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Abstract: The uncertainty of surrounding rock parameters varies due to changes in the boundary
conditions of the tunnel model, and no suitable method to ensure that the updated parameters of the
finite element model (FEM) are applicable throughout the constructional environment. To address this
issue, a probabilistic baseline model method was introduced to invert the rock parameters and obtain
values suitable for the complete constructional environment. First, the probabilistic statistical theory
was applied to statistically analyze the measurement data from tunnels under different constructional
environments, which provides insight into the variation in rock parameters. Then, an objective
optimization function based on a genetic algorithm (GA) was constructed to optimize the accuracy
by minimizing the error between the measurement data and the simulation data. Next, a Kriging
model was built that utilized Young’s modulus and cohesion as updated parameters. This approach
contributes to overcoming the inefficiency of multi-objective optimization computations. By using
the Kriging model, optimal values for the rock parameters were obtained. Finally, the effectiveness
and applicability of the proposed method were validated by comparing the measured data with the
updated model data under different constructional environments.

Keywords: tunnel; parameter inversion; model updating; stochastic finite element; Kriging model

1. Introduction

The geological environment of tunnel structures presents a high degree of complex-
ity and the physical-mechanical parameters of the surrounding rock exhibit non-linear,
non-continuous and non-uniform behavior. The complexity is further exacerbated by the
construction environment, which further increases the uncertainties. Accurate determi-
nation of rock parameters plays a crucial role in assessing the stability of the structure
and preventing engineering disasters. In simulating the actual geological structure and
accurately describing the structural behaviors, it is essential to obtain reliable and pre-
cise surrounding rock parameters. The challenges of accurately modeling such complex
engineering materials have been highlighted in various studies [1,2]. The researchers
emphasized the need for improved models and methods to capture and represent the com-
plexities of the surrounding rock. In recent years, several researchers have tackled this issue
and proposed different approaches to obtain accurate surrounding rock parameters [3–5].
These studies recognize the importance of considering specific geological conditions and
emphasize the use of advanced techniques to optimize the estimation of rock parameters [6].
By considering these advancements and the complexities of the geological environment,
researchers aim to develop more accurate and reliable models that can better describe the
behavior of the surrounding rock in tunnel structures.

Currently, in situ or laboratory rock testing to obtain physical and mechanical parame-
ters of rock masses is the most common method. Researchers such as Aida Erfanian Pour
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and Mohammad Reza Majedi have conducted laboratory experiments on rocks to analyze
fracture parameters during rock failure and extract physical and mechanical strength. They
showed that parameters obtained this way effectively modify constructed models [7,8].
However, compared to traditional indoor or field experiments, the application of inversion
methods based on field monitoring data is a more feasible, efficient and economical way to
obtain rock parameters [9–11]. Researchers have extensively investigated inversion meth-
ods for estimating structural parameters from field monitoring data and the findings are
remarkable [12,13]. In the field of underground engineering, parameter inversion methods
can be classified into three groups: analytical methods, numerical methods and machine
learning methods [14]. However, analytical and numerical methods are limited in dealing
with complex geometric shapes and boundary conditions and often require significant
computation time. To obtain more accurate input parameters, the numerical analysis prob-
lem is converted into an optimization problem. The discrepancy between the machine
learning calculations and the actual measured displacements is taken as the optimiza-
tion objective [15–17]. Consequently, more researchers are attempting to invert structural
rock parameters through objective optimization, and various optimization methods have
been applied.

The prevailing back analyses in current geotechnical practice can be classified into
two categories: the deterministic approach and the probabilistic approach [18,19]. In the
deterministic back analysis, the uncertainties of the input parameters and solution models
are ignored. Back analysis aims to obtain a single set of geotechnical parameters that
matches the prediction with the observation [20]. However, when this method is applied
to structural parameter inversion, it often relies on deterministic actual cumulative moni-
toring values, neglecting uncertainties, such as measurement errors and spatial variability
of parameters in the building environment. As a result, the updated surrounding rock
parameters may not be suitable for the entire structural environment of the model. On
the other hand, probabilistic back analysis explicitly considers the uncertainties of the
solution models and input parameters. It allows for updating these uncertain variables in
numerous combinations, each with different relative probabilities, to match the prediction
with the observation [21]. In the presence of uncertainties, probabilistic back analysis offers
several advantages over deterministic back analysis, making it the preferred approach for
performing back analysis in past decades [22–24]. At present, the common probabilistic
inverse analysis methods include the least square method, maximum likelihood method,
extended Kalman filtering technology and Bayesian method [25]. Compared with other
methods, the Bayesian method has the characteristics of being stable and highly efficient
in dealing with uncertainty, which is why it is widely used in geotechnical engineering.
However, many uncertain factors exist in geotechnical engineering, which leads to incom-
plete consideration of the parameter inversion process of the traditional Bayesian method.
To solve this problem, Haotian Zheng and Michael Mooney proposed a surrogate-based
Bayesian approach to update the ground parameters. This method can consider the time-
series observations of multiple types of measurements are used to form the likelihood
function. The proposed method was a reasonable solution for the selection of uncertainties
in the process of back analysis of geotechnical parameters [26]. The method has played a
supporting role. Therefore, many scholars have tried to select different methods to study
the complex uncertainty of geotechnical engineering.

With the development of large datasets and information technology, researchers are
attempting to address the issue of uncertainty in parameter inversion by adopting novel
monitoring tools and analysis techniques [27,28]. Specifically, for structural uncertainty
arising from measurement errors and spatial effects during tunnel construction, an an-
alytical framework for tunnel model inversion has been established. This framework
combines various numerical models with new optimization algorithms. The results have
demonstrated the valuable reference significance of the inversion parameters, leading to
continuous improvement of the new algorithm. This approach offers a novel solution
to the uncertainty problem in the structural inversion process [29–31]. However, when
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probabilistic inversion methods for tunnel structure parameters are employed, the com-
putational inefficiency of large-scale finite elements and the redundancy of monitoring
data decrease inversion efficiency. Hence, to study the uncertainty of structural parameters
from a probabilistic statistical perspective, it is necessary to address the challenge of the
computational time cost.

In order to address the computational inefficiency of uncertainty inversion methods,
researchers have proposed the use of computationally inexpensive meta-modeling as an
alternative to exact fitness evaluations. Metamodeling minimizes the number of expen-
sive fitness evaluations by training metamodels on existing evaluated individuals; thus,
it directs the search for promising solutions. Several studies have explored the use of
metamodels in the inversion process of structural parameters to improve computational
efficiency [32–35]. The application of meta modeling, such as the two-step method pro-
posed by Liu, which combines the Kriging predictor with component Modal synthesis
(CMS) technology, ensures the successful implementation of finite element updating for
large structures. Additionally, cluster analysis has been introduced into random finite
element updating, resulting in the generation of a finite element probability baseline model
for bridges and the verification of the proposed method [36,37]. In addition, a Bayesian
model revision method based on proxy models has been proposed. It updates uncertain
geotechnical parameters in the construction process through a step-by-step Bayesian updat-
ing process. The results show that the updated deformation prediction results of surface,
subsurface and structures are consistent with the field measurement results [38]. In the
field of civil engineering, machine learning algorithms have also been applied to improve
computational efficiency. The current main objective of the model revision is to obtain
a baseline model that accurately and efficiently represents the physical state changes of
structures [39]. With the development of new equipment and the integration of multiple
data sources, the monitoring information of civil engineering structures has become more
comprehensive. These advances have diversified the methods used to obtain structural
baseline models [40]. These studies highlight the application of metamodeling and ma-
chine learning in civil engineering to enhance the computational efficiency of inversion
methods and to improve the accuracy and effectiveness of structural parameter analysis
and crack detection.

In the previous structural parameter inversion, although some scholars have studied
structural uncertainty, there is a lack of research on the probabilistic uncertainty of mechan-
ical parameters in the surrounding rock of tunnels under constructional conditions. Most
studies have considered these parameters deterministic and have not investigated their
probabilistic characteristics. Therefore, unlike other studies, we introduce a probabilistic
baseline modeling method to investigate the inversion of surrounding rock physical and
mechanical parameters under a constructional environment, and we combine the kriging
predictor as a model to deal with the inefficiency of the multi-objective optimization process.
Finally, we compare the measurement data and provide an implementation case to verify
the superior performance of this method.

2. Theory of the Proposed Method
2.1. Basic Idea of Tunnel Parameter Inversion Based on Probabilistic Baseline Modeling

The geological conditions in the vicinity of tunnels can be highly intricate and varied.
Even if the overall level of the surrounding rock is similar, there can still be variations
in geological features, such as interbedding and joints. These variations can have a sig-
nificant effect on the physical and mechanical parameters of the surrounding rock; thus,
they are uncertain and have no definite value. However, due to the uncertain nature of
these parameters, their estimated values can be considered random variables that follow
certain probability distributions. The inherent uncertainty and variability in estimating
these parameters is recognized from a probabilistic perspective. This concept is confirmed
by the work of Sun and Betti, who emphasized the need to consider the physical and me-
chanical parameters of the surrounding rock as random variables rather than deterministic



Geosciences 2024, 14, 107 4 of 26

quantities [41]. This probabilistic framework allows for a more comprehensive and realistic
representation of the uncertainties associated with the physical and mechanical properties
of the rock surrounding a tunnel.

θ = [θ1,θ2, · · · ,θv, · · · ,θN ]m×N is a set of sample estimates of the parameters of
tunnel rock updating, where m and N are the total number of parameter samples and
the number of updating parameters respective. In addition, each element of the θv =

{θ1,θ2, · · · ,θm}T(v = 1, 2, · · · N) set is defined as a vector. According to the statistical
theory, the mean θ and covariance Cov(θ) of the samples of the updating parameters are
defined as the following vectors and matrices, respectively:

θ = {E(θ)} =
1
N

N

∑
v=1

θv (1)

[Cov(θ)] =
1
N

N

∑
v=1

(
θv − θ

)(
θv − θ

)T (2)

where E(θ) is mathematical expectation operator; Cov(θ) is the covariance operator.
Since the updating parameter is a random variable, and the structural deformation

results obtained from the actual monitoring data are also random variables due to the equip-
ment and human measurements, the set of sample estimates Z(θ) of the displacements
measured during tunnel construction is defined as:

Z(θ) = [Z(θ1), Z(θ2), · · · , Z(θv), · · · , Z(θN)] (3)

Each of the following expansions according to Taylor’s first order yields Z(θ):

Z(θv) = Z
(
θ
)
+ G

(
θ
)(
θv − θ

)
(4)

where G(θ) is the deviation of Z(θ) and θ, i.e., the sensitivity matrix.
The sample mean of a set Z(θ) can be approximated by the following equations:

{E(Z(θ))} = 1
N

N
∑

i=1

(
Z
(
θ
)
+ G(θ)

)(
θv − θ

)
= Z

(
θ
)
+ G(θ)

(
1
N

N
∑

v=1
θv − θ

)
= Z

(
θ
) (5)

The covariance matrix of Z(θ) is defined as:

[Cov(Z(θ))] = 1
N

N
∑

v=1

(
Z(θv)− Z

(
θ
))(

Z(θv)− Z
(
θ
))T

= 1
N

N
∑

v=1

(
G
(
θ
)(
θv − θ

))(
G
(
θ
)(
θv − θ

))T

= G
(
θ
)
[Cov(θ)]G

(
θ
)T

(6)

The above equations show the mean θ and variance Cov(θ) of the rock mass parame-
ters of the tunnel if the measured data are taken in random samples. It is possible to invert
the rock mass parameters from the perspective of probabilistic statistics by minimizing
the error between the FEM calculation results and the measurement data, and then the
probabilistic baseline model of the tunnel is generated.

2.2. Sensitivity Analysis of the Tunneling Model Based on Complex Perturbations

In Equation (3), we know that the sensitivity matrix G
(
θ
)

is based on the deviation
from Z(θ) and θ. The accuracy of the sensitivity matrix plays an important role in FEM
updating [42]. By adopting a sensitivity matrix calculation method based on complex
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perturbations [43,44], the sensitivity of the structural deformation relative to the updating
parameters in the constructional environment of tunnel structures can be easily obtained.

Assuming θη is any term of the vector of the deformed sample means, θ of the tunnel
model and Z(θ), a term of the set of samples, can be defined in Equation (7) [38]:

Z
(
θη

)
=
{

Z1
(
θη

)
, · · · , Zi

(
θη

)
, · · · , ZP

(
θη

)}T
(i = 1, 2, · · · , P) (7)

where P is the total number of structural deformation features obtained from the tunnel
FEM. Taylor series θη = θηk + j △ θηk can be expanded as shown in the following equation:

Z
(

θηk + j∆θηk

)
= Z

(
θηk

)
+ Z′

(
θηk

)
∆θηk · j − Z′′ (θηk)

2!

(
∆θηk

)2
· j+

Z′′′ (θηk)
3!

(
∆θηk

)3
· j + · · ·

(8)

where j represents a complex index and ∆θηk is the complex perturbation at the kth iteration
of FEM updating. The real and imaginary parts of the ∆θηk are obtained as:

R
(

Z
(

θrk + j∆θηk

))
= Z

(
θηk

)
+ o
((

∆θηk

)2
)

(9)

I
(

Z
(

θηk + j∆θηk

))
= Z′

(
θηk

)
∆θηk + o

((
∆θηk

)3
)

(10)

where R(·) is the real part of Z
(

θηk

)
; I(·) is the imaginary part of Z

(
θηk

)
; O(·) is a higher

order infinitesimal term of
(

θηk

)
.

The sensitivity matrix is obtained from Equation (11):

Z′
(

θηk

)
= I
(

Z
(

θηk + j∆θηk

))
/∆θηk (11)

2.3. Generation of the Objective Optimization Function for Tunnel Rock Parameters

Section 2.1 shows that the updating method for the parameters of the stochastic finite
element model of the tunnel structure minimizes the error between the actual measurement
data and the analytical results of the model. Therefore, the error between the statistical
characteristics of the measured tunnel data and the numerical analysis obtained from the
calculation of the probabilistic finite element model are used as the objective function.

If the error between the mean value of the tunnel construction measurement data and
the mean value of the numerical analysis data is considered, the following form is used:

g1 =
{

DZ
(
θ
)}TWD

{
DZ
(
θ
)}

(12)

where WD is the weight matrix; DZ = {DZ,1, DZ,2, · · · DZ,m} is the residual vector of
displacement values.

The elements in the above residuals are defined as follows:

DZ,J =
ZJ
(
θ
)
− ZM,J

ZM,J
(13)

where ZJ
(
θ
)

is the estimate of the mean value of the J displacement eigenvalue obtained
using the finite element model; ZM,J is the mean value of the J displacement eigenvalue of
the structure, which is measured.
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We consider that the covariance of the displacement measured by tunnel construction
and the covariance of the mean value of the displacement obtained by FEM can be of the
following form:

g2 =
{

CZ
(
θ
)}TWC

{
CZ
(
θ
)}

(14)

where WC is weight matrix. Element CZ
(
θ
)

is defined as follows:

CZ
(
θ
)
=

∥Cov
(
Z1
(
θ
)
, Z2
(
θ
)
, · · · Zm

(
θ
))
∥ − ∥Cov(ZM,1, ZM,2, · · · , ZM,m)∥

∥Cov(ZM,1, ZM,2, · · · , ZM,m)∥
(15)

where Cov(·) is the covariance operator; ∥ · ∥ is the F-parameter.
From Equations (14) and (15), if a single objective optimization objective function is

used, the final objective function is defined as:

g = g1 + g2 (16)

In contrast to the single-objective optimization function, the multi-objective optimiza-
tion objective function is generated as follows:

g =
{

DZ,1, DZ,2, · · · , DZ,m, CZ
(
θ
)}

(17)

Compared with single-objective optimization methods, multi-objective optimization
algorithms do not suffer from the problem of weight selection; however, their computational
efficiency is generally inferior to that of single-objective optimization problems. Therefore,
the next section introduces a Kriging model to solve the problem of inferior efficiency of
optimization algorithms for multi-objective functions.

After parameter updating of the FEM, the cosine distance ρ can be used to evaluate
the difference between the covariance of the displacement values measured by monitoring
and those analyzed by numerical simulation, as shown in the following equation:

ρ =

∑
H

Cov(ZM)HCov(Z(θ))H√
∑
H

Cov(ZM)2
H

√
∑
H

Cov(Z(θ))2
H

(18)

where Cov(ZM) is the covariance of displacement values for tunnel monitoring measure-
ments; Cov(Z(θ)) is the covariance of tunnel numerical simulation results; H is the number
of entries contained in the matrices [Cov(ZM)] and [Cov(Z(θ))].

The value of ρ ranges from [0, 1]; if ρ = 1, it means that there is no difference be-
tween the two covariance matrices, i.e., there is no difference between the two before and
after updating.

2.4. Optimizational Method of the Tunnel Kriging Model

Through the above, the probabilistic baseline model is already known to invert the
parameters, but there exists a problem of computational inefficiency under multi-objective
optimization for actual tunnels. To circumvent the problems of its complex modeling
process and high computational cost, the introduction of a Kriging model can greatly
improve the efficiency of updating [45].

In the context of tunnel structures, the Kriging model is used to capture the relation-
ships between the input parameters (such as material properties and boundary conditions)
and the corresponding output responses (such as displacements and stresses). This Kriging
model is utilized during the updating process to determine the optimal parameters that
minimize the error between the measured data and the numerical analysis results.
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The input-output relationship model of the analytical finite element based on the
tunnel structure is shown in Equation (19).

y = f (x1,x2, . . . ,xn) (19)

In the above equation, the vectors y, x represent the input and output vectors of the
finite element structure, respectively. When the Kriging model is used, then the above
model of the structural input and output relationship can be expressed as:

y = y* + ε (20)

In the above equation, y* s the approximate relationship model between structural in-
puts and outputs established by the Kriging model, and ε is the error vector, which contains
the approximation error and the random error of the structural test output information.

Therefore, it is assumed that the sample space consisting of all the samples obtained
from the tunnel FEM is S. The set of feature samples Γ =

(
[θ1,θ2, · · · ,θN ]

T
)

N×q
deter-

mined by establishing the Kriging model is a subset of S, and the corresponding set of
feature samples of the tunnel structure is Z =

(
[Z1, · · · , ZN ]

T
)

N×p
, where:

Zj(Γ) =
{

Zj(θ1), Zj(θ2), · · · , Zj(θN)
}T

(j = 1, 2, · · · , p) (21)

The use of the kriging model, the structural finite element model estimate Zj(θ)k can
be composed of two parts, i.e., the trend term of the structural response characteristics and
the stochastic term, the specific expression of which is shown in Equation (22).

Ẑj(θv) = fj(θv)
Tβj + γj(θv), (v = 1, 2, . . . , N) (22)

where fj(θv) is represent a polynomial; βj is regression coefficients corresponding to
this polynomial.

Since γj(θv) is a vector of multiple random variables, γj(θv) is a stochastic process
with a mean of 0, and its covariance is defined as follows:

E
(
γj(θv)·γj(w)

)
= Var

(
γj(θv)

)
·Cor

(
ρj,θd,θv

)
, (d = 1, 2, · · · , N) (23)

where E(•) is the mathematical expectation operator; Var(•) is the variance operator; ρj
is the vector of model coefficients in the correlation function. Cor(•) is the correlation
function, can take different functional forms, and is often used as the Gaussian correlation
function, as expressed in the following:

Cor(θd,θv) = exp

{
−

q

∑
k=1

ρk|θdk − θvk|2
}

(24)

In constructing the FEM of the tunnel, the Kriging model introduces a stochastic
term γj(θv). For the set of characteristic sample points, the Kriging model uses the fitting
accuracy of the Kriging model adjusted by γj(θv) on the basis of the trend term fj(θk),
where the stochastic process γj(θv) is an arbitrary function that satisfies passing through
all sample points. Therefore, the most prominent feature of the Kriging model in replacing
the FEM is the introduction of γj(θv), and γj(θv) is not a deterministic function, i.e., there
is no deterministic expression for γj(θv), which is a stochastic process due to the fact that
γj(θv) is a multivariate function.

It is for the above reasons that the Kriging model still has random terms in the
deterministic FEM calculations; thus, various methods based on probabilistic statistical
theory are used to test the model credibility and choose the model updating parameters.
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Through the basic idea of the Kriging model, we assume that the real value Zj(θv) of
the structural response characteristics of tunnel are described as the following equation.

Zj(θv) = fj(θv)
Tβj + a

(
ρj, w,θv

)
(25)

where a
(
ρj, w,θv

)
is stochastic error. The error between the extracted structural response

estimate and the true value is as follows:

ε = Ẑj(θv)− Zj(θv)

= αT
j

[
Fβj + γ(θv)

]
−
(

fj(θv)
Tβj + γj(θv)

)
=
(
αT

j F − fj(θv)
T
)
βj +αT

j γ(θv)− γj(θv)

(26)

The mean square error (MSE) of the estimate can be obtained as follows:

Vj(θv) = E
[(

αT
j γ(θv)− γj(θv)

)2
]

= E
(
αT

j γ(θv)·γ(θv)
Tαj − 2αT

j γ(θv)γj(θv) + γ2
j (θv)

) (27)

By minimizing the variance of the structural response estimates and satisfying the con-
straint of unbiased estimation, the following optimization objective function can be established:

J(α,η) = Var
(
γj(θv)

)
•(

1 +αT
j Cor(γ(θv),γ(θv))αj−

2αT
j Cor

(
γ(θv), γj(θv)

) )
− ηT

j ·
(
FTαj − fj(θv)

) (28)

The detailed derivation of the optimization can be seen in Appendix A, both of
the above equations are functions of the parameters ρj and θk. Therefore, the following
optimization problem can eventually be created:

max
{
−N

2
ln(Var(γ(θv)))−

1
2

ln(|Cor(γ(θv),γ(θv))|)
}

(29)

By solving the above optimization problem, an estimate of the parameter θk is obtained
in order to estimate the Kriging model coefficients [46], and the optimization search based
on the inversion of the parameters of the probabilistic baseline model is solved by using
a genetic algorithm (GA) [47,48]. After determining the coefficients of the Kriging model,
the accuracy of the Kriging model can be tested by comparing the error between the true
values of the additional test samples and the estimated response function [49].

2.5. Methodological Procedures

Based on the above details, the inversion method for the surrounding rock parame-
ters of the tunnel in a constructional environment of the probabilistic baseline model is
summarized in the technical process, as shown in Figure 1.
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3. Example of a Practical Tunnel
3.1. Yuhan Road Tunnel

The Yuhan Road Tunnel is an important part of the Jinan City Expressway Network
Planning System tunnel support system in accordance with the principles of the new
Austrian design, lining with composite lining, the initial support with anchors, reinforcing
steel mesh, shotcrete, etc. to control the settlement of the tunnel, as well as the gradual
stress relief process, the secondary lining with a thickness of 55 cm, the standard for
C40-reinforced concrete.

This study focuses on the small clearance section of the tunnel in the Yuhan Road
construction phase. The tunnel has the following dimensions: the radius of a side section of
the tunnel is 6 m; the radius of the side wall is 11 m; the radius of the elevation arch is 15 m;
and the top arch and side wall use an arc with a 3.7 m radius for the transition connection.
The elevation arch and side wall use an arc with a 1.5 m radius for the transition connection,
and the net width of the inner contour is 9.19 m. The net height of the tunnel is 7.3 m. The
tunnel construction section schematic diagram is shown in Figures 2 and 3.
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The simulation of continuous tunnel construction in this study adopts the “applying
virtual support force and gradually releasing method”. This method does not involve the
superposition of the stress field and displacement field. The obtained displacement field
and stress field from the solution represent the actual stress field and displacement field
after tunnel excavation is completed. This approach is considered more reasonable for
simulating the actual construction of tunnels [50].

To simulate the excavation of tunnel construction, ANSYS software is used. The
support material parameters are set according to C25 reinforced concrete, considering the
role of the steel arch. The diaphragm wall is made of C50 reinforced concrete. The physical
and mechanical parameters are modified to simulate the reinforcing effect of the small
conduit and the anchor rod [51]. These parameters are used as updating parameters in the
numerical simulation. The material parameters for the simulation are presented in Table 1.
These parameters are adjusted to account for the reinforcing effect of the small conduit and
the anchor rod, which θ1 ∼ θ6 is used as an updating parameter.

Table 1. Tunnel material parameter values for small clearance sections.

Materials Density
(kg/m3)

Poisson’s
Ratio

Young’s Modulus
(MPa)

Cohesive Force
(kPa)

Internal Friction
Angle (◦)

clay 1900 0.36 θ1 = 36.8 θ4 = 15 28

medium-weathering limestone 2000 0.35 θ2 = 700 θ5 = 160 25

medium-weathering marl 2100 0.35 θ3 = 1100 θ6 = 310 27

Anchor reinforcement zone 2040 0.32 910 208 30

Initial support for left and right
guide holes 2400 0.2 36,200 / /

look up in the air and vault 2400 0.2 33,000 / /

To eliminate the influence of boundary conditions and reduce calculation costs, the
calculation area is taken to be approximately 4 times the diameter of the hole, based on the
boundary effect model [50]. In this case, the model width is set to 80 m, with the bottom
boundary of the tunnel extending 20 m down, the distance between the tunnel and the
vertical boundary of the model is 16 m, and the longitudinal construction depth along the
tunnel course is 70 m. The finite element model is established using different elements to
represent different components. The solid45 solid unit is used to simulate the perimeter
rock, anchor reinforcement area and part of the diaphragm wall. The shell63 shell unit is
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used to simulate the tunnel support structure. The mesh200 unit is used to mesh the plane
cell and stretch it into a three-dimensional model. For the tunnel support structure, the
shell63 unit is used, while the mesh200 unit is used to mesh the plane cell and stretch it
into a three-dimensional model. The established finite element model of the tunnel with a
small clear distance section consists of 157,811 nodes and 130,366 cells. In this model, the
Y direction represents the vertical direction of the tunnel, the X direction represents the
direction of the left and right boundaries of the tunnel, and the Z direction represents the
longitudinal direction of the tunnel. Figure 4 shows the established finite element model of
the tunnel.
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3.2. Generation of the Tunnel Kriging Model

The physical and mechanical parameters of the surrounding rock are closely related
to the vault displacement, and the most significant parameters for the physical mechanics
of the surrounding rock are the Young’s modulus and the cohesive force. Therefore, the
Young’s modulus and the cohesive force of the surrounding rock of the tunnel are adopted
as the updating parameters, and the convergence value of the tunnel excavation side wall
and the vault displacement are taken as the targets of the revision. On this basis, there are
six updating parameters θ1 ∼ θ6 because the surrounding rock consists of three layers from
top to bottom. In order to eliminate the boundary effect of the model, the settlement of
the vault top after the completion of construction is corrected at the 10m, 30m and 60m
positions of the progress in tunnel construction. The upper and lower limits of the updating
parameters are 30%, and the average values of the updating parameters are shown in
Table 2.

Table 2. Initial Values of the Update Parameters (Units: Pa).

Parameter E1 E2 E3 C1 C2 C3

Values θ1 × 4 × 107 θ2 × 7 × 108 θ3 × 1.1 × 109 θ4 × 1.5 × 104 θ5 × 1.6 × 105 θ6 × 3.1 × 105

In order to address the computational redundancy problem of multi-objective opti-
mization, based on the theoretical method of Kriging model construction in Section 4, the
central composite design method is used to calculate the 44 groups of revised parameter
sets [39], which is derived from the inversion parameter set of the tunnel model. The
convergence of tunnel vault displacement and sidewall data are used to build a meta model
using the above input (Young’s modulus and cohesion) and output (vault displacement
and sidewall convergence) relationships.

To validate the accuracy of the constructed Kriging model, we extract the arch settle-
ment and boundary wall convergence values of FEM at distances of 10 m, 30 m, and 60 m
from the tunnel entrance as reference values and compared them with the deformation data
of the constructed Kriging model. As shown in Figures 5–10, it is found that the maximum
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value of the relative error of the constructed Kriging model is not more than 0.5%, so
it is reasonable to establish the probability baseline model of tunnel with the generated
Kriging model.
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3.3. Generation of the Probabilistic Baseline of Tunnel FEM

In the stabilization phase after the completion of tunnel construction, the measured
data have a certain fluctuation due to the testing error of instruments and human mea-
surement, but the mean value is stabilized at a certain value. According to the theory in
Section 2.3, the error between the statistical characteristics of the measured data and the
results of FEM are defined as the objective function. Therefore, we first conduct statistical
analysis on the monitoring data.

In the small, clear distance section of the tunnel, the left and right guide holes belong
to a symmetrical structure. Due to the limitation of length, only one side is analyzed, and
the actual monitoring data are represented in Figures 11–16. In these figures, Y1, Y2 and Y3
represent the converged displacement values of the side wall at distances of 10 m, 20 m
and 30 m, respectively. Y4, Y5 and Y6 represent the displacement values of the left tunnel
arch at distances of 10 m, 20 m and 30 m, respectively.
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From Figures 11–16, it can be observed that the convergence value of the side wall
under tunnel construction conditions tends to stabilize after 20 days, The red line in figure
(b) confirms that the monitoring data of the stabilization phase correspond to the normal
distribution. On the other hand, the settlement of the vault has already stabilized after
10 days. This implies that if only a certain cumulative value of the actual monitoring data
is used as the updating target, the inverted parameters may not be applicable for the entire
constructional environment. In other words, using a single cumulative value may not
accurately capture the behavior and performance of the tunnel during the entire course
of construction. It is necessary to consider the time-dependent behavior and variations in
different sections of the tunnel during the construction process. Therefore, it is important
to use a comprehensive approach that considers the entire constructional environment
and takes into account the time-dependent behavior of the tunnel. This ensures that the
inverted parameters are applicable and accurate for the entire construction process, rather
than just a specific cumulative value.

In this section, a probabilistic baseline model updating algorithm based on the Kriging
model was utilized to invert the parameters of the Yuhan Road tunnel. A multivariate
normal distribution is assumed for the estimated values of the six parameters to be up-
dated. To generate samples that satisfy the normal distribution, we employ a Monte Carlo
simulation and generate 200 samples, some of the examples are listed in Appendix B.
These samples are then statistically analyzed to calculate the means and covariances of
the updated parameters. Furthermore, through the Kriging model, we calculate the val-
ues of sidewall convergence and arch settlement during tunnel construction. Statistical
analysis is again performed to calculate the mean and covariance of these values. Using
the construction measurement data gathered during tunnel construction, we establish a
multi-objective optimization objective function to correct the finite element model. The Y1
stability section acts as the horizontal coordinate, while the Y2 to Y6 construction phases
serve as the vertical coordinates. We then plot the comparison diagrams before and after
updating, as shown in Figures 17–21. In these figures, the red areas represent the actual
monitoring values, while the green areas depict the parameter values before and after cor-
rection. For further reference, the parameter values before and after correction are detailed
in Tables 3 and 4. These tables provide a comprehensive overview of the adjustments made
during the updating process.
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Figure 17. Comparison before and after FEM updating of the Y2 stabilizing area.
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Figure 19. Comparison before and after FEM updating of the Y4 stabilizing area.
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Table 3. Comparing target displacement values before and after correcting the average target displacement.

Construction
Section

Measured
Displacement (mm)

Before Amendment After Amendment

Displacement
Value (mm)

Relative Error
(%)

Displacement
Value (mm)

Relative Error
(%)

Y1 0.77 0.6832 11.39 0.7716 0.08

Y2 0.81 0.7162 11.58 0.8084 0.2

Y3 0.89 0.7775 12.64 0.8916 0.18

Y4 3.41 3.1731 6.95 3.4151 0.15

Y5 3.23 3.1057 6.63 3.2301 0.00

Y6 3.12 2.9231 6.31 3.1201 0.00

ρ 1.00 0.8854 11.46 0.9548 4.52
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Table 4. Comparison of updating parameters before and after model updating.

Rrevised Parameter Initial Value Revised Value Revised Parameter Initial Value Revised Value

θ1 36.8 MPa 47.83 MPa Cov(θ1, θ4 ) −3.99 −3.44

θ2 700 MPa 645.26 MPa Cov(θ1, θ5 ) −7.82 −9.19

θ3 1100 MPa 850.73 MPa Cov(θ1, θ6 ) −1.70 −2.05

θ4 15 Kpa 14.66 KPa Cov(θ2, θ3 ) −2.11 −1.92

θ5 160 Kpa 113.23 KPa Cov(θ2, θ4 ) −2.69 −3.00

θ6 310 Kpa 325.54 KPa Cov(θ2, θ5 ) −6.42 −6.59

Var(θ1 ) 17.38 15.56 Cov(θ2, θ6 ) −5.55 −6.54

Var(θ2 ) 11.98 11.10 Cov(θ3, θ4 ) 1.72 2.74

Var(θ3 ) 3.06 2.43 Cov(θ3, θ5 ) −0.05 −1.04

Var(θ4 ) 5.28 7.29 Cov(θ3, θ6 ) −0.02 0.07

Var(θ5 ) 14.76 20.89 Cov(θ4, θ5 ) −1.83 −3.09

Var(θ6 ) 6.13 11.53 Cov(θ4, θ6 ) 1.85 2.88

Cov(θ1, θ2 ) 2.48 1.00 Cov(θ5, θ6 ) 0.27 −0.35

Cov(θ1, θ3 ) −2.65 −1.56

From Figures 17–21, it can be observed that the distance between the centers of the
two ellipses representing the analyzed data and the measured data is significantly reduced
before and after updating the tunnel rock parameters. This indicates that parameter
updating is effective in improving the accuracy of the model. According to Table 3, the
initial error value between the analytical data and the measured data is 11.46% (with ρ

equal to 0.8854). However, after parameter updating based on the probabilistic baseline
model, the error of the model is significantly reduced to 4.52% (with ρ equal to 0.9548).
It is worth noting that there is almost no error between the modeled data and the actual
monitoring data, even in the stage of Y5 and Y6. Therefore, the model constructed based on
the parameter inversion of this method can serve as a baseline model for the in-depth study
of tunnel structure. The reduction in error and the close agreement between the modeled
data and actual monitoring data demonstrate the validity and reliability of the probabilistic
baseline model updating approach. This allows for a more accurate analysis and study of
the tunnel structure, enhancing the understanding of its behavior and performance.

The mean target displacement values before and after model updating are shown in
Table 3, and ρ is the cosine similarity. A comparison of the parameters before and after
model updating is shown in Table 4.

3.4. Practical Applications of the Tunnel Inversion Model

The above descriptions explain the selection method, sensitivity analysis and construc-
tion of the objective optimization function for the inversion of tunnel structural parameters
based on a probabilistic baseline model. It also introduces the use of Kriging in combina-
tion with Monte Carlo random sampling to establish a Kriging model for the tunnel. To
further demonstrate the effectiveness of the method, an engineering example is provided.
In this example, the updated parameters θ1~θ6 are incorporated into the finite element
model of the tunnel. This analysis makes it possible to study the deformation and stress
patterns that occur in the tunnel’s structural elements under the tunnel’s construction
environment. This verification process helps to assess the performance and applicability of
the method, ensuring a more reliable and accurate understanding of the tunnel’s behavior
during construction and its ability to withstand the imposed loads and constraints.

Based on Figure 22, which displays the results of tunnel excavation using updated
parameters in the analytical finite element, several key observations can be made:
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(1) Maximum displacement in the Y direction: The highest displacement occurs in the
arch position of both the left and right guide holes, reaching 4.9 mm. This displace-
ment indicates a significant settlement or deformation in the arch area. Additionally,
there is a noticeable bulging phenomenon at the bottom of the tunnel arch, with a
maximum displacement of 2.7 mm.

(2) Influence of left and right guide holes: As the construction of the small clearance
tunnel progresses, the left and right holes have minimal influence on each other.
Therefore, the displacement cloud for both guide holes appears to be symmetrical,
indicating similar settlement patterns.

(3) Maximum negative displacement in the X direction: The largest negative displacement
in the X direction is observed in the upper right position of the right guide hole, with
a horizontal displacement of 1.8 mm. This indicates that there is significant movement
or settlement towards the right side of the tunnel.

(4) Maximum positive displacement in the X direction: The largest positive displacement
in the X direction is located in the upper left position of the left guide hole, reaching
1.9 mm. This suggests significant movement or settlement towards the left side of
the tunnel.
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These displacement patterns highlight the importance of monitoring the settlement
and deformation of tunnels during excavation to ensure structural stability and safety.

To eliminate the influence of the boundary effect in tunnel finite element simulation,
the vault top points of left and left holes at 10 m position of tunnel excavation in longitudinal
direction are taken as characteristic points, and their vertical displacement change curves
are drawn. The changing graph of the displacement of the tunnel vault is shown in
Figure 23.
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Based on the information provided, it appears that during the construction of the
center guide hole, settlement is observed in the vault of both the left and right guide holes.
By the 20th construction step, the settlement of the arch top at the characteristic point of
the right guide hole reaches 1.2 mm, while the settlement of the left guide hole stabilizes at
around 1 mm. After the completion of the center guide hole construction and the pouring
of the diaphragm walls, the excavation of the right guide hole is carried out. During
this excavation, the settlement of the arch top in the right guide hole rapidly occurs and
stabilizes in approximately 10 construction steps from the characteristic point. It seems
that the excavation of the right guide hole has a minimal impact on the settlement of the
left guide hole. When the excavation of the left guide hole takes place, it accelerates the
settlement rate of the left guide hole. The displacement of the left guide hole stabilizes at
around 10 construction steps from the characteristic point, with the settlement of both the
left and right guide holes at the characteristic point stabilizing at 3.8 mm. It is important
to carefully monitor and control the settlement and displacement of guide holes during
construction to ensure the stability and safety of the structure.

4. Conclusions

The sample estimates of the displacements measured during tunnel construction
serve as random variables due to the uncertain nature of the updating parameter and
the structural deformation results obtained from the monitoring data. The probabilistic
baseline model is applied to invert the surrounding rock parameters, and its applicability
is verified through Monte Carlo random sampling and measured data. The following
conclusions are drawn:

(1) The inversion of tunnel surrounding rock parameters is carried out by introducing the
parameter updating method of the probabilistic baseline model. With the comparative
analysis of the mean and variance of measured data under different constructional
environments, the inversion of tunnel surrounding rock parameters obtained by the
proposed method has high accuracy and efficiency.

(2) The Kriging model, combined with Monte Carlo random sampling, is used as an
alternative model of the analytical FEM, and the results of the actual example show
that the Kriging model is capable of accurately inverting physical parameters of a
tunnel’s surrounding rock.

(3) The accuracy of the parameter inversion decreases with the reduction of the amounts
of measured data. Therefore, it is important to collect enough measured samples in
order to generate a probabilistic baseline model with high accuracy.

(4) The purpose of this research is not to directly analyze the structural deformation
behavior under tunnel construction but to build probabilistic baseline models for
different constructional environments. These models can be further utilized in defor-
mation control and prediction research in tunnel construction.
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Appendix A

According to the content of Section 2.4, we can assume that the real value Zj(θv) of
the tunnel structural response characteristics can be expressed in the form shown in (A1).

Zj(θv) = fj(θv)
Tβj + a

(
ρj, w,θv

)
(A1)

where a
(
ρj, w,θv

)
is stochastic error. If the estimated value vector of x is defined as (A2),

Zj(Γ) = AZ = A(FB + Σ) (A2)

In (A2), the value of A, F, B, Σ are as follows:

A = [α1, · · · ,αN ]
T (A3)

F = [f(θ1), · · · , f(θN)]T (A4)

B = [β1,β2, · · ·] (A5)

Σ = [γ(θ1) · · · γ(θN)]T (A6)

Utilizing (A2), Ẑj(θv) can be further expressed as:

Ẑj(θv) = αT
j ·
[
F·βj + γj(θv)

]
(A7)

The error between the structural response estimation value and the real value are:

ε = Ẑj(θv)− Zj(θv)

= αT
j

[
Fβj + γ(θv)

]
−
(

fj(θv)
Tβj + γj(θv)

)
=
(
αT

j F − fj(θv)
T
)
βj +αT

j γ(θv)− γj(θv)

(A8)

In order to obtain an unjust estimation value, the following relationship can be obtained:

FTαj − fj(θv) = 0 (A9)

Then, the next style is obtained:

ε = Ẑj(θv)− Zj(θv)

= αT
j [Fβj + γ(θv)]− fj(θv)

Tβj + γj(θv)

=
(
αT

j F − fj(θv)
T
)
βj +αT

j γ(θv)− γj(θv)

(A10)

The error is defined as:
ε = αT

j γ(θv)− γj(θv) (A11)

Utilizing the above equations, the Mean square error can be obtained:

Vj(θv) = E
[(

αT
j γ(θv)− γj(θv)

)2
]

= E
(
αT

j γ(θv)·γ(θv)
Tαj − 2αT

j γ(θv)γj(θv) + γ2
j (θv)

) (A12)

The upper equation can be rewritten as:

Vj(θv) = Var
(
γj(θv)

)
·
(

1 +αT
j Cor(γ(θv),γ(θv))αj − 2αT

j Cor
(
γ(θv), γj(θv)

)) (A13)
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By minimizing the variance of the structural response estimates and satisfying the con-
straint of unbiased estimation, the following optimization objective function can be established:

J(α,η) = Var
(
γj(θv)

)
•(

1 +αT
j Cor(γ(θv),γ(θv))αj−

2αT
j Cor

(
γ(θv), γj(θv)

) )
− ηT

j ·
(
FTαj − fj(θv)

) (A14)

In the equations, λ is the Lagrange multiplied vector and can be solved by ∂J
∂α = 0. ηj =

(
FTCor(γ(θv),γ(θv))

−1F
)−1

·
(

f(θv)− FTCor(γ(θv),γ(θv))
−1γ

)
αj = Cor(γ(θv),γ(θv))

−1γ+ Fηj

(A15)

Additionally,

ηj =
1

2Var
(
γj(θv)

)ηj (A16)

The expression of the above result placed in the expression of the estimation value of
the structural response can be obtained as:

Ẑj(θv) = αT
i ·Z

=
(
γ(θv) + F·ηj

)T
Cor(γ(θv),γ(θv))

−1·Z
= γ(θv)

TCor(γ(θv),γ(θv))
−1(Z − Fβ∗) + fi(θv)

Tβ∗

= fi(θv)
Tβ∗ + γ(θv)

Tη∗

(A17)

The solutions of β∗ and η∗ in the upper equations are shown in Equations (A18) and
(A19), respectively.

β∗ =
(

FTCor(γ(θv),γ(θv))
−1F

)−1
FTCor(γ(θv),γ(θv))

−1Z (A18)

η∗ = Cor(γ(θv),γ(θv))
−1(Z − F·β∗) (A19)

In order to further estimate parameter ρj, great granting estimates are used to establish
the following like-minded functions:(

ρj

∣∣∣Z) = −N
2 ln(Var(γ(θv)))− 1

2 ln(|Cor(γ(θv),γ(θv))|)

− (Z−F·β∗)TCor(γ(θv),γ(θv))
−1(Z−F·β∗)

2Var(γ(θv))

(A20)

The number of derivatives for the above-mentioned similar function can be obtained as:

β∗ =
(

FTCor(γ(θv),γ(θv))
−1F

)−1
FTCor(γ(θv),γ(θv))

−1Z

Var(γ(θv)) =
(Z−F·β∗)T(Z−F·β∗)

N

(A21)

Both of the above equations are functions of parameters ρj and θk. Therefore, the
optimization problem can eventually be created in the Equation (22).

Appendix B

In order for readers to be able to repeat the work described in the paper, the model
data (before and after correction) and the measured data in Figures 17–21 are open. Due to
space limitations, only the first 50 data points are listed. Readers interested in contacting
the author for further information or discussion regarding the data can do so by following:
ly7628@hit.edu.cn; Tel.: +86-451-8628-3779.
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Table A1. Measured data (first 50 data).

Y1 Y2 Y3 Y4 Y5 Y6

0.756395771326488 0.796647517761729 0.874836179149189 3.40390391932505 3.22498087803152 3.11457582222199
0.762782958207105 0.803035216142366 0.881169351128416 3.42971122429249 3.24984781147570 3.13866352512495
0.776149366025911 0.815945264116831 0.893873459713424 3.37124329992930 3.19178030094323 3.08298221790478
0.774125107505824 0.813804571198668 0.891533038662211 3.36839915642694 3.18877259770035 3.07963544075371
0.762070630730327 0.802134459718822 0.879596792483588 3.41592824743288 3.23583862325195 3.12425225335682
0.774755538604089 0.814298229939565 0.892780348035136 3.41220260027978 3.23112984569815 3.12059307277733
0.774283155939126 0.812928602334244 0.895596219944006 3.44178954050153 3.26283518501853 3.15330324267405
0.762717783080875 0.802419472633479 0.880532575302323 3.39600432980005 3.21666277014413 3.10736113694846
0.770498039638093 0.810666943219791 0.887895960763151 3.41569983781661 3.23424117091955 3.12358240241236
0.782203945261038 0.821577749149731 0.898724562851804 3.37115302654072 3.19071738603230 3.07973153305136
0.767548643777322 0.806327308965470 0.886348813929706 3.41453671901200 3.23473938420673 3.12446043637890
0.761576159801953 0.799326522212597 0.882339459676598 3.44436463329860 3.26544200920210 3.15534302782506
0.772110227738136 0.808848395056840 0.892058693554947 3.38832266014325 3.21056590245481 3.10318160808803
0.767082650303709 0.804787958971457 0.886568632551263 3.41510848628086 3.23562366240827 3.12536614304827
0.768491452627813 0.806722689094343 0.888180407369786 3.42513951030483 3.24493599578840 3.13522198107159
0.773868412295320 0.813039846779571 0.893437593356229 3.42394649001462 3.24365767366101 3.13341259397303
0.770616533002236 0.808587849848927 0.891868351488346 3.45503035044268 3.27373233429323 3.16304911812630
0.768332452182158 0.807561922407665 0.886327672995787 3.39800674939587 3.21871617169269 3.11064330366797
0.763784786509622 0.803694670999031 0.882441564157813 3.40353424197388 3.22438452719591 3.11435546800283
0.765263707266290 0.803489707090850 0.883449616899839 3.38898488640298 3.21004329004606 3.10303319579306
0.763842245384111 0.802483141579847 0.884574071854781 3.42517837222038 3.24556238599838 3.13680514181118
0.766767880194150 0.805347799073194 0.885242537255285 3.40690149360691 3.22788098039299 3.11878528308904
0.783311924018811 0.820682291947974 0.902913789662872 3.42615342286160 3.24612439345760 3.13858893574019
0.772032595775853 0.810439841718928 0.891607218495234 3.42686008645915 3.24640500485352 3.13651096237831
0.767158179849895 0.807324617049705 0.884439489004612 3.39241636628415 3.21130296059134 3.10158370813615
0.770105801022925 0.808680784396620 0.889348376404644 3.41411998461002 3.23545532400485 3.12659829212329
0.772715662036068 0.812209364580864 0.892432058973907 3.43354957378660 3.25358342941730 3.14380799177868
0.772930679980827 0.811884657248271 0.893830742532363 3.45915671780150 3.27813707698927 3.16669245859144
0.773228901128993 0.812166066791575 0.893237379591929 3.41270246749479 3.23352036121761 3.12515268820247
0.778626511069391 0.817962925921309 0.896738502225055 3.40849843832946 3.22821773937675 3.11859217534198
0.768595117706315 0.809968262422507 0.885076110897244 3.37564598261011 3.19549139130832 3.08559042094169
0.773483448012560 0.813877338304144 0.890454434080033 3.38221609571883 3.20223786009875 3.09087178593709
0.766673815586248 0.804431932054528 0.885999485364920 3.39844783954367 3.22000208218664 3.11000186048868
0.757999738686019 0.798569907259489 0.874449878275631 3.40080273049296 3.21960134466233 3.10737082209121
0.767000257500242 0.805166032409130 0.886400459415056 3.37703832098008 3.19805181047764 3.08806837274263
0.780916390641372 0.817409626925758 0.900685015005853 3.40198992127448 3.22374501617497 3.11763929342202
0.768520198938986 0.806546650379064 0.888078306993027 3.39144589620479 3.21263591597698 3.10440932763032
0.778146349209904 0.814533844568173 0.898791383495945 3.41511428449084 3.23551145949090 3.12603154021071
0.775208726361358 0.812589085407553 0.896511652826688 3.45017223312559 3.27104311172527 3.16144986675196
0.766823225179321 0.807151531307855 0.887164080001612 3.43691332606580 3.25588823313557 3.14173073386661
0.784380735805842 0.821781547369766 0.904204532533718 3.43194492844271 3.25288591731630 3.14539977115523
0.777108201871371 0.818009772765142 0.896254570294668 3.43387925082128 3.25215067570848 3.14006666091245
0.777312024758000 0.816367845194757 0.895893566246964 3.38340296982527 3.20380148472550 3.09513377759770
0.764638626839112 0.804878481505609 0.884541693382353 3.42689534078311 3.24679958366388 3.13425311711808
0.766474788128815 0.805809271969184 0.884097048609045 3.38678968292022 3.20754947652623 3.09888816131220
0.775520792634249 0.814143039669600 0.892426890848399 3.39644307498262 3.21475601128663 3.10412070447638
0.779390274414155 0.816584041914548 0.901479437981845 3.46276736501147 3.28280749923553 3.17306627875665
0.770815515323016 0.809935497165385 0.889146459758543 3.40037162328139 3.22038340399550 3.11000824760429
0.782972135849098 0.819776756769972 0.901961669835221 3.42370572042736 3.24291259836873 3.13281968996501
0.770106259177772 0.808375812940277 0.889861908174520 3.41088538932268 3.23133681410974 3.12231545610956

Table A2. Initial data before revision (first 50 data).

Y1 Y2 Y3 Y4 Y5 Y6

0.689270984000000 0.721448510000000 0.784174804000000 3.16960011100000 3.01269362300000 2.92089276300000
0.682223003000000 0.715265013000000 0.775993434000000 3.16803852700000 3.01124596100000 2.91950612700000
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Table A2. Cont.

Y1 Y2 Y3 Y4 Y5 Y6

0.672658081000000 0.705940637000000 0.765601808000000 3.15188109800000 2.99452306200000 2.90186105600000
0.683925876000000 0.716591986000000 0.778493667000000 3.16920022900000 3.01210006800000 2.91923002300000
0.679527849000000 0.712646525000000 0.773014226000000 3.15213386500000 2.99538514100000 2.90448608400000
0.689219709000000 0.722523150000000 0.785927661000000 3.19523798600000 3.03683219200000 2.94268670100000
0.684540695000000 0.716360252000000 0.775636723000000 3.12062973800000 2.96360268500000 2.87385391100000
0.685926793000000 0.720512020000000 0.780283593000000 3.17256041400000 3.01519235500000 2.92227150000000
0.688015188000000 0.721135274000000 0.782889723000000 3.21629073900000 3.05753588500000 2.96483967900000
0.682663722000000 0.715621881000000 0.776226602000000 3.15147735900000 2.99514031400000 2.90312613500000
0.676696957000000 0.710363328000000 0.770206195000000 3.16808700600000 3.01187026300000 2.91946089900000
0.675648946000000 0.707960530000000 0.768751375000000 3.13377447100000 2.97806167300000 2.88677509200000
0.682658526000000 0.715125477000000 0.776416889000000 3.18934354300000 3.03165997200000 2.93912405100000
0.679059066000000 0.712537100000000 0.773283111000000 3.17076436100000 3.01304948000000 2.91979588700000
0.683255543000000 0.717016303000000 0.777890818000000 3.17557971900000 3.01924539400000 2.92691167800000
0.668020728000000 0.701626406000000 0.760171444000000 3.14334913700000 2.98632464200000 2.89370425900000
0.691701154000000 0.725278349000000 0.786921602000000 3.20367546800000 3.04560668200000 2.95282910600000
0.688008425000000 0.721419184000000 0.784684091000000 3.20745857300000 3.04907604900000 2.95442478200000
0.680617400000000 0.714399241000000 0.775109620000000 3.18077909200000 3.02330375700000 2.93086054700000
0.680635733000000 0.713636445000000 0.773619231000000 3.15506637300000 2.99730216800000 2.90541089300000
0.677406663000000 0.710936433000000 0.770910714000000 3.15324212100000 2.99611381300000 2.90376112100000
0.680659847000000 0.713464050000000 0.773648551000000 3.17747505900000 3.01956188400000 2.92795723800000
0.680339225000000 0.712362037000000 0.774591689000000 3.16180035200000 3.00470241400000 2.91220973600000
0.682538453000000 0.716262698000000 0.776013602000000 3.17544084400000 3.01770433600000 2.92524070300000
0.687025604000000 0.719488636000000 0.781131707000000 3.17058353900000 3.01451214300000 2.92265173400000
0.680151613000000 0.711849920000000 0.775217186000000 3.16620850500000 3.00994502200000 2.91821309400000
0.684504049000000 0.717806964000000 0.777933604000000 3.16095487000000 3.00374059800000 2.91230267400000
0.692548677000000 0.724076768000000 0.788998956000000 3.21168554900000 3.05498052900000 2.96230891200000
0.681029326000000 0.715673768000000 0.774307331000000 3.15338304900000 2.99665582000000 2.90436600400000
0.689460290000000 0.720207210000000 0.786499085000000 3.20004171300000 3.04362871700000 2.95372518700000
0.693471814000000 0.726272182000000 0.789562830000000 3.19658828700000 3.03888154000000 2.94568273700000
0.686567671000000 0.719597539000000 0.782179220000000 3.19940097000000 3.04205705800000 2.94811354800000
0.677749140000000 0.710725011000000 0.770523684000000 3.15633304500000 2.99923439900000 2.90663179500000
0.680118091000000 0.714401508000000 0.773379354000000 3.15939887500000 3.00347689600000 2.91106485400000
0.688577094000000 0.723397497000000 0.783739088000000 3.19789538900000 3.04060755800000 2.94853265900000
0.676437570000000 0.709942599000000 0.769080256000000 3.15245859800000 2.99555126800000 2.90356743900000
0.684352431000000 0.717381299000000 0.778489643000000 3.18395687300000 3.02554666200000 2.93175707300000
0.688516265000000 0.720974354000000 0.784103657000000 3.19387852200000 3.03691492200000 2.94339863200000
0.684611780000000 0.716755530000000 0.778856246000000 3.18295903900000 3.02498547700000 2.93226081900000
0.679366938000000 0.711506578000000 0.773258697000000 3.16318370800000 3.00609779500000 2.91251764200000
0.677304302000000 0.710193929000000 0.769970165000000 3.16366977000000 3.00614790500000 2.91394047600000
0.679313564000000 0.711797993000000 0.772526180000000 3.16299687700000 3.00521915900000 2.91343182100000
0.687724148000000 0.720154447000000 0.781797166000000 3.14739482700000 2.98993417500000 2.89733522000000
0.682959300000000 0.715416114000000 0.776663262000000 3.15822749100000 3.00075306400000 2.90812667200000
0.684448977000000 0.716873038000000 0.777028561000000 3.14652432600000 2.99000423600000 2.89888092200000
0.683898225000000 0.716274622000000 0.779075653000000 3.17880410600000 3.02149431400000 2.92898989500000
0.688947101000000 0.719966045000000 0.785490980000000 3.19625798500000 3.03865724600000 2.94861342400000
0.684053720000000 0.717549611000000 0.779031825000000 3.18191080000000 3.02304142500000 2.92997736900000
0.694878638000000 0.727496035000000 0.789977033000000 3.18705447300000 3.02926730300000 2.93720801300000
0.684848441000000 0.718451910000000 0.779677117000000 3.17554678800000 3.01676401500000 2.92379765700000

Table A3. Revised model data (first 50 data).

Y1 Y2 Y3 Y4 Y5 Y6

0.768351032000000 0.806040991000000 0.890408686000000 3.42359469300000 3.23785669700000 3.12640708600000
0.759243487000000 0.796846203000000 0.878161123000000 3.40213166500000 3.21794077600000 3.10821688000000
0.762103466000000 0.799957165000000 0.883237011000000 3.38533047200000 3.20115196200000 3.08988740500000
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Table A3. Cont.

Y1 Y2 Y3 Y4 Y5 Y6

0.765519971000000 0.802778718000000 0.885139965000000 3.39833668400000 3.21383690900000 3.10255366500000
0.770171395000000 0.805932383000000 0.891816032000000 3.44242413800000 3.25742033200000 3.14831291900000
0.766946367000000 0.803240352000000 0.888731147000000 3.42561880600000 3.24098008700000 3.13106635700000
0.781942441000000 0.817809359000000 0.901320191000000 3.40592275900000 3.22068385500000 3.11186182600000
0.772874004000000 0.809252465000000 0.895211048000000 3.46405596800000 3.27851055800000 3.16661950000000
0.784499937000000 0.820155229000000 0.905301706000000 3.42924411500000 3.24342584400000 3.13300176000000
0.768861691000000 0.806148371000000 0.890342880000000 3.40359785700000 3.21916828300000 3.10807035700000
0.774723954000000 0.811012151000000 0.892939703000000 3.39169293000000 3.20656019600000 3.09828795300000
0.776917055000000 0.814088411000000 0.896146170000000 3.40101951600000 3.21608515400000 3.10640351400000
0.763772688000000 0.802146387000000 0.883280893000000 3.41084259500000 3.22531224400000 3.11576422300000
0.769504315000000 0.808900860000000 0.886861184000000 3.38039324900000 3.19527070300000 3.08692185100000
0.762986153000000 0.800350448000000 0.882502759000000 3.40864609000000 3.22388159800000 3.11322110400000
0.771867018000000 0.809135564000000 0.890844184000000 3.41451988200000 3.22878402500000 3.11870852600000
0.754465749000000 0.792222264000000 0.874205599000000 3.39388416200000 3.21100141700000 3.09976018400000
0.777198347000000 0.813523352000000 0.897061603000000 3.41476135900000 3.23034796600000 3.12010516400000
0.763990482000000 0.801069927000000 0.883836711000000 3.43488764100000 3.24810380700000 3.13711859600000
0.762888288000000 0.800910970000000 0.884418478000000 3.44407022100000 3.25797992200000 3.14477054900000
0.782681521000000 0.819057782000000 0.903143191000000 3.42821940900000 3.24316320300000 3.13362025100000
0.776844406000000 0.812592353000000 0.895678905000000 3.38849656700000 3.20373974500000 3.09537848900000
0.777210281000000 0.813350611000000 0.896214228000000 3.39787734300000 3.21246708100000 3.10348919700000
0.780592539000000 0.814970185000000 0.902045578000000 3.43767249400000 3.25221326500000 3.14442482400000
0.763502820000000 0.802875198000000 0.880254547000000 3.34442453000000 3.16094784200000 3.05163546200000
0.778328085000000 0.814222929000000 0.898791313000000 3.40126326500000 3.21727096900000 3.10755614700000
0.763540235000000 0.800219594000000 0.881147339000000 3.35503565900000 3.17104469500000 3.06224163600000
0.784877315000000 0.821106669000000 0.906852984000000 3.44698587100000 3.26110100200000 3.15001185500000
0.765499995000000 0.801992943000000 0.882085665000000 3.36850723100000 3.18377311700000 3.07509690700000
0.771441619000000 0.808495624000000 0.892236671000000 3.42907480000000 3.24303576000000 3.13218104000000
0.778745832000000 0.815268049000000 0.897712054000000 3.40585275700000 3.21950914300000 3.10924991100000
0.778452647000000 0.814640220000000 0.899229008000000 3.41092876700000 3.22580155300000 3.11418233500000
0.775910090000000 0.811431337000000 0.898030243000000 3.43437601700000 3.24953964800000 3.13889205900000
0.755564459000000 0.791357253000000 0.876352880000000 3.41413965000000 3.23132575600000 3.12407804400000
0.769233075000000 0.805803434000000 0.889621855000000 3.43226222800000 3.24655161700000 3.13464140300000
0.780994301000000 0.817031126000000 0.900715558000000 3.40732466700000 3.22276625100000 3.11396433300000
0.776783499000000 0.811123727000000 0.897503615000000 3.41478337600000 3.23079440000000 3.12318719200000
0.766198373000000 0.803253588000000 0.883149376000000 3.35818358100000 3.17375843000000 3.06537331900000
0.765761978000000 0.803300863000000 0.883260139000000 3.37885855200000 3.19413622400000 3.08529884200000
0.765225569000000 0.803190362000000 0.882740077000000 3.38929836600000 3.20404651600000 3.09569086600000
0.769093255000000 0.804334327000000 0.888432846000000 3.40852975300000 3.22341505000000 3.11447752900000
0.772080140000000 0.809605916000000 0.891948040000000 3.41385881700000 3.22926022000000 3.11895388400000
0.772989369000000 0.808213323000000 0.893945358000000 3.41487514400000 3.23114180300000 3.12116298300000
0.779619735000000 0.815988258000000 0.900500573000000 3.43101522200000 3.24507475200000 3.13408971800000
0.770584994000000 0.808263541000000 0.889063327000000 3.40141057700000 3.21679146800000 3.10689403000000
0.768531421000000 0.805969602000000 0.888544440000000 3.42280824200000 3.23735043400000 3.12679262500000
0.763032135000000 0.803749123000000 0.879292754000000 3.32899408200000 3.14670523800000 3.04003052200000
0.759923632000000 0.798118876000000 0.880934685000000 3.42767194900000 3.24229963900000 3.13081763400000
0.774797571000000 0.810594001000000 0.893068308000000 3.40455279700000 3.21913838900000 3.11050769600000
0.772237724000000 0.807129161000000 0.893722842000000 3.41690190100000 3.23360744900000 3.12544418500000
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