CRC-20 2.676 2.676 16.650
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As the crumb rubber content of the concrete increases, the damaging energy consump-
tion gradually decreases, as shown in Figure 13. The brittleness index and toughness index
of the rubber concrete in Figure 14 demonstrate that the inclusion of crumb rubber increases
the concrete’s toughness. The conclusion of the ductility of crumb rubber concrete obtained
in this study is consistent with the conclusion presented in reference [46]. However, the
conclusion obtained in this study contradicts that of reference [46]. It was determined
that the concrete contains more coarse aggregate, and the crumb rubber and coarse aggre-
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gate have a poor bonding ability, which eventually leads to a decrease in the concrete’s
strength [48,49].

Ω =
c1

(
eb1εc − ea1εc

)(
b1eb1εc − a1ea1εc

)
−2εc

(16)

Ω = 33.33
σ

σ0
+ 100r − 26 (17)Buildings 2024, 14, x FOR PEER REVIEW 17 of 22 
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The parameter calculation results of the energy method-based damage model built by
Guo Zhenhai are exhibited in Table 5. In order to facilitate its application, the function of
the parameters with the rubber content and the dimensionless stress is obtained, as shown
in Equations (18) and (19). The changes in parameters A and B with crumb rubber r and
dimensionless stress σ/σ0 are exhibited in Figures 15 and 16, respectively. Parameter A
characterizes the curve of the rising section of the damage model. The larger the A value,
the higher the ratio of the tangent modulus of the origin to the peak secant modulus, and
the better the ductility of the material [50]. The ductility of the crumb rubber concrete rises
as the crumb rubber content increases, as shown in Table 5.

A = −1.55
σ

σ0
+ 1.99r + 2.83 (18)

B = −7.91
σ

σ0
+ 18.21r + 15.58 (19)
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The Guo Zhenhai damage model of crumb rubber based on the energy method is
shown in Equation (20), and the findings of the above analysis show that the model is both
reasonable and practical.
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The parameters k′′ and Ω in the equation are obtained according to Equation (15) and
Equation (17), respectively. According to Equations (18) and (19), parameters A and B
are determined.

5. Damage Evolution Law of Crumb Rubber Concrete

Two types of D − ε curves for rubber concrete based on the energy-based method can be
calculated using the energy-based method damage variable calculation Equations (10) and (12),
as exhibited in Figure 16. Furthermore, the damage evolution of crumb rubber concrete is
analyzed throughout the uniaxial compression damage process.

Using the first-order derivative function of the damage variable concerning the strain
ε, during the uniaxial compression process, a change in the damage development rate
based on the energy method can be analyzed. The derivative of the damage variable is
shown in Equations (21) and (22).
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Figure 17 shows that the D − ε curves derived from the two constitutive models based
on the energy method are similar; both of them exhibit a monotonic growth of the “S”
type with increasing strain. The energy method does not consider the initial damage that
crumb rubber causes in concrete, so the amount of damage for each group calculated
based on the energy method gradually increases from zero. Compared with ordinary
concrete, rubber concrete has a lower maximum damage development rate, indicating
a more moderate damage process for crumb rubber concrete. During the initial loading
phase, the two sets of D − ε curves shown in Figure 16 show that the CRC-20 group’s
damage variable D − ε is significantly larger than that of other groups at the same strain
level. This mostly results from the large dosage of crumb rubber. In addition, Figure 18
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shows that the damage development rate of the CRC-20 group is also significantly greater
than that of the other groups at the beginning of the loading phase. The development and
change in the two damage development rates shown in Figure 18 show that the NC group
has the best maximum damage development rate. In the initial loading phase, compared
with the ordinary concrete, the rubber concrete has a higher damage development rate; the
crumb rubber concrete has a lower damage development rate than the ordinary concrete
during the plastic strain stage.
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6. Discussion

The above research methods further resolve the drawbacks of using the traditional
concrete constitutive model to fit a variety of modern concrete constitutive relations. By
changing the model parameters of the traditional constitutive model to describe the con-
stitutive relationships between a variety of modern concretes, even if a high degree of
fitting is achieved, the description of many feature points is often not accurate enough,
such as elastic deformation process, peak stress, peak strain, ultimate stress, ultimate strain,
plastic deformation process, and so on. In this study, the damage constitutive model and
damage evolution law of rubber concrete are analyzed using the basic law of irreversible
thermodynamics and the principle of energy balance. The damage evolution of rubber
concrete is regarded as the process of transformation from the structural phase to the
damage phase. The whole process of compression damage of rubber concrete is described
in detail, which can express the damage model of rubber concrete more accurately. By
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studying the functional relationship between the rubber content, mechanical properties,
and model parameters, the damage constitutive model of rubber concrete can be derived
more directly and conveniently in practical engineering applications.

Many scholars have studied the damage evolution law of rubber concrete using
acoustic emission or numerical simulations. In this study, the damage variable expression
in the process of the rubber concrete damage model is derived to calculate the damage
amount of rubber concrete under uniaxial compression, which is an innovation in the
research method.

In theory, the incorporation of rubber particles reduces the stiffness of concrete. In
fact, not only the stiffness is reduced, but also the strength and other indicators. Therefore,
rubber concrete should be used when the indexes such as stiffness and strength meet
the specifications.

7. Conclusions

This paper analyzes the energy absorption capability of crumb rubber concrete during
uniaxial stress. After investigating the SIR damage model and the Guo Zhenhai damage
model based on the energy method, we obtained the following results:

1. With the increase in rubber particle dosage, the pre-cracking energy, cracking energy,
and total energy absorbed by the rubber concrete increase and then decrease, while
the energy absorption capacity after cracking gradually decreases. The changing trend
in the total energy absorption during the compression of the crumb rubber concrete is
consistent with the changing trend in the damage dissipation energy Ω.

2. The Guo Zhenhai damage model based on the energy method more accurately de-
scribes the entire stress–strain curve of the crumb rubber concrete, and the brittleness
characteristics of the model parameters and brittleness index remain consistent.

3. There are similarities between the two rubber concrete damage evolution patterns
based on the energy method, and both sets of D − ε curves monotonically increase
from 0 in an “S” shape. When the strain reaches the plastic strain stage, the dam-
age development rate of ordinary concrete exceeds that of rubber concrete, and the
maximum damage development rate is higher than that of crumb rubber concrete.
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