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Abstract: Thermal pretreatments of rock, such as conventional heating and microwave irradiation,
have received considerable attention recently as a viable method of improving the energy efficiency of
mining processes that involve rock fracturing. This study presents a numerical analysis of the effects
of thermal shock and microwave heating on the mechanical properties of hard, granite-like rock.
More specifically, the aim is to numerically assess the reduction of uniaxial compressive strength of
thermally pretreated specimens compared to intact ones. We also compare the performance of these
two pretreatments (conventional heating and microwave irradiation) in terms of consumed energy
and induced damage. Rock fracture is modelled by a damage-viscoplasticity model, with separate
damage variables in tension and compression. A global solution strategy is developed for solving
the thermo-mechanical problem (conventional heating) and the electromagnetic–thermo-mechanical
problem (microwave heating). The electromagnetic part of the microwave heating problem is solved
in COMSOL Multiphysics software Version 6.1 first. The electromagnetic solution is used as an input
for the thermo-mechanical problem, which is finally solved by means of a staggered explicit solution
method. Due to the predominance of the external thermal sources, the thermal and the mechanical
parts of the problem in both cases are considered as uncoupled. Three-dimensional finite element
simulations are utilized to study the damage-viscoplasticity model. An ore-shaped three-mineral
numerical rock specimen is used in uniaxial compression tests.

Keywords: rock fracture; FEM; rock pretreatments; microwave heating

1. Introduction

In mining operations, crushing and grinding of coarse rock into smaller particles (i.e.,
comminution) in the material processing stage is notably energy-intensive, accounting
for between around 30 and 50 percent of the total consumed energy and between 35 and
50 per cent of the total mining costs [1–6]. Moreover, the mining and quarrying sectors in
the EU countries cause the emission of thousands of tons of harmful substances into the
atmosphere, such as greenhouse and air-polluting fumes, as well as harmful dusts [7]. To
alleviate these disadvantages, methods that employ energy-efficient technologies to obtain
significant reductions in overall energy usage have been extensively researched. These
methods can be, for example, preconditioning or pretreatment processes that weaken rocks
before subjecting them to comminution.

In particular, thermal pretreatments have been widely studied in the last twenty
years [8]. Previous works have considered rock breakage through convention heating (heat
source application via convection or conduction) and microwave irradiation. Conventional
heating has been proven to be a beneficial pretreatment of rocks and ores in several
industrial applications [9]. Conventional heating uses furnaces, muffles, flame torches
etc., in which heat is transferred inwards from the boundary of the objects. Since rock
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is an aggregate of minerals, heating of rock causes each mineral to expand in different
directions depending on their thermal properties [10]. This differential expansion causes
thermal stress concentrations at contact points and grain boundaries [11], which may lead
to inter-granular or intra-granular breakage of individual mineral grains [12].

In the past two decades, microwave irradiation-based pretreatments for rock fractur-
ing have been extensively studied [13,14]. Microwaves are able to travel through space at
the speed of light, leading thus to higher rapidity in heating. This allows one to reduce
unwanted or unneeded heating of nearby objects. Microwaves are therefore considered
to be more energy efficient than conventional heating methods [15]. Moreover, another
advantage of microwave heating is the reduction of secondary waste (gases, dust and noise)
production. For polycrystalline rocks (such as granite, for example), a key aspect of mi-
crowave heating is its selective nature. Due to the often-times different dielectric properties
of the various constituent minerals to microwave irradiation, the heating mechanism is
selective [16]. The capacity of each material to absorb microwave irradiation largely varies.
For reflective materials, such as good, highly conductive conductors, the penetrative capac-
ity of microwaves is practically null, whereas it is infinite for transparent materials (such as
calcite or quartz, which are practically transparent). Materials that absorb microwaves and
are heated by them are defined as lossy dielectric materials [17].

Several numerical studies on thermal pretreatments have been conducted in the
last twenty years. Tian et al. [18] developed a cluster of particles model to investigate
the uniaxial compressive behaviour of granite specimens with different grain sizes. The
specimens were heated at 5 °C/min up to target temperatures and then the temperature
was kept constant for 4 h. The reduction in the uniaxial compressive strength of the
coarse-grained granite specimens was reported to be lower than that for the fine-grained
granite specimens. Saksala [19] predicted the temperature effect on the tensile strength of
granitic rock. Rock samples were heated uniformly up to target temperatures of 300 °C
and 500 °C. Rock breakage was modelled by an embedded discontinuity FEM approach.
It was found that it is enough to account for only the temperature dependence of the
thermal expansion of quartz. Ma et al. [20] tested numerically three types of microwave
antennas with different heights for fracturing blocks of biotite diorite at low power levels
(6 kW). They compared the results deriving from different antennas in terms of highest
temperature and area, depth and volume of the high temperature zone. Zhu et al. [21]
carried out a full 3D study to model thermal response of oil shale under microwave heating.
The electromagnetic–thermal–chemical–hydraulic–mechanical parts of the problem were
considered fully coupled. Toifl et al. [22] evaluated numerically the stress induced in a 3D
specimen heated via microwave irradiation. The irradiation times were 15 s and 25 s with
a 25 kW power and a microwave frequency of 2.45 GHz. The study took into account the
phase transformation of quartz at high temperatures. Xu et al. [23] proposed a 3D damage-
based, electromagnetic–thermo-mechanical coupled model to simulate fracturing of rock
under microwave irradiation. They described the damage of rock and its stress–strain
behavior via an isotropic elastic damage constitutive law. Some material parameters such
as Young’s modulus were assumed to follow a statistical distribution to reflect a real-life
case of material heterogeneity.

As for the comparison between the two types of pretreatment, Wei et al. [24] found
experimentally that, with regard to concrete liberation and aggregate recycling, microwave
irradiation could liberate concrete and recycle aggregate more effectively than conventional
heating, with less heating duration and lower energy input required. Shou et al. [25]
investigated experimentally the effects of resistance heating (12 kW muffle furnace) and
microwave heating (1.5 kW microwave oven with a frequency of 2.45 GHz) and compared
these pretreatments in terms of uniaxial compressive strength reduction. They found a
similar variation in uniaxial compressive strength in the two groups between 400 °C and
900 °C. Moreover, they observed that microwave irradiation is beneficial to ensure the
stability of surrounding rocks by strength reduction due to localized transition plasticity
and further promotion of rock structure deterioration in weakening stage.
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The present study attempts to evaluate the different outcomes of conventional heating
vs microwave irradiation of rock in terms of weakening effect and required energy. To
this end, fully 3D simulations reproducing microwave heating and conventional surface
heating are performed on granite-like rock specimens. The weakening effect of the pretreat-
ments is measured as the uniaxial compressive reduction percentage of pretreated samples
compared to the intact ones. To that end, the simulation method previously developed
in [26], which comprises both explicit heterogeneity description and damage evaluation,
is used here. The electromagnetic part of the problem (for the microwave heating case)
is solved first in a commercial FE software, COMSOL Multiphysics Version 6.1. Then,
a staggered explicit approach is developed and then implemented in MATLAB to solve
the thermo-mechanical part of the problem (for both microwave and conventional heating
cases). For the microwave heating, the thermal loading input source is provided by the
microwave induced volumetric power density calculated in COMSOL. For the conven-
tional heating, the heat source is represented by an external heat flux impinging on a
portion of the specimen surface. Rock material heterogeneity is represented explicitly by
means of 3D Voronoi tessellations of polyhedral cells and rock breakage is modelled via a
damage-viscoplasticity model.

2. Rock Constitutive Model

In this section, the theory of the adopted constitutive model for rock is detailed.
The model is decomposed in a viscoplastic and a damage part, as in [27]. The viscoplastic
part of the model describes the stress states leading to rock failure and controls the inelastic
deformation. Viscosity allows one to include rock strain-rate sensitivity. The damage part
of the model incorporates stiffness degradation and strength deterioration by means of
separate isotropic damage parameters in compression and tension, due to the strong asym-
metry of rock behavior. Lastly, a continuum approach, based on viscoplasticity and damage
mechanics, is chosen for its computational efficiency and straightforward implementation.

2.1. Bi-Surface Viscoplastic Consistency Model

The viscoplastic part of the model is based upon the viscoplastic consistency approach
by [28,29]. A bi-surface criterion combining the Drucker–Prager (DP) criterion for compres-
sive (shear) failure and the modified Rankine (MR) criterion as a tensile cut-off define the
stress states that give origin to inelastic strains and damage. The model components for the
perfectly viscoplastic case (softening is considered by later inclusion of damage) are

fDP(σ, λ̇DP) =
√

J2 + αDP I1 − kDPc(λ̇DP)

fMR(σ, λ̇MR) =

√√√√ 3

∑
i=1
〈σi〉2 − σt(λ̇MR)

gDP(σ) =
√

J2 + βDP I1 − kDPc0

ε̇vp = λ̇DP
∂gDP

∂σ
+ λ̇MR

∂gMR

∂σ

c = c0 + sDPλ̇DP

σt = σt0 + sMRλ̇MR

fDP ≤ 0, λ̇DP ≥ 0, λ̇DP fDP = 0

fMR ≤ 0, λ̇MR ≥ 0, λ̇MR fMR = 0

(1)

where fDP and fMR are the yield surfaces, gDP is the plastic potential for DP surface (in
the case of MR gMR = fMR), I1 is the first invariant of the stress tensor σ, J2 is the second
invariant of the deviatoric part of stress tensor s = σ− tr(σ)

3 I, σi is the ith principal stress,
〈·〉 are the Macaulay brackets, i.e., the positive part operator, αDP and kDP are the DP
parameters, sDP and sMR are the viscosity moduli (here sDP = sMR = s), c and σt are
the dynamic cohesion and tensile strength depending on the viscoplastic increments λ̇DP
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and λ̇MR, respectively. The Drucker–Prager parameters αDP = 2 sin φ/(3 − sin φ) and
kDP = 6 cos φ/(3− sin φ) are defined in terms of the friction angle φ. The final parameters
to be defined, βDP and kDP, are similar to the ones in Equation (1), but here the dilatancy
angle is used instead of the friction angle.

2.2. Damage Formulation and Combining the Damage and Viscoplastic Parts

The response of rock is considerably asymmetrical under tensile and compressive
states. This phenomenon is taken into account by separate scalar damage variables for
tension and compression. These variables depend on viscoplastic strain and they govern
both strength deterioration and stiffness degradation. For both tensile and compressive
states, the standard phenomenological isotropic (scalar) damage model is used with an
exponential damage function. Therefore, this part of the model is defined by equations

ωc = Ac(1− exp(−βcε
vp
eqvc))

ωt = At(1− exp(−βtε
vp
eqvt))

with

βc =
σche

GIIc
, ε

vp
eqvc =

∫ t

0

√
2
3
ε̇vp : ε̇vpdt

βt =
σthe

GIc
, ε

vp
eqvt =

∫ t

0

√√√√ 2

∑
i=1
〈ε̇vp

i 〉
2
dt

(2)

where ωc and ωt are the damage parameters in compression (DP criterion) and tension
(MR criterion), respectively. The parameters Ac and At control their maximum values.
Parameters βc and βt are defined according to: the fracture energies GIIc and GIc; uniaxial
compressive strength σc and tensile strength σt; the characteristic length of a finite element
he =

3
√

6
√

2Ve, which depends on the the element volume Ve. The cumulative equivalent
viscoplastic strains under compressive and tensile states, ε

vp
eqvc and ε

vp
eqvt, respectively, are

computed incrementally in the algorithmic implementation. These quantities are driven
by the rate of visco-plastic strain tensor ε̇vp. They are defined in Equation (2) according to
Koiter’s rule of bi-surface plasticity and surfaces both active and the principal values are
ε̇

vp
i . Moreover, the colon symbol in Equation (2) signifies the double contraction operator

for tensors, i.e., A : A = Aij Aij. Macauley brackets are used in the definition of ε̇
vp
i so that

only the positive principal strains contribute to the tensile damage.
The viscoplastic and damage components of the model are combined within the

effective principal stress space. Following this strategy, they can be considered independent
from one another. Consequently, the calculations related to the viscoplastic component
and stress integration are conducted in the effective stress space first, independently of
damage. Thus, the robust methods of computational plasticity can be utilized in the stress
integration [30]. Lastly, the models proposed by [31,32] are used to specify the nominal
effective stress relation:

σ = (1− scωt)(1− stωc)σ̄

= (1− scωt)(1− stωc)E : (εtot − εvp − εθ)
(3)

where sc = 1−wc(1− r(σ̄)) and st = 1−wtr(σ̄) are functions of the stress state introduced
to model elastic stiffness recovery effects associated with stress reversals. This corresponds
to the experimentally observed closure of previously present defects—microcracks during
initial stages of uniaxial compression [33]. The parameters 0 ≤ wc, wt ≤ 1 in Equation (3)
are material-dependent weighting factors, with wc = 1, wt = 0 meaning full recovery of
elastic stiffness when loading changes from a predominantly tensile state to a predomi-
nantly compressive state (for example, when applying uniaxial compression tests after
thermal pretreatment). Lastly, the thermal strain tensor εθ is defined as
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εθ = α(θ)∆θI (4)

where the quantities α, θ and I are the thermal expansion coefficient, the temperature
and the second order identity tensor, respectively.

2.3. Stress Integration of Rock Constitutive Model

The cutting plane return mapping is used to solve the model in Equations (1). In
the case of violation of both criteria ( fMR > 0 and fDP > 0), the consistency conditions
(Equation (1)) demand the following equations to be verified at the end of each time step:
fMR(σ

t+∆t, λ̇t+∆t) = 0 and fDP(σ
t+∆t, λ̇t+∆t) = 0. The yield surfaces are determined to

depend on the increments λ̇t+∆t
i = ∆λt+∆t

i /∆t and the conditions to be satisfied become

fMR(σ
t+∆t, ∆λt+∆t

MR ) = 0, fDP(σ
t+∆t, ∆λt+∆t

DP ) = 0 (5)

By applying the first order expansion of these equations, i.e., the first terms in the vector-valued
Taylor series, a linear system is obtained to solve the MR and DP viscoplastic increments:

f(∆λ+ δ∆λ) = f(∆λ) +∇∆λf(∆λ)δ∆λ = 0⇔

δ∆λ = −∇∆λf(∆λ)−1f(∆λ) = G−1f(∆λ)

⇒ Gδ∆λ = f linear system, with

δ∆λ =

(
δλMR
δλDP

)
, f = f(∆λ) =

(
fMR(∆λMR)
fDP(∆λDP)

)

G =

[
G11 G12

G21 G22

]

G11 =
∂ fMR

∂σ
: E :

∂ fMR

∂σ
+

sMR

∆t

G12 =
∂ fMR

∂σ
: E :

∂gDP

∂σ

G21 =
∂ fDP

∂σ
: E :

∂ fMR

∂σ

G22 =
∂ fDP

∂σ
: E :

∂gDP

∂σ
+

sDP

∆t
kDP

(6)

The components of the gradient tensor G are calculated according to the chain rule for the
derivative of a composite function. Stress, viscoplastic strain and the internal variables
are updated in a standard manner [29], after the solution of the viscoplastic increments by
Equation (6). Stress integration is performed in the principal stress space for straightfor-
wardness of calculations. This is convenient, as the return mapping preserves the principal
directions for isotropic materials. Lastly, the calculations at level of local integration point
are summarized in Algorithm 1. The starting point is the total strain εtot from the global
solution and the final step is the calculation of new stress σ.
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Algorithm 1 Solution process for elemental stresses

1: Given εtot
t+∆t, ε

θ
t+∆t = α∆θI

2: Predict trial elastic stress state
σ̄trial = E(εtot

t+∆t − ε
vp
t − εθ

t+∆t) −→
σ̄

prin
trial = [σ̄1

trial σ̄2
trial σ̄3

trial]

f trial
MR = fMR(σ̄

prin
trial , λ̇t

MR), f trial
DP = fDP(σ̄

prin
trial , λ̇t

DP)

3: If ( f trial
MR or f trial

DP ) > 0 −→
perform viscoplastic correction: calculate σ̄t+∆t, εvp

t+∆t
Else −→ exit

4: Update damage variables:
ωt+∆t

t = gt(ε
vp,t+∆t
eqvt ), ωt+∆t

c = gc(ε
vp,t+∆t
eqvc )

5: Calculate nominal stress:
σt+∆t = (1−ωt+∆t

t )(1−ωt+∆t
c )σ̄t+∆t

3. Simulation Method for Microwave Heating Induced Failure

This section describes the simulation method used here to model microwave heating
induced fracture in rock. The electromagnetic–thermo-mechanical problem is outlined in
its strong form. The electromagnetic (if present, i.e., in the case of microwave heating) and
thermo-mechanical parts of the problem are solved separately with a one-way coupling
relationship. Here, the temperature dependence of dielectric properties is not considered,
due to lack of solid literature data and experimental results, as done similarly in [22,34].
In the case of microwave heating the internally generated heat due to dielectric dissipation
is derived from the electric field and it acts as the input load in the thermo-mechanical part
of the problem. In the case of conventional heating, the thermal load is given by a high-
intensity heat flux applied to all external surfaces of the sample (except the top and bottom
faces). The thermal and mechanical parts of the problem can be considered uncoupled
due to the highly prevailing role of the input thermal loads over the heat generated by
mechanical dissipation effects. Second, the finite element description of the problem in
its strong form is described in brief. Third, a fully explicit solution method based upon a
staggered solution procedure is presented for solving the finite element discretized version
of the thermal and mechanical parts of the problem.

3.1. Strong Form of the Uncoupled Electromagnetic–Thermo-Mechanical Problem

Modelling of rock breakage induced by thermal loads implies solving the related
electromagnetic (if present, i.e., for microwave irradiation)–thermo-mechanical problem.
Largely different time scales are involved in the electromagnetic, thermal and mechanical
parts of the problem [35]. It is assumed that the electromagnetic cycle periods that relate to
the transient formulation of the time-harmonic EM problem are short compared to time
scales of the thermal part. Thus the problem is decomposed into two steps. The first one
consists in calculating the EM losses. For sinusoidal excitations, the electromagnetic part
can be set and solved in the frequency domain to calculate the cycle-averaged losses. In the
second step, the previously computed losses act as a constant input thermal load in the
time-dependent heat transfer problem.

3.1.1. Formulation of the Electromagnetic Problem

The electromagnetic problem here is conceptualized as an electromagnetic wave [36].
The rock sample is placed inside a 2.45 GHz multimode oven and it is modelled as a lossy
dielectric material absorbing part of the wave and reflecting and scattering the remaining
part in multiple directions. The Maxwell equation for retrieving the electric field strength
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EEM is solved in the COMSOL Multiphysics software Version 6.1 as a time harmonic
problem (EEM(x, y, z, t) = EEM(x, y, z)ejωt). Its mathematical formulation is [37]

∇× µ−1
r (∇× EEM)− k2

0

(
εr −

jσEM

ωε0

)
EEM = 0 (7)

where µr is the relative permeability, k0 the wave number of free space, ω is the angular
frequency, ε0 is the permittivity of free space, σEM is the electrical conductivity, j2 = −1
and εr is the relative permittivity. The real part of the complex relative permittivity εr =
ε′r − jε′′r is called the dielectric constant ε′r. The imaginary part ε′′r takes into account the
dielectric losses. For air, σair

EM = 0, εair
r = 1− j · 0, µair

r = 1. For minerals, σEM = 0 and
µr = 1. Here, the dielectric properties are not considered to be temperature-dependent due
to the lack of solid and up-to-date data on their temperature dependence.

Perfect electric conductor (PEC) boundary conditions n× EEM = 0 are applied on
the oven walls, where n is the normal vector on the walls. A waveguide is linked to an
RF source (magnetron), and the waveguide dimensions are such that it runs with its
dominant TE10 mode [38]. An electromagnetic wave, when penetrating through a lossy
dielectric material, loses some of its energy, which is converted into thermal energy within
the material. Thus, Pv is the time-averaged volumetric power density absorbed by the
dielectric medium in the electro-magnetic field, determined as [39,40]

Pv =
ω

2
ε0ε′′r |EEM(x, y, z)|2 (8)

The volumetric power density acts as the one-way link between the EM and the temperature
fields, as will be seen in Section 3.1.2.

3.1.2. Formulation of the Thermo-Mechanical Problem

The global balance equations for the thermo-mechanical problem expressed in strong
form are: {

ρü = ∇ ·σ+ b force equilibrium
ρct θ̇ = −∇ · q + Qint + Pv balance of energy

(9)

where ρ is the material density, b is the body force (per unit mass) vector, Pv is (in the
case of microwave heating) the power density defined in the previous section and ct is the
specific heat. The conductive heat flow, which associates the heat flux with the temperature,
is expressed by Fourier’s law q = −k∇θ, where k is the thermal conductivity and θ the
temperature. Finally, Qint is the thermo-mechanical coupling term which takes into account
the mechanical dissipation and thus includes thermo-elasticity and thermo-plasticity effects
in the medium. Due to the magnitude of the external heat source, it can be considered
negligible (see [26,41]).

3.2. Finite Element Discretized Form for the Uncoupled Thermo-Mechanical Problem

The finite element formulation for the heat balance equation, following Ottosen and
Ristinmaa [35], is

Cθ̇+ Kθθ− fθ = 0 (10)

where θ is the vector of nodal temperatures, C, Kθ and fθ are the capacity matrix, the conduc-
tivity matrix and the external force vector, respectively, defined by the following expressions:
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C =
nel

A
e=1

∫
Ve

ρctNeT
θ Ne

θdV

Kθ =
nel

A
e=1

∫
Ve

kBeT
θ Be

θdV

fθ =
nel

A
e=1

∫
Ve

NeT
θ PvdV microwave heating case

fθ = −
nel

A
e=1

∫
Se

qnNeT
θ dS conventional heating case

(11)

The parameters ct and k are the specific heat and conductivity, Nθ is the temperature
interpolation vector, Pv is the internally generated volumetric power density in the solid
(due to microwave irradiation). Be

θ is the gradient of the temperature interpolation vector
and A is the standard finite element assembly operator.

The mechanical problem is represented by the equation of motion in its finite element
discretized form:

Mü + fint(θ, u) = fext with

fint(θ, u) =
nel

A
e=1

∫
Ve

BeT
u σ(θ, u)dV

(12)

The arrays M, fext, Be
u and σ are, respectively, the lumped mass matrix, the external force

vector, the kinematic matrix and the stress vector defined in Equation (3).

3.3. Solution Methods for the Global Thermo-Mechanical Problem

A staggered approach is then applied to the uncoupled thermo-mechanical problem
so that the thermal and mechanical parts are solved independently. An explicit–explicit
scheme is then developed where an isothermal split is applied for the solution of the global
thermo-mechanical part of the problem. Staggered schemes are treated more completely
in [35,42–44]. An explicit time marching scheme is applied to solve the problem of the
uniaxial compression tests.

Explicit Scheme for the Uniaxial Compression Tests

The explicit modified Euler time stepping scheme is used for solving the thermo-
mechanical problem. The equation of motion (Equation (12)) for the acceleration is solved as

ün = M−1(fext
n − fint

n (θ, un)) (13)

then the response is advanced by [45]

u̇n+1 = u̇n + ∆tün

un+1 = un + ∆tu̇n+1

(14)

(15)

As is the case for explicit time integrators, this scheme is not unconditionally stable with re-
spect to time step ∆t. A maximum time step exists and it is determined by the Courant limit.
The scheme for solving the global thermo-mechanical problem is represented in Figure 1.
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Thermal part
Mechanical configuration fixed

Mechanical part
Temperature fixed

Initialize the thermo-mechanical problem

Calculate by looping over the elements:
the temperature dependent coefficients

Solve globally the thermal prob-
lem in Equation (10): advance θn

Calculate by looping over the elements:
stress σn in Equation (3) and inter-

nal force vector fint(θ) in Equation (12)

Solve globally the mechani-
cal problem (13): advance un

Next
time
step
n→ n + 1

Figure 1. Explicit–explicit dynamic time integration scheme for the thermo-mechanical problem.

4. Numerical Simulations: Results and Discussion

This section displays the 3D numerical simulation results of microwave heating
(electromagnetic–thermo- mechanical problem) and conventional heating (thermo-mechanical
problem) tests on numerical, granite-like, ore-shaped specimens and subsequent mechani-
cal tests on pretreated samples.

4.1. Material Heterogeneity and Mesostructure Description

Material heterogeneity is a crucial factor that needs to be considered when studying
rock cracking behavior, since it has a large influence on its dielectric, thermal and me-
chanical response. Granite is a polycrystalline rock consisting of different minerals in the
shape of polyhedral grains. Here, the inherent heterogeneity of an idealized granite-like
rock is explicitly described by a mesostructure which represents mineral grain aggregation
and distribution. This is rendered in practice through a Voronoi tessellation of convex
polyhedra (or cells, here the equivalent of mineral grains). In this study, the tessellation
is created with the software package Neper [46]. The rock sample generated with this
method is a 8000-cell truncated octahedron which can be contained in a box with a length
of 59 mm. This specimen is designed to represent in a simplified way the shape of an ore
(see Figure 2). There are three constituent minerals (i.e., 30% quartz, 55% feldspar and 15%
biotite), in percentages that reproduce a generic granite-like rock [47]. Each grain of the
mesostructure and consequently the clusters of linear tetrahedral finite elements inside
them, are assigned mineral-specific material properties.

The mineral properties (for intact material at room temperature) are given in Table 1.
Dielectric properties are taken from [48] and they are kept constant during the solution
of the electromagnetic problem due to the lack of solid data regarding their temperature
dependence. The mechanical properties of single minerals are taken mainly (with some
modifications) from [49]. The values for density, thermal conductivity and specific heat are
taken from [50–52], respectively. Lastly, the viscosity is set to 0.005 MPa · s/m. This value
is chosen in order to stabilize the computations without inducing significant strain rate
effects at low-velocity loading.
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Figure 2. Numerical rock samples and enlarged detail of the grains (8000 polyhedra) and linear
tetrahedra mesh (699,103 elements).

Table 1. Material properties and model parameters used in simulations.

Parameter Quartz Feldspar Biotite

Percentage in the sample (%) 30 55 15
ρ [50] (Density) (kg/m3) 2650 2620 3050
E [49] (Elastic modulus) (GPa) 80 60 20
ν [49] (Poisson’s ratio) 0.17 0.29 0.20
σt [49] (Tensile strength) (MPa) 10 8 7

c (Cohesion) (MPa) 25 25 25
φ [49] (Internal friction angle) (°) 50 50 50

GIc [49] (Mode I fracture energy) (J/m2) 40 40 28
GI Ic (Mode II fracture energy) (J/m2) 10GIc 10GIc 10GIc

α [53] (Thermal expansion coefficient) (1/K) 1.60× 10−5 0.75× 10−5 1.21× 10−5

k [51] (Thermal conductivity) (W/mK) 4.94 2.34 3.14
ct [52] (Specific heat capacity) (J/kgK) 731 730 770
ε′ [48] (Dielectric constant) 4.72 5.55 7.48
ε′′ [48] (Loss factor) 0.014 0.118 0.456

In the present study, temperature dependence of certain material parameters is taken
into account with a simplified approach (similarly to [54]) which is based on the higher
nonlinear behavior of thermal expansion of Quartz up to the α− β transition temperature
with respect to the more linear one of feldspar and biotite. For quartz, Young’s modulus,
Poisson’s coefficient and thermal expansion coefficient follow temperature dependence as
the granite in [55]. Figure 3 shows the nonlinear temperature dependence of normalized
thermal expansion coefficient of quartz. For feldspar and biotite, the curve for the thermal
expansion coefficient is a linear approximation of the curve for quartz and the other
properties are considered time-independent.

Figure 3. Normalized thermal expansion coefficient of quartz vs. temperature.
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4.2. Thermal Pretreatments on Numerical Rock Sample

In this section, microwave irradiation pretreatment and conventional heating pretreat-
ment are tested on an intact numerical sample and their effect (in terms of temperature rise
and resulting damage) is evaluated. The length of the pretreatment and power value in
each case are chosen in order to obtain similar values of maximum temperatures.

4.2.1. Microwave Pretreatment on Numerical Rock Sample

The microwave irradiation pretreatment consists in placing the numerical rock sample
inside a multimode microwave oven, here represented as a conductive cavity (box) linked
to a microwave source set at a side of the cavity. The RF power is fed via a waveguide
(WR340); PEC condition is set on all conductive boundaries of the oven. The oven setup is
shown in Figure 4. The 2.45 GHz frequency is the standard operating frequency of kitchen
ovens and the power level of 1.5 kW is in the typical range of commercial ovens (0.8–1.8 kW)
as well. The duration of the pretreatment is 60 s. The multimode resonant cavity size is
276 × 254 × 185 mm. As for the thermal boundary conditions, the outer surface of the
specimen is considered insulated with respect to the surrounding air; therefore, all con-
vective effects are neglected. The sample is not restrained from deforming during heating
and its initial temperature is 20 °C. The distance between the sample and the waveguide is
120 mm. This distance, found through trial-and-error, offers the best positioning in terms of
final temperature level for this particular oven–sample combination. This search for the
best placement inside the cavity is due to the fact that in a multimode oven cavity there is a
large number of resonance modes, as the microwaves are reflected from the cavity walls.
Therefore, the electric field, which derives from the interaction between the microwave
radiation, the oven cavity and the lossy material, is highly non-uniform.

Figure 4. Oven and waveguide schematic.

In the simulation, mass scaling is applied to increase the critical time step (from
1× 10−8 s to 1× 10−5 s), with a large scaling factor justified by the quasi-static nature
of the very slow heating of the rock sample [41]. The weighting factors in Equation (3)
wc, wt are both set to zero. In order to solve first the electromagnetic part of the problem,
rock mesostructure, after being created with the software package Neper, is imported
into COMSOL Multiphysics software in STL format. There, the polygonal Voronoi cells
are meshed with the linear tetrahedral finite elements. Finally, after solving the electro-
magnetic problem in COMSOL, the vector containing the nodal values of the generated
volumetric heat is exported from COMSOL to MATLAB, where the external force vector in
Equation (11) is assembled and the solution of the thermo-mechanical problem is obtained.
Simulation results regarding the electric field, temperature and damage distribution are
displayed in Figures 5–9.
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Figure 5. Microwave pretreatment simulation results at 60 s. Electric field norm in the oven—xz cross-
sectional view (a) and xy cross-sectional view (b); electric field norm distribution in the sample—front
view (c) and back view (d).

Figure 6. Microwave pretreatment simulation results at 60 s. Mesostructure and volumetric heating
in the sample (xz plane back view).

Figure 7. Microwave pretreatment simulation results at 60 s (front view). Temperature distribu-
tion (a) tensile damage distribution as magnitude of damage variable ωt (b), compressive damage
distribution as magnitude of damage variable ωc (c).
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Figure 8. Microwave pretreatment simulation results at 60 s (back view). Temperature distribution
(a) tensile stress distribution as magnitude of damage variable ωt (b), compressive stress distribution
as magnitude of damage variable ωc (c).

Figure 9. Microwave pretreatment simulation results at 60 s (cross-sectional view). Temperature
distribution (a) tensile stress distribution as magnitude of damage variable ωt (b), compressive stress
distribution as magnitude of damage variable ωc (c).

At the end of the pretreatment, the electric field norm distribution is not uniform
(Figure 5a,b), in accordance (in terms of qualitative distribution and order of magnitude)
with previous studies that used similar multimode microwave setups and material dielec-
tric properties [56–59]. As a consequence, two main high-temperature hotspots occur in
the sample, one at the side that directly faces the waveguide (Figure 5c, here defined as
“front view”) and the other at the opposite side (Figure 5d, here defined as “back view”).
As can be seen in the figures, hotspots, counter-intuitively with respect to the results of con-
ventional heating methods, may occur on the side that is not facing the microwave source.
The maximum temperature attained within the sample is 435 °C (see Figures 7a and 9a).
The volumetric heat Pv induced via microwave irradiation (see Equation (8)) can be in-
tegrated over the sample volume. The resulting internally generated power is 465 W,
which is 31 % of the entering 1.5 kW power. Thus, the total energy that enters the oven is
1500 W× 60 s/3600 = 25 Wh, whereas the energy which is effectively utilized to heat the
sample is 25 Wh× 31 % = 7.75 Wh.

It is remarked that the specimen is free to expand in all directions; therefore, the
damage is caused by the existence of a temperature gradient and by the mismatch in
thermal properties between each mineral. The predicted tensile damage patterns in
Figures 7b and 8b consist of several vertical crack-like damage areas on the specimen’s
outer surface. At this temperature level, the value of tensile damage variable is close to
1 therein so that these zones can be interpreted as macrocracks. It can be seen from the
results that feldspar grains sustain more damage than the other two minerals. This may be
explained by the higher values of the thermal expansion coefficient of quartz and biotite
compared to that of feldspar and by the higher tensile strength and elastic modulus of
quartz when compared to feldspar and biotite. The differential expansion and contraction of
minerals causes higher stresses in the ones with a lower thermal expansion coefficient [60].
Moreover, in this study the thermal expansion coefficient of quartz varies non-linearly with
increasing temperatures, whereas for the other two minerals the variation is linear. Finally,
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the higher values of dielectric properties of biotite lead to a higher heating in this mineral
(see Figure 6), which may cause higher thermal stresses and consequently tensile cracks in
the surrounding grains [61].

4.2.2. Conventional Heating Pretreatment on Numerical Rock Sample

The conventional heating pretreatment consists of a constant external heat flux that
impinges perpendicularly to each external face of the numerical rock sample, with the
exception of the top and bottom ones. This corresponds to an idealized laboratory setup
where the sample is uniformly heated from multiple directions. The external heat flux is
0.5 MW/m2 (comparable in magnitude to the one produced by an oxy-acetylene torch)
and the pretreatment duration is 1 s. The same thermal and mechanical boundary condi-
tions of Section 4.2.1 are used in the analysis. The weighting factors in Equation (3) wc, wt
are both set to zero. The simulation results regarding temperature and damage distribution
are displayed in Figures 10 and 11.

Figure 10. Conventional heating pretreatment simulation results at 60 s (front view). Temperature
distribution (a) tensile damage distribution as magnitude of damage variable ωt (b), compressive
damage distribution as magnitude of damage variable ωc (c).

Figure 11. Conventional heating pretreatment simulation results at 60 s (cross-sectional view).
Temperature distribution (a) tensile damage distribution as magnitude of damage variable ωt (b),
compressive damage distribution as magnitude of damage variable ωc (c).

At the end of the conventional heating pretreatment, the maximum temperature level
is 528 °C. These high temperatures are reached at the edges of the specimen where the
contributions of two or more faces are summed. The section view in Figure 11 shows
that damage is located close to the outer surface of the sample. The damage distribu-
tion is qualitatively similar to the tensile crack distribution in a heat-shocked cylindrical
granite specimen [41]. This leads to a circular tensile damage distribution for each face,
where damage occurs near these edges. Compared to the microwave heating results of
Section 4.2.1, where entire grains seem to be spared by damage, here damage affects grains
more uniformly. The power used to heat the sample is given by integration of the surface
flux (0.5 MW/m2) over the heated area (0.0106 m2). Therefore, the energy spent during the
pretreatment is 1.47 Wh.
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4.2.3. Influence of Quartz Content on Temperature and Tensile Damage Distribution
during Thermal Pretreatment

The same simulation setups of Sections 4.2.1 and 4.2.2 are used for testing the effect
of different quartz percentages (15% and 45%) in the numerical specimen. In this section
all results will be presented in the following order: those derived from the specimen with
15% quartz percentage first, then 30% (reference case) and finally 45%. To obtain the new
specimens, the reference case specimen in Section 4.1 is modified in the following way:

• The geometry of tessellation is preserved;
• The original number and location of biotite grains are preserved;
• A certain number of quartz grains (original percentage 30%) replaces or is replaced by

feldspar grains.

Figures 12 and 13 show the new specimens.

Figure 12. Rock specimen with different quartz percentages (front view): 15% (a), 30% (reference
case) (b), 45% (c).

Figure 13. Rock specimen with different quartz percentages (back view): 15% (a), 30% (reference
case) (b), 45% (c).

The tensile damage variable distribution induced via microwave heating on specimens
with different quartz percentages is displayed in Figures 14 and 15. Compressive damage
distribution is not represented, since compressive damage, as can be seen in Section 4.2.1,
is less severe than tensile damage. Temperature distribution is not shown, since it is very
similar to Figures 7–9.
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Figure 14. Microwave heating pretreatment simulation results at 60 s (back view). Tensile dam-
age distribution as magnitude of damage variable ωt for 15 % (a), 30 % (reference case) (b), 45 %
(c) quartz percentage.

Figure 15. Microwave heating pretreatment simulation results at 60 s (cross-sectional view). Tensile
damage distribution as magnitude of damage variable ωt for 15 % (a), 30 % (reference case) (b), 45 %
(c) quartz percentage.

The maximum temperatures in the whole specimen (temperature distribution not
shown here) are 405 °C, 435 °C (reference case) and 457 °C. The mean values of all nodal tem-
peratures are 222 °C, 232 °C and 236 °C. The tensile damage distribution shows, similarly
to Section 4.2.1, that biotite and quartz grains tend to be spared from damage compared to
feldspar (see Figures 13 and 14). The presence of more or less quartz in the specimen slightly
modifies the pattern of tensile damage. The mean values of the tensile damage variable in
the whole specimen are 0.3266, 0.3339 and 0.3320. These results may suggest increasing
overall temperature levels with increasing quartz content. The same cannot be said for
tensile damage, since both graphical inspection of its distribution and its quantification do
not allow one to establish any immediate correlation between quartz content and tensile
damage severity.

The tensile damage variable distribution induced by conventional heating on spec-
imens with different quartz percentages is displayed in Figures 16 and 17. Compressive
damage distribution is not represented, since compressive damage, as can be seen in
Section 4.2.2, is less severe than tensile damage. The temperature distribution is not shown,
since it is not dissimilar to Figures 10 and 11.

The maximum temperatures in the whole specimen (temperature distribution not
shown here) are 528 °C, 528 °C (reference case) and 513 °C. The mean values of all nodal
temperatures are 48.33 °C, 47.90 °C and 47.49 °C. The mean values of the tensile damage
variable in the whole specimen are 0.2100, 0.2022 and 0.1988. These results may suggest
increasing overall temperature and tensile damage levels with decreasing quartz content.
This is further confirmed via graphical inspection of tensile damage distribution, which
shows the presence of more zones affected by damage in the first specimen compared to
the rest of them.
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Figure 16. Conventional heating pretreatment simulation results at 60 s. Tensile damage distribution
as magnitude of damage variable ωt for 15 % (a), 30 % (reference case) (b), 45 % (c) quartz percentage.

Figure 17. Conventional heating pretreatment simulation results at 60 s (cross-sectional view). Tensile
damage distribution as magnitude of damage variable ωt for 15 % (a), 30 % (reference case) (b), 45 %
(c) quartz percentage.

4.3. Uniaxial Compression Test on Numerical Rock Sample

In this section, uniaxial compression tests are performed on an intact numerical
sample and pretreated numerical samples. The effect of thermal pretreatment application
is evaluated in terms of resulting uniaxial compressive strength reduction of the pretreated
numerical samples compared to the intact one.

4.3.1. Uniaxial Compression Test on Intact Numerical Rock Sample

The uniaxial compressive test on the intact specimen is modelled as a constant down-
ward velocity (0.03 m s−1 applied at the top face of the sample). The degrees of freedom at
the bottom face are restrained in the z (vertical) direction. The test is conducted first with
weighting factors in Equation (3) wc = wt = 0, then with factors wc = 1, wt = 0. The results
are displayed in Figures 18 and 19.

Figure 18. Uniaxial compression test (weighting parameter wc = 0, wt = 0). Tensile damage
distribution as magnitude of damage variable ωt (a), compressive damage distribution as magnitude
of damage variable ωc (b). Stress–strain curve (c).
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Figure 19. Uniaxial compression test (weighting parameter wc = 1, wt = 0). Tensile damage
distribution as magnitude of damage variable ωt (a), compressive damage distribution as magnitude
of damage variable ωc (b). Stress–strain curve (c).

The uniaxial compressive strength is 123 MPa in the first case and 177 MPa in the
second case. Even if the sample size and shape do not correspond to any recommended
standard, it is still possible to detect the typical vertical damage patterns present in uniax-
ially compressed hard rock [62]. In the case of wc = 1, the tensile damage ωt is allowed
to grow more than the case wc = 0 by the limiting factor sc in Equation (3) Therefore,
the tensile damage variable ωt reaches value 1 in a larger area of the specimen.

4.3.2. Uniaxial Compression Test on Numerical Rock Sample Pretreated with
Microwave Irradiation

The uniaxial compressive test on pretreated specimens here is modelled in the same
way as in Section 4.3.1, i.e., as a constant downward velocity (0.03 m s−1 applied at the top
face of the sample. The mechanical boundary conditions are the same as well. The thermally
pretreated numerical samples are subjected to the mechanical test after being ideally left to
cool down naturally at room temperature without forced convection. This corresponds to
the in situ or laboratory case where some time passes between the thermal pretreatment
application and the mechanical, conventional breaking of rocks. The test is conducted
first with weighting factors in Equation (3) wc = wt = 0, then with factors wc = 1, wt = 0.
The results are displayed in Figures 20 and 21 and they are given only for the back side,
since it corresponds to the most damaged area of the sample.

The damage distribution at the end of the test seems to follow the vertical damage
patterns already established during the microwave treatment. The uniaxial compressive
strength is 59 MPa in the first case (52 % reduction with respect to the corresponding intact
case) and 142 MPa in the second case (20 % reduction). The ratio between the uniaxial
compressive strength reduction and the energy required in the pretreatment to obtain this
reduction is 6.7 %/(Wh) and 2.6 MPa/(Wh) for the wc = 1 case.

Figure 20. Uniaxial compression test (weighting parameter wc = 0, wt = 0)—back view. Tensile
damage distribution as magnitude of damage variable ωt (a), compressive damage distribution as
magnitude of damage variable ωc (b). Stress–strain curve (c).
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Figure 21. Uniaxial compression test (weighting parameter wc = 1, wt = 0)—back view. Tensile
damage distribution as magnitude of damage variable ωt (a), compressive damage distribution as
magnitude of damage variable ωc (b). Stress–strain curve (c).

4.3.3. Uniaxial Compression Test on Numerical Rock Sample Pretreated with
Conventional Heating

The uniaxial compressive test on pretreated specimens here is modelled in the same
way as in Section 4.3.2, i.e., as a constant downward velocity (0.03 m s−1) applied at the top
face of the sample. The mechanical and thermal boundary conditions are as the same as
well. The test is conducted first with weighting factors in Equation (3) wc = wt = 0, then
with factors wc = 1, wt = 0. The results are displayed in Figures 22 and 23.

Figure 22. Uniaxial compression test (weighting parameter wc = 0, wt = 0)—back view. Tensile
damage distribution as magnitude of damage variable ωt (a), compressive damage distribution as
magnitude of damage variable ωc (b). Stress–strain curve (c).

Figure 23. Uniaxial compression test (weighting parameter wc = 1, wt = 0)—back view. Tensile
damage distribution as magnitude of damage variable ωt (a), compressive damage distribution as
magnitude of damage variable ωc (b). Stress–strain curve (c).

In the case of wc = 0, the damage distribution, at the end of the test, presents new
vertical damage patterns and does not follow the already established circular ones. In the
case of wc = 1, the factor sc in Equation (3) limits ωt, which reaches the value 1 in almost
all side facets of the specimen. The uniaxial compressive strength is 86 MPa in the first
case (30 % reduction with respect to the corresponding intact case) and 162 MPa in the
second case (9 % reduction). The ratio between the uniaxial compressive strength reduction
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percentage and the necessary energy 20.5 %/(Wh) for the wc = 0 case and 5.8 %/(Wh) for
the wc = 1 case.

5. Discussion and Conclusions

A 3D numerical method to predict the effects of thermal pretreatments on the compres-
sive strength of granite-like rock was developed in this paper. The study analyzed the effects
of two different thermal pretreatments: heating via microwave irradiation in a multimode
microwave oven and conventional heating. The study yields the following conclusions:

• A method to simulate rock breakage due to thermal pretreatments (conventional
heating and microwave irradiation), based on a continuum approach, is developed
and tested in this paper. Rock failure is modelled via a damage-(visco)plasticity model
derived from the Rankine and Drucker–Prager yield criteria. Stiffness degradation
and strength deterioration are both taken into account by means of separate scalar
damage parameters in tension and compression. Moreover, the unilateral conditions
of tensile damage of rock are rendered through specific parameters that modelled
the extreme cases of complete stiffness recovery or no stiffness recovery during load
reversal from tension to compression.

• The adopted explicit staggered scheme proves to be effective in solving the nonlinear
coupled problem of thermal cracking due to heating by microwave irradiation and
conventional heating. Drastic mass scaling can be applied thanks to the non-inertial
nature of the slow heating induced by both pretreatments. Mass scaling allows one to
increase the critical time step of the explicit time marching scheme for the mechanical
part of the governing global problem.

• Damage patterns are heavily influenced by the nature of the heating pretreatment
(volumetric or surface) and by the heterogeneity of the material. Polycrystalline hard
rocks such as granite are constituted of minerals with different dielectric, thermal
and mechanical properties. Here, heterogeneity was defined explicitly by representing
the typical granular texture of polycrystalline hard rock as a Voronoi structure of
polyhedral cells. The advantage of this approach is evident especially in the microwave
simulation results, where single biotite and quartz grains were entirely spared from
damage due to their dielectric, thermal and mechanical properties.

• Conventional heating via heat torch, for these idealized and specific testing conditions,
seems to be the best pretreatment in terms of highest ratio of uniaxial compressive
strength reduction percentage to required energy seems to be the conventional heating
method. However, it must be remarked that this method requires a very high surface
heat flux (0.5 MW/m2) to reach the necessary temperature levels and ad hoc thermal
equipment to obtain a uniform heating.

• On the other hand, microwave oven appliances are more commonly available, even
though they demand longer heating times due to the low dielectric properties of
granite. Moreover, the search for the best placement inside the cavity that maximizes
the temperature outcomes can be time-consuming. Therefore, different time dura-
tion/heating power combinations should be tested in order to find the optimal ratio
of strength reduction percentage vs. spent energy.

• The thermal pretreatment simulations are repeated for specimens having different
quartz percentages. Two new specimens are created, one with 15% quartz content
and the other with 45%. The number and location of biotite grains are preserved.
Quartz grains are replaced by feldspar grains to obtain the desired quartz percentages.
The results of microwave heating show a slight increase in average temperature
with increasing quartz content. However, from the simulation results an immediate
correlation between quartz content and tensile damage intensity cannot be established.
The results of conventional heating may suggest an influence of quartz content on
average temperature and tensile damage severity. In particular, average temperature
and tensile damage seem to increase with decreasing quartz content.
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• The simulation conditions are not ideal for comparison of these two thermal pretreat-
ments, which are quite different in nature (surface heating vs. volumetric heating).
The chosen approach here was to obtain similar temperature values in the samples.
A more sound approach to estimate the efficacy of different thermal pretreatments is
to compare not temperatures, but entering heat. In that case, the total energy spent
during the 60 s microwave heating would be spread across the external heated surface
(conventional heating). However, since the duration treatment in this case is quite
short (to induce a sudden heat-shock in the sample), the external surface power and
the temperatures reached in that case would have been high enough to cause melting
in the sample. A solution could be to extend the duration of the conventional heating,
but that would probably not produce the desired heat shock effect. Moreover, longer
heating times imply lower feasibility and and practical application of the method in
real-life mineral processing plant situations.

• Further developments of this study should include modelling of intergranular cracks at
grain boundaries to replicate the experimental results of previous studies. Finally, in or-
der to fully evaluate the weakening effect of thermal pretreatments on compressive
strength of rock, the present model should be validated via laboratory experiments.
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