actuators @\py

Communication
A Finite-Time Trajectory-Tracking Method for State-Constrained
Flexible Manipulators Based on Improved Back-Stepping Control

Yiwei Zhang "*, Min Zhang 2, Caixia Fan ! and Fuqiang Li !

College of Sciences, Henan Agricultural University, Zhengzhou 450001, China; fancaixia@henau.edu.cn (C.E);
fglihenau@163.com (F.L.)

State Grid Henan Skills Training Center, Zhengzhou 450001, China; zmmin_zhang@163.com

*  Correspondence: zhangyiwei@henau.edu.cn; Tel.: +86-150-9317-7903

Abstract: In order to solve the trajectory-tracking-control problem of the state-constrained flexible
manipulator systems, a finite-time back-stepping control method based on command filtering is
presented in this paper. Considering that the virtual signal requires integration in each step, which
will lead to high computational complexity in the traditional back-stepping, the finite-time command
filter is used to filter the virtual signal and to obtain the intermediate signal in finite time, to thus
reduce the computational complexity. The compensation mechanism is used to eliminate the error
generated by the command filter. Furthermore, the adaptive estimation method is introduced to
approach the uncertainty of the state-constrained flexible manipulator system. Then, the Lyapunov
function is used to prove that the tracking error of the system can be stabilized in a sufficiently small
origin neighborhood within a finite time. The simulation of a single rod flexible manipulator system
demonstrates the effect of the proposed approach.
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Due to the advantages of light weight, low power consumption, low cost and large pay-
loads, flexible manipulators have been widely used in important fields, such as intelligent
manufacturing, microsurgery and space operations [1-4].

Back-Stepping Control. Actuators
2022, 11, 139. https://doi.org/

10.3390/act11050139 . S . -

fact A dynamic model of a flexible-joint manipulator system has the characteristics of
Academic Editors: Marco Carricato nonlinearity, strong coupling and time variability. The design of its controller has always
and Edoardo Ida been a challenging problem. In recent years, many control methods have been applied

to control manipulator systems, such as PID control, adaptive control, robust control,
vibration control, fuzzy control and collaborative control [5-10]. Reference [5] proposed
an adaptive sliding-mode control for uncertain single link flexible manipulator system;
however, this controller does not deal with the chattering problem well.

Compared with sliding-mode control, the back-stepping control method overcomes
this disadvantage, and thus the back-stepping controller design method is widely used
in high-order nonlinear flexible manipulator system. In reference [7], the back-stepping
method is applied to the controller design of a flexible manipulator system; however,

the virtual control signal needs integration in each step of operation, which increases the
computational complexity of the system. The dynamic surface control is introduced in
reference [8-10] to reduce the computational complexity of the system by using a first-order
filter but does not consider the filtering error caused by the introduction of filter, which
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within the desired range, the literature [11,12] has applied the barrier Lyapunov function to
the nonlinear system; however, they did not consider the application of this control method
in the manipulator system.

References [13-18] applied the barrier Lyapunov function to a manipulator system
with limited output, and reference [19] further applied it to an n-order rigid manipulator
system with full state constraints; however, the references [13-19] did not consider the
flexibility in the actual manipulator system, and the design of the controller is based on
the traditional back-stepping method, which requires a large amount of calculation. It was
also indicated that the convergence speed of the system has not been considered in the
literature [13-19], which will limit the control effect of the actual system.

At the same time, fast convergence, rapid response and good robustness are very
important for the manipulator control system, and the finite-time control is very effective
to improve these performances. Reference [20] applied finite-time control to the tracking
control of a spacecraft system. Reference [21] applied finite-time control to the manipulator
system with terminal sliding mode but ignores the flexibility of the manipulator system.
Reference [22] studied the application of finite-time control based on a neural network with
a flexible manipulator but does not consider the condition of limited state. Reference [23]
applied adaptive command filtering control to nonlinear systems with full state constraints,
without considering finite-time control.

At present, the problem of finite-time trajectory-tracking control of flexible manipu-
lators with limited states has not been well solved. Aiming at this problem, a trajectory-
tracking control algorithm based on the barrier Lyapunov function and the command filter
back-stepping control method is proposed in this paper, which can achieve finite-time
convergence and solves the trajectory-tracking problem of the state-constrained flexible
manipulator system.

Compared with dynamic surface control and traditional back-stepping control, the
method designed in this paper not only eliminates the computational complexity by de-
signing the finite-time command filter in the process of establishing the finite-time virtual
control function but also designs the finite-time error-compensation mechanism to eliminate
the error in the filtering process, and verifies the finite-time convergence of the closed-loop
system by Lyapunov function.

This paper is divided into five sections. The next section introduces the dynamic
model of flexible manipulators and the problem statement. Designs of the command
filter back-stepping controller for the flexible manipulator system are given in Section 3.
Simulation results is provided in Section 4, followed by a brief conclusion in Section 5.

2. Preliminaries
2.1. Dynamic Model of Flexible Manipulator

The flexible-joint model of a manipulator is shown in Figure 1.

T

Motor

Figure 1. The flexible-joint model of a manipulator.

The dynamic model of flexible manipulators studied in this paper is as follows.
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{ M(q)i+C(q,4)q + F(7) = K(qm —q) (1)

]qm+qu+K(qm_q) =T

where g € R",q € R", 5 € R" are the joint position, velocity and acceleration, respectively.
M(g) € R"™" is a symmetric positive definite inertia matrix, and C(g,q) € R"*" is the
Coriolis matrix. F € R"*" is the joint friction coefficient matrix. 4,, € R",q,, € R",q,, € R"
are the position, velocity and acceleration of the motor rotor angle, respectively. K € R"*"
represents the flexibility of the model joints. | € R"*" represents the inertia term of the
model, B € R"*" represents the damping term of the model joints, T € R" is the control
input vector of the system. The dynamic model satisfies the following properties [24].

Property 1. M(q) is a symmetric positive definite matrix, M~1(q) is bounded, and
My, < |IM(q)|l, £ My, where M), and My are normal numbers.

Property 2. M~1(g)K is bounded, and ||M~!(q)K||, < p, where p is a constant and
satisfies p > 0.

Let g = x1,4 = X2,4m = X3,4,, = ¥4, and then system (1) is equivalently trans-
formed into

5(1 = X7
Xy = M~ (x1)[=C(x1,x2)x2 — F(x2) — K(x1 — x3)] @)
X3 = X4

Xy = ] [—Bxg — K(x3 — x1) + 7]

where x; = [xj1,Xi2,- -+ ,Xin], (i = 1,2,3,4) is the state variable of the system, and T is the
control input of the system. The state variable of the system satisfies the following assumption

|xi| < ki ki >0,i=(1,23,4) 3)

Furthermore, we define the desired trajectory x; = [x;1, X402, -, xd,n]T € R", where
x4 and x,; are continuous and bounded.

2.2. Problem Statement

Design a nonlinear trajectory-tracking control strategy for the above state-constrained
flexible manipulator system (1) to ensure that the joint position of the flexible manipulator
q tracks the desired trajectory g;. The tracking error can converge to a neighborhood near
zero, that is, VB > 0,3ty > 0, when t > ¢, there exists |g — q4| < B, and all state variables
of the closed-loop system are continuously stable and bounded.

3. Controller Design
3.1. Error Compensation

According to the trajectory-tracking task in the problem description, the tracking error
signal in the virtual control signal is defined as

Z1 = X1 — X4

Zp =X — ¢

4
23 = X3 — ¢3 @)
Z4 = X4 — Py

where ¢; 1 = [¢i11, Pin1, <Pi,n,1]T,i = (1,2,3), which is output by the following com-
mand filter _
Pis1 = lisa

li,s,l = _)\i,s,l

1/2 .
Pis1 — Kig / sign(Pis1 — ®is) + Pis2 ®)
¢i,s,2 = _/\i,S,ZSign (471',5,2 - (Pi,s,1>

where ¢; ,, 1 is the state of the nth command filter in ith step, A; 1 and A; ; » are all positive
numbers, and the virtual control function «; , is the input of the command filter.
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Note that, in order to ensure that the system state converges in a finite time, the

filtering error of the command filter satisfies tlinTl 2 — aq|| < wn, tlinTl s — az|| < wo,
-1 —12

tlinT1 lpa — a3]] < w3, where wy, wy and w3 are all positive numbers, T, T, and T3 are the
—13
convergence times of the command filter used for the first step, the second step and the
third step, respectively.

In order to reduce the error existing between the virtual control signal and the finite-
time command filter output signal, the error-compensation mechanism is constructed
as follows

01 = —p1o1 + V2 + (¢ — a1) — [qrasign(vin), -, quusign(ve,)]

Uy = —pavy + ($3 — a2) — v1 + V3 — [q25i8n(v21), -+, Gansign(van)]” (6)
U3 = —p3vs + Vg + (¢4 — a3) — [G3,15i8n(v31), - -+, G3,n51g1 (V30)]"
Uy = —pavs — U3 — [qa15ign(va,1), - - /074,n5ig”(v4r")]T

where v represents the error compensation vector, and p; > 0 and g; > 0 are the tuning
parameters that need to be designed.
Then, the compensated tracking error signal is designed as

U1 =21—U01
U =23 — U2 @)
U3 =23 — U3
U4 =24 — Uy
Ultimately, the virtual control signals in the controller are
v s T T
N] = —p121 + X4 — [111,101,1,- - ral,nan}
f 1 1 q,6T 4,GT T r _k
Ny = —p222 —Z1 + 4)2 — jvz Y |:'U2’19252,152,1, e ,'02,”6252/”52,”} — |:ﬂ2/1'(}2’1, ‘e ,azlnvzln:|
. T ®)
a3 = —p3z3 — 22+ ¢P3 — [ﬂ3,10§,,1/' - /ﬂa,nvg,n}
y 1 1 A T A T T r r T
T=—pPszs =23+ Py — 204 — 52 {04,19454,154,1,' X ,04,719454,,54,4 - [ﬂ4,104,1,~ = ,614,n04,n}

where a and / are all positive numbers, and 0 < r < 1. 0, and 0, are the estimated variables
obtained by the adaptive update law in (21).

Remark 1. In the process of designing the tracking controller of the flexible manipulator system
using the traditional back-stepping method, each step needs to design a virtual control signal
as (4) to ensure that each subsystem has the desired performance. However, using virtual controlled
derivatives results in increased computational complexity. In this paper, the output of the finite-time
command filter (5) is used to approximate the virtual signal and the derivative of the virtual signal to
replace the calculation of the derivative of the virtual signal in the traditional back-stepping process;
thereby, the computational complexity is eliminated. However, filter errors will persist until the
finite-time command filter stabilizes, which will affect the control quality. Therefore, this paper
proposes a finite-time error-compensation mechanism of (6) to quickly eliminate filtering errors.

3.2. Stability Analysis

This section investigates the command filtering back-stepping control strategy with
state constraints and error compensation. Some necessary and sufficient conditions are
derived for the main results.
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Lemma1[25]. If x; € R,i = (1,2,--- ,n) and 0 < p < 1, then the following inequality holds

n p n n p
<Z|xi|> <Y |xi|P < nl? <Z|xi|> )
i=1 i1 /

i=1

Lemma 2 [26]. If there exists a real number A1 > 0, A, > 0and 0 < v < 1, the finite-time
stable extended Lyapunov condition can be obtained by V (x) + AV (x) + A,V (x) < 0, and the
convergence time T, < tg+ [1/(A1(1— 7)) In[(A V77 (tg) + A2) /A2].

Theorem 1. For the flexible-joint manipulator (1), using the error-compensation mechanism in (6)
and the virtual control signal in (8), the joint position track the desired joint position in a finite time,
and all system states in the closed-loop system are bounded in a finite time.

Proof of Theorem 1. The stability of the closed-loop system is proven by the following
four steps.

Step 1. Select Lyapunov function V; = %vlT vy, taking the time derivative of V; yields
Vl = U{Z.)l = U{(Z] — Ul) = U{ (xl —.J.Cd — Ul) (10)
=] (01 + 22+ (2 — 1) — x4 — U]

Substitute a1 and vq into (20) to find

. T . . T
Vi =—kofo; + 030 — [a190] 1, -+ a0, ] + [01,19118i8n(011), -+, 01uG1usign (V1,)] (11)

Step 2. Select Lyapunov function V, = V; + %vg v, and taking the derivative of V; yields
Vz = Vl —|-02T?.12 = Vl +U%(22 — 02)
= Vi +0f (k2 — ¢, — i) (12)
= Vl + ?JzT (fz + goxp — 4)2 — 02)
where f2 =-M1 (xl)[C(xl,xz)xz + Fxy + le], = M1 (xl)K.

Since the function f, contains uncertainty, it is approximated by a neural network [27],
then f» = [fo1, f22," fz,n]T can be approximately expressed as

foi=W3Sai+0oii= (1,2, ,n) (13)

where W, ; is the weight matrix, S, ; is the basis function vector, and {5 ; is the approximation
error and satisfies ||( ;|| < €2, €2 > 0.
According to the Young inequality, we can find

n (02 |Woil|?ST,S0; W2+ 03 + €2
T 2, /1 2,iv 2,1 2, 2
< ’ . ’ 14
where /1 is a positive number. Substitute ap, 0, and ZJZT f» into (14), we obtain
: 2 n (3 (Wl =02)ST 805 12482
Vy < — (piviTvi) +g20503 + ¥ 2 ( 22 ) 2 + 282
i=1 i=1 (15)

n n
41 +1 - :
- (ﬂl,ﬂqi + ap,0) )+ Y (01,191,518 (v1,7) + v2,iq2,i5ign(V2,7))
i1 : g =
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Step 3. Select Lyapunov function V3 = V, + %Ug v3, and taking the derivative of
V3 yields
Vg, = Vz + U:],: U3

. . (16)
= V2+03T(043+Z4+(<P4—‘X3) _<P3—Us)
Substitute a3 and v3 into (20) to obtain
V3 = Vz — p3U§U3 — gzvgvz + 0504 a7

r+1 r+1 T : :
—|a3105 ", , 83005, } + [03,193,18i81(V31), - -+, V3,1q3,15181 (V3 )]
Step 4. Select Lyapunov function Vy = V3 + %0104, and take the derivative of V, yields
V4 = V3 + UZ?.J4 = V3 + UZ(Z} — 04)

= Vg + Z)Z (X4 — ¢4 — 04) (18)

= V3+UZ(f4+g4T—¢4 —1'14)

where fg = —]J '[Bxy + K(x3 — x1)], g4 = J~'. Similar to (13), f4 can be written as

fai = WiiSai+Caii= (1,2, ,n) (19)

where W, ; is weight matrix, S4; is the basis function vector, and 4 ; is the approximation
error and satisfies ||(4;|| < €4, €4 > 0.
In view of (18) and the Young inequality, we have

1=

' ! n (R (IWoilP=0,)STS  j2ie
e
i i=1

=

n (o} ([Wail>~04)STSai 12 4 n " .
+‘§ (u( 4 - 4) 4%, h +s ) v ; (a”vwl) Yy (vi,jQi,jSZgn(Ui,j))

i=1j i=1j=1

4 n (2 (IWoil?=6,)S1,8, 2482
Z , 9i\.,,T,,. 2,i 2 2)92,i92i h* 4¢3
S__l(pl_Zl)viUZ_FZ( 252 + Pl

i=1

n (o [[Wii[|>—04 Si:Sui h2+ 4 n 1 4 n
(B o) ) £ E(Y)
- ; =

(20)

Let 6, = max(||W2/i||2>, 0, = max(HW4,i||2), i = (1,2,---,n), then the estimate 6§,
and @, of 6, and 6, can be obtained by the following adaptive update law

é = —m21292 + 2h2m2 Z U 521521
(21)

— T
94 = —m4l492 + sz; 421 04’1-54’1-54’1'
=

where my > 0, mgy > 0,1 > 0,14 > 0. Let 92 = 6, — 92, 94 = 04 — 94, furthermore,
we construct the following Lyapunov function V; = Vj + 21 92 + 2;1 92, and take the

derivative of V;, we have
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‘74 = V4 + ﬁ’éng + 21745454

T, _ 4T 15 (a4 15 (s 4 & on 41
< =Y (pivjoi — Fofvi) + 5-62 (92 - 92) + 5;04 (94 - 94) -Lr X (ai,jv',' )
1

i=1

(02 6,576y 402 .0,5T.S4; 2462
+Z( 2,i 2,i r;h24,1 4,i°4,1 + 22 4 +h2

4 , 4 n (22)
< % (piofoi = olo) + 3 (3 + ) 4 = T 1 (o))
i=1 i=1j=1
+lz§292 + l4§4é4
< _ i (pioTo; — i n(e2 1 2 2oy y 7+1
< — ¥ (piofvi — Fof o) + 5 (5 +€3) +n ZZ a;, v
i=1 i=1j=1

+lad263 + 14ds63 — %55 — %é}

where x2 = (p2la(2dy —1))/2d2, xa = (pala(2ds —1))/2dy, dp > 0.5, dy > 0.5. By

Lemma 1, we obtain
y+1

‘74 < *p174 *0"74 Z 4 (23)

in which .
p =min(2p; — q;,2x2,2x4),
+

+1 ’Y“ an
o= mm(al]Z 7,2X%,7 2,0 ),
4
=3 +e&) +nh®>+ny L+ 1dr63 + 14d,675.
i=1
It is clear that we can find a positive number 0 < < 1 such that

o+l
2

Vi< —0pVi— (1—8)pVa— oV, 7 +c (24)

Furthermore, it can be seen from Lemma 2 that, if V; > ﬁ, then we have

o+l

Vi< —0pVa—oV,” (25)

which indicates that v;, 65, 6 will converge to the following region in finite time

5 ~ c
(vir 62, 94) € {V4 < (1—5)P} (26)

The time T, required to reach the region in (26) is

1 ~1- 14t
T, < W In ( ((5pV4 (0) + (T) /(T) , (27)

which means that the state of the system converges in the desired neighborhood near
the origin in finite time, and all control signals in the closed-loop system are bounded in
finite time. [

Remark 2. In view of the definition of convergence region, it can be seen that we can obtain a
smaller convergence area by increasing the parameters p;, a;, q;, X2, X4,i = (1,2,3,4).

4. Simulation

In this section, a simulation example of a single joint flexible manipulator is provided
to illustrate the theoretical result. The parameter of system (1) is shown in Table 1.
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Table 1. Parameters of the flexible manipulator.

Parameters Value

0.2/kg
0.3/m
9.8/m/s?
6.47/N-m/rad
0.01
0.21/ m/s?

— W RR =X

The structure diagram of the control system is shown in Figure 2.

The state variables of
manipulator
X1,X2,X3,X4
v
The tracking error
signals
Z]
A \ 4
The uncertainty of The virtual control
manipulator > signals
Soifai %,0,04 The error
o compensation
mechanism
A Y U, 0,, 05,0,
The adaptive update The output of
law command filter
6,,6, ?,0,.9,

v
The tracking error
signals

22523524

\ 4

The control torque

A 4

T

Figure 2. The structure diagram of the control system.

Suppose that the desired tracking trajectory is set as q; = sin(t), then the initial
state is x1(0) = q(0) = 0.2, x2(0) = g(0) = 0. The term of joint friction is set as
F(4) = 0.01cos g. The constraints of the system state are ||x1|| < 1.8, [|x2|| < 2, [|x3] < 3,
[lx4]] < 10, respectively.

The parameters of the command filter (5) are set as A; 51 = A; 5> = 30. The parameters
of the error-compensation mechanism (6) are selected as p; = 1, pp = 15, p3 = ps = 20,
and g1 = g2 = g3 = g4 = 1. The parameters of virtual control signals (8) are set as
a1 =la, =a3 =5,a4 =7,h =1, r = 3/5. The parameters of the adaptive update law
(21) are set as mp = my =1, I = I3 = 1. The other parameters used in (22) are selected as
Y = 1/2,€2 = &4 :O.l,dz :d4 =1.
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First, in order to verify the effectiveness of the error-compensation mechanism for the
flexible manipulator system (1), the position and velocity tracking curves are shown in
Figure 3 in the case that the error-compensation mechanism is not used in the controller,
and the position tracking error curves without error compensation are shown in Figure 4.
Then, the position and velocity tracking curves are shown in Figure 5 by using the error-
compensation mechanism, and the position tracking error curves with error compensation
are shown in Figure 6.

150
1 P P
)] // \\ // \\
£ 05\ / \ ; N
o / N\ /
© \ \ \
= 0 \ e \
c 7/
9] \ V; \
=_05 AN % N
3 p /
o \\ 7 . .
-1 - — — —desired trajectory
tracking trajectory
-1.5
0 1 2 3 4 5 6 7 8 9 10
time(s)
2r l
1 I \ T TN
o | \\\ P N
5% 0 : N - \\\
[3) | ~ P ~
g1 S~_ o~ T~
o Il
g Ll
a 2|
»n |I
_3‘1
-4
0 1 2 3 4 5 6 7 8 9 10
time(s)

Figure 3. Position and velocity tracking curves without error compensation.

0.1

-0.1

-0.2

-0.3

Position tracking error

-04

-05 - J

time(s)

Figure 4. Position tracking error curves without error compensation.
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s N -
’ \ 4 AN
/ \ // \
oD 0.5 / \ / \
£ / \
= / \
o) / \ \
g / \ / \
c 0 \ / \
g \ / \
= \ / \
g -05 \ / !
\ / — — —desired trajectory
\ / . .
| N J tracking trajectory
1 -
0 1 2 3 4 5 6 7 8 9 10
time(s)
1.5
1 ,A ~ PN
\. Ve N
o | N\ V \
< 05 \ / \
[3) \ / \
g 0 \ / \
e \ / \
[0} N\ Ve \
8 -0.5 N\ Va \
AN
n N~ - 7 h SN o7
-1 -
-15- .
0 1 2 3 4 5 6 7 8 9 10
time(s)

Figure 5. Position and velocity tracking curves with error compensation.

1078
3 X

2

Position tracking error

time(s)
Figure 6. Position tracking error curves with error compensation.

As can be seen from Figure 3 to Figure 6, the use of the error-compensation mechanism
in the controller can improve the accuracy of the position and velocity tracking effectively.
In addition, after using the error-compensation mechanism, the system state can satisfy
the state constraints at the same time. Then, the effectiveness of the error-compensation
mechanism designed in this paper is verified.

Secondly, the finite-time control effect of the control algorithm proposed in this paper
is verified by adjusting parameters in the following two cases. The parameters is set as
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pi=5a=2,q;,=1,i=(1,2,3,4) in the first case. The parameters is setas p; = 10, a; = 5,
gi=1,i=(1,2,3,4) in the second case.

Figures 7 and 8 show the joint position tracking curves under two different control
parameters. It can be seen from Figure 7 that, in the first case, the joint trajectory can
track the desired trajectory in 2.3 s, while by increasing the adjustment parameters, the
joint can track the desired trajectory in 0.2 s, as shown in Figure 8. As can be seen from
Figures 7 and 8, we can improve the convergence efficiency by increasing the gain of the
control parameters.

1

0.5

o

Position tracking
S
[&)]

— — —tracking trajectory
desired trajectory |

-15 1 1 1 1 1 1 1 1 1

time(s)
Figure 7. Position tracking curves under the first case.

1

o
o

Position tracking
o

-05

= == =tracking trajectory
desired trajectory

0 1 2 3 4 5 6 7 8 9 10
time(s)

Figure 8. Position tracking curves under the second case.

5. Conclusions

Aiming at the finite-time tracking-control problem of state-constrained flexible ma-
nipulator systems, this paper proposes an adaptive neural network command filtering
back-stepping control method. Compared with the traditional back-stepping control,
the computational complexity is eliminated by designing a finite-time command filter in
the process of establishing a finite-time virtual control function, and a finite-time error-
compensation mechanism is designed to eliminate errors in the filtering process. The
Lyapunov function is used to verify the finite-time convergence of the closed-loop system.
In future work, the method designed in this paper will be extended to a multi-joint flexible
manipulator system, and an adaptive robust control method will be considered to overcome
the influence of unknown external disturbances.
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