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Abstract: This study discusses a circular trajectory tracking function through a proposed pneumatic
artificial muscle (PAM)-actuated robot manipulator. First, a dynamic model between a robot arm
and a PAM cylinder is introduced. Then the parameters thereof are identified through a genetic
algorithm (GA). Finally, PID is used along with a high-order sliding-mode feedback controller to
perform circular trajectory tracking. As the experimental results show, the parameters of sampling
time and moment of inertia are set to accomplish the trajectory tracking task in this study. In addition,
the maximum error between the objective locus and the following locus was 11.3035 mm when
applying theta-axis control to the circular trajectory of the robot arm with zero load or lower load.
In an experiment of controller comparison, the results demonstrate that a high-order sliding-mode
feedback controller is more robust in resisting external interference and the uncertainty of modeling,
making the robot arm have good performance when tracking.

Keywords: pneumatic artificial muscles; robot; sliding-mode control

1. Introduction

In recent years, with the rise of interdisciplinary concepts and the trend toward
mechanical automation, automated robots have gradually begun to stand out in various
industrial markets, such as service and medical treatment. Especially in the field of
biomedicine, improvements in the quality of life and in the aging population have greatly
evoked a demand for medical services, and shortage of medical personnel has become
a problem that the entire medical industry must confront, where what a physiotherapist
does is a labor-intensive job, combined with a frequent occurrence of accidents, sports
injuries, and occupational injuries, making rehabilitation robots even more valuable [1,2].
The movements performed by rehabilitation robots cover all four extremities, and for
different types of patients, upper-extremity rehabilitation robots have to perform different
rehabilitation tasks. Therefore, numerous upper-extremity rehabilitation robots have been
developed in the market to assist physiotherapists in their medical tasks [3,4]. Moreover,
the demand for rehabilitation tasks is very high in poststroke patients [5,6]. The robot arm
used in this study to carry out rehabilitation is designed for stroke patients. Since there
are still many machines using a gear reducer and motor as drivers in the medical field, it
is often easy to directly apply force to the patient, causing secondary injuries, where the
purpose of the motion trajectory is to implement rehabilitation on the patient’s elbow and
shoulder. As a result, the pneumatic artificial muscle (PAM) cylinder flexibility can be used
to reduce the risk of injuring users. A PAM cylinder is an air-pressurized actuator, with the
McKibben type being one of the most renowned actuators [7,8]. A McKibben-type PAM
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cylinder has the advantages of light weight, flexibility, and nonlinear passive flexibility
compared with other actuators [9]. In recent years, PAMs have been frequently used in
research studies related to robots, which include modeling and compensation [10–15] and
control methods [16–18]. PAM cylinders have been commercialized by the JSR Corporation
and are mainly used for robotics-related applications. McKibben-type PAM cylinders have
rubber hoses on the inside and are covered with a fabric mesh on the outside. When the
internal rubber hose is pressurized, the pressure inside pushes the hose wall, and the rubber
hose is thereby shortened; the contractile force generated is the power source of the actuator’
pneumatic energy. A delay always occurs when a muscle cylinder is repeatedly acting.
Minh et al. [19] used proportional flow control servo valves to control PAM cylinders,
mainly by experimentally establishing equal-distance, equal-pressure, and equal-delay
models, feedforward, and compensation, with good control results. Loukianov et al. [20]
provide the concept of sliding-mode control (SMC), where the fundamental idea is to force
the system to enter a preset stable space, which is called a sliding plane. The system is
restrained in the workspace once it enters, and then it slips toward the control target along
the sliding plane. Sárosi et al. [21] used a sliding mode for a robotic arm, driven by a
pneumatic muscle actuator. Shen [22] utilized the SMC to collocate with the proportional
flow control servo valve to control a PAM cylinder, which is mainly purposed to design
the SMC plane for the linear motion control of dual PAM cylinders, as well as to calculate
the model and controller parameters via the equivalent control law and mode-switching
control (MSC), to form a closed-loop system. Furat and Eker [23] used the second-order
SMC to improve the system performance, in which the sliding plane is to be collocated
with the second-order sliding plane of PID. From the experiment outcomes, it is provided
that resistance to uncertainty and interference of this second-order SMC raises significantly
compared with that of the first-order SMC and traditional PID controller.

2. Materials and Methods
2.1. Materials and Experimental Setup

The electromechanical system and structure of the robot arm used in this research
is shown in Figure 1: the control terminal consists of a host and a real-time monitoring
system, where Windows OS is applied in the host and LabVIEW is used to compile the
real-time monitoring program to communicate with the embedded controller. The control
flow is that the host delivers the command to the robot arm for the trajectory, and then
transfers the data with regard to the trajectory coordinates as well as the correspondent
joint angles of the robot arm via forward kinematics to the real-time monitoring system
for control. Furthermore, the information feedback by angle, pressure, and force sensor
is matched and used to perform tracking. The electromechanical system includes the
control system, pneumatic system, robot arm, and detection system. The control system
in this study includes the PC, the monitoring and transmission system of the myRIO
controller developed by NI, the proportional flow control servo valve (VPPM-6L-L-1-G18-
0L10H-V1N) developed by Festo to drive the middle PAM cylinder pulling the R axis
as shown in Figure 3, and the proportional flow control servo valve (MPYE-5-M5-010-B)
also developed by Festo to drive the two-side PAM cylinders to control the rotation of
theta axis. The pneumatic system includes a 3.5 HP air compressor. The robot arm system
includes a robot arm with two degrees of freedom and a robot arm joint driven by the
PAM cylinder developed by Festo. The motion sketches of the robot arm can be seen in
this figure, including the movable joint position, encoder position, and PAM position. The
detection system includes an optical rotary encoder, which can detect the angular variation
of rotation of each joint of the robot arm; the S-type tension force sensor to measure the
force of the PAM applied to the joint; the precision laser rangefinder developed by Keyence
to measure the length of the PAM cylinder; and the pressure gauge developed by Festo to
measure the inner pressure of the PAM cylinder (SPAB-P10R-G18-NB-K1). In addition, the
specifications of other hardware and equipment are shown in Table 1.
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Figure 1. Structure of the electromechanical system of a robot arm.

Table 1. Spec list of hardware and equipment used in this study.

Item Type Specifications

Proportional flow control
servo valve

Developed by Festo
(MPYE-5-M5-010-B)

Standard nominal flow rate (L/min): 100
Product weight (g): 290 (not containing connectors)

PRV Developed by Festo
(VPPM-6L-L-1-G18-0L10H-V1N)

Pressure range: 0 to 10 bar
Input voltage range: 0 to 10 V

Feedback voltage by pressure range: 0 to 10 V

PAM cylinder Developed by Festo
(MAS-20-300N-AA-MC-O-ER-BG)

The structure includes a contractile system and a
connector of two ends, where the inside of the

contractile system is a hose, and the outside is covered
by a fabric mesh with high intensity.

Power sensor Developed by VPG
load cell

A correspondent voltage generated by deformation due
to the extension of the load cell can be obtained, where

the force measure range is from 0 to 100 kg, and the
feedback voltage signal is from 0 to 10 V.

Pressure sensor Developed by Festo
(SPAB-P10R-G18-NB-K1)

Pressure measure range: 0 to 10 bar
Feedback voltage signal: 1 to 5 V

Optical encoder Developed by QPhase
(TSD-HB-8-1000A-H)

Can be utilized for the analysis of frequency quadruple,
where the resolution of one cycle is 8000 Hz.

Laser rangefinder Developed by Keyence
Type of IL-300

Measure distance: 300 mm
Measure range: 160 to 450 mm

Precision of measure repeatability: 30 µm
Output voltage range: 0 to 5 V

2.2. Introduction of a Dynamic Model
2.2.1. Analysis of Motion of Joint Angle and Terminal Point of a Robot Arm System

The concept of design of a robot arm in this study mainly aims at executing the planar
motion for rehabilitation, in which the robot arm actually consists of three connecting rods.
The robot arm has two degrees of freedom because of the mechanism restraint, where the
purpose is to generate the motion trajectories on the XY plane of the same Z axis. In order
to maintain the end effector of the robot arm to be in motion on the XY plane of the same Z
axis, the mechanism design is as shown in Figure 2. The robot arm’s base joint 1 is driven
by two sets of artificial muscle cylinders at the same time. When joint 1 rotates, it drives
the end effector of the robot arm to rotate at an angle relative to the Z axis. Additionally, to
maintain the end effector on the same planar level, the timing belt is used to connect the
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timing gear 2 of the connecting rod 3 and the timing gear 1 of the connecting rod 2. Due to
the connection of the timing belt, the connecting rod 3 simultaneously rotates when the
connecting rod 2 is rotary. The rotary angle of joint 1 is defined as θ1, the rotary angle of
joint 2 is defined as θ2, and the rotary angle of joint 3 is defined as θ3. Because the gear
ratio between joints 2 and joint 3 is two, the angular relation of joints 2 and 3 is as follows:

θ3 = −2θ2 (1)

where the timing gear of joint 2 is brought by an external pulley system, in which the latter
is driven by a set of artificial muscle cylinder as shown in Figure 3. Through the design
concept of this mechanism, the end effector of the robot arm can be maintained on the
same level of the XY plane. Joint 1 is put in motion by the two-sided PAM cylinders pulling
a steel rope with each other, while joint 2 is driven by the middle PAM cylinder pulling
a steel rope. Joint 1 controls the angle of the end effector of the robot arm projected on a
polar coordinate system from the XY plane, while joints 2 and 3 control the radius of the
end effector projected on a polar coordinate system from the XY plane. Due to the stroke
restraint of an artificial muscle cylinder, the angular range of the end effector rotation is
±15◦, while the range of motion of the radius of a polar coordinate system is subject to the
range of 10~600 (mm) due to the mechanical restraint.
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In this study, we adopt a robot arm with multiple connecting rods, where the base is
fixed and the other terminal is so-called the end effector. In order to plan for the trajectory
control in the future, kinematics must be used here to define the transforming relationship
between two coordinate systems: joint coordination and Cartesian coordination. This study
mainly uses the two axial trajectories to track control; therefore, the forward kinematics
of the robot arm will be introduced here. The robot arm in this research consists of three
connecting rods, where Cartesian coordination is used for the trajectory descriptions in
this mission. Considering a robot arm with n degrees of freedom, where the angle θ is
represented as θ = [θ1, θ2, · · · , θn]

T , assuming that the Cartesian coordination of the robot
arm is r = [x1, x2, · · · , xm]

T , then the correspondent relationship can be obtained, as in
Equation (2).

r = f(θ(t)) (2)

Denavit and Hartenber (homogeneous transformation matrix, D–H) is used here to
define each joint on each coordinate system. Through this methodology, the homologous
relationship of the two coordinate systems can be described. Considering the transforming
relationship between the positions at n and n + 1 of the two adjacent coordinate systems,
there are four important parameters needed when defining the D–H methodology: θn+1 is
the rotary angle of the Z axis corresponding to the previous coordinate system at n, dn+1
is the displacement along the Z axis after the previous coordinate system rotates in the
Z axis, an+1 is the displacement after the previous coordinate system moves along the Z
axis and then the X axis, and an+1 is the rotary angle along the X axis after moving along
the X axis. After the coordinate transformation of the four coordinates described above,
the homogeneous transformation matrix for D–H parameters can be acquired, which is
Equation (3):

An+1 = Rot(z, θn+1)× Trans(0, 0, dn+1)× Trans(an+1, 0, 0,)× Rot(x, αn+1) (3)
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A =


Cθn+1
Sθn+1

0
0

−Sθn+1Cαn+1
Cθn+1Cαn+1

Sαn+1
0

Sθn+1Sαn+1
−Cθn+1Sαn+1

Cαn+1
0

an+1Cθn+1
an+1Sθn+1

dn+1
1


Relative to the initial position, the correspondent relationship of the robot arm is the

function of joint angles, and then the coordinate of the robot arm can be obtained, as in
Equation (4). 

x
y
z
1

 = f(θ1, θ2, · · · , θn) (4)

The D–H parameters of the robot arm, which consists of three connecting rods, are
shown in Table 1, as well as the relationship of each joint angle and each terminal position
as in Equation (5), if the parameters in Table 2 are used: x

y
z

 =

 L2 cos θ1 cos θ2 + L3 cos 2θ2 cos θ1 cos θ2 + L3 sin 2θ2 cos θ1 sin θ2
L2 cos θ1 sin θ2 + L3 cos 2θ2 cos θ1 sin θ2 + L3 sin 2θ2 sin θ1 sin θ2

L2 sin θ2 + L3 cos 2θ2 sin θ2 − L3 sin 2θ2 cos θ2

 (5)

Table 2. D–H parameters of a robot arm.

θ d a α

θ1 0 0 90◦

θ2 0 L2 0◦

−2θ2 0 L3 0◦

2.2.2. Dynamic Math and Model of Proportional Flow Control Servo Valve of
PAM Cylinder

Except for the relativity between the joint angle and the terminal point of the aforemen-
tioned robot arm system in Section 2.2.1, the mechanism used in this study also includes
the PAM cylinder described in Section 2.2.2. As a result, a model of systematic mathematics
is introduced in this section, where the model sketch is shown in Figure 3. It can be divided
into three major categories, which include the rotary-load dynamic equation, force dynamic
equation, and flow-rate dynamic equation.

In order to prove the rotary-load dynamic equation, this study is referred to the linear
MBK system (mass-damper-spring system) to acquire the dynamic, as in Equation (6):

..
θ1 =

1
J

(
Fbr− Far− B

.
θ1

)
(6)

where J(θ2) (kg·mm2) is the moment of inertia of the robot arm; B (kg·mm2/s) is the
system damper;

.
θ1 is the rotary angular velocity of the robot arm in the theta axis;

.
θ1 is the

rotary angular acceleration of the robot arm in the theta axis; Fa and Fb (kg·mm/s2) are,
respectively, the two forces generated when the PAM cylinder is in motion; and r is the
rotary radius of the base axis of the robot arm.

A major power source of the robot arm used in the force dynamic equation is the
air pressure inside the hose of the PAM cylinder. Hence, to acquire the force when the
two PAM cylinders are activated, the force dynamic equation is required to obtain the
pressure–force relationship. This model is represented by the principle of virtual work
proposed by Chou and Hannaford, as shown in Equation (7):

dWout = dWin (7)
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where Wout and Win are the works in regard to input and output, respectively. Therefore,
dWout = −FdL and dWin = (P− Patm)dV, where F is the force applied by the PAM
cylinder; L and V (mm) are the length and volume

(
mm3) inside the hose, respectively;

P(kPa) is the absolute pressure inside the hose of the PAM cylinder; and Patm(kPa) is the
air pressure of the experiment environment. In order to compute dV/dL, the fabrics used
to cover the PAM cylinder is set to be nonextendable to fix the length thereof, where the
volume V of the PAM cylinder is obtained as in Equation (8):

V =
1
4

πD2L =
b3

4πn2 sin2 ε cos ε (8)

where L is the length of the PAM cylinder (i.e., L = b cos ε), which is the weaving angle of
the fabric mesh covering the PAM cylinder; D(mm) is the diameter of the PAM cylinder
(i.e., D = b sin ε/nπ); and b(mm) is the length of fabrics, which is the cycle number of
fabrics. Combining Equations (7) and (8), the result is Equation (9):

F = −(P− Patm)
dV/dε
dL/dε

= (P− Patm)
b2(3 cos2 ε−1)

4πn2

(9)

The relationship when the PAM cylinder is in motion along rotary tools is shown in
Equation (10).

L =

{
L0 + rθ1
L0 − rθ1

f or PAMa
f or PAMb

(10)

L0(mm) is the initial length of the PAM cylinder. Because of L = b cos ε, the relation-
ship of the active forces Fa and Fb of the PAM cylinder after combining the equations can
be obtained, as in Equation (11):

Fa =

[
3(L0+rθ1)

2−b2

4πn2

]
(Pa − Patm)

and Fb =

[
3(L0−rθ1)

2−b2

4πn2

]
(Pb − Patm)

(11)

Use Equations (11) to (6), and then the rotary angle of Equation (12) can be acquired:

..
θ1 = r

[
3(L0 − rθ1)

2 − b2

4πn2 J

]
(Pb − Patm)− r

[
3(L0 + rθ1)

2 − b2

4πn2 J

]
(Pa − Patm)−

B
J

.
θ1 (12)

Because the proportional flow control servo valve is selected to be the controller in
this research, a differential must be performed on the pressure when building the model in
order to obtain the first-order differential dynamic equation as in Equation (13):

...
θ 1 = r

[
3(L0 − rθ1)

2 − b2

4πn2 J

]
.
Pb − r

[
3(L0 + rθ1)

2 − b2

4πn2 J

]
.
Pa −

3r2[(L0 − rθ1)(Pb − Patm) + (L0 + rθ1)(Pa − Patm)]

2πn2 J

.
θ1 −

B
J

..
θ (13)

The pressure variation
.
P(a,b) of the two PAM cylinders can be acquired through

differentiation with the ideal gas law, which is shown in Equation (14):

.
P(a,b) =

γRT
.

m(a,b)

V(a,b)
−

γP(a,b)

V(a,b)

.
V(a,b) (14)

where γ is the specific heat of air, R (kJ/kg·K) is the ideal gas constant, T (K) is the
gas temperature under the experiment environment, and

.
m(a.b)

(
kg·kPa·mm3/s·kJ

)
is the

variation flow-in/flow-out air mass of the two PAM cylinders. Therefore, the expression of
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the volume and volume variation of the two PAM cylinders when they are in motion can
be proved, as in Equation (15):

Va(θ1) =
(L0+rθ1)[b2−(L0+rθ1)

2]
4πn2 and Vb(θ1) =

(L0−rθ1)[b2−(L0−rθ1)
2]

4πn2
.

Va(θ1) =
b2−3(L0+rθ1)

2

4πn2 r
.
θ1 and

.
Vb(θ1) =

−b2+3(L0−rθ1)
2

4πn2 r
.
θ1

(15)

Use Equations (14) and (15) into Equation (13), and then we can obtain Equation (16):

...
θ =

1
J

(
Cb

.
mb − Ca

.
ma − K

.
θ1 − B

..
θ1

)
(16)

where Ca and Cb (kJ/kg) are the specific kinetic energies of the two PAM cylinders, and K
is the work

(
kPa·mm3) applied to joint 1 by the two PAM cylinders.

From the preceding paragraphs, it is shown that the variation rations of air mass
.

ma
and

.
mb vary along with the opening/closing degree of the proportional flow control servo

valve utilized in this study. From the literature [6,7], the formula for the rate of change of
air mass is known, so it can be used in Equation (17) to represent the relationship between
air flow and valve opening:

.
m(Pu, Pd) = ure f ψ(Pu, Pd) (17)

where

ψ(Pu, Pd) =


√

γ
RT

(
2

γ+1

)(γ+1)/(γ−1)
C f Pu i f Pd

Pu
≤ Cr (choked)√

2γ
RT(γ−1)

√
1−

(
Pd
Pu

)(γ−1)/γ( Pd
Pu

)(1/γ)
C f Pu otherwise (unchoked)

(18)

ure f is the control command of the calculation of the valve opening, and the rela-
tionship of the two PAM cylinders is ure f = −ure f ,a = ure f ,b; Pu and Pd, respectively,
represent the upper limit and lower limit of the charged air pressure; C f is the parameter
for the ventilation of the valve opening; and Cr is the parameter used to distinguish the
flow-rate formula ψ(Pu, Pd). Combining the relationships of the control command of the
two aforementioned PAM cylinders,

.
ma(Pu, Pd) = −ure f ψa and

.
mb(Pu, Pd) = ure f ψb can be

concluded, which can be used in Equation (16) to obtain Equation (19):

...
θ 1 =

1
J

[
(Caψa + Cbψb)ure f − K

.
θ1 − B

..
θ1

]
(19)

2.3. Parameter Identification of the Dynamic Model
2.3.1. Parameter Identification of the Model of the Proportional Flow Control Servo Valve

In Section 2.2.2, the model of the proportional flow control servo valve is introduced.
In this section, the parameter identification of the model of the proportional flow control
servo valve is introduced to achieve the relation in regard to the fundamental open-loop
control via control commands and control voltage commands. As a result, the major
difference of a proportional flow control servo valve is response speed; by controlling the
dimension of the valve opening, the PAM cylinder can be less restrained by the response
speed of the hardware when charging or venting. However, the relationship between valve
opening and gas flow rate must first be defined before controlling the degree of valve
opening. The characteristic graph of the controller used in this study is nonsymmetrical.
However, for the convenience and universality of model establishing, the design of the
symmetrical relation is used for the control command when defining the flow-rate dynamic
equation on valve opening to match this system, that is −ure f ,a = ure f ,b. Hence, a half-
sided characteristic graph is chosen in this study to build the equation of the characteristic
curve for curve fitting and the fitting result, whose answer can be proved by reversing
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the calculation after acquiring the opening percentage of the valve. In order to simplify
the calculation of the system, the two relationships are exchanged for refitting, and the
relationship is proved. Afterward, the refitting result is used for the information regarding
the standard regular flow rate of a proportional flow control servo valve provided by Festo
Corporation. Each parameter can be acquired with respect to the control voltage command
and driven proportional flow control servo valve, as shown in Table 3.

Table 3. Parameter table of the model of the proportional flow control servo valve.

Parameter Units Value Range

Patm kPa 101.3 –
Ps kPa 707 –
γ – 1.4 –
R kJ/kg·K 0.287 –
T K 293 –
JS kg·mm2 – 0–30,000
JL kg·mm2 – 200,000–400,000
B kg·mm2/s – 0–10,000

Gain – – 0.8–1.2
L0 mm – 250–255
D mm – 20–40
b mm – 250–441.673

C f – – 0–1
Cr – – 0.143–1

2.3.2. Using a Genetic Algorithm to Find the Optimum Parameters for a Dynamic Model

The dynamic model in the system is interfered by many factors. To obtain the optimum
model parameter, a genetic algorithm applied with real numbers is adopted in the study
to pursue a better solution within a specific range to acquire better control effects on
performing trajectory tracking on a robot arm in the future. A genetic algorithm is a
method of random searching. An ordinary genetic algorithm can be categorized as a
duodecimal system and real-number system. This study utilizes the latter, in which the
merit compared with the former is less limited by resolution.

The parameters of the dynamic model in this research include the moment of inertia
of min time JS on the R axis of the robot arm, moment of inertia of MAX time JL on the
R axis of the robot arm, air pressure Patm on the R axis of the robot arm, air pressure
under the experiment environment, pressure Ps from the pressure supplier, coefficient B
of a system damper, specific heat of air γ, ideal gas constant R, gas temperature T under
the experiment environment, length of the PAM cylinder L0 at the initial status of the
system, radian of the PAM cylinder D at the initial status of the system, fabric length b of
the PAM cylinder, ventilation parameter of the valve opening C f , parameter Cr used to
distinguish the flow-rate equation, output control voltage command and the actual voltage
conversion, where the air pressure under the experiment environment is the constant
1atm (; 101.3kPa), Ps from the pressure supplier is a stable 6Bar (; 707kPa), the specific
heat of air γ is 1.4, the ideal gas constant R is 0.287 (kJ·K/kg), and the gas temperature T
under the experiment environment is 293 (K); hence the genetic configurations inside the
chrome include JS, JL, B, L0, D, b, C f , Cr, and Gain.

This study aims to solve the optimal solution of the fitness function. As a result,
it is rather important to define the fitness function, which must accurately present the
relationship of the chromosome and its best solution. Additionally, it is always expected to
narrow the error on the control as much as possible, so pursuit of the min fitness function
is defined in this study to be the criterion for judgement. The fitness function is defined by
the inverse of the sum of the root mean squared error (RMSE) of the angles on the theta
axis plus the RMSE of the pressure, in which the latter consists of the left part and the right
part. Based on this principle, we mean to evaluate whether or not the angles and pressures
of the two PAM cylinders generated from the parameters of the model and measured in
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the actual experiment are the optimal solutions. The fitness function of the system model is
defined as Equation (20):

Maximize
JL ,JS ,B,L0,D,b,C f ,Cr ,Gain

Fitness(t) =
[

RMSE(θ1) + RMSE
(

Pright

)
+ RMSE

(
Ple f t

)]−1

where Fitness(t) =

[√
1
n

n
∑

i=1

(
θi − θ̂i

)2
+

√
1
n

n
∑

i=1

(
Pright,i − P̂right,i

)2
+

√
1
n

n
∑

i=1

(
Ple f t,i − P̂le f t,i

)2
]−1 (20)

Fitness (t) is the value of the fitness function during the sampling time t for the dynamic
model of the robot arm. θi

1, Pi
right, and Pi

le f t represent the measured angles on theta axis and

the pressures of the two PAM cylinders during the ith sampling time, while
_
θ

i

1, P̂i
right, and

P̂i
le f t are the estimates through model calculation.

The study is a traditional one with real numbers, and then an elite strategy is used to
retain the best chromosome. The method is to retain the optimal solution of the generation
of parents to the generation of children, and ultimately end the evolution by configuring
the number of evolutions. The configurations for the genetic algorithm in this study are
sample number at 500, algebra at 1000, mutation rate at 0.4, and mating rate at 0.6. After
the calculation, the fitness function through the genetic algorithm is Equation (20). The
range of configuration for each parameter of the aforementioned fitness function and the
correspondent optimal outcomes through a genetic algorithm are shown in Table 4.

Table 4. Range of parameter configuration of a dynamic model of a robot arm and optimal parameter.

Gene Range Optimum Parameter

JS 0 to 30,000 15,960.7
JL 200,000 to 400,000 267,077
B 0 to 10,000 7042.55
L0 250 to 255 252.446
D 20 to 40 35.406
b 250 to 441.673 385.02

C f 0 to 1 0.0889213
Cr 0.14268 to 1 0.538054

Gain 0.8 to 1.2 0.988137

2.4. Extended Sliding-Mode Feedback Controller and Parameter Identification

This section will introduce the controller and the parameter configurations of the
controller used in this study. The fundamental concept of SMC is to force the system to
enter a predesigned sliding plane. At the beginning, the system moves toward the plane,
and then slides to the target point of control once entering the plane. As a result, for SMC a
different sliding plane design will end in different effects on the system. The study designs
a high-order SMC feedback controller [4]; the flow chart of the system control is shown in
Figure 4.
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The error of angle e = θ1 − θd: θd is the trajectory of the tracking angle, and u is
the control voltage command. The sliding plane for the high-order sliding-mode control
(HOSMC) designed in this research is represented in Equation (21):

S
(
e,

.
e,

..
e
)
=

..
e+3λ

.
e + 3λ2e + λ3

∫ t

0
edτ = 0 (21)

In SMC, the control command can be decomposed into the equivalent control law and
the switching control law, which can be represented by Equation (22):

ure f = uHOSMC,eq + usw (22)

where uHOSMC,eq represents the equivalent control law of HOSMC, and usw the switching
control law. The equivalent control law defines the first derivative on a sliding plane to be
0, which is Equation (23):

.
S= 0 (23)

Use Equations (21) to (23), and then combine with Equation (19), and the equivalent
control law equation of HOSMC can be obtained, as in Equation (24):

uHOSMC,eq =

...
θ d − f̂ (x)− 3λ

..
e− 3λ2 .

e− λ3e
p̂(x)

(24)

where p(x) = (1/J)× (Caψa + Cbψb) and f (x) = −(1/J)
(

K
.
θ1 + B

..
θ1

)
: f̂ (x) and p̂(x) are

the simulated estimates from f (x) and p(x). As for the part of the switching control law,
the study uses the concept of a sliding layer proposed by Slotine (1983), so the switching
control law equation is to be designed as Equation (25):

usw =

 −
G

p̂(x) sign(S) i f |S| > φ

− G
p̂(x) sat

(
S
φ

)
i f |S| ≤ φ

(25)

where φ is the width of the saturation region. From Equation (25), a sliding plane can be
observed, which consists of two parts: the first one is the nonsaturation region |S| ≤ φ,
and the second one is the saturation region |S| > φ. The main purpose for designing the
saturation region is to avoid vibration occurrence. When the system is in the nonsaturation
region, the control law is selected as sign(S) and as sign(S) on the contrary. This method
is able to effectively shrink the switching intensity within the saturation region, in which
the width configuration of the saturation region can be satisfying if only a high-frequency
vibration does not occur in the system.
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Referring to the literature [5], the dynamic model of this system is represented as
Equation (16); however, since the parameters of a robot arm cannot be accurately measured,
it is modified to Equation (26):

...
θ 1 = f (x)± ∆ f (x) + p(x)ure f ± ∆p(x)ure f + d (26)

where ∆ f (x) and ∆p(x) represent the uncertainties of the dynamic system, and d is the
external disturbance.

The influence brought by the uncertainties and external disturbance can be written as
Equation (27):

D(t, u(θ1)) = ±∆ f (x)± ∆p(x)ure f + d (27)

Use Equation (27) into Equation (26); then the estimated dynamic model can be
modified as Equation (28):

...
θ 1 = f (x) + p(x)ure f + D(t, u(θ1)) (28)

Use Equation (22) into Equation (26); then we can obtain Equation (29):

...
θ 1 =

...
θ d − 3λ

..
e− 3λ2 .

e− λ3e− Gsign(S) + D(t, u(θ1)) (29)

Eventually, we use Equation (29) into the sliding plane for the first derivative, and
then we can acquire Equation (30):

.
S = −Gsign(S) + D(t, u(θ1)) (30)

To prove whether the high-order sliding-model designed in this study can stabilize
the system controlled, as well as maintain the error of control on

.
S= 0 of the sliding plane,

a Lyapunov function is selected as Equation (31):

V(t) =
1
2

STS (31)

Differentiate V in regard to time, and we can obtain Equation (32).

.
V = ST

.
S < 0, S 6= 0 (32)

Use Equation (30) into Equation (32), and then we can obtain Equation (33).

.
V = ST

.
S = ST(−Gsign(S) + D(t, u(θ1)))

≤ −G× |S|+ S× Dmax
≤ −|S| × (G− Dmax).
< 0

(33)

From the preceding descriptions, it is shown that when a system is under conditions
with max uncertainties and external disturbance, and the value of G exceeds the uncertain-
ties and external disturbance of the system, a Lyapunov function is capable of guaranteeing
that the trajectory tracking to the SMC system will be restrained on the sliding plane.

After building the dynamic model of the robot arm, the parameter identification
of the controller is discussed next. In order to prevent the parameter adjustment in the
experiment from diverging the system, as well as reduce the adjustment time, this study
utilizes a real-number genetic algorithm to search the parameters of each controller (for
introduction on genetic algorithm, please see Section 2.3.2) to define the criteria of reference
for the experimental adjustment. To find out the parameters of each controller, this study
adopts the closed-loop method by inputting the default values of the system model of the
robot arm and the commands of trajectory tracking to calculate the optimal solution for the
control command.
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Because the robot arm is activated to act by the pulling of the two PAM cylinders
with each other, where the inner force shrinks the MAX swing amplitude designed by
the original mechanism (the swing amplitude originally designed is ±15◦), a ±0.22 rad
(=12.605◦) sine trajectory is used as our target trajectory to simulate the possible trajectories
carried out in the future. Therefore, the main purpose of this study for using the controller
is to control the angle and to ensure the controllability of the robot arm under the two
extreme statuses (min and MAX status on the R axis). Hence, the fitness function used
to pursue the optimal solution is defined as the sums of the RMSE of the angles under
the two aforementioned extreme statuses. The control variables of HOSMC are shown in
Equations (24) and (25), which include λ, G, and φ. If the fitness function is defined through
the RMSE of angle, the range of parameter identification and the outcomes can be acquired
as shown in Table 5. The configuration of a genetic algorithm includes sampling number at
500, algebra at 1000, mutation rate at 0.4, and mating rate at 0.6.

Table 5. Range of optimal controller parameters and outcomes.

Parameter Range Optimum Parameter

Λ 0 to 100 17.6953
G 0 to 10,000 384.302
φ 0 to 10,000 776.93

Use the optimal solutions into the simulation, and the outcomes can be obtained as the
error of angle of the first axis (θ1), and the RMSE is 0.0207◦ when the centers of mass of the
second axis and the third axis of the robot arm are at the closest distance (θ2 = 0). Besides,
the RMSE of the error of angle of the first axis (θ1) is 0.1318◦ when the centers of mass of
the second axis and the third axis of the robot arm are at the farthest distance (θ2 = 180).

3. Results and Discussion
3.1. Experiment and Discussion on the Fixed Moment of Inertia of a Robot Arm

To investigate the two extreme statuses of a robot arm, experiment and discussion
are needed. According to the information regarding the hardware specs, it is shown that
the quickest response time of this controller is 8 ms. As a result, we will discuss the
configuration of sampling time and the fixed moment of inertia of the theta control of a
robot arm in this section.

3.1.1. Configuration of Sampling Time

This section utilizes HOSMC to investigate the influence on precision of trajectory
tracking by sampling time. The trajectory in the experiment is a ±10◦ sine, where the
controller is traditionally designed by adopting the switching control law. Hence, the width
of the saturation region φ is 0, and the parameters of the controller are λ = 12.5 and G = 150
to be used for the comparison of influence when the sampling times are 20 ms and 10 ms,
respectively. The summaries thereof are shown in Table 6. We can see that the lower the
sampling time, the better the tracking. In conclusion, we decided to adopt 10 ms as our
sampling time for the subsequent experiments.

Table 6. Comparison table of tracking outcomes at different sampling times.

Sampling Time Max Error (Degree) RMSE (Degree)

20 ms 2.089 0.51468
10 ms 0.402 0.12895

3.1.2. Investigation on the Fixed Moment of Inertia of a Robot Arm Controller

This study investigates the fixed moment of inertia of a robot arm controller. The
experimental conditions are established to control the theta axis of the system via HOSMC
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and PID controller. The preceding section discussed the tracking precision under two ex-
treme statuses. However, regarding the real control of the robot arm, we cannot completely
simulate the actual situations of a robot arm, such as friction of the robot arm, friction of
the PAM cylinder fabrics, and inertia of the robot arm when oscillating. As a result, we will
use the optimal solutions of HOSMC parameters as what we have obtained in Section 2.3.2
as the criteria for the adjustment on actually controlling the robot arm. The PID parameters
were tuned by the Ziegler–Nichols rule. The tracking trajectory is a ±10◦ sine, where the
moments of inertia under the two extreme statuses should be adjusted to JS = 36,000 and
JL = 276,077, and the parameter configurations of each controller are shown in Table 7.

Table 7. Parameter configurations of the controller of the fixed moment of inertia.

Controller Controller Parameters

HOSMC λ: 34.1913, G : 897.268, φ : 500
PID kp : 200, Ti : 0.03, Td : 10, 000

Through the aforementioned configurations, the experiment is performed under the
conditions of the fixed moment of inertia of a robot arm, whose outcomes are shown in
Table 8. The error of the HOSMC controller is smaller than that of the PID controller, in
which the former also has a better performance on both a shorter axis and a longer axis,
and the difference on a longer axis is even more significant.

Table 8. Comparison table of controlling fixed moment of inertia of a robot arm.

Controller State Max Error (Degree) RMSE (Degree)

HOSMC
Short 0.448 0.11126
Long 0.381 0.090299

PID
Short 0.523 0.25232
Long 0.706 0.289

3.2. Circular Trajectory Tracking Based on Robot Arm Control

This section enables a robot arm to perform circular trajectory tracking with dual
axes simultaneously. The radius of the circle is configured at 100 mm, and the principle of
judgment is on the contour error [15] of the circle. According to the equation of motion
proposed in the preceding paragraphs, we can accord with inverse kinematics to acquire
the trajectories for reference at θ1 and θ2 of the robot arm.

3.2.1. Outcomes at Zero Load

This experiment compares the performances at zero load of robot arm controllers; the
θ2 axis represents the PID controller, where the parameter configurations are proportional
is 3, integral is 0.12, and derivative is 0.04. The control parameter configurations of the θ1
axis are in Table 9. The results are shown in Table 10:

Table 9. Parameter table of the theta axis controller of a manipulator with fixed rotation inertia control.

Controller Controller Parameters

HOSMC λ: 34.1913, G : 897.268, φ : 500
2-SMC C1 : 20, C2 : 5000, G : 7000, φ : 420
TSMC α1 : 2.02915, α2 : 1.00049, β1 : 4878.4087, β2 : 64.267, φ : 6.227, G : 1100.75

PID kp : 200, Ti : 0.03, Td : 10, 000
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Table 10. Comparison table of the tracking results on the circular trajectory at zero load based on
theta axis control.

Controller Part Max Error RMSE

PID/HOSMC
θ1 (degree) 0.524 0.14781

Contour (mm) 10.2528 3.6808

PID/PID
θ1 (degree) 0.768 0.30876

Contour (mm) 10.0909 2.9096

The results demonstrate that on the tracking circular trajectory, the performance is
better on the controlling theta axis and circular trajectory if the PID controller is applied on
the second axis (θ2) and collocates the HOSMC controller on the first axis (θ1), compared
with the PID controller.

3.2.2. Outcomes at a Lower Load

This experiment compares the performances of the circular trajectory tracking of
each robot arm controller at a lower load, where the main purpose is to investigate the
robustness of each controller through the disturbance incurred by the load when the robot
arm is in motion. The parameter configurations of each controller are the same as the ones
set in the preceding experiment at zero load, and an object is hung, whose weight is 0.91 kg;
the results of control are shown in Table 11.

Table 11. Comparison table of the tracking results on the circular trajectory at a lower load of an
robot arm.

Controller Part Max Error RMSE

PID/HOSMC
θ1 (degree) 0.524 0.14781

Contour (mm) 10.2528 3.6808

PID/PID
θ1 (degree) 0.768 0.30876

Contour (mm) 10.0909 2.9096

From the table above, it can be observed that every controller has a certain degree of
robustness when tracking the circular trajectory under the condition of a lower load of a
robot arm, and the HOSMC controller has a better performance. The experimental results
are shown in Figures 5 and 6.

From the discussion above, we are able to see that each controller has a certain level of
robustness. To find the controller with better robustness, we additionally perform a rotation
experiment on θ1 under the condition of θ2 = 180 and the longest radius of the robot arm
and compare the HOSMC controller with the PID controller. The results demonstrate that
the HOSMC controller has a better performance. It can be recognized from Table 12 that
the robustness of the HOSMC controller is better than that of the PID controller when the
robot arm is at a lower load. Hence, better tracking results can be obtained by applying the
HOSMC controller in the robot arm.

Table 12. Comparison table of robustness investigation between different robot arm controllers at a
lower load.

Controller Max Error (Degree) RMSE (Degree)

HOSMC 0.399 0.10167
PID 4.086 1.6673



Actuators 2021, 10, 66 16 of 18Actuators 2021, 10, x FOR PEER REVIEW 17 of 20 
 

 

 

 

 

 

 

 

 

(a) 
 

(b) 

 

(c) 

 

Figure 5. Results of the tracking circular trajectory of a robot arm (the 
2  axis uses PID, and the 

1  axis uses HOSMC 

controllers): (a) results of the tracking circular trajectory of a robot arm (the 
2  axis uses PID, and the 

1  axis uses 

HOSMC controllers); (b) tracking error of the 
2  axis at a lower load; (c) tracking error of the 

1  axis at a lower load. 

 

0 500 1000 1500 2000 2400 
−3 

−2 

−1 

0 

1 

2 

3 

4 

Time (10ms) 

 (degree) 

0 500 1000 1500 2000 2400 -0.8 

-0.6 

-0.4 

-0.2 

0 

0.2 

0.4 

0.6 

Time (10ms) 

degree) 

-100 -80 -60 -40 -20 0 20 40 60 80 100 

0 

20 

40 

60 

80 

100 

120 

140 

160 

180 

200 

X (mm) 

Y
 (

m
m

) 

  

  

Reference 
PID/HOSMC 

Figure 5. Results of the tracking circular trajectory of a robot arm (the θ2 axis uses PID, and the θ1 axis uses HOSMC
controllers): (a) results of the tracking circular trajectory of a robot arm (the θ2 axis uses PID, and the θ1 axis uses HOSMC
controllers); (b) tracking error of the θ2 axis at a lower load; (c) tracking error of the θ1 axis at a lower load.
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4. Conclusions

The robot arm and the dynamic model of the PAM cylinder can be applied to the
hardware structure of the combination of the PAM cylinder, robot arm, and proportional
flow control servo valve, as well as to the circular trajectory tracking, the undefined
parameters in the dynamic model acquired by a genetic algorithm, and the parameter
identification of a high-order sliding-mode feedback controller. This essay compares a PID
controller and an HOSMC controller in using the precision of circular trajectory tracking.
The experimental outcomes show that the maximum error between the objective locus and
the following locus is 11.3035 mm (5.65%) (HOSMC controller), which not only solves the
uncertainty problem when building the model more effectively, but also enables the robotic
arm to have superior performance when tracking.
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