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Abstract: In addressing the design challenges for constant-stress accelerated life testing in non-
rectangular experimental domains, we aim to optimize the precision in estimating parameters for
the product reliability statistical model. Following the principles of regression orthogonal design
theory to determine the combinations of stress levels, we constrain the maximum stress levels of
each experimental stress along the boundary curve of the non-rectangular experimental domain. The
remaining stress levels and the allocation ratios of specimens for each test serve as design variables in
the optimization process. We establish a mathematical model for the optimal design of constant-stress
accelerated life testing in non-rectangular experimental domains. The results of the optimized design
for comprehensive stress accelerated life testing in non-rectangular experimental regions of aerospace
electrical connectors indicate that, with the same sample size, the optimized testing scheme not only
enhances the precision of model parameter estimation but also reduces the number of required tests.
At an equivalent number of tests and testing duration, the optimization scheme proposed in this
study demonstrates an improvement of over 63% in the precision of model parameter estimation
compared to the EM-optimized testing scheme in non-rectangular experimental regions. Using the
mean, standard deviation, and coefficient of variation of the determinant values of the information
matrix as criteria for evaluating the precision and robustness of experimental designs, a simulated
evaluation was conducted for the optimized experimental design, a conventional experimental
design, and an EM experimental design. The results indicate that the optimal experimental design
outperforms both the conventional experimental design and the EM experimental design in terms of
precision and robustness.

Keywords: non-rectangle test region; multiple stresses; model parameters; estimation precision;
optimum design; simulation evaluation

1. Introduction

To rapidly assess the reliability characteristics of long-life electromechanical products
under operational conditions, engineers often employ comprehensive stress constant accel-
eration life testing. When designing such tests, it is commonly assumed that the stress levels
span all values between normal stress and the highest stress level. If a Cartesian coordinate
system is established with two stresses as axes, the range of test stresses (experimental
domain) forms a rectangular region [1,2]. In the rectangular experimental domain defined
by two stress levels (temperature and humidity), Liu and Kou [3] employed a uniform
orthogonal experimental method to determine the stress combinations. Using the median
life asymptotic variance (V-Optimal) under normal stress levels of the rudder system as the
objective function, they optimized the original accelerated testing scheme for the rudder
system and subsequently redefined the accelerated life testing plan for the rudder system.
Shah Limon [4] investigated carbon film resistance, selecting temperature and electrical
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stress as experimental stresses. With these two stress levels combined within a rectangular
region, the optimization principle based on V-Optimal was employed. The design variables
included testing time intervals, testing frequencies, stress levels, and sample allocation
ratios at each stress level. Multiple stress factors and their interactions were considered,
leading to the establishment of a mathematical model for the optimization design of accel-
erated testing schemes. Case studies were conducted to validate its rationality. Wang [5]
focused on the study of cylinders, employing the minimum asymptotic variance of the
maximum likelihood estimator as the design principle. Temperature and frequency were
chosen as experimental stresses, and the stress level combinations were determined within a
rectangular experimental region. An optimized model for the stepped-stress accelerated life
testing of cylinders was established. The feasibility of the optimized model and the stepped-
stress accelerated life testing method in cylinder life assessment was verified through the
analysis of experimental data, comparison of extrapolation accuracy, and testing efficiency
between the optimized and traditional theories. Guo [6] utilized temperature and humidity
as stress factors in the accelerated testing scheme. Within the rectangular experimental
region formed by these two stress levels, the accelerated testing scheme was optimized
using the D-Optimal criterion. The resulting optimal scheme significantly enhanced the
precision of model parameter estimation. Chen and other scholars [7] focused on a type of
electronic device on high-speed trains, selecting temperature and vibration as experimental
stresses. Within a rectangular experimental region formed by these two stress levels, a
D-Optimal-based optimization design method was proposed. This method optimized the
constant-stress degradation testing scheme, and its effectiveness was validated through case
studies. The optimal testing scheme not only achieved an equivalent precision in model
parameter estimation but also reduced the testing time. Kangwon Seo [8] conducted a study
on electronic devices, optimizing the accelerated testing scheme within a rectangular exper-
imental region formed by temperature and humidity as stress factors. The optimization
design criterion employed was based on D-Optimal principles. Duan [9] focused on the
motor spindle in numerically controlled machine tools. They employed two optimization
criteria: D-Optimal and the minimization of the mean square error of the average life under
normal stress conditions. The experimental stresses included spindle speed and radial
force. Within the rectangular experimental region formed by these two stress levels, stress
level combinations were determined. The constant stress accelerated degradation testing
scheme was then optimized, resulting in an optimal accelerated degradation testing plan.
The rationality of this approach was validated through numerical examples.

For constant stress accelerated testing with two stresses on a non-rectangular experi-
mental domain, traditional designs based on comprehensive stress constant acceleration
life testing methods may not guarantee feasible solutions. Given this, some scholars have
initiated research on the design methods for constant stress accelerated life testing in non-
rectangular experimental domains. Escobar and Meeker [10] conducted a study on the
design of constant stress accelerated testing schemes on non-rectangular experimental
domains formed by removing the upper-right corner of a rectangular experimental region
through equivalent lines of linear failure physical equations. They provided corresponding
optimization design methods. Chen [11] et al. extended the design principles of Escobar
and Meeker to non-rectangular experimental domains with general boundary shapes, es-
tablishing an EM-based optimization design method for constant stress accelerated testing
schemes. However, the above-mentioned studies only propose a method to theoretically
obtain statistically optimal experimental designs on non-rectangular experimental domains
with given boundary shapes without considering the practical effectiveness of these op-
timal designs. As the research on accelerated testing schemes continues to advance, the
rationality of experimental design and optimization requires validation through simu-
lated evaluations of the testing schemes [12]. In light of this, numerous scholars, both
domestically and internationally, have initiated research on the simulated evaluation of
testing schemes [13,14]. Utilizing the Monte Carlo simulation method, the study conducts
simulated evaluations on different accelerated testing schemes, as well as the optimal
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testing schemes obtained through optimization design, considering both robustness and
estimation precision [15]. Chen et al. [16–18] proposed and investigated a simulation evalu-
ation method for accelerated life testing schemes, utilizing the asymptotic variance of the
median life estimate as the basis for assessing the superiority or inferiority of experimental
designs. They further applied Monte Carlo simulation to evaluate the proposed optimal
testing scheme. The evaluation metric focused on the asymptotic variance of the median
life at normal stress levels. The results indicated that the proposed scheme was optimal
when k = 5.

In summary, this paper focuses on the widely applicable linear-extremum model for
electromechanical products, with the sole objective of achieving the highest precision in
model parameter estimation (i.e., D-Optimal condition). Based on the proposed criteria for
determining the optimal stress level combinations, the theoretical framework and method-
ology for optimizing the design of constant stress life testing schemes in non-rectangular
experimental domains are discussed. This method is applied to design optimal testing
schemes for comprehensive stress in electrical connectors, considering different numbers
of stress combination points (i.e., 3, 4, and 5). After obtaining the optimal experimental
scheme, a Monte Carlo simulation was employed to assess the precision and robustness of
each experimental scheme at k = 5. The evaluation was based on the determinant value
of the Fisher information matrix, providing an alternative perspective to validate the ra-
tionality of the optimal experimental scheme for non-rectangular constant stress testing
considering parameter estimation precision.

2. Statistical Model

For accelerated life testing with dual stresses in non-rectangular test regions, assuming
a consistent failure mechanism across different stress combinations, the statistical model
for the lifespan t of electromechanical products can be characterized by the following
linear-extremal model [19,20]:

(1) For all stress level combinations (test points) within the test area, product life θ (i.e.,
ln t) is statistically independent and is subject to extreme value distribution [21,22];
the probability density function of the product life is as follows:

f (θ) =
1
σ

exp
(

θ − µ

σ

)
exp

[
− exp

(
θ − µ

σ

)]
(−∞ < θ < ∞) (1)

where µ and σ are the position and scale parameters, respectively;
(2) In the test area, the position parameter µ and the test stresses x and y satisfy the

following conditions:
µ(x, y) = β0 + β1x + β2y (2)

where β0, β1 and β2 are model parameters. The test stress x and y are transformed stress;
(3) The scale parameter σ remains unchanged under all combinations of stress levels in

the test;
(4) For the constantly accelerated life test with failure-terminated testing, the censored

time for each stress level combination is τ.

3. Optimization Criteria for Comprehensive Stress Accelerated Life Testing Schemes in
Non-Rectangular Experimental Domains
3.1. Standardization of Test Stress

To ensure easy statistical processing as well as make the obtained result more repre-
sentative for all cases, test stresses xi and yi are standardized.

Let
ξxi = (xi − x0)/(xH − x0), ξyi = (yi − y0)/(yH − y0)

where x0 and y0 are normal stress levels, xH and yH are the highest stress levels.
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Then, under normal stress levels x0 and y0, ξx0 = 0 and ξy0 = 0. Under the highest
stress levels that the test stress can be subjected to, ξxH = 1 and ξyH = 1. In addition, under
i test stress level combination (xi and yi), Equation (2) can be characterized as:

µ
(
ξxi, ξyi

)
= γ0 + γ1ξxi + γ2ξyi (3)

where γ0 = β0 + β1x0 + β2y0, γ1 = β1(xH − x0), γ2 = β2(yH − y0).
The standardized stresses ξx and ξy are used as the abscissa and ordinate to establish a

rectangular coordinate system, as shown in Figure 1. In general, the stress boundary curve
SAB defined in the test can be represented by the equation ξy = f (ξx).
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3.2. Combined Mode of Test Stresses

In order to reduce the number of experiments while maintaining comparable precision,
it is imperative to ensure the feasibility and cost-effectiveness of the experimental design.
We combined two stress levels based on the regression orthogonal design theory [23]
according to real-life experiments in the engineering practice. The combinations are shown
in Figure 2, wherein the black dot represents K test points of the stress level combination.
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Taking K = 5 as an example, the standardized test stress levels can be represented
as follows:

ξx1 = ξxD, ξy1 = ξyD; ξx2 = ξxM, ξy2 = ξyD; ξx3 = ξxM, ξy3 = ξyM; ξx4 = ξxD, ξy4 = ξyM;
ξx5 = (ξxD + ξxM)/2, ξy5 = (ξyD + ξyM)/2.

3.3. Criteria for Selection of Maximum Test Stress Point

While maintaining an unchanged failure mechanism, a higher selection of the max-
imum stress level leads to reduced variance in the estimated model parameters, conse-
quently resulting in enhanced accuracy of the model parameter estimates [24]. For the
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accelerated life test in a non-rectangular test area, the highest stress level of the test is
confined to the curve SAB, and the highest stress level combination ξxM and ξyM satisfy the
equation ξyM = f (ξxM).

4. Mathematical Model for Optimization Experimental Design
4.1. Objective Function for the Optimization Design of Experimental Schemes
4.1.1. Likelihood Function of Accelerated Life Test of K Group of Test Stress
Level Combination

We assume that, at ith test stress level combination, ni samples are subjected to a
failure-terminated life test. If the jth sample fails at tij time, then for the linear-extreme
model, the log-likelihood function is as follows:

L′
ij = ln f

(
θij

)
= − ln σ +

(
θij − µ

)
/σ − exp[

(
θij − µ

)
/σ]

where θij = ln tij. If the sample has not failed by the end of the censored time τi, then its
log-likelihood function is as follows:

L′′
ij = ln R(ϕi) = ln[1 − F(ϕi)] = − exp[(ϕi − µ)/σ]

where ϕi = ln τi.
Let the indicator function Iij be defined. If the failure time of the jth sample satisfies

tij ≤ τi, then Iij = 1; otherwise Iij = 0. If ωij =
(
θij − µ

)
/σ and ςi = (ϕi − µ)/σ, then

the likelihood function of the jth sample of i stress level combination can be expressed
as follows:

Lij = IijL′
ij +

(
1 − Iij

)
L′′

ij = Iij
(
− ln σ + ωij − exp ωij

)
+

(
1 − Iij

)
[− exp(ςi)]

If ri out of the ni samples fails before the censored time, the log-likelihood function
under the ith test stress level combination is as follows:

Li = −ri ln σ +
ri

∑
j=1

[ωij − exp(ωij)] + (ni − ri)[− exp(ςi)]

In summary, for the accelerated life test with failure-terminated testing and K group
of stress level combination, its log-likelihood function can be expressed as follows:

L =
K

∑
i=1

{−ri ln σ +
ri

∑
j=1

[ωij − exp(ωij)] + (ni − ri)[− exp(ςi)]} (4)

4.1.2. Standardized Information Matrix of Model Parameter

Information matrix Fisher of model parameters γ0 , γ1, γ2, and σ is given as follows:

F =


E
(
− ∂2L

∂γ0
2

)
· · · symmetry

E
(
− ∂2L

∂γ1∂γ0

)
E
(
− ∂2L

∂γ1
2

) ...

E
(
− ∂2L

∂γ2∂γ0

)
E
(
− ∂2L

∂γ2∂γ1

)
E
(
− ∂2L

∂γ2
2

)
E
(
− ∂2L

∂σ∂γ0

)
E
(
− ∂2L

∂σ∂γ1

)
E
(
− ∂2L

∂σ∂γ2

)
E
(
− ∂2L

∂σ2

)


As the information matrix is the mathematical expectation of the negative second-

order partial derivative of the likelihood function [25], the standardized information matrix
F can be obtained using Equation (4) as follows:

E
(
− ∂2L

∂γ02

)
=

K

∑
i=1

ni
σ2 Q(ςi); E

(
− ∂2L

∂γ1∂γ0

)
=

K

∑
i=1

ξxi
ni
σ2 Q(ςi)
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E
(
− ∂2L

∂γ1
2

)
=

K

∑
i=1

ξxi
2 ni

σ2 Q(ςi); E
(
− ∂2L

∂γ2∂γ0

)
=

K

∑
i=1

ξyi
ni
σ2 Q(ςi)

E
(
− ∂2L

∂γ2∂γ1

)
=

K

∑
i=1

ξxiξyi
ni
σ2 Q(ςi); E

(
− ∂2L

∂γ22

)
=

K

∑
i=1

ξyi
2 ni

σ2 Q(ςi)

E
(
− ∂2L

∂σ∂γ0

)
=

K

∑
i=1

ni
σ2 S(ςi); E

(
− ∂2L

∂σ∂γ1

)
=

K

∑
i=1

ξxi
ni
σ2 S(ςi)

E
(
− ∂2L

∂σ∂γ2

)
=

K

∑
i=1

ξyi
ni
σ2 S(ςi); E

(
−∂2L

∂σ2

)
=

K

∑
i=1

ni
σ2 Z(ςi)

where Q(ςi) = 1 − exp[− exp(ςi)],

S(ςi) =
∫ exp ςi

0
α ln α exp(−α)dα + ςi exp(ςi) exp[− exp(ςi)],

Z(ςi) =
∫ exp ςi

0
α ln2α exp(−α)dα + ςi

2 exp(ςi) exp[− exp(ςi)] + Q(ςi).

Then, the standardized information matrix of the model parameters can be expressed
as follows:

F =
1
σ2

K

∑
i=1

ni


Q(ςi) · · · symmetry

ξxiQ(ςi) ξxi
2Q(ςi)

...
ξyiQ(ςi) ξxiξyiQ(ςi) ξyi

2Q(ςi)
S(ςi) ξxiS(ςi) ξyiS(ςi) Z(ςi)


4.1.3. Objective Function

Under the K test stress levels combination, if the total number of test samples N is
given, and assuming that the proportion of the sample input for each test is λi, then the
sample number for each test is λi N. Consequently, the information matrix can then be
expressed as follows:

F =
N
σ2

K

∑
i=1

λi


Q(ςi) · · · symmetry

ξxiQ(ςi) ξxi
2Q(ςi)

...
ξyiQ(ςi) ξxiξyiQ(ςi) ξyi

2Q(ςi)
S(ςi) ξxiS(ςi) ξyiS(ςi) Z(ςi)

 (5)

It has been proven in previous studies [6,10] that the confidence interval for estimated
model parameters under a certain confidence level is inversely proportional to the arith-
metic square root

√
|F| of the value of the Fisher information matrix determinant. Therefore,

the greater the value of the information matrix determinant, the higher the accuracy of the
estimated model parameters. In order to generalize the test result, the estimation precision
of the model parameters is represented by the value of the information matrix determinant
|F|. Thus, the objective function can be expressed as follows:

max y = |F| (6)

4.2. Selection of Design Variables and Constraint Conditions in Experimental Design

For the optimization of the test plan in the case of non-rectangular test areas, under
the condition that rough estimates γ̂0, γ̂1, γ̂2, and σ̂ of the model parameters are known,
and when the censored time τ, total number of test samples N, number of tests K, and
normal stress level point (point (x0, y0) in Figure 1) are given, the value of the objective
function |F| completely depends on the highest stress level point in the non-rectangular
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test area, remain in K − 1 stress level combination points, and their corresponding sample
distribution proportions λi(i = 1, 2, · · · , K − 1).

(1) The stress level of each test satisfies the following:

0 = ξx0 ≤ ξxi ≤ ξxM ≤ ξxH = 1, 0 = ξy0 ≤ ξyi ≤ ξyM ≤ ξyH = 1(i = 1, 2, · · · , K − 1);

(2) The sample distribution proportion for each stress level combination must satisfy
the following:

0 < λi < 1,
K−1

∑
i=1

λi = 1 − λM(i = 1, 2, · · · , K − 1);

(3) The highest stress level must meet the following condition:

ξyM = f (ξxM)

4.3. Determination Method for Optimization Design Plan of Non-Rectangular Test Area

Any point M(ξx M, ξyM) on the stress boundary curve is considered the highest stress
level point of the test plan; in addition, K stress level combinations are restricted to the
rectangular area OξyM MξxM with OM as the diagonal (as shown in Figure 1). According
to the determined stress level combination, with the objective of achieving the highest
accuracy of model parameter estimation, the other K − 1 stress levels and corresponding
sample distribution proportions λi(i = 1, 2, · · · , K − 1) are optimized to obtain the test
plan. Furthermore, the value of the objective function at each point M(ξx M, ξyM) on the
stress boundary curve SAB is compared. Finally, the test plan with the maximum value of
the objective function is considered the optimal test plan.

5. Theoretical Framework and Methodology for the Simulated Evaluation of Constant
Stress Accelerated Testing Schemes in Non-Rectangular Domains
5.1. Criteria and Estimation Theory for the Simulated Evaluation of Experimental Schemes

In order to rationally evaluate non-rectangular constant stress testing schemes that
consider parameter estimation precision, as well as the optimal testing schemes obtained
through optimization design, we similarly utilize the determinant value of the Fisher infor-
mation matrix as the basis for assessing the merits of testing schemes. The expected value
and standard deviation of the determinant value of the Fisher information matrix (denoted
as |F|) are employed as evaluation criteria for the precision and robustness of the testing
scheme [26]. The larger the expected value of the determinant of the Fisher information
matrix (denoted as |F|), the better the precision of the model parameter estimation in this
experimental scheme. A smaller standard deviation indicates a more stable estimation
of model parameters. To avoid the influence of different dimensions or the significant
difference in average values on the assessment of the standard deviation, the coefficient
of variation is employed here to appropriately measure the relative magnitude of their
respective dispersion. A smaller coefficient of variation indicates a more stable estimation
of model parameters in the experimental scheme [24].

The stresses (after standardization) of each constant-stress accelerated life test in the
non-rectangular test region are ξxi and ξyi(i = 1, 2, · · · , K), the sample size of each test
is ni(i = 1, 2, · · · , K), and the censored time of the test is τ. So, for the i-th test, if ri samples
fail until the end of the censored time of the test ts, its failure times are ti1, ti2, · · · , tiri ,
respectively. If another ni − ri sample will fail in (τ,+∞), then the logarithmic likelihood
function in the form of extreme value distribution is

L =
K

∑
i=1

{
ri

∑
j=1

[
− ln σ + zij − ezij

]
− (ni − ri)eξi

}
(7)
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where zij = (ln tij − γ0 − γ1ξxi − γ2ξyi)/σ, ξi = (ln τ − γ0 − γ1ξxi − γ2ξyi)/σ.
The maximum likelihood estimates of model parameters γ∗

0 , γ∗
1 , γ∗

2 , and σ∗ can be
obtained by utilizing the aforementioned logarithmic likelihood function.

5.2. Simulation Evaluation Method for Constant Stress Accelerated Testing Schemes in
Non-Rectangular Domains

In this paper, the Monte Carlo simulation method is used to obtain the life data
satisfying the two parameters of the Weibull distribution of each test plan. In order to
ensure a certain accuracy, the sampling number N = 1000 is now specified. Considering the
estimation precision of model parameters, the specific steps of simulation evaluation of the
constant-stress test plan in a non-rectangular area are as follows:

(1) According to the previous test results, the rough estimate of initial values that are
based on the reliability of statistical model parameters of the electrical connector can
be obtained by calculation. And they are γ0, γ1, γ2 and σ;

(2) Simulate the generation of a set of lifetime data following a two-parameter Weibull
distribution as represented in Equation (1). In addition, the sample size, censoring
time, and total sample size are consistent with each test plan;

(3) Using the simulated data generated in Step 2 as the experimental data for the simu-
lation evaluation of the test plan and employing the theory of maximum likelihood
estimation, obtain pseudo-maximum likelihood estimates for the model parameters,
denoted as γ∗

0 , γ∗
1 , γ∗

2 and σ∗;
(4) The pseudo-maximum likelihood estimations of the model parameters obtained by

Step 3 are substituted by Equation (5), and the pseudo estimation of the determinant
of the Fisher information matrix is obtained;

(5) Repeat Step 2, Step 3, and Step 4 1000 times to obtain 1000 groups’ pseudo-maximum
likelihood estimations of model parameters and pseudo estimations of the determi-
nant of the Fisher information matrix. And they are |F|∗1 , |F|∗2 . . . |F|∗1000;

(6) The mean value, standard deviation, and coefficient of variation of the pseudo es-
timation of the determinant of the Fisher information matrix for a constant-stress
accelerated test plan in a non-rectangular area are obtained.

|F|∗ = 1
N

N

∑
i=1

|F|∗i

σv =

√√√√ 1
N − 1

N

∑
i=1

{
|F|∗i − |F|∗

}2

CV =

√
Var|F|∗

|F|∗
;

(7) Based on the mean, standard deviation, and coefficient of variation of the pseudo-
estimated determinant values of the Fisher information matrix for the experimental
scheme, the assessment of the superiority or inferiority of the testing scheme is
comprehensively evaluated in terms of accuracy and stability. The larger the mean
value of the determinant |F| of the information matrix, the higher the precision of the
model parameter estimation in the scheme, and the smaller the standard deviation,
the better the robustness of the scheme. In cases where the means differ significantly,
the smaller the coefficient of variation of the determinant |F| of the Fisher information
matrix, the better the robustness of the model parameter estimation.

6. Examples

The failure mechanism of an electrical connector under the combined effects of tem-
perature and vibration stress is that the trough filling of fretting wears corrosives at contact
pairs, and surfaces contaminated by corrosives increase resistance, leading to contact failure.
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Thus, its reliability statistical model can be expressed as a linear-extreme model given by
Equations (1) and (2). In the reliability evaluation test to assess the performance of the elec-
trical connector, when the temperature stress is taken as the highest level, i.e., T = 158 ◦C,
and the vibration stress is taken as the highest level, i.e., S = 1.0 g2/Hz [27]. The electrical
connector has contact pairs transient interruption and insulation resistance that exceed the
standard values; therefore, its failure mechanism changes, i.e., temperature and vibration
stress cannot be taken as their maximum value simultaneously. Considering the limita-
tion that the failure mechanism cannot be changed, after several diagnostic tests, it was
found that the temperature and vibration stress satisfy the boundary curve AMB shown in
Figure 3, leading to a non-rectangular test area OAMB where the abscissa represents the
standardized temperature stress level, while the ordinate represents the vibration stress
level [28]. The equations for the test stress boundary curve in Figure 3 are as follows:

AM : ξy = 1, 0 ≤ ξx ≤ 0.9468, MB : ξy = −18.797ξx + 18.797, 0.9468 ≤ ξx ≤ 1
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6.1. Optimization Design of Constant-Stress Accelerated Test Scheme in Non-Rectangular Region

According to the previous test results, the estimated values of the model parameters
are as follows: γ̂0 = 4.5869, γ̂1 = −1.7134, γ̂2 = −0.3044, and σ̂ = 0.2298, while the
censored time τ = 100 and number of samples N = 100.

The following list introduces each test plan listed in Table 1 and presents the key findings:

(1) The design method is optimized based on the above-mentioned test plan. The opti-
mal test plan for multiple stresses of the electrical connector is designed under the
test stress combination points = 3, 4, 5. To show the feasibility of this method, the
optimal test plan is compared with the unoptimized general test plan stated in the
literature [29]. The test plans and objective function values are shown in Table 1;

(2) According to the test optimization method (EM method) that is based on the design
ideas of Escobar and Meeker in the literature [11], the EM test plans are calculated
for examples when K = 3, 4, 5. Taking K = 5 as an example, the experimental design
results for the three methods are depicted in Figure 4 (the five black dots represent
stress combination points);

(3) Comparing the objective function values listed in Table 1, it can be observed that, in
the case of the same accuracy of model parameter estimation, our proposed optimal
test plan saves about 65% of the test sample volume compared with the unoptimized
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general test plan. Assuming that the duration and number of tests are controlled,
the optimal test plan increases the accuracy of the model parameter estimation by
68 times, 49 times, and 71 times for K = 3, 4, 5, respectively; in contrast, the general
test plan obtained using the EM method increases the accuracy of the model parameter
estimation only by 63%, 200%, and 84% when K = 3, 4, 5, respectively.

Table 1. Result of calculation example.

Test
Points

Optimal Test Plan EM Test Plan General Test Plan

ξxi ξyi λi |F| ξxi ξyi λi |F| ξxi ξyi λi |F|

K = 3

0.9468 0 0.3342

7.5753 × 1011

0.1060 1 0.1682

4.6612 × 1011

0.9331 0.2847 0.3333

1.0940 × 10100.9468 1 0.3352 0.2837 0 0.4984 0.9331 0.6260 0.3333

0 1 0.3306 0.9468 1 0.3334 0.6054 0.6260 0.3333

K = 4

0.0708 0 0.1676

9.2854 × 1011

0.1058 1 0.1404

3.0733 × 1011

0.6054 0.2847 0.2500

1.8459 × 1010
0.9468 0 0.2790 0.2835 0 0.4168 0.9331 0.2847 0.2500

0.9468 1 0.2711 0.5927 0.6 0.2000 0.9331 0.6260 0.2500

0.0708 1 0.2823 0.9468 1 0.2428 0.6054 0.6260 0.2500

K = 5

0.0467 0 0.1835

8.4723 × 1011

0.0541 1 0.1061

4.6068 × 1011

0.6054 0.2847 0.2000

1.1814 × 1010

0.9468 0 0.2561 0.2318 0 0.4087 0.9331 0.2847 0.2000

0.9468 1 0.2495 0.6781 0 0.0794 0.9331 0.6260 0.2000

0.0467 1 0.2609 0.5005 1 0.1206 0.6054 0.6260 0.2000

0.4968 0.5 0.0500 0.9468 1 0.2852 0.7693 0.4554 0.2000

Actuators 2024, 13, x FOR PEER REVIEW 11 of 14 
 

 

test plan obtained using the EM method increases the accuracy of the model param-
eter estimation only by 63%, 200%, and 84% when  3,  4,  5K = , respectively. 

 
(a) (b) (c) 

Figure 4. The design points with different methods. (a) EM test plan (b) General test plan (c) Optimal 
test plan. 

Table 1. Result of calculation example. 

Test 
Points 

Optimal Test Plan EM Test Plan General Test Plan 

xiξ  yiξ  iλ  F  xiξ  yiξ  iλ  F  xiξ  yiξ  iλ  F  

K = 3 
0.9468 0 0.3342 

7.5753 × 1011 
0.1060 1 0.1682 

4.6612 × 1011 
0.9331 0.2847 0.3333 

1.0940 × 1010 0.9468 1 0.3352 0.2837 0 0.4984 0.9331 0.6260 0.3333 
0 1 0.3306 0.9468 1 0.3334 0.6054 0.6260 0.3333 

K = 4 

0.0708 0 0.1676 

9.2854 × 1011 

0.1058 1 0.1404 

3.0733 × 1011 

0.6054 0.2847 0.2500 

1.8459 × 1010 
0.9468 0 0.2790 0.2835 0 0.4168 0.9331 0.2847 0.2500 
0.9468 1 0.2711 0.5927 0.6 0.2000 0.9331 0.6260 0.2500 
0.0708 1 0.2823 0.9468 1 0.2428 0.6054 0.6260 0.2500 

K = 5 

0.0467 0 0.1835 

8.4723 × 1011 

0.0541 1 0.1061 

4.6068 × 1011 

0.6054 0.2847 0.2000 

1.1814 × 1010 
0.9468 0 0.2561 0.2318 0 0.4087 0.9331 0.2847 0.2000 
0.9468 1 0.2495 0.6781 0 0.0794 0.9331 0.6260 0.2000 
0.0467 1 0.2609 0.5005 1 0.1206 0.6054 0.6260 0.2000 
0.4968 0.5 0.0500 0.9468 1 0.2852 0.7693 0.4554 0.2000 

6.2. Simulation Evaluation and Results Analysis of Constant-Stress Accelerated Test Plan in 
Non-Rectangular Region 

According to the results of the statistical analysis of the data of the previous test [30], 
the initial values of the reliability statistical model parameters of a certain type of electrical 
connector are as follows: 0ˆ 4.5869γ = , 1̂ 1.7134γ = − , 2ˆ 0.3044γ = − , ˆ 0.2298σ = . There-
fore, the general test plan, the EM test plan, and the optimal test plan of K = 5 in Table 1 
are simulated and evaluated, and the results of the simulation evaluation are shown in 
Table 2. 

Table 2. Results of constant-stress accelerated test plan in non-rectangular region. 

Test Plan 
Number of 

Samples 
Average Value 

of F  
Standard Devia-

tion of F  
Coefficient of 

Variation of F  

General test plan 100 1.5855 × 1010 1.2029 × 1010 0.7587 
EM test plan 100 6.1285 × 1011 4.6099 × 1011 0.7522 

Optimal test plan 100 11.2676 × 1011 8.3290 × 1011 0.7392 

It can be seen from Table 2 that under the condition of the same sample size, the 
average value of the determinant of the Fisher information matrix of the optimal test plan, 
EM test plan, and general test plan is quite different. The average value of the determinant 
of the information matrix of the optimal test plan is nearly 71 times that of the general test 

Figure 4. The design points with different methods. (a) EM test plan (b) General test plan (c) Optimal
test plan.

6.2. Simulation Evaluation and Results Analysis of Constant-Stress Accelerated Test Plan in
Non-Rectangular Region

According to the results of the statistical analysis of the data of the previous test [30],
the initial values of the reliability statistical model parameters of a certain type of electrical
connector are as follows: γ̂0 = 4.5869, γ̂1 = −1.7134, γ̂2 = −0.3044, σ̂ = 0.2298. Therefore,
the general test plan, the EM test plan, and the optimal test plan of K = 5 in Table 1 are
simulated and evaluated, and the results of the simulation evaluation are shown in Table 2.
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Table 2. Results of constant-stress accelerated test plan in non-rectangular region.

Test Plan Number of
Samples Average Value of |F| Standard Deviation of |F| Coefficient of Variation of |F|

General test plan 100 1.5855 × 1010 1.2029 × 1010 0.7587

EM test plan 100 6.1285 × 1011 4.6099 × 1011 0.7522

Optimal test plan 100 11.2676 × 1011 8.3290 × 1011 0.7392

It can be seen from Table 2 that under the condition of the same sample size, the
average value of the determinant of the Fisher information matrix of the optimal test plan,
EM test plan, and general test plan is quite different. The average value of the determinant
of the information matrix of the optimal test plan is nearly 71 times that of the general test
plan, and the coefficient of variation of the former is lower than that of the latter by 3%.
The average value of the determinant of the information matrix of the optimal test plan is
nearly 1.8 times that of the EM test plan, and the coefficient of variation of the former is
lower than that of the latter by 2%. Compared with the general test plan, the mean value
of the EM test plan is nearly 39 times that of the latter, and the coefficient of variation of
the EM test plan is 1% lower than that of the latter. The simulation results demonstrate
that: 1. the coefficient of variation can be used as an index to evaluate the robustness of the
test plan when the differences between data of the test plans are large; 2. the optimal test
plan is better than EM test plan and general test plan in terms of estimation accuracy and
robustness. And it is in line with the engineering practice.

7. Conclusions

In this study, after determining the combination of stress levels within the non-
rectangular experimental domain based on the regression orthogonal design theory and
targeting the highest precision in model parameter estimation, the experimental scheme’s
maximum stress level points were constrained to the boundary curve of the non-rectangular
experimental domain. The remaining stress levels and their sample allocation ratios were
taken as optimization design variables. A mathematical model was established for the
optimization design of accelerated life testing schemes in non-rectangular experimental
domains. The optimization results of accelerated life testing schemes in the non-rectangular
experimental domain under the influence of temperature and vibration stress for electrical
connectors demonstrate that, compared to the results of the experimental optimization
method based on the design principles of Escobar and Meeker, the optimal scheme pro-
posed in this paper improves the precision of model parameter estimation by over 63%
at the same number of experiments and duration. Compared to the non-optimized con-
ventional experimental scheme, at the same level of estimation precision, the optimal
scheme proposed in this paper saves approximately 65% of the experimental sample size.
Simultaneously, a simulation evaluation was conducted on the conventional experimental
scheme, the EM experimental scheme, and the optimal experimental scheme proposed in
this paper at K = 5. The results indicate that, at the same level of experimental sample size,
the robustness of the model parameter estimation in the optimal experimental scheme is
3% higher than that in the conventional experimental scheme. Moreover, the precision
of model parameter estimation in the optimal experimental scheme far surpasses that in
the conventional experimental scheme. At the same level of experimental sample size, the
optimal experimental scheme exhibits significantly higher precision in model parameter
estimation compared to the EM experimental scheme. Additionally, the robustness of
model parameter estimation in the optimal experimental scheme is 2% higher than that in
the EM experimental scheme. The optimal experimental scheme in the non-rectangular
constant stress testing, considering parameter estimation precision, is capable of meeting
practical engineering requirements.
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Abbreviations

θ product life
µ position parameters
σ scale parameters
β0,β1,β2 model parameters
x,y transformed stress
τ censored time
x0,y0 normal stress levels
xH ,yH the highest stress levels
ξx,ξy standardized stresses
K test points of the stress level combination
Lij log-likelihood function
Iij indicator function
γ0,γ1,γ2 model parameters
F information matrix
N total number of test samples
λi the proportion of the sample input for each test
|F| objective function
M the highest stress level point of the test plan
|F|∗ the pseudo estimation of the determinant of the Fisher information matrix
|F|∗ mean value of the pseudo estimation of the determinant of the Fisher information matrix
σv standard deviation of the pseudo estimation of the determinant of the Fisher

information matrix
CV coefficient of variation of the pseudo estimation of the determinant of the Fisher

information matrix
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