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Abstract: This paper presents a backstepping-based adaptive sliding mode control scheme using a
new double power reaching law for an air-breathing hypersonic vehicle (AHV) with uncertainties. A
novel double power reaching law is proposed to speed up the state stabilization. A backstepping
control scheme is proposed for a class of high-order nonlinear system with uncertainties. Then, a
novel sliding mode controller using the new double power reaching law is developed to maintain the
high tracking performance of the AHV. In order to further attenuate the influence of uncertainties,
new adaptive laws are employed. Lastly, simulation studies show that the novel double power
reaching law can guarantee that the state of the system converges to zero equilibrium in fixed time,
and the controller proposed can effectively reduce the influence of uncertainties on the AHV and
achieve good tracking performance.

Keywords: backstepping; sliding mode; adaptive; double power reaching law; hypersonic vehicle

1. Introduction

An air-breathing hypersonic vehicle (AHV) refers to a scramjet-powered vehicle that
can fly at speeds of more than Mach 5 [1–3]. AHVs are of great civilian and military
value because of their high Mach numbers, high altitude range, and the characteristic
of prompt global response. Therefore, AHVs have always been a hot topic in aviation
technology research [4–6]. However, it is a great challenge to design a high-performance
flight control system, due to AHVs with high couplings, strong nonlinearities, and strong
uncertainties [7,8].

The model of an AHV has great uncertainties for the following reasons. Firstly,
because of the high speed of the AHV, aerodynamic parameters of aircraft are difficult to
capture accurately. Secondly, due to the large flight envelope of the AHV, it is difficult to
accurately estimate atmospheric properties and aerodynamic characteristics. In addition,
the insufficient data of the flight test also make AHV models inaccurate. Therefore, the
design of a robust controller is particularly important for AHV technology. Currently, there
are many methods used to study the uncertainties and nonlinearity of AHV in the literature,
such as H∞ [9,10], fuzzy control [11–13], neural network control [14–16], sliding mode
control [17–20], backstepping control [21–24], and adaptive control [25–28].

Recently, backstepping has been widely used in nonlinear systems. In the process of
design, backstepping decomposes a complex high-order nonlinear system into multiple
low-order subsystems, and designs a separate Lyapunov function for each subsystem.
These features of backstepping make it less difficult to design high-order control systems,
so it is increasingly applied to the design of AHV controllers [29]. For instance, a robust,
adaptive backstepping control scheme was designed for the flexible AHV with input
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restriction and aerodynamic uncertainties by the authors of [30]. In the controller design of
AHVs, Wang et al. in 2020 proposed an adaptive backstepping sliding mode scheme for the
altitude subsystem [31]. In the literature [32], the backstepping method combined with the
neural network was adopted for attitude tracking control of re-entry hypersonic vehicles. In
the process of backstepping design, the differential calculations of virtual control laws lead
to the “explosion of complexity”, which can be eliminated by a dynamic surface control
approach [33]. In terms of input constraints and uncertainties surrounding AHV design,
Hu et al. in 2017 adopted an adaptive backstepping controller for the altitude subsystem to
ensure the performance of tracking control [34].

Considering strong uncertainties in AHVs, a more robust performance is important to
the AHV controller. Sliding mode control (SMC) is a robust and reliable method, which
is widely used in the motion control system of AHVs. The quasi-continuous high-order
sliding mode controller was proposed, and then the attack angle and flight path angle were
estimated by the high-order sliding mode observer, which can achieve good robust perfor-
mance in altitude and velocity tracking [35]. Mu et al. proposed a continuous sliding mode
controller in 2015, and combined it with a disturbance observer to eliminate the chattering,
which can achieve a faster convergence velocity and better robustness [36]. Furthermore, by
combining with a finite time observer based on the super-twisting algorithm, an improved
sliding mode control was proposed to ensure rapid tracking of the system trajectory [37].

In sliding mode control, the reaching law has a direct influence on the convergence
time and stability of the system. The early reaching law adopted a simple sign reaching
law. Since it is discontinuous at the origin, when the system converges to the position near
the sliding mode surface, repeated switch would lead to chattering of the sliding mode
surface. Then, several reaching laws were proposed. In the literature [38], an improved
exponential reaching law was proposed, which reduced the chattering of the control input
and ensured high tracking performance. A novel power reaching law was proposed
by Ke et al., which achieved the high convergence rate compared with the conventional
reaching laws [39]. Xu et al. proposed a new approach base on nonsingular fast terminal
sliding-mode control to solve fault-tolerant control, and ensure that the system states
converge within a finite time [40]. Tao et al. proposed a novel double power reaching law
to settle down the chattering and achieve faster convergence [41].

Adaptive ability is also important in designing controllers in terms of uncertainties,
and can improve the robust performance of the controller. Hu et al. designed a robust
slide surface, and proposed an adaptive sliding controller based on tracking error, which
could reduce the influence of uncertainties and disturbances on system [42]. A controller,
combining the adaptive terminal sliding mode control method with a novel nonlinear
disturbance observer, was proposed by Wu et al. in 2017, and it can achieve good robust
performance under uncertainties and disturbances [43]. In the literature [44], Sagliano
et al. proposed a novel disturbance-based adaptive sliding mode control method, which
combined an adaptive sliding mode controller with extended observer to obtain good
tracking performance.

Combining the advantages of backstepping and that of SMC, a new adaptive SMC
method is adopted in this paper to reduce the effect of mismatched uncertainties on AHVs.
The contributions of this paper are summarized as follows:

(1) A novel double power reaching law for sliding mode is proposed, which can guarantee
the state of system converge to zero equilibrium in finite time.

(2) A novel backstepping-based sliding mode controller is designed. First, a backstepping
control for a high-order nonlinear system is proposed, considering uncertain parame-
ters. The method proposed adopts a strict feedback form with uncertain parameters,
and thus, is suitable for dealing with the impact of mismatched uncertainties on AHV.
Secondly, the backstepping control method is developed for altitude and velocity
subsystems. Thirdly, combined with the new double power reaching law mentioned
above, a backstepping-based sliding mode control approach is developed to enhance
the robust performance of AHV. Finally, in order to ensure better tracking perfor-
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mance in case of high-level uncertainties, improved adaptive laws are proposed to
compensate for the influence of uncertainties on AHVs.

The outline of this paper is as follows. In the second section, based on the mathematical
model of the AHV, the linearized model of the AHV is established. In the third section,
a new double power reaching law is proposed, and a backstepping control scheme for
high-order nonlinear system with uncertainties is conducted. Then, a new adaptive slide
mode controller based on backstepping is designed. In Section 4, a controller of the AHV is
designed. Section 5 verifies the effectiveness of the proposed method by digital simulation.
Conclusions are provided in the last section.

2. Model of Air-Breathing Hypersonic Vehicle

The motion equation of the AHV used in this paper can be found in several studies,
such as [45,46]. The longitudinal dynamics model of AHV is as follows:

.
V = T cos α−D

m − µ

r2 sin γ
.
γ = L+T sin α

mV − µ−V2r
Vr2 cos γ

.
α = q− .

γ
.
q =

Myy
Iyy.

h = V sin γ
..
β = −2ξω

.
β−ω2β + ω2βc

(1)

where V and h are velocity and altitude, respectively; m is mass; γ, α, and q are flight path
angle, attack angle, and pitch angle rate, respectively; µ and r are Earth’s gravity constant
and radial distance from Earth’s center; Myy and Iyy are pitch moment and rotation inertia;
β, βc, ξ, and ω are the state of the engine, throttle setting, damp ratio, and natural frequency,
respectively. L, D, and T are lift, drag, and thrust, respectively.

The Myy, L, D, and T are as follows:

Myy =
1
2

ρV2sc
(

Cα
M + Cq

M + Cδe
M

)
(2)

L =
1
2

ρV2sCL (3)

D =
1
2

ρV2sCD (4)

T =
1
2

ρV2sCT (5)

where ρ, s, c, CL, CD, and CT are air density, wing area, mean aerodynamic chord, lift
coefficient, drag coefficient, and engine thrust coefficient, respectively.

At the cruise phase, the coefficients are set as follows:

CL = 0.6203α
CD = 0.6450α2 + 0.0043378α + 0.003772

CT =

{
0.02576β (β < 1)
0.0224 + 0.00336β (β ≥ 1)

Cα
M = −0.035α2 + 0.036617α + 5.3261× 10−6

Cq
M = c

2V q
(
−6.796α2 + 0.3015α− 0.2289

)
Cδe

M = ce(δe − α)

(6)

where δe and ce are elevator deflection and elevator coefficient, respectively; Cα
M, Cq

M, and
Cδe

M are moment coefficient due to attack angle, moment coefficient due to pitch rate, and
moment coefficient due to elevator deflection, respectively.
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For the longitudinal model of AHV, the third derivative of V and the fourth derivative
for h in Equation (1) are obtained as follows:

.
V = T cos α−D

m − µ

r2 sin γ = f1(x)
..
V = ∂F1(x)

∂x = ω1
.
x

...
V =

.
xT

ω2
.
x + ω1

..
x

(7)



.
h = V sin γ
..
h =

.
V sin γ + Vγ cos γ

...
h =

..
V sin γ + 2

.
V

.
γ cos γ−V

.
γ

2 sin γ + V
..
γ cos γ

h(4) =
...
V sin γ + 3

..
V

.
γ cos γ + 3

.
V

..
γ cos γ− 3

.
V

.
γ

2 sin γ

−3V
.
γ

..
γ sin γ−V

.
γ

3 cos γ + V
...
γ cos γ

(8)

where 
.
γ = L+T sin α

mV − µ−V2r
Vr2 cos γ = f2(x)

..
γ = π1

.
x

...
γ = π1

..
x +

.
xT

π2
.
x

(9)

where x = [V, γ, α, β, h]T , ω1 = ∂ f1(x)/∂x, π1 = ∂ f2(x)/∂x, π2 = ∂π1/∂x.
Therefore, the linearized model of AHV is represented as follows:[ ...

V h(4)
]T

=
[ ...
V0 H(4)

0

]T
+

[
b11 b12
b21 b22

][
βc δe

]T (10)

where 

...
V0 =

( .
xT

ω2
.
x + ω1

..
x0

)
/m

H(4)
0 = 3

..
V

.
γ cos γ− 3

.
V

.
γ

2 sin γ + 3
.

V
..
γ cos γ

−3V
.
γ

..
γ sin γ−V

.
γ

3 cos γ +
( .

xT
ω2

.
x + ω1

..
x0

)
sin γ/m

+V cos γ(π1
..

x0 +
.
xT

π2
.
x)

b11 =
(
ρV2scβω2/2m

)
cos α

b12 = −
(
ceρV2sc/2mIyy

)
(Dα + T sin α)

b21 =
(
ρV2scβω2/2m

)
sin(γ + α)

b22 =
(
ceρV2sc/2mIyy

)
[T cos(γ + α) + Lα cos γ− Dα sin γ]

(11)

where Dα = ∂D/∂α, Lα = ∂L/∂α, cβ = ∂CT/∂α.
Mismatched uncertainty refers to an uncertainty that is not in the range of the input

matrix [47]. In this paper, parametric uncertainty is modelled as an additive variance α to
the nominal value, which is expressed as follows:

m = m0(1 + ∆m)
Iyy = Iyy0

(
1 + ∆Iyy

)
ρ = ρ0(1 + ∆ρ)
s = s0(1 + ∆s)
c = c0(1 + ∆c)
ce = ce0(1 + ∆ce)
CL = CL0(1 + ∆CL)
CD = CD0(1 + ∆CD)
CT = CT0(1 + ∆CT)
Cα

M = Cα
M0
(
1 + ∆Cα

M
)

Cq
M = Cq

M0

(
1 + ∆Cq

M

)
Cδe

M = Cδe
M0

(
1 + ∆Cδe

M

)

(12)

where m0, Iyy0, and ρ0 represent the nominal value of aircraft mass, rotation inertia, and
air density, respectively; s0, c0, ce0, CL0, CD0, and CT0 represent the nominal values of wing
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area, mean aerodynamic chord, elevator coefficient, lift coefficient, drag coefficient, and
thrust coefficient, respectively.

3. Adaptive Sliding Mode Controller Design via Backstepping

In this section, a new double power reaching law is designed, and then, an adaptive
sliding mode tracking control scheme via backstepping is developed.

3.1. A Double Power Reaching Law

In this subsection, a novel power reaching law (Nprl) is proposed and given by:
.
s = −D1|s|γsgn(s)− D2|s|βsgn(s)− D3s (13)

where s is the sliding variable; D1 > 0, D2 > 0, D3 > 0, γ > 1, 0 < β < 1; sgn(s) is the
sign function.

From Equation (13), because γ > 1, 0 < β < 1, it is clear that the first and third terms
play a major role when |s| ≥ 1, and the second and third terms play a major role when
|s| < 1. It can be seen that an increase in D3 can speed up the convergence of the system.

3.2. The Design Steps for the Controller

In this subsection, a backstepping-based adaptive sliding mode control is presented
for a class of high-order nonlinear system with uncertainties. The considered high order
nonlinear system with uncertainties is as follows:

.
x1 = x2 + F1.
x2 = x3 + F2

...
.
xi = xi+1 + Fi

...
.
xn = f(x, t) + G(x, t)u + Fn
y = x1

(14)

where xi =
[
xi,1, xi,2

]T ∈ R2, i = 1, 2 · · · n are states; f(x, t) and G(x, t) are given nonlinear

functions; u ∈ R2 is control input; y ∈ R2 is the system output; Fi =
[
Fi,1, Fi,2

]T ∈ R2,
i = 1, 2 · · · n represent uncertainties. Uncertainties are defined as follows:

Fi = F̂i + F̃i (15)

where F̂i represents the estimates of uncertainties; F̃i represents the estimation errors
of uncertainties.

The controller is developed as follows.
Step 1
Defining the tracking error as:

z1 = x1 − α1 (16)

where α1 = x1d is the command signal for the first subsystem, then:

.
z1 =

.
x1 −

.
α1 = x2 + F1 −

.
α1 (17)

Defining the tracking error as:

z2 = x2 − α2 (18)

To stabilize the subsystem, a virtual control input is defined as follows:

α2 = −k1z1 +
.
α1 − F̂1 (19)
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where k1 > 0. Substituting Equation (19) into Equation (18), we have:

x2 = −k1z1 +
.
α1 + z2 − F̂1 (20)

Substituting Equation (20) into Equation (17), we have:

.
z1 = −k1z1 + z2 − F̂1 + F1 = −k1z1 + z2 + F̃1 (21)

A Lyapunov function candidate is chosen as:

V1 =
1
2

zT
1 z1 +

1
2

F̃
T
1 Г−1

1 F̃1 (22)

where Г1 is a symmetric positive definite matrix.
Taking the derivative of Equation (22), we have:

.
V1 = zT

1
.
z1 + F̃

T
1 Г−1

1

.
F̃1 (23)

Substituting Equation (21) into Equation (23), we have:

.
V1 = zT

1

(
−k1z1 + z2 + F̃1

)
+ F̃

T
1 Г−1

1

(
.
F1 −

.
F̂1

)
= −k1zT

1 z1 + zT
1 z2 + zT

1 F̃1 + F̃
T
1 Г−1

1

(
.
F1 −

.
F̂1

) (24)

Assuming that the uncertainties, F1, change slowly, we take
.
F1 = 0; then, Equation (24)

can be rewritten as:
.

V1 = −k1zT
1 z1 + zT

1 z2 + F̃
T
1 (z1 − Г−1

1

.
F̂1) (25)

Step 2
The time derivative of z2 is given by:

.
z2 =

.
x2 −

.
α2 = x3 + F2 −

.
α2 (26)

We define the tracking error as:

z3 = x3 − α3 (27)

To stabilize the subsystem, a virtual control input is defined as follows:

α3 = −k2z2 +
.
α2 − z1 − F̂2 (28)

where k2 > 0. Substituting Equations (27) and (28) into Equation (26), we have:
.
z2 = −k2z2 − z1 + z3 − F̂2 + F2 = −k2z2 − z1 + z3 + F̃2 (29)

A Lyapunov function candidate is chosen as:

V2 = V1 +
1
2

zT
2 z2 +

1
2

F̃
T
2 Г−1

2 F̃2 (30)

where Г2 is a symmetric positive definite matrix.
Taking the derivative of Equation (30), we have:

.
V2 =

.
V1 + zT

2
.
z2 + F̃

T
2 Г−1

2

.
F̃2 (31)

Substituting Equation (29) to Equation (31), we have:
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.
V2 =

.
V1 + zT

2

(
−k2z2 − z1 + z3 + F̃2

)
+ F̃

T
2 Г−1

2

(
.
F2 −

.
F̂2

)
=

.
V1 + zT

2 (−k2z2 − z1 + z3) + zT
2 F̃2 + F̃

T
2 Г−1

2

(
.
F2 −

.
F̂2

) (32)

Assuming that the parameter uncertainty, F2, changes slowly, we take
.
F2 = 0; then,

Equation (32) can be rewritten as:

.
V2 =

.
V1 + zT

2 (−k2z2 − z1 + z3) + F̃
T
2 (z2 − Г−1

2

.
F̂2)

= −k1zT
1 z1 − k2zT

2 z2 + zT
2 z3 + F̃

T
1 (z1 − Г−1

1

.
F̂1) + F̃

T
2 (z2 − Г−1

2

.
F̂2)

(33)

Step i:
The time derivative of the variable zi is given by:

.
zi =

.
xi −

.
αi = xi+1 + Fi −

.
αi (34)

We define the tracking error as:

zi+1 = xi+1 − αi+1 (35)

To stabilize the subsystem, a virtual control input is defined as follows:

αi+1 = −kizi +
.
αi − zi−1 − F̂i (36)

where ki > 0.
Substituting Equation (35) and Equation (36) into Equation (34), we have:

.
zi = −kizi − zi−1 + zi+1 − F̂i + Fi = −kizi − zi−1 + zi+1 + F̃i (37)

A Lyapunov function candidate is chosen as:

Vi = Vi−1 +
1
2

zT
i zi +

1
2

F̃
T
i Г−1

i F̃i (38)

where Гi is a symmetric positive definite matrix.
Taking the derivative of Equation (38), we have:

.
Vi =

.
Vi−1 + zT

i
.
zi + F̃

T
i Г−1

i

.
F̃i (39)

Substituting Equation (37) to Equation (39), we have:

.
Vi =

.
Vi−1 + zT

i

(
−kizi − zi−1 + zi+1 + F̃i

)
+ F̃

T
i Г−1

i

.
F̃i

=
.

Vi−1 + zT
i (−kizi − zi−1 + zi+1) + zT

i F̃i + F̃
T
i Г−1

i

(
.
Fi −

.
F̂i

) (40)

Assuming that the parameter uncertainty, Fi, changes slowly, we take
.
Fi = 0; then,

Equation (40) can be rewritten as:

.
Vi =

.
Vi−1 + zT

i (−kizi − zi−1 + zi+1) + F̃
T
i (zi − Г−1

i

.
F̂i)

= −k1zT
1 z1 − k2zT

2 z2 − · · · − kizT
i zi + zT

i zi+1+F̃
T
1 (z1 − Г−1

1

.
F̂1)

+F̃
T
2 (z2 − Г−1

2

.
F̂2) + · · ·+ F̃

T
i (zi − Г−1

i

.
F̂i)

=
i

∑
j=1

[−k jzT
j zj + F̃

T
j (zj − Г−1

j

.
F̂j)] + zT

i zi+1

(41)

Step n − 1:
A Lyapunov function candidate is chosen as:
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Vn−1 = Vn−2 +
1
2

zT
n−1zn−1 +

1
2

F̃
T
n−1Г

−1
n−1F̃n−1 (42)

where Гn−1 is a symmetric positive definite matrix. Then:

.
Vn−1 =

.
Vn−2 + zT

n−1(−kn−1zn−1 − zn−2 + zn−1) + F̃
T
n−1(zn−1 − Г−1

n−1

.
F̂n−1)

= −k1zT
1 z1 − k2zT

2 z2 − · · · − kn−1zT
n−1zn−1 + zT

n−1zn + F̃
T
1 (z1 − Г−1

1

.
F̂1)

+F̃
T
2 (z2 − Г−1

2

.
F̂2) + · · ·+ F̃

T
n−1(zn−1 − Г−1

n−1

.
F̂n−1)

=
n−1
∑

j=1
[−k jzT

j zj + F̃
T
j (zj − Г−1

j

.
F̂j)] + zT

n−1zn

(43)

where the tracking error and virtual control input are defined as follows:{
zn = xn − αn
αn = −kn−1zn−1 +

.
αn−1 − zn−2 − F̂n

(44)

Step n
Designing the sliding surface as:

S =

[
s1
s2

]
= c1z1 + c2z2 + · · · cizi + · · ·+ cn−1zn−1 + zn (45)

where S ∈ R2, ci > 0, i = 1, 2, · · · n− 1.
Taking the derivative of Equation (45), we have:

.
S = c1

.
z1 + c2

.
z2 + · · ·+ cn−1

.
zn−1 +

.
zn

= c1
.
z1 + c2

.
z2 + · · ·+ cn−1

.
zn−1 +

.
xn −

.
αn

(46)

Substituting Equation (14) into Equation (46), we have:
.
S = c1

.
z1 + c2

.
z2 + · · ·+ cn−1

.
zn−1 + f(x, t) + G(x, t)u + Fn −

.
αn (47)

A Lyapunov function candidate is chosen as:

Vn = Vn−1 +
1
2 STS + 1

2 F̃
T
nГ−1

n F̃n

= 1
2

n−1
∑

j=1

(
k jzT

j zj + F̃
T
j Г−1

j F̃j

)
+ 1

2 STS + 1
2 F̃

T
nГ−1

n F̃n

= 1
2

n−1
∑

j=1
k jzT

j zj +
1
2 STS + 1

2

n
∑

j=1
F̃

T
j Г−1

j F̃j

(48)

where Гn is a symmetric positive definite matrix.
Taking the derivative of Equation (48), we have:

.
Vn =

.
Vn−1 + ST

.
S + F̃

T
nГ−1

n

.
F̃n (49)

Substituting Equation (47) into Equation (49), we get:

.
Vn =

.
Vn−1 + ST [c1

.
z1 + c2

.
z2 + · · ·+ cn−1

.
zn−1

+f(x, t) + G(x, t)u + Fn −
.
αn] + F̃

T
nГ−1

n

.
F̃n

(50)

Substituting Equation (15) into Equation (50), we have:

.
Vn =

.
Vn−1 + ST [c1

.
z1 + c2

.
z2 + · · ·+ cn−1

.
zn−1

+f(x, t) + G(x, t)u + F̂n −
.
αn)] + STF̃n + F̃

T
nГ−1

n

(
.
Fn −

.
F̂n

)
(51)
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Assuming that the parameter uncertainty, Fn, changes slowly, we take
.
Fn = 0; then,

Equation (51) can be rewritten as:
.

Vn =
.

Vn−1 + ST [c1
.
z1 + c2

.
z2 + · · ·+ cn−1

.
zn−1

+f(x, t) + G(x, t)u + F̂n −
.
αn)] + F̃

T
n (S− Г−1

n

.
F̂n)

(52)

Substituting Equation (43) into Equation (52), we have:

.
Vn =

n−1
∑

j=1
[−kjzT

j zj + F̃
T
j (zj − Г−1

j

.
F̂j)] + zT

n−1zn + ST [c1
.
z1 + c2

.
z2

+ · · ·+ cn−1
.
zn−1 + f(x, t) + G(x, t)u + F̂n −

.
αn)] + F̃

T
n (S− Г−1

n

.
F̂n)

(53)

According to Equation (45), we have zn = S − c1z1 − c2z2 − · · · − cn−1zn−1; thus
Equation (53) can be rewritten as

.
Vn =

n−1
∑

j=1
[−kjzT

j zj + F̃
T
j (zj − Г−1

j

.
F̂j)] + zT

n−1(S− c1z1 − c2z2 − · · · − cn−1zn−1)

+ST
[
c1

.
z1 + c2

.
z2 + · · ·+ cn−1

.
zn−1 + f(x, t) + G(x, t)u + F̂n −

.
αn

)
]

+F̃
T
n (S− Г−1

n

.
F̂n)

=
n−1
∑

j=1
[−kjzT

j zj + F̃
T
j (zj − Г−1

j

.
F̂j)]− zT

n−1(c1z1 + c2z2 + · · ·+ cn−1zn−1)

+ST
[
zn−1 + c1

.
z1 + c2

.
z2 + · · ·+ cn−1

.
zn−1 + f(x, t) + G(x, t)u + F̂n −

.
αn

)
]

+F̃
T
n (S− Г−1

n

.
F̂n)

(54)

To ensure the stability of the control system, the tracking controller is designed as follows:

u = G(x, t)−1
(
−zn−1 − c1

.
z1 − c2

.
z2 − · · · − cn−1

.
zn−1 − f(x, t)− F̂n +

.
αn + usw

)
(55)

and adaptive laws are designed as:

.
F̂1 = Г1z1.
F̂2 = Г2z2

...
.
F̂n−1 = Гn−1zn−1.
F̂n = ГnS

(56)

where usw ∈ R2 is the new double power reaching law proposed in this paper; usw is
designed as:

usw =

[
−D1,1|s1|γ1 sgn(s1)− D1,2|s1|β1 sgn(s1)− D1,3s1

−D2,1|s2|γ2 sgn(s2)− D2,2|s2|β2 sgn(s2)− D2,3s2

]
(57)

where γi > 1, 0 < βi < 1 , Di,l > 0; sgn(si) is the symbolic function; i = 1,2; l = 1,2,3.

3.3. Stability Analysis

Theorem 1. For the reaching law of sliding mode control as Equation (13), the state of system s
must converge to the equilibrium point in fixed time.

Proof of Theorem 1.

1. According to Equation (13), we get:
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s
.
s = s

[
−D1|s|γsgn(s)− D2|s|βsgn(s)− D3s

]
= −D1|s|γ+1 − D2|s|β+1 − D3s2 ≤ 0

(58)

Only if s = 0 can s
.
s = 0; therefore, the system state s can reach the equilibrium point

s = 0 under the approach law Equation (13).

2. Fixed-time convergence

The initial state of the system is proposed as s0 > 1, the process of system convergence
is divided into two stages, as follows:

(1) s0 → s = 1

Because γ > 1 and 0 < β < 1 , then the first and third terms play a major role in the
reaching law at this stage; the reaching law Equation (13) can be expressed as:

.
s = −D1|s|γsgn(s)− D3s (59)

Integrating Equation (59), we get:

s1−γ = s0
1−γ D1

D3
e−(1−γ)D3t − D1

D3
(60)

Then, the convergence time in this stage can be expressed as follows:

t1 =
1

(1− γ)D3

[
ln
(

s1−γ +
D1

D3

)
− ln

(
s0

1−γ +
D1

D3

)]
(61)

(2) s = 1→s = 0

In this stage, the second and third terms play a major role in Equation (13), and the
reaching law Equation (13) can be expressed as:

.
s = −D2|s|βsgn(s)− D3s (62)

Taking the integrate of Equation (62), we have:

s1−β =

(
1 +

D2

D3

)
e−(1−β)D3t − D2

D3
(63)

Then, the convergence time in this stage can be expressed as follows:

t2 =
1

(β− 1)D3

[
ln
(

s1−β +
D2

D3

)
− ln

(
1 +

D2

D3

)]
(64)

From Equations (61) and (64), it is obvious that an increase in D3 can decrease t1 and
t2, which can lead to a better convergence speed.

Based on the above analysis, for the reaching law of sliding mode control as Equation
(13), the convergence time satisfies the formula:

T ≤ t1 + t2 (65)

Thus, the proof is completed. �

Theorem 2. For the nonlinear system given by Equation (14), the controller given by Equation (55),
and the adaptive laws represented by Equation (56), one can guarantee the stability of the system.

Proof of Theorem 2. A Lyapunov function candidate is chosen as Equation (48).

Substituting Equations (55) and (56) into Equation (54), we have:
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.
Vn = −

n−1
∑

j=1
k jzT

j zj − zT
n−1(c1z1 + c2z2 + · · ·+ cn−1zn−1)− STusw

= −
n−1
∑

j=1
k jzT

j zj − zT
n−1(c1z1 + c2z2 + · · ·+ cn−1zn−1)

−
2
∑

m=1
(Dm,1|sm|γm+1 + Dm,2|sm|βm+1 + Dm,3s2

m)

(66)

We define the matrix as follows:

Q =


k1 0 · · · 0 0
0 k2 · · · 0 0
...

...
. . .

...
...

0 0 · · · kn−2 0
c1 c2 · · · cn−2 kn−1 + cn−1

 (67)

and
z =

[
z1 z2 · · · zn−1

]T (68)

Then, we have:

zTQz =
n−1

∑
j=1

k jzT
j zj + zT

n−1(c1z1 + c2z2 + · · ·+ cn−1zn−1) (69)

Substituting Equation (69) into Equation (66), we have:

.
Vn = −zTQz−

2

∑
m=1

(Dm,1|sm|γm+1 + Dm,2|sm|βm+1 + Dm,3s2
m) (70)

The principal minors in matrix Q are positive, and Q is a positive definite matrix. In
addition, D1 > 0, D2 > 0; thus, we have:

.
Vn = −zTQz−

2

∑
m=1

(Dm,1|sm|γm+1 + Dm,2|sm|βm+1 + Dm,3s2
m) ≤ 0 (71)

Therefore, the proof is completed. �

4. Design of Tracking Controller for the AHV

In this section, the flight controller can be developed through Theorem 2.

According to (14) and (10), we define new states x1 =
[
V

.
h
]T

, x2 =
[ .
V

..
h
]T

, and

xn =
[ ..
V

...
h
]T

, where n = 3, and the model of AHV Equation (10) is transformed to the
following new model with uncertainties:

.
x1 = x2 + F1.
x2 = x3 + F2.
x3 = f(x, t) + G(x, t)u + F3

(72)

where 
f(x, t) =

[ ...
V0 H(4)

0

]T

G(x, t) =
[

b11 b12
b21 b22

]
u =

[
βc δe

]T

(73)
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Considering the model of AHV with uncertainties given by Equation (72), the errors
are defined as follows: 

z1 = x1 − α1
z2 = x2 − α2
z3 = x3 − α3

(74)

where 
α1 =

[
Vd

.
hd

]T

α2 = −k1z1 +
.
α1 − F̂1

α3 = −k2z2 +
.
α2 − z1 − F̂2

(75)

where α1 is the command signal, Vd and
.
hd are the velocity command and differential of

altitude command, respectively; α2 and α3 are virtual control laws.
According to (55) and (56), the tracking controller for AHV is designed as follows:

u = G(x, t)−1
(
−z2 − c1

.
z1 − c2

.
z2 − f(x, t)− F̂3 +

.
α3 + usw

)
(76)

where usw =

[
−D1,1|s1|α1 sgn(s1)− D1,2|s1|β1 sgn(s1)− D1,3s1

−D2,1|s2|α2 sgn(s2)− D2,2|s2|β2 sgn(s2)− D2,3s2

]
, and adaptive laws are

designed as follows: 
.

F̂1 = Г1z1.
F̂2 = Г2z2.
F̂3 = Г3S

(77)

where S = c1z1 + c2z2 + z3.
According to Equation (48), a Lyapunov function candidate is chosen as:

V3 =
1
2

2

∑
j=1

k jzT
j zj +

1
2

3

∑
j=1

F̃
T
j Г−1

j F̃j +
1
2

STS (78)

We defining the matrix as: 
z =

[
z1 z2

]T

Q =

[
k1 0
c1 k2 + c2

]
(79)

From Equation (71), we get:

.
V3 = −zTQz−

2

∑
m=1

(Dm,1|sm|γm+1 + Dm,2|sm|βm+1 + Dm,3s2
m) ≤ 0 (80)

5. Simulation Results

In this section, the performance of the controller proposed in this paper is verified by
numerical simulation on MATLAB SIMULINK platform.

5.1. Scenario 1: Simulation of Reaching Laws

In order to verify the advantage of the reaching law proposed in this paper, the
traditional sliding mode controller was adopted to track the velocity of the AHV [45].
Four different approaching laws were used for comparative analysis: traditional symbolic
function reaching law (Trl), exponential reaching law (Erl), traditional double power
reaching law (Tdprl), and new double power approaching law (Ndprl). The four reaching
laws are expressed as follows:

(1) Trl: −D1sgn(s1)
(2) Erl: −D1sgn(s1)− D2s1
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(3) Tdprl: −D1|s1|γsgn(s1)− D2|s1|βsgn(s1)

(4) Ndprl:−D1|s1|γsgn(s1)− D2|s1|βsgn(s1)− D3s1

The sliding mode surface in this scenario is defined as follows [45]:

s1 =

(
d
dt

+ λ1

)3 ∫ t

0
e(τ)dt (81)

Simulation parameters of reaching laws are presented in Table 1.

Table 1. Parameters of reaching laws.

Ndprl Tdprl Erl Trl

D1 = 0.5 D1 = 0.5 D1 = 0.5 D1 = 0.5
D2 = 3 D2 = 3 D2 = 3
D3 = 2 γ = 1.5
γ = 1.5
β = 0.5 β = 0.5

The model parameters of the AHV are given in Table 2.

Table 2. Parameters of AHV.

Parameter Value Unites

Mass 136,820 kg
Reference area 334.73 m

Aerodynamic chord 24.38 m2

Moment of inertia 9,490,740 Kg m2

In the simulation, the AHV is flying in the cruise phase, and the initial parameters of
the AHV are set as V0 = 4590 m/s, h0 = 33528 m, γ = 0

◦
, α = 2.745

◦
, and q = 0

◦
/s, the

command signal of step velocity is set as 10 m/s, and the uncertainties are set as 0.
The simulation results are shown in Figures 1–3.
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As can be seen from Figure 1, the velocity tracking under Ndprl proposed in this paper
reaches a steady state at 2.5 s, while those for the other three reaching laws are as follows:
2.7 s for Tdprl, 3.5 s for Erl, and 6.5 s for Trl, respectively. Therefore, compared with the
other three reaching laws, Ndprl proposed in this paper can ensure the velocity tracking
reaches a steady state in a shorter time. In Figure 2, compared with the other three reaching
laws, the sliding mode surface can slide to the zero equilibrium point in the shortest time.
As can be seen from Figure 3, the control input exhibits chatting under Trl and Erl, but there
is no chatting under Ndprl and Tdprl, because the expressions of Trl and Erl both contain
−D1sgn(S1), while the expressions of Ndprl and Tdprl do not contain −D1sgn(S1).

From the above analysis, it can be seen that the reaching law proposed in this paper can
make the system converge to a stable equilibrium state in a shorter time without chattering.
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5.2. Scenario 2: Simulation of Controller for AHV

In this subsection, the AHV is flying in the cruise phase, and the initial parameters of
the AHV are set as V0 = 4590 m/s, h0 = 33528 m, γ = 0

◦
, α = 2.745

◦
, and q = 0

◦
/s, and

the model parameters of the AHV are given in Table 2.
The simulation command signals are set as follows: hc(t) = h0 +∆h(t), Vc(t) = V0 + ∆V(t);

∆h(t) and ∆V(t) are generated by the filter of the input step, the setting of which is as follows:

∆h(s)
hstep(s)

=
0.155

(s + 0.15)5 ,
∆V(s)

Vstep(s)
=

0.34

(s + 0.3)4

where the altitude step signal is set as hstep = 100 m, and the velocity step signal is set as

Vstep = 100 m/s. In control input u =
[
βc δe

]T , the marginal value of βc is 0→2, and the
marginal value of δe is ±20.

To verify the performance of the method proposed in this paper, we consider two
kinds of uncertainties:

(1) Mismatched uncertainties are set as 20%, which are represented as follows:

|∆i| = 0.2 sin(0.02πt), where i = m, Iyy, ρ, s, c, ce, CL, CD, CT , Cα
M, Cq

M, Cδe
M

(2) Uncertain parameters of control input, set as follows:

βc = βc0 + 0.25, δe = δe0 + 10◦

In the simulation, the controller is adopted as Equation (76) and the adaptive laws are
developed as Equation (77); the parameters of the controller are presented in Table 3.

Table 3. Parameters of controller.

Parameter Value

k1 7
k2 7
c1 1
c2 1

D1,1 1
D1,2 1
D1,3 3
D2,1 1.1
D2,2 1.1
D2,3 3.5
Г1

[
30 0
0 30

]
Г2

[
5 0
0 5

]
Г3

[
1 0
0 1

]

In order to verify the efficiency of the method proposed in this paper, two control
schemes are provided for the following comparison: sliding mode control using traditional
double power reaching law (SMC); backstepping sliding mode control using traditional
double power reaching law (BSMC). The simulation results of the AHV are shown in
Figures 4–11.

Figures 4–7 show the tracking responses of altitude and velocity. Figures 4 and 5
show that the maximum tracking error of velocity for the proposed method in this paper is
0.12 m/s, while that for SMC and BSMC is 1.6 m/s and 0.95 m/s, respectively. In Figure 5,
the error of velocity under the scheme proposed is smaller than that for BSMC and SMC.
Furthermore, Figures 6 and 7 show that the maximum tracking error of altitude under
the proposed method is 0.29 m, while that of SMC and BSMC reaches 1.68 m and 0.88 m,
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respectively Therefore, it can be seen that, compared with SMC and BSMC, the altitude
tracking error and velocity tracking error of the proposed method in this paper is the
smallest, and the proposed method can track stably.
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Figures 8 and 9 show the responses of attack angle and pitch angle rate, respectively,
and the responses under the proposed method are smooth and within a reasonable range.
Figures 10 and 11 are the control input responses for the AHV. It can be seen that responses
of the throttle setting change smoothly in Figure 10, and βc, under three controllers, fluctu-
ates within the margin range. In Figure 11, in the initial stage of simulation, the responses
of the elevator deflection under the method proposed vary slightly, and are within the ac-
ceptable range; in the process of altitude climbing, the fluctuation of the elevator deflection
is suboptimal, but within the acceptable range.
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According to the simulation results above, the following conclusions can be drawn:

(1) The proposed method in this paper shows better tracking performance than SMC and
BSMC. Firstly, the tracking error of altitude and velocity under the proposed method
in this paper is smaller than that for SMC or BSMC. Secondly, the responses of the
flight path angle, attack angle, and pitch angle rate under the proposed method in
this paper change smoothly and steadily. Thirdly, the control input change under the
proposed method is smooth and within the acceptable range. Therefore, the proposed
method achieves better flight performance than BSMC and SMC.

(2) The method proposed in this paper can effectively attenuate the influence of uncer-
tainties surrounding AHVs. Improved adaptive laws are adopted to compensate
for the adverse influence of uncertainties on AHVs. The tracking errors (caused by
uncertainties) under the proposed method are observed to be smaller than those of
BSMC and SMC.

6. Conclusions

In this paper, a backstepping-based adaptive sliding mode controller is developed to
ensure the performance of tracking control. First, a new double power reaching law for
sliding mode is proposed, which guarantees the state of system converge to the equilibrium
point within a fixed time. Secondly, to deal with uncertainties, a backstepping control
for a high-order nonlinear system with uncertainties is established. Then, to enhance
the robustness of the control system, the method of sliding mode control is incorporated
into the backstepping design. Finally, to further reduce the effect of uncertainties on the
AHV, adaptive laws of the control system are designed through Lyapunov. The control
method designed in this paper can effectively compensate for the influence of mismatched
uncertainties, with better robustness and good tracking performance.
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