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Abstract: The evaluation of natural periods and related mode shapes of earth dams represents
a critical issue when performing structure-specific probabilistic seismic hazard analyses (PSHA).
The identification of critical scenario events, using techniques such as disaggregation of the seismic
hazard, and the calculation of a suitable target spectrum for ground motion selection and scaling
procedures (e.g., the conditional mean spectrum), require at least the knowledge of the fundamental
period of the system. This problem can be solved using analytical, numerical, and/or empirical
techniques. We present several linear elastic modal analyses for an earth dam located in Southern
Italy, using a numerical solution of the generalized eigenvalue problem obtained by the finite
element method (FEM). Our numerical experiments are performed, testing various assumptions on
boundary conditions, degree of saturation, and the distribution of geotechnical characteristics of the
dam’s materials. We then compare our results against existing analytical solutions. We show that
ignoring soil–structure interaction effects due to the flexibility of the dam foundation (i.e., under the
assumption of fixed base) can lead to a substantial underestimation of the fundamental period
of the dam. This effect should be carefully addressed when modal analysis results are used in
PSHA-related applications.

Keywords: modal analysis; earth dams; probabilistic seismic hazard analysis; finite element method
(FEM); ground motion selection and scaling

1. Introduction

Earth dams are critical infrastructure systems playing an important role for the global economy.
Most earth dams in Western countries were built during the second half of the 20th century [1] and
are in their old-age stage [2]. Many of them were designed based on older building codes, without
considering seismic actions, or using superseded simplified methods. As a result, there is an urgent
need to perform seismic analyses and/or re-evaluations of such important structures. Such analyses are
typically performed using response history analyses by means of numerical simulations. This approach
is currently required to assess the performance of Italian dams during earthquakes [3–5]. Selecting an
appropriate suite of input motions for use in response history analyses is an important step of this
process. Acceleration time series are typically selected and scaled to be consistent, over a given
period range, with a uniform hazard spectrum (UHS) and/or a scenario conditional mean spectrum
(CMS [6,7]). Such target spectra and associated scenarios are generally derived from probabilistic
seismic hazard analysis (PSHA) outcomes and the results of disaggregation of the seismic hazard.
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To perform such analyses, it is important to define important periods of the dam-foundation system
(i.e., the fundamental period of vibration of the system and higher-mode periods) and their associated
mode shapes.

Various methods can be used to identify the fundamental period and higher-mode periods of
dams: (1) analytical solutions, such as the shear beam method [8], (2) empirical data analyses, using
ambient noise methods or analyzing ground motions recorded at the dam site during earthquake
events [9,10] (such methods can also involve operational modal analysis approaches; e.g., [11,12]),
and/or (3) numerical simulations, such as the solution of the generalized eigenvalue problem or
free-vibration analysis, using finite difference or finite element methods (FEM) [13–15]. This study
focuses on method (3). Such analyses can be performed at different levels of complexity, ranging
from the simple approach of a homogeneous dam on rigid foundation, to the most complex analysis
of a zoned earth dam with variable stiffness characteristics with depth on a flexible foundation.
Additional hypotheses can be made on the effect of the impounded reservoir and related groundwater
flow conditions on the vibrational characteristics of the dam.

In this study, we present results of a numerical solution of the generalized eigenvalue problem
obtained using the FEM for the Farneto del Principe earth dam in Calabria, an active seismic region
in Southern Italy. Figure 1 shows the location of the Farneto del Principe dam, along with active
seismogenic structures (i.e., shallow crustal faults, and the Calabrian Arc subduction zone) compiled and
used for site-specific PSHA applications by Zimmaro and Stewart [16]. Figure 2 shows a representative
cross-section of the Farneto del Principe dam and its monitoring instrumentation [2]. We perform
various numerical experiments testing a number of assumptions on boundary conditions, degree
of saturation, and the distribution of geotechnical characteristics of the dam’s materials. We also
compare our results against available analytical solutions. We then describe the impact of each
simplifying assumption on the correct identification of the important periods of earth dams and
associated mode shapes. Through the lens of a case study, we provide conclusions that we believe can
be generally applied.
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Figure 2. Representative cross-section and location of the monitoring instrumentation of the Farneto
del Principe dam (adapted from [2]).

2. Methodology and Data

Our analysis is based on the numerical solution of the generalized eigenvalue problem obtained
using the FEM through the software Sap2000 Research Ultimate V17 [17] for the Farneto del Principe
dam. The undamped free-vibration mode shapes and frequencies for this study were calculated,
solving the generalized eigenvalue problem (Equation (1)):[

K −Ω2M
]
Φ = 0 (1)

where K is the stiffness matrix, M is the diagonal mass matrix, Ω2 is the diagonal matrix of eigenvalues,
and Φ is the matrix of corresponding eigenvectors (mode shapes). Each eigenvalue–eigenvector pair is
called natural vibration mode of the dam. The modes are identified by numbers from 1 to n in the order
in which the modes are found by the program. The eigenvalue is the square of the circular frequency,
ω, for that mode. The cyclic frequency (f ) is related to ω by Equation (2), while the period (T) is the
inverse of f (Equation (3)):

f =
ω
2π

(2)

T =
1
f

(3)

The numerical model was set up specifying a maximum number of modes to be found equal to
100 and a convergence tolerance of 10−9.

One of the variables in the numerical experiment presented in this paper is the variation of the
shear wave velocity, VS (and of the shear modulus, G), of soil with depth. Over the last few decades,
several authors investigated this effect for different boundary conditions and soil types [8,18–25].
The scheme used by Dakoulas and Gazetas [8] considers the dependency of the variability with depth
of the shear modulus in dams and embankments on an inhomogeneity factor, m, varying from 0 to 1
(Equation (4)):

G(z) = Gb

( z
H

)m
(4)

where Gb is the shear modulus at the base of the dam, z is the depth starting from the top of the model,
and H is the total height of the dam. Similarly, it is possible to calculate the variation of VS with depth
using the well-known Equation (5):

VS = VH

[
b + (1− b)

z
H

]n
(5)
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where VH is the shear wave velocity at the base of the model, n is the inhomogeneity factor that
accounts for the variation of VS with depth (notice that n differs than the inhomogeneity factor used
in Equation (4), m—the latter is defined as the inhomogeneity factor relative to the shear modulus
profile), and b is defined by Equation (6):

b =
( V0

VH

)1/n
(6)

where V0 is the initial shear wave velocity at the top of the model (crest of the dam), as shown in the
geometrical scheme presented in Figure 3.
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Another important variable considered in this study is the saturation effect when considering the
presence of a water table within the embankment. This effect can be considered using a simplified
approach where the Poisson’s ratio for the materials below the phreatic surface is set as equal to
0.49 [26]. Neither groundwater nor hydrodynamic pressure effects were considered in this analysis.

Our analyses are presented for five models of the Farneto del Principe dam, using different levels
of sophistication: (1) dam on a rigid base without reservoir, and constant material characteristics
with depth, (2) dam on a rigid base and constant material characteristics with depth, considering
groundwater flow effects on the degree of saturation of the dam’s material, (3) dam on a rigid base
without reservoir, and variable material characteristics with depth, (4) dam on a rigid base and variable
material characteristics with depth, considering groundwater flow effects on the degree of saturation
of the dam’s material, and (5) dam on a flexible base, and variable material characteristics with depth,
considering groundwater flow effects on the degree of saturation of the dam’s material. A summary of
the model characteristics is provided in Table 1. In models 2, 4, and 5 a phreatic surface correspondent
to the maximum allowable level of the reservoir was considered.

Table 1. Parameters used for the modal analyses of the Farneto del Principe dam 1.

Model # Rigid Base Flexible Base Presence of Water VS Variable with Depth

1 X x x x
2 X x X x
3 X x x X
4 X x X X
5 x X X X

1 X: modelling assumption is present in the model; x: modelling assumption is not present in the model.

The main input parameters in the FEM model are: (1) material density, (2) Poisson’s ratio,
and (3) shear wave velocity (or shear modulus). Some field and laboratory test results are available for
the Farneto del Principe dam [27]. Unit weight (γ) and corresponding density values were derived from
the available laboratory data. Shear modulus values were derived using a combination of site-specific
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data for the Farneto del Principe dam, and data from similar Italian dams. Such additional non
structure-specific data were necessary to complement the available field data for the Farneto del Principe
dam [2]. Based on this dataset, we estimated an inhomogeneity factor, n = 0.25, with VH = 550 m/s
and V0 = 250 m/s, for the shells of Farneto del Principe dam. For the core, we decided to use a
constant, VS = 250 m/s (inhomogeneity factor n = 0, according to previous studies for overconsolidated
clays [28,29]). These values are in good agreement with available measurements at the Farneto del
Principe, San Valentino, Camastra, and Bilancino dam cores [2,30,31]. Input parameters for models 1–5
are summarized in Table 2.

Table 2. Input parameters used for the modal analyses of the Farneto del Principe dam.

Parameter
Above the Phreatic Surface Below the Phreatic Surface

Foundation
Core Shells Core Shells

γ (kN/m3) 18 24 21.3 25.1 24.1
Poisson’s ratio 0.35 0.33 0.49 0.49 0.33

VS (m/s) 250 Variable with depth
(models 4 and 5) 250 Variable with depth

models 4 and 5) 650

Several analytical methods are available in the literature to estimate natural mode periods of
earth dams and similar structures. In this study, we analyze three methods: (1) the homogeneous
shear beam solution [8], (2) the inhomogeneous shear beam solution [8], and (3) the classical solution
for free undamped vibrations in a single homogeneous layer over rigid base [32]. The latter is not
a dam-specific solution, rather, a general solution that can be used for one-dimensional profiles.
Equation (7) shows the classical homogeneous shear beam solution commonly used for earth dams [6]:

Ti =
2π
βi

H
VS

(7)

where βi is a parameter that depends on the geometry of the dam (provided by the authors for several
modes). For the case of i = 1 (fundamental period of the dam, T1), Equation (7) becomes the well-known
Equation (8):

T1 = 2.61
H
VS

(8)

Equations (9)–(11) present the inhomogeneous shear beam solution by Dakoulas and Gazetas [8].
This solution differs from the approach described by Equation (7), because it accounts for the
inhomogeneity of the dam materials and the shear wave velocity variation with depth within the
dam body.

Ti =
16π

(4 + m)(2−m)ai

H

VS
(9)

where i is the ith mode, m is the inhomogeneity factor (m = 0 corresponds to the homogeneous case—i.e.,
ai ≡ βi —in this case, Equation (9) can be reduced to Equation (7)) that is provided by the authors
for different dam geometries (m = 0.57 for the Farneto del Principe dam), ai is dependent on the
inhomogeneity factor m and soil properties (stiffness, geometry, etc.), and VS is the average shear wave
velocity of the dam, calculated using Equation (10):

VS =
4

4 + m
1− λ2+m/2

1− λ2 Cb (10)

where Cb is the shear wave velocity at the base of the dam and λ is the so-called truncation ratio of the
dam, equal to 0.05 for the case study, that can be calculated using Equation (11):

λ =
h
H

(11)
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where h is the vertical distance between the crest of the dam and the top of a triangle having the same
slopes of the upstream and downstream shells of the dam (i.e., λ is equal to 0 in the limit case of a
triangular dam).

The analytical solution for free undamped vibrations in a single homogeneous layer over rigid
base [32] is reported in Equation (12):

Ti =
4

2i− 1
H
VS

(12)

3. Results

In this section, we summarize all outcomes of the FEM numerical experiments we performed on
the five models of the Farneto del Principe dam, shown in Table 1. Modal analysis results can provide
important information on the range of important periods for the dam. Such a period range can be then
used for selecting and scaling ground motions to match the horizontal component of a target spectrum
(UHS and/or CMS). As a result, the most important translational horizontal modes are shown and
discussed in this section. The level of importance of each mode is defined based on modal participating
mass ratio (MPMR) values (i.e., the percentage of total structural masses involved in each mode).

Figure 4a shows the mesh used to build Model 1 (dam on a rigid base without reservoir,
and constant material characteristics with depth), while Figure 4b,c show the first and the second
mode shape, respectively. Figure 5a–c show the mesh of Model 2 (dam on a rigid base and constant
material characteristics with depth, considering groundwater flow effects on the degree of saturation
of the dam’s material), its first and second mode shape, respectively. The difference between Models 1
and 2 is that in Model 1, all soils are dry, while in Model 2, the upstream shell and core materials are
considered saturated below the phreatic surface. In both models, the shear modulus is constant with
depth. Figure 6a–c show the mesh of Model 3 (dam on a rigid base without reservoir, and variable
material characteristics with depth); first and second mode shapes, respectively. The shear modulus of
the shells of Model 3 is variable with depth with the law shown in Equations (5) and (6). Model 3 does
not consider the effect of water within the dam body. Model 4 considers both the effect of saturation
within the dam body and the shear modulus of the shells variable with depth. Model 4’s first and
second mode shapes are shown in Figure 7a–c. Model 5 is similar to Model 4, but it includes the
effect of the flexibility of the dam’s foundation. Thus, Model 5 accounts for the impact of soil structure
interaction (SSI) effects on the modal analysis. The foundation material is 17 m deep below the base of
the dam, it comprises sand and gravel, and it was modelled as a continuous, homogeneous layer with
a shear wave velocity of 650 m/s. On the lateral boundaries the vertical displacements are restrained,
while the base is fixed in both directions. Figure 8a–c show the mesh used for Model 5; its first and
second mode shapes.
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Table 3 shows, for all fixed base models (Models 1–4), natural periods and MPMRs for the four
most important modes. The analysis of Table 3 shows that modal periods and MPMR are similar for all
four models. This outcome suggests that even a simplified FEM model can provide useful information
on the vibrational characteristics of earth dams. It should be noted that MPMRs in Table 3 do not sum
up to 100%. This effect is due to a “dispersion” of contribution in spurious and predominantly vertical
modes that were excluded from the analysis.

Table 3. Modal periods and MPMRs for Models 1–4 (fixed base models).

Mode

Model 1 Model 2 Model 3 Model 4

Period
(s)

MPMR
(%)

Period
(s)

MPMR
(%)

Period
(s)

MPMR
(%)

Period
(s)

MPMR
(%)

1 0.213 63 0.205 65 0.205 60 0.197 62
2 0.102 14 0.099 10 0.099 16 0.097 12
3 0.059 2 0.055 2 0.062 2 0.063 2
4 0.045 1 0.040 2 0.004 1 0.038 2

Table 4 shows a direct comparison for the two most important modes of Models 4 and 5.
This comparison illustrates the impact of SSI effects on the natural periods of the dam. To add the
foundation below the dam body, the boundary conditions of the FEM model needed to be modified,
and the model itself extended laterally. This modification of the model’s geometry has an influence
on the MPMR values. As a result, a formal comparison of MPMR values between Models 4 and
5 cannot be performed. Table 5 shows that the deformability of the foundation has an important
impact on the natural periods of the dam. The elongation of the fundamental period (∆T1) is equal
to 22%. Such elongation is also evident, looking at the second modal period, where ∆T2 = 29%.
These results highlight the importance of considering the dam foundation when performing modal
analyses. SSI effects due to the flexibility of the foundation have a strong impact on all important
modes of earth dams. This finding is consistent with other studies on the vibrational characteristics of
earth dams [33]. Such effect is much more important than that of the degree of saturation within the
dam and the variability of shear modulus values in the dam core.

From the analysis of Tables 3 and 4, it is evident that the Farneto del Principe dam, regardless of the
boundary conditions and assumptions made to build the model, is a first-mode dominated structure
(i.e., the MPMR of the first mode is significantly higher than those of higher modes). Furthermore,
the MPMR of the first two modes, for all models, is higher than 70%. This outcome is expected for an
earth dam. For such structures, the target CMS should be constructed using a single anchoring period,
or it can be broadened over a relatively narrow conditioning period range [34].
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Table 4. Comparison between Model 4 (fixed base) and 5 (flexible base).

Model
Period (s) Period Elongation (%)

T1 T2 ∆T1 ∆T2

4 (fixed base) 0.197 0.097 - -
5 (flexible base) 0.240 0.126 22 29

Table 5 shows the four most important periods obtained using the homogeneous shear beam
solution, the inhomogeneous shear beam solution, and the solution for free undamped vibrations
in a single homogeneous layer over rigid base. These models all assume rigid base conditions. As a
result, all periods reported in Table 5 should be compared with results from FEM models with the same
boundary conditions (i.e., Models 1–4). To facilitate such comparison, Table 5 also shows the four most
important periods for Model 4. Both shear beam solutions underestimate period values for the most
important modes of vibration of the dam, if compared with the numerical solution obtained using
Model 4. This effect mainly depends on the ratio of the average shear wave velocity between core
and shells. The simplified solution for free undamped vibrations in a single homogeneous layer over
rigid base overestimates the first mode period and underestimates higher-mode periods. Given the big
differences between this method and the FEM models, we argue that this simple solution should not
be used to estimate natural mode periods of earth dams.

Table 5. Modal periods for three analytical solutions used in this study and complete fixed-base FEM
solution (Model 4).

Mode Homogeneous
Shear Beam [8]

Inhomogeneous
Shear Beam [8]

One-Dimensional
Solution [32]

Model 4 (FEM,
Fixed Base)

Period (s) Period (s) Period (s) Period (s)

1 0.168 0.169 0.257 0.197
2 0.073 0.080 0.086 0.097
3 0.047 0.052 0.051 0.063
4 0.034 0.038 0.037 0.038

4. Discussion and Conclusions

The identification of the vibrational characteristics of earth dams is extremely useful when
analyzing the seismic performance of such structures. Such information is even more important in
PSHA contexts, and when performing numerical response history analysis for which the definition of
target spectra (UHS or CMS) is necessary. The identification of natural periods of earth dams can be
performed using analytical, numerical, and/or empirical techniques. In this paper, we presented several
linear elastic modal analyses for the Farneto del Principe dam in Southern Italy, using a numerical
solution of the generalized eigenvalue problem obtained by the FEM. Our study solely focuses on
numerical approaches. The goal of the study is twofold: (1) test and verify the validity of various
typical simplifying assumptions on the outcomes of numerical solutions of the eigenvalue problem,
and (2) provide guidance on how to use such results in a PSHA context. We recognize that empirical
data can be used in combination with numerical solutions to identify important frequencies of such
structures. In this connection, modelling choices could be validated using operational modal analysis
approaches (e.g., [11,12]).

We investigate the effect of various assumptions on boundary conditions and material
characteristics of the model by means of various numerical experiments. Our analysis shows that the
influence of material saturation and the variation of the shear modulus with depth in the dam shells is
negligible. We also show that SSI effects due to the presence of a flexible foundation beneath the dam
body produce substantial period elongations for all main vibration modes of the dam. As a result,
such effects should always be modelled when numerical simulations are used to derive modal periods.
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By comparing results from our FEM solutions and available analytical models, we demonstrated that
analytical shear beam solutions are appropriate to identify important periods of the dams on fixed
base. Such analytical models should not be used when a flexible foundation is present. Simplified
one-dimensional analytical solutions overestimate the natural period of the Farneto del Principe dam
by large amounts. As a result, it should not be used to estimate natural periods of earth dams.

Our analysis clearly shows that earth dams are first-mode dominated structures. As a result,
the use of CMS based on a single conditioning period or a narrow range of conditioning periods
is appropriate when deriving scenario target spectra for dam-specific applications. Although this
conclusion is drawn using results from a single structure, it can be generalized as the vibrational
characteristics of earth dams (as other large infrastructure systems) are typically dominated by the
first mode of vibration. However, care should be used when defining important period ranges, as the
relative importance of the first and higher-mode periods is a highly structure-dependent property.
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