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Abstract: Soil liquefaction or instability, one of the most catastrophic phenomena, has attracted
significant research attention in recent years. The main cause of soil liquefaction or instability is
the reduction in the effective stress in the soil due to the build-up of pore water pressure. Such a
phenomenon has often been thought to be related to the undrained shearing of saturated or nearly
saturated sandy soils. Notwithstanding, many researchers also reported soil instability under a
drained condition due to the reduction in lateral stress. This condition is often referred to as the
constant shear drained (CSD) condition, and it is not uncommon in nature, especially in a soil
slope. Even though several catastrophic dam failures have been attributed to CSD failure, the failure
mechanisms in CSD conditions are not well understood, e.g., how the volumetric strain or effective
stress changes at the triggering of flow deformation. Researchers often consider the soil fabric to be
one of the contributors to soil behaviour and use this parameter to explain the failure mechanism
of soil. However, the soil fabric is difficult to measure in conventional laboratory tests. Due to that
reason, a numerical approach capable of capturing the soil fabric, the discrete element method (DEM),
is used to investigate the CSD shearing mechanism. A series of simulations on 3D assemblies of
ellipsoid particles was conducted. The DEM specimens exhibited instability behaviour when the
effective stress paths nearly reached the critical state line. It can be clearly observed that the axial
and volumetric strains changed suddenly when the stress states were close to the critical state line.
Alongside these micromechanical observations, the study also presents deeper insights into soil
behaviour by relating the macro-observations to the micromechanical aspect of the soil.

Keywords: soil liquefaction; constant shear drained test; critical state

1. Introduction

Assessing soil liquefaction potential has been well covered in laboratory experi-
ments [1–13]. Some studies assessed liquefaction potential by considering the dissipated
energy approach [1,12,14–18]. Among the liquefaction assessment methods, the triaxial
test is commonly adopted to predict the liquefaction potential under the critical state soil
mechanics (CSSM) framework [2,3,5,19–24]. Such a test is performed by controlling the
principal stress and strain components in 3 orthogonal directions, where σ′11 and ε11 are
the major principal effective stress and strain, respectively, and σ′33 (equal to σ′22) and ε33
(i.e., equal to ε22) are the minor principal effective stress and strain, respectively. It has
been consistently reported that there are three undrained behaviours for granular materials,
which are non-flow, limited flow, and flow, as shown in Figure 1.

Note that it has been comprehensively discussed whether the CS and steady state (SS)
are describing the same behaviour of soil [24,28]. Been, et al. [3] summarised studies of
the CS commonly focused on the dilative behaviour of dense samples by using strain-rate
controlled drained tests, while SS studies usually investigated the contractive behaviour
of loose samples by applying undrained tests. After that, many studies reported that the
CS or SS lines should be unique to the soil and used the two terminologies (CS and SS)
interchangeably [19,22,27,29–32]. Since then, the research in liquefaction assessment has
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considered the equivalence of the CS and SS. For consistency, this research considered the
terminology of the CS for the analysis.

Figure 1. Three typical types of undrained behaviour observed in triaxial undrained tests [25–27].

The non-flow behaviour is often observed in dense soil and is associated with strain
hardening during undrained shearing, while the limited flow and flow behaviours exhibit
the strain softening after initial peak q; where q = (σ′11 − σ′33). The limited flow and
flow behaviours are referred to as static liquefaction in the CSSM framework. A series of
experimental studies have been conducted to understand the mechanism of these responses
and to predict the liquefaction potential.

On the other hand, there are two commonly reported types of drained behaviours of
soil, which are dilative and contractive responses [33–35]. Dilative behaviour in drained
shearing is associated with volumetric dilation, while contractive behaviour is associated
with volumetric contraction, and volume in the triaxial condition is often measured as vol-
umetric strain (εv). It should be noted that the observed behaviour (drained or undrained)
of soil highly depends on its initial state (i.e., initial void ratio, e0 and initial mean normal
effective stress, p′0); where p′ = (σ′11 + 2σ′33)/3.

With increasing deviatoric strain, εq = 2/3(ε11 − ε33), the soil will eventually reach an
equilibrium state, at which there is no increment in stress (q or mean effective stress, p′),
pore water pressure (∆u) and volume, i.e., dq = 0, dp′ = 0, d∆u = 0 and dεv = 0, regardless
of its initial state; where ‘d’ denotes the rate of change. This equilibrium state is often called
the critical state (CS) in both drained and undrained conditions, which has been commonly
adopted by many researchers in the CSSM framework [2,3,36–39]. It has also been reported
that CS data points from undrained and drained triaxial tests form a unique line for soil. It
should be noted that CS may not be defined easily in some instances. Some of these may
be overcome by extrapolation [27,39,40], and an acceptable critical state line (CSL) in the
classical e-log(p′) space, with a tolerable scatter, can be achieved.

Both flow and limited flow responses in undrained conditions are often known as static
liquefaction and are triggered at the instability stress ratio, ηIS (q/p′), which occurs at peak
shear strength. The occurrence of static liquefaction in the field often leads to devastating
effects, such as quick flow slides [41–43]. To assess the liquefaction potential of soil under
undrained conditions, some researchers adopt the relationship between the triggering of
instability and the state index [36,44]. In addition, the triggering of instability can also
be found in drained conditions when the lateral stress keeps reducing. This behaviour is
often called constant shear drained (CSD), which is quite common in soil slopes such as
tailings dams. It has been found in the literature that the triggering of instability in CSD is
associated with the triggering of instability in undrained conditions [45–47]. However, the
experimental setups often have some challenges in capturing the particle arrangements of
soil particles or soil fabric. It is well understood that soil fabric can decide the observed
behaviour of soil [21,48–52]. Therefore, further research requires an alternative approach
to access both micro- and macro-mechanical parameters of soil, as the failure mechanism
under CSD conditions has yet to be fully understood.

Alternatively, the discrete element method (DEM), allowing access to micro-structure
analysis, has gained more attention to study the micro-mechanical behaviour of granular
material and develop the link between micro- and macro-mechanics [21,53–55]. It has
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also been proven that DEM has the capability of capturing the qualitative behaviour of
granular materials, especially liquefaction or instability behaviour [22,32,56–58]. Such a
technique also offers flexibility in controlling stress and strain to replicate different testing
conditions of granular materials. So, the DEM stress-controlled simulations were performed
to replicate the CSD condition in laboratory experiments. The findings from this study will
provide more in-depth knowledge about the evolutions of micromechanical entities, such
as the soil fabric (internal structure of soil) and contact density, which dictate the overall
macro-mechanical behaviour of soils.

2. Materials and Methodology
2.1. Materials

As mentioned earlier, the numerical tool, DEM, was adopted in this study to investi-
gate the particle interactions with the soil sample under CSD conditions. All simulations
in this study were performed by an open-source DEM code called OVAL which was de-
veloped by Kuhn [55]. A linear contact model for force-displacement law and a periodic
boundary were used in this study, wherein particles can overlap one another at their con-
tacts by a small amount compared with their size, which is treated as the deformation of
the particles. The maximum dimensionless overlap ratio for all assemblies in this study
is very small, i.e., approximately 2.015 × 10−4. The coefficient of friction between the
particles was considered 0.5, whereas both normal and tangential contact stiffnesses were
kept at 108 N/m. It should be noted that a series of sensitivity studies check whether the
simulations achieved numerical stability [59] and representative elementary volume (REV)
condition [60]. Therefore, the model parameters used in this study were reasonable to
capture the qualitative behaviour of granular materials in general. Furthermore, this study
did not aim to model or match the mechanical behaviour of any particular soil. In addition,
the grain size distribution of all specimens was maintained the same, and the elliptical
shape was considered, as shown in Figure 2. The adoption of the elliptical shape gave some
angularities for the particles and reduced the rolling tendency of the particles during the
simulations. It can be noted that some DEM studies using spherical particles adopted a
rolling resistance model to replicate the angularity features of the particle [48,61–66].

Figure 2. Grain size distribution and particle shape used in this study.

As mentioned previously, the behaviour of granular materials under CSD conditions
is linked with the observed undrained behaviour [45–47]. Therefore, some undrained
(constant volume) simulations were performed in DEM for the critical state soil mechanics
(CSSM) investigations. Then, several CSD simulations were performed. The details of the
simulations used can be found in Table 1. It should be noted that obtaining a reasonable
critical state line (CSL) requires a comprehensive data set of triaxial tests. Therefore, this
study also adopted the CS data from the previous study for the same granular materials
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(i.e., same model parameters, particle shape and grain size distribution), which can be
found in Nguyen, et al. [67].

Table 1. The details of DEM simulations used in this study.

Test Name Test Type e0 p′0(kPa) * qCSD(0)(kPa) ecs p′cs(kPa) p′IS(kPa)

ISO4 Undrained 0.582 50 0.582 709 -
ISO7 Undrained 0.660 100 - 0.660 0.1 ** -
ISO9 Undrained 0.625 300 - 0.625 353 -
ISO12 Undrained 0.676 200 - 0.676 0.1 ** -

CSD_ISO7_01 Drained—CSD 0.660 100 40 - - 57
CSD_ISO7_02 Drained—CSD 0.660 100 160 - - 170
CSD_ISO12_01 Drained—CSD 0.676 50 38 - - 39
CSD_ISO12_02 Drained—CSD 0.676 50 45 - - 46
CSD_ISO12_03 Drained—CSD 0.676 50 55 - - 57

* Subscript ‘0′ denotes the initial state of shearing or after consolidation. ** These simulations showed complete
liquefaction behaviour p′ ≈ 0 kPa. To plot the data in e-log(p′), these values were kept as 0.1 kPa.

2.2. Methodology

As mentioned previously, two types of DEM simulation were considered in this study,
i.e., constant volume or undrained simulations and drained-CSD simulations:

• Undrained (constant volume) simulation: The specimens were subjected to isotropic
stress in triaxial spaces during consolidation to achieve a targeted mean effective stress
(p′0). During undrained shearing, the volume of the specimen maintained constant at
dεv = 0 with the increasing axial strain (ε11). Note that dεv = dε11 + dε22 + dε33.

• Drained—CSD simulation: The specimens were subjected to isotropic loads in triaxial
spaces during consolidation to achieve a targeted mean effective stress (p′0). The
specimen was then subjected to drained shearing, in which the minor effective stress
(σ′33) was kept unchanged to obtain the drained path, i.e., (dq/dp′ = 3). After reaching
a certain value in the drained shearing, the CSD path was performed. During the CSD
stage, dq was strictly maintained around zero and p′ was decreasing by controlling
σ′11 and σ′33. The CSD simulations stopped when they approached the CSL. It should
be noted that the stress path cannot go far beyond the CSL, as such a unique line
defines the failure pattern for granular material.

3. Critical State Soil Mechanics Framework in DEM

The undrained simulations were performed until the CS reached dq = 0, dp′ = 0,
d∆u = 0 and dεv = 0. Figure 3 shows two specimens exhibiting non-flow behaviour, i.e., q
kept increasing. The CS stress ratios, M = q/p′ were found to be 0.9 for both simulations in
Figure 3a. The M line is often referred to as the CS line (CSL) in the q-p′ space. Both effective
stress paths of ISO4 (e0 = 0.582 and p′0 = 50 kPa) and ISO9 (e0 = 0.625 and p′0 = 300 kPa)
showed very dilative tendencies and evolved beyond the CSL shown in Figure 3a. This
phenomenon was also observed for different granular materials [66]. It can be clearly seen
that q values for both simulations were approaching an equilibrium state, i.e., dq ≈ 0 after
strain hardening (see Figure 3b). So, these data points were used to determine the CSL.

The CS data from the undrained simulations in this study and previous studies for
the same granular materials formed a unique CSL in the q-p′ and e-log(p′) spaces (see
Figure 4) [67,68]. The CSL or M line in Figure 4a has a slope of approximately 0.9. This line
was used to examine the failure mechanism of CSD simulations. The CS data points in the

classical e-log(p′) space formed a unique equation of e = 0.68− 0.02×
(

p′
pa

)0.73
; where pa

is the reference stress which is approximately 101 kPa [3,7,19]. The CSL is well known as
the reference line to predict the liquefaction or instability behaviour of granular materials
in the CSSM framework [2,3,69,70]. The specimen with the initial state starting above the
CSL exhibits flow liquefaction under undrained conditions, whereas the specimen with
the initial state starting below the CSL shows dilative or non-flow behaviour. It should be
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noted that some CS data points for very loose specimens starting above the CSL may fail
before reaching CS, and those specimens often showed complete liquefaction behaviour
(p′ ≈ 0 kPa). This resulted in some data points above CSL shown in Figure 4b.

Figure 3. The observed undrained behaviour in the (a) q-p′ and (b) q-ε11 spaces.

Figure 4. The classical critical state line from the undrained simulations in (a) q-p′ and (b) e-log(p′) spaces.

Additionally, the DEM technique was adopted in this study so that the micro-mechanical
entities during shearing could be captured. Two micro-mechanical entities considered in
this study were contact density (coordination number, CN) and soil fabric (von Mises fabric,
FvM). It has been consistently reported that the soil fabric shows a good correlation with the
macro-mechanical parameters of the granular materials, and it has been adopted in many
constitutive models [19,71–74]. Rothenburg and Bathurst [75] used the following equation to
calculate CN.

CN = 2Nc/Np (1)

where Nc is the total number of contacts and Np is the total number of particles in a granular
assembly. In addition, Satake [76] proposed a fabric tensor to quantify the structural
anisotropy of the granular material as

F = Fij =
1

Nc

N

∑
k=1

nk
i nk

j (2)
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where nk is the direction of the kth contact. A scalar quantity of F can be presented by von
Mises fabric (FvM =

√
3FJ2D), where FJ2D is the second invariant of the deviatoric fabric

tensor, as shown below.

FJ2D =
1
6

[
(F11 − F22)

2 + (F11 − F33)
2 + (F22 − F33)

2
]
+ F2

12 + F2
13 + F2

23 (3)

where F11, F22, and F33 are the fabric in the principal directions and F12, F13, and F23 are the
fabric in the shear directions. It was found that the CS CN values also formed a unique

relationship with the CS p′ i.e., e = 3.91 + 0.36×
(

p′
pa

)0.55
in Figure 5a. However, the CS

FvM did not show a very strong correlation with the CS p′ similar to other mechanical
parameters. This is understandable, as it has been reported that such a parameter is
sensitive during loading [57,67]. Despite the fluctuations, the relationship between FvM
and p′ can be considered to form a narrow zone called the ‘CS zone’ in Figure 5b. All
simulations should reach this CS zone at the end of shearing.

Figure 5. The critical state data from the undrained simulations in (a) CN-log(p′) and (b) FvM-log(p′) spaces.

4. Instability Behaviour of Granular Materials
4.1. Flow Liquefaction under Undrained Condition

Flow liquefaction or instability is often associated with loose or very loose granular
materials under undrained conditions. Two simulations, ISO7 (e0 = 0.660 and p′0 = 100 kPa)
and ISO12 (e0 = 0.676 and p′0 = 200 kPa), in Figure 6 exhibited strain hardening until
attaining an initial peak q. Then, q gradually reduced towards the CS. At the initial peak
q, the triggering of liquefaction occurs. The stress ratio (q/p′) at this point is called the
instability stress ratio (ηIS), which has been adopted widely in liquefaction prediction
studies [27,47,76]. ηIS values for ISO7 and ISO12 were 0.75 and 0.45, respectively. Addi-
tionally, the effective stresses of the two simulations were approaching zero at the CS. This
phenomenon is referred to as ‘complete liquefaction’, which has also been observed in
many experimental studies [27,77–80].

Figure 6. The simulations exhibit flow liquefaction in the (a) q-p′ and (b) q-ε11 spaces.
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4.2. Instability during Constant Shear Drained Tests

It has been consistently reported that flow deformation does not only occur in undrained
conditions but may also happen in drained conditions due to lateral stress relief. Such a
phenomenon, also known as a constant shear drained (CSD) response, is not uncommon.
The CSD conditions can also be investigated under the CSSM framework in laboratory
settings [13,45–47,81]. The CSD simulations with the same initial states with ISO7 and ISO12
in Figure 6 were performed for further investigation. CSD_ISO7_01 and CSD_ISO7_02 having
the same initial state with ISO7 were shown in Figure 7. In the initial stage of shearing, the
drained condition was replicated until reaching a targeted q value in each test. In the next
stage, q was maintained constant and p′ reduced until failure. CSD_ISO7_01 failed when it
was approaching the instability line with ηIS of 0.75 (from Figure 6). However, CSD_ISO7_02
passed through the instability zone and only failed when approaching the CSL. After reaching
the failure point around the CSL, CSD_ISO7_02 started to exhibit a significant change in ε11
and εv in Figure 7b,c. This observation is in line with some other experimental studies [45–47].
Moreover, a parameter, second order work (d2W), was adopted in this study to get a better
understanding of the CSD mechanisms. This parameter is defined as the dot product of stress
increment and plastic strain increment tensors [82], as shown in Equation (4).

d2W = dσ dεP (4)

where σ is the stress tensor and εP is the plastic strain tensor. Granular materials such
as sand often show negligible elastic behaviour at large strain [19]. Therefore, it can be
assumed that εP is approximately equal to total strain tensor (ε). d2W in Figure 7d initially
fluctuated but then became stable. However, it showed a sudden change after reaching the
failure point. Note that some similar observations were found in previous studies [13,46,52],
where d2W values of monotonic and cyclic loading simulations changed suddenly when
approaching the triggering of instability.

Figure 7. The CSD simulations with the same initial state with ISO7 in (a) q-p′, (b) ε11, (c) εv and
(d) d2W spaces.
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Furthermore, the CSD simulations with the same initial state of ISO12, CSD_ISO12_01,
CSD_ISO12_02, and CSD_ISO12_03 were shown in Figure 8. The three specimens started to
fail when approaching the CSL, which was similar to what was observed in CSD_ISO7_02.
Similarly, after reaching the failure point around the CSL, the three simulations started to
exhibit significant changes in ε11, εv, and d2W, as shown in Figure 8b–d. The observations
in this study were in line with the previous reports of constant shear failure. The triggering
of failure often follows by a large deformation, i.e., strain increment. This causes the sudden
change in stress and then the second order work, d2W.

4.3. CSSM Analysis for CSD Simulations

It was mentioned before the CSL in the e-log(p′) space is used as a reference line to
determine the liquefaction potential of granular materials. Similarly, in micro-mechanics,
the line formed by the CS CN and p′, or the zone formed by the CS FvM and p′, can
also be used as a reference for such analysis. Five CSD simulations used in previous
sections were plotted together with the CSL shown in Figure 9. In the e-log(p′) space,
most simulations failed near the CSL. Only CSD_ISO7_02 crossed the CSL and then failed
nearby. In Figure 9b, there were also sudden changes in CN after the simulations reached
the failure point. For FvM in Figure 9c, the failure points were reached very close to the CS
zone formed by the CS FvM. After the failure points, FvM values kept increasing towards
the CS zone. The observations in CN and FvM proved that there were links between these
micro-mechanical entities with the macro-mechanical parameters such as e. Therefore, in
DEM studies, the evolutions of these micro-mechanical entities could be examined under
the CSSM framework and adopted in the liquefaction study of granular materials.

Figure 8. The CSD simulations with the same initial state with ISO12 in (a) q-p′, (b) ε11, (c) εv and
(d) d2W spaces.

Furthermore, instability behaviour has often been examined by correlating the insta-
bility stress ratio and the state parameter (ψ). ψ, one of the common state indices used in
the CSSM framework, characterizes the distance between the state of soil and its CSL. In
other words, the state parameter is the difference between the current void ratio (e) and the
critical state void ratio (ecs). A positive ψmeans contractive behaviour, whereas a negative
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ψmeans dilative behaviour. In Figure 10, the instability line, the line of best fit for η and ψ
at instability, was established by the undrained simulations (from limited flow and flow
behaviour). The instability behaviour of CSD simulations was then investigated in the η-ψ
space in Figure 10. It was found that most CSD simulations (CSD_ISO12_01, CSD_ISO12_02
and CSD_ISO12_03) crossed the instability line and then failed, which agreed with the
literature [45,46]. Only CSD_07_01 failed before reaching the instability, and CSD_07_02
crossed the instability line twice before failure. Note that CSD_07_01 may experience some
numerical instability at a low-stress level; therefore, the simulation stopped before reaching
failure. However, all other simulations failed after crossing the instability line, which can
be used in future liquefaction analysis. No simulations can cross the CSL from undrained
simulations, which also aligns with the literature [45,46]. This confirmed that the CS theory
can be well adopted to predict the triggering of instability from CSD test.

Figure 9. The evolution of macro- and micro-mechanical entities during CSD simulations in (a) e-
log(p′), (b) CN-log(p′) and (c) FvM-log(p′) spaces.

Figure 10. The evolution towards the instability line in the η–ψ space.
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5. Conclusions

The liquefaction analysis under undrained and constant shear drained (CSD) condi-
tions was performed in this study. The findings from this study are:

• It is evident that the critical state line (CSL) obtained from the undrained simulations
can be used as a reference line to predict the failure in the CSD conditions. It was
reported that a large increment in strain was recorded when approaching the CS,
which indicated the failure of the granular materials. This observation is in line with
the previous experimental and numerical studies of granular materials’ behaviour.

• It was also observed that most CSD simulations failed after crossing the instability line
in the η-ψ space. This is in line with the findings from the theoretical CSSM framework.
So, the instability line can be further used as the reference line to predict CSD failure.

• Additionally, the discrete element method (DEM) provides access to capture the micro-
mechanical entities such as coordination number (CN) and von Mises fabric (FvM).
These micro-mechanical entities were proven to be correlated well with the macro-
mechanical parameters such as void ratio and confining stress. This finding will help
to enhance the knowledge of granular materials’ behaviour at the microscopic level
and can be potentially used in the future study of liquefaction or instability behaviour.

The knowledge from this study could be adopted to propose a prediction model for a
soil slope, such as a tailings dam, a water retaining dam, etc., in which lateral stress relief
may happen. However, it should be aware that some further analyses under the CSSM
framework may be required for different granular materials.
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