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Abstract: Maximum power point tracking (MPPT) is the key to improve the conversion efficiency of
wind energy. Concerning the current research on the MPPT control, based on the accurate tracking
of rotor speed probability density function (PDF) shape for wind turbines, a novel MPPT algorithm
was introduced in detail to improve the power capture and reduce mechanical damage for wind
turbines. Considering the influence of wind speed distribution on the wind power generation system
performance, this paper expounds a PDF shape control method of a stochastic system based on
the Fokker–Planck–Kolmogorov (FPK) equation. Combining the conventional optimal torque (OT)
control algorithm with the FPK equation solved by linear least-square (LLS) method, the novel
MPPT control law is designed to make the PDF shape of rotor speed track the desired PDF shape
as accurately as possible. The simulation verification of the novel MPPT method is carried out in
the 1.5 MW wind turbine system. The results reveal that the novel MPPT method can improve
the conversion efficiency of wind energy, reduce the frequent fluctuations of system variables, and
significantly optimize the performance of wind power generation system.

Keywords: wind turbines; MPPT; PDF shape control; wind speed distribution characteristics

1. Introduction

As a green renewable clean energy, wind power has attracted much attention, and
its conversion has been widely concerned in recent decades [1,2]. The acquisition of more
wind energy not only needs to improve the mechanical characteristics of wind turbines but
also needs to continuously optimize the control method. The strategy to improve its power
coefficient (Cp) or achieve power close to its maximum value is known as maximum power
point tracking (MPPT). However, with the continuous large-scale development of wind
turbines, the slow motion caused by the large inertia and the nonlinearity of wind turbine
make it more and more difficult for the wind turbine to respond to the stochastic wind
timely and accurately. Therefore, it is of great significance to study how to better improve
the conversion efficiency of wind energy based on the dynamic tracking process and wind
speed distribution characteristics.

Most of the reported MPPT algorithms in general fall into three major categories,
namely, tip speed ratio (TSR) algorithm, hill-climbing search (HCS)/perturb and observe
(P&O) algorithm, and optimal torque (OT)/power signal feedback (PSF) algorithm [3].
The OT algorithm focused on this paper is often used in engineering practice because
of its simplicity and practicality. To make full use of wind energy, many scholars have
conducted in-depth studies on the application of OT control [4–6]. Leithead et al. [7]
added a correction component of generator torque to accelerate the transient response
of wind turbines considering the influence of acceleration torque term on tracking effect.
Kim et al. [8] estimated the turbine aerodynamic torque on the premise of centralized single
mass transmission system. Based on the previous research, Kalyan et al. [9] proposed two
improved MPPT methods based on the double-mass flexible-shaft drive train. However,
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most reported improvements focus on the tracking of precise operating points, ignoring
the influence of wind speed distribution characteristics. For wind turbines, especially large
inertia turbines, the current MPPT control methods cannot guarantee the effective tracking
of any wind speed, i.e., these methods cannot guarantee the real-time and accurate tracking
of the optimal tip speed ratio. Even in some cases, it may lead to an additional energy
extraction from the power grid to achieve good tracking, which violates the fundamental
purpose of wind turbine control.

In wind power generation system, the random wind speed will increase the difficulty
of the stochastic control. Since Wang et al. [10] introduced the probability density function
(PDF) into the field of stochastic control, PDF shape control has been widely used. PDF
control method emphasizes that the controller is designed by tracking the desired PDF
shape. The application of introducing PDF shape control theory into MPPT control can
not only avoid the shortcomings of blind tracking, but also consider the wind speed dis-
tribution characteristics. At present, the Fokker–Planck–Kolmogorov (FPK) equation [11]
is the most advantageous method to study the PDF shape control of nonlinear stochas-
tic systems. Some related control designs in wind power generation system have been
proposed. Zhang et al. [12] proposed that PDF controller should be designed by the error
between output and optimal turbine rotor speed, that is, by controlling the PDF shape of
tracking error to present a narrow distribution. This method can ensure that the system
tracking error is gradually reduced and finally stabilized near zero, to achieve the output
distribution control of maximum wind energy tracking. Yang et al. [13] proposed a PDF
adjustment algorithm to obtain the adjustment gain of the system controller by solving the
FPK equation. Although several design methods [14,15] to solve FPK equation have been
provided, few scholars have paid attention to the PDF control applied to the application of
PDF control in wind turbine control. In these studies of the proposed algorithm designs,
the verification of control algorithm usually requires appropriate simulation and analysis
on the established wind turbine model. The specific application environment should be
fully considered in the establishment of wind turbine model. For example, the floating
wind turbine, as a new concept wind turbine, is modeled by analytically calculating the
forces operating on the system, such as buoyancy force, drag force, air thrust, drag force,
and cable drag force [16]. To reduce the difficulty of modeling and focus on the comparison
and analysis of control algorithms, a simplified mechanical dynamic model of wind turbine
considering only stochastic wind is adopted in this paper.

The improvement of conventional OT algorithm is usually achieved by adding addi-
tional torque. This paper, firstly, presents a PDF control with full consideration of wind
speed distribution characteristics. This PDF control is achieved by using linear least-square
(LLS) method to solve FPK equation and can accurately track the desired turbine rotor
speed. Secondly, a nonlinear MPPT optimal control design, completed by creatively intro-
ducing PDF shape control into OT control, will improve the dynamic performance of the
wind turbine while playing the strengths of PDF control. This design can control the wind
turbine to capture more wind energy while reducing the fluctuation of system variables,
which would be verified by simulating the operation of turbulent wind speed in a 1.5 MW
wind turbine.

2. Principle of MPPT Control

Figure 1 illustrates the schematic diagram of the direct-drive wind energy conversion
system. In this system, the prime mover is connected to the shaft of the wind generator’s
rotor, whereas the stator is linked in either case to the utility grid or standalone loads by
a suitable power electronic interface. The MPPT signal is controlled by the wind power
generation control system.
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Figure 1. The schematic diagram of direct-drive wind energy conversion system. 

The wind turbine converts wind energy into mechanical energy and then generates 
electric energy through the operation of generators. The energy conversion of the former 
can be realized by the dynamic model of the wind turbine drivetrain, which can be mod-
eled as the two-mass model, as shown in Figure 2. In this simplified mechanical dynamic 
model, the individual lumped inertia of the wind wheel and the generator is considered, 
but the damping of the drive shaft is ignored. 

 
Figure 2. Two-mass drive-train model. In this model, 𝐽௧ is the moment inertia of rotor; 𝐽௚ is the 
moment inertia of generator; 𝜔௧ is the rotor speed of wind turbines; 𝜔௚ is the mechanical speed of 
the generator rotor; 𝑇௧ is the mechanical torque of wind turbines; 𝑇௚ is the electromagnetic torque 
of the generator system; 𝐾௦ represents the equivalent stiffness of the two-mass model. 

The shafting dynamic model of wind turbines is simplified as follows: 𝑇௧ − 𝑇௚ = 𝐽௧ 𝑑𝜔௧𝑑𝑡 + 𝐽௚ 𝑑𝜔௚𝑑𝑡  (1) 

This is actually a linear combination of the acceleration at the wind wheel end and 
generator end. In large-scale wind turbines, the rotational inertia of the generator is much 
smaller than that of the wind wheel, and the stiffness of the transmission shaft is extremely 
large. Thus, the shafting dynamic model can be further written as follows: 𝑇௧ − 𝑇௚ = 𝐽 𝑑𝜔௧𝑑𝑡  (2) 

where 𝐽 is the equivalent moment of inertia of the wind turbine and 𝐽 = 𝐽௧ + 𝐽௚. 
According to aerodynamic analysis, the mechanical power (𝑃௧) captured by the wind 

turbine from the wind energy is: 

Figure 1. The schematic diagram of direct-drive wind energy conversion system.

The wind turbine converts wind energy into mechanical energy and then generates
electric energy through the operation of generators. The energy conversion of the former
can be realized by the dynamic model of the wind turbine drivetrain, which can be modeled
as the two-mass model, as shown in Figure 2. In this simplified mechanical dynamic model,
the individual lumped inertia of the wind wheel and the generator is considered, but the
damping of the drive shaft is ignored.
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Figure 2. Two-mass drive-train model. In this model, Jt is the moment inertia of rotor; Jg is the
moment inertia of generator; ωt is the rotor speed of wind turbines; ωg is the mechanical speed of the
generator rotor; Tt is the mechanical torque of wind turbines; Tg is the electromagnetic torque of the
generator system; Ks represents the equivalent stiffness of the two-mass model.

The shafting dynamic model of wind turbines is simplified as follows:

Tt − Tg = Jt
dωt

dt
+ Jg

dωg

dt
(1)

This is actually a linear combination of the acceleration at the wind wheel end and
generator end. In large-scale wind turbines, the rotational inertia of the generator is much
smaller than that of the wind wheel, and the stiffness of the transmission shaft is extremely
large. Thus, the shafting dynamic model can be further written as follows:

Tt − Tg = J
dωt

dt
(2)

where J is the equivalent moment of inertia of the wind turbine and J = Jt + Jg.
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According to aerodynamic analysis, the mechanical power (Pt) captured by the wind
turbine from the wind energy is:

Pt = 0.5ρπR2v3Cp(λ, β) (3)

where ρ is the air density, R is the radius of the wind wheel, v is the incoming wind speed,
and Cp is the power coefficient of the wind turbine, which is determined jointly by the
blade tip speed ratio (λ) and pitch angle (β). The tip speed ratio is an important parameter
affecting blade performance, which is defined as the ratio of the linear velocity of the blade
tip to the incoming wind speed, namely:

λ =
ωtR

v
. (4)

So, the mechanical torque of wind turbines can be expressed:

Tt =
Pt

ωt
= 0.5ρCp(λ, β)πR5 1

λ3 ωt
2. (5)

Generally, Cp is considered a nonlinear function of λ and β, which is calculated by
empirical formula [17,18]:

Cp(λ, β) = c1

(
c2
λi
− c3β− c4βc5 − c6

)
e

c7
λi

1
λi

= 1
λ+c8β −

c9
β3+1

(6)

where the coefficients (c1, c2, · · · , c9) are related to the rotor type of wind turbines.
When the wind speed changes, MPPT control method is used to change the rotor

speed of the generator by variable speed constant frequency devices, so that the wind
turbine keeps running at the optimal tip speed ratio (λopt). That is, Cp is always maintained
at or close to its maximum value (Cp max) to capture more energy.

The OT control method [19] maintains a specific relationship between electromagnetic
torque and rotational speed according to the curve of “Tt − ωt” so that the rotor speed
tends to its optimal value. When the wind turbine runs at λopt, the power coefficient is
Cp max. Thus, the optimal power can be calculated by: Pt opt = Koptωt

3

Kopt = 0.5ρπR5 Cp max
λopt3 .

(7)

Further calculation of Equation (7) can be obtained as follows:

Tt opt = Koptωt
2 (8)

where Tt opt is the optimal mechanical torque of the wind turbine and it can be obtained by
measuring the experimental value of torque [20].

In the OT method, as shown in Figure 3, with the change of wind speed, the electro-
magnetic torque is tracked and adjusted according to its reference value (Tg

∗), to realize
the control of the wind turbine. The reference torque can be calculated as follows:

Tg
∗ = Koptωg

2. (9)
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Figure 3. Block diagram of OT control principle. The “Optimal Torque Curve” is fitted by the
experimental data of wind turbine manufacturers, and it will change with the environmental factors.
The PI controller used in the “Controller” module adjusts the rotor speed of the wind turbine
according to the error between Tg and Tg

∗. “Wind Energy System” includes wind turbine model and
electrical system [21].

This is the conventional OT control method, but the influence of rotor dynamic charac-
teristics and wind speed distribution characteristics is not fully considered, so the dynamic
energy capture efficiency is low. Therefore, the MPPT control strategy needs to be opti-
mized to improve the dynamic response performance and overall wind energy capture
efficiency of the wind turbine system.

3. MPPT Control Based on PDF Shape

At present, in terms of controller design, research on maximum wind energy tracking
focuses on advanced control strategies, mainly including neural network control algo-
rithm [22], adaptive control algorithm [23], predictive control algorithm [24], sliding mode
control algorithm [25,26], fuzzy logic control algorithm [27], and robust control [28]. How-
ever, due to the randomness of wind speed and the multi-variable, large inertia and
nonlinear of wind turbines, the system has high requirements for control effect. Therefore,
this output PDF shape control algorithm is very necessary to achieve high precision control
and effectively solve the non-Gaussian problem caused by dynamic random variables. FPK
equation is suitable for strong and weak non-linear systems, which is the most advan-
tageous method to study the PDF shape control of nonlinear stochastic systems. In this
PDF control algorithm based on the FPK equation, the PDF of rotor speed is selected as
the output distribution. By controlling the input of the system, the output PDF shape can
track the desired PDF shape, thus effectively solving the MPPT control problem caused by
stochastic wind speed [29,30].

The design of MPPT control based on the PDF shape of rotor speed is shown in
Figure 4. This novel MPPT control method of combining OT control and PDF shape control
is marked as “PDF-MPPT control” in subsequent parts.
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3.1. PDF Control Based on FPK Equation

For one-dimensional controlled nonlinear stochastic system, according to Ito’s lemma,
its dynamic equation can be expressed as:

.
x(t) = ϕ(x) + G(x)ε(t), (x(t0) = x0, t ∈ [t0, T]) (10)

where x(t) is the system status variable and has an initial state x(t0), ϕ(x) is the nonlinear
function of system state, G(x) is the diffusion coefficient and ε(t) is the stochastic input
vector or interference vector of the system. The correlation coefficient matrix of ε(t) is
E{ε(t)ε(t′)} = 2πSε1δ(t− t′), where Sε1 is the power spectral density of ε(t) and often take
constant value.

The polynomial nonlinear system is the most common system type. For this kind of
system, ϕ(x) is calculated by:

ϕ(x) = F(x) + u(x) (11)

where u(x) is the control function to be obtained and F(x) is the nonlinear part of the system.
Thus, a PDF controller in nonlinear form can be designed:

u(x)= bl x
l + bl−1xl−1 + · · ·+ b1x + b0︸ ︷︷ ︸

ϕ(x)

−
(

arxr + ar−1xr−1 + · · ·+ a1x + a0

)
︸ ︷︷ ︸

F(x)

= bl x
l + bl−1xl−1 + · · ·+ (br − ar)xr + (br−1 − ar−1)xr−1 + · · ·+ (b1 − a1) + (b0 − a0)

(12)

where bl , bl−1, · · · , b0 and ar, ar−1, · · · , a0 are the coefficients, and r ≤ l.
In the system of (10), the stationary FPK equation corresponding to the PDF of the

state variable is:

−
d
[
α(x)ptr f (x)

]
dx

+
1
2

d2
[
γ(x)ptr f (x)

]
dx2 = 0 (13)

where ptr f (x) is the PDF of system’s state variable, α(x) = ϕ(x) and γ(x) = 2πSε1G2(x).
Since the precise solution of the FPK equation is difficult to obtain, the optimal perfor-

mance index can be constructed according to the distribution shape of the goal function
(ptr f (x)), and the approximate solution of the FPK equation (p≈tr f (x)). Control inputs are
determined by minimizing the performance index:

min e(l) =
∫ +∞

−∞

(
ptr f (x)− p≈tr f (x)

)2
dx (14)

where e(l) is the system tracking error of l-order controller.
For simple calculation, let Sε1 = 1

π . Then, the FPK equation corresponding to p≈tr f (x) is:

−
d
[

ϕ(x)p≈tr f (x)
]

dx
+

d2
[

G(x)2 p≈tr f (x)
]

dx2 = 0. (15)

When G(x) = 1, the above FPK equation is transformed into the following second-
order homogeneous differential equation:

p≈tr f
′′ (x)− ϕ′(x)p≈tr f (x)− ϕ(x)p≈tr f

′(x) = 0. (16)

Assuming that one of the special solutions of p≈tr f (x) is p1(x) = eq(x) and considering

eq(x) 6= 0, the following equation is obtained by substituting p1(x) into Equation (16):

q′′ (x) +
(
q′(x)

)2 − ϕ(x)q′(x)− ϕ′(x) = 0. (17)
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Similarly, when another special solution of p≈tr f (x) is p2(x) = c(x)eq(x) and c(x) 6= 0,
there is:

c′′ (x) +
[
2q′(x)− ϕ(x)

]
c′(x) = 0. (18)

Solving Equation (17) and Equation (18) respectively to obtain the unknown variables
in p1(x) or p2(x): {

q(x) =
∫

ϕ(x)dx

c(x) =
∫

e
∫
(ϕ(x)−2q′(x))dxdx.

(19)

Since c′(x) = e
∫
(ϕ(x)−2q′(x))dx 6= 0, p1(x) and p2(x) are linearly independent, thus the

general solution of Equation (16) is:

p≈tr f (x) = cp1 p1(x) + cp2 p2(x) = cp1e
∫

ϕ(x)dx + cp2e
∫

ϕ(x)dx
∫

e−
∫
(x)dxdx. (20)

The approximate solution of FPK equation can be obtained either by cp1 = 0 or cp2 = 0.
When cp2 = 0 and cp1 meets the normalization condition, cp1 = 1(∫

e
∫

ϕ(x)dxdx
) , the

p≈tr f (x) of that FPK equation can be expressed as:

p≈tr f (x) = cp1exp
(

1
l+1 bl xl+1 + 1

l bl−1xl + · · ·+ 1
2 b1x2 + b0x + c0

)
= cp1exp

(
1+1
∑

i=0
cixi
) (21)

where c0 is an arbitrary constant and the exponential term coefficient is ci =
bi−1

i (i ≥ 1).
The LLS method is used to determine unknown coefficients, so as to obtain the PDF

control law.
(1). If N + 1 points are randomly generated in the value domain of x, there will be

N + 1 equations about x:

1+1

∑
i=0

cixi = ln
p≈tr f

(
xj
)

cp1
, j = 0, 1, 2, · · · , N. (22)

(2). Consider that p≈tr f
(
xj
)

is replaced by the sum of the desired PDF and the equation
error term, then the solving equation of the PDF control law can be converted into:

1+1

∑
i=0

cixi = ln
ptr f

(
xj
)

cp1
− ei

(
xj
)
, j = 0, 1, 2, · · · , N (23)

where ptr f
(

xj
)

is the desired PDF of state variable and ei
(
xj
)

is the error term of the equation.

(3). The experimental data set,
{

xj, ln
(

ptr f (xj)
cp1

)}
j=0∼N

, is established according to

the desired PDF, and ci can be obtained by substituting them into Equation (23). In addition,
the appropriate controller can be determined by the tracking error, e(l), between the desired
PDF and the approximate solution of the FPK equation.

(4). The gain of ϕ(x) can be determined by bi = (i + 1)ci+1 (i = 0, 1, · · · , l), and the
final PDF control law can be determined according to Equation (12):

u(x) =
r

∑
i=0

((i + 1)ci+1 − ai)xi −
l

∑
i=r+1

(i + 1)ci+1xi. (24)

3.2. OT Control Based on PDF Shape

According to the principle of maximum wind energy capture, the capture of more
wind energy is achieved by changing the rotor speed of the generator to keep the wind
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turbine working at λopt. Therefore, the optimal rotor speed of the wind turbine (ωt opt)
is selected as the tracking goal, the actual ωt is selected as the system output, and the
electromagnetic torque (Tg) of the generator is used as the controller output. Ignoring the
tracking error between Tg and Tg

∗, let x(t) = ωt(t), y(t) = ωt(t), u(x) = Tg, and the state
equation of wind power generation system is established as follows:

dx(t)
dt = ρπR5

2J
CT(λ,β)

λ2 x2(t)− 1
J u(x) + ε(t)

y(t) = x(t)
(25)

where ε(t) is the interference caused by wind speed uncertainty and other random factors
during operation.

If Equation (25) is written in the form of Equation (12), the partial coefficients of
the controller:

a0 = a1 = 0, a2 =
ρπR5

2J
CT(λ, β)

λ2 , a3 = a4 = · · · = ar = 0. (26)

Due to the large stiffness of the transmission shaft, ωt = ωg is the default. The
controller gain of the system is produced by Equations (24) and (25), which is:

u(x) = J

−c1ωg +

 ρπR5CT

(∧
λ, β

)
2J
∧
λ

2 − 2c2

ωg
2 − 3c3ωg

3 − · · · − (l + 1)cl+1ωg
l

 (27)

where CT(
∧
λ, β). is the estimated value of aerodynamic torque coefficient, and

CT(
∧
λ, β) = Cp(

∧
λ, β)/

∧
λ. In addition, dx(t)/dt < 0 can be obtained by substituting Equa-

tion (27) into the first-order inertial system of (25), so the stability of the system can be
guaranteed, and the convergence of OT method is also verified.

In the actual control operation, the calculation of some variables is usually replaced by
estimated values. Thus, Equation (27) is converted to the following:

u(x) =
∧
Tt − J

l
∑

i=0
(i + 1)ci+1ωg

i

∧
Tt =

ρπR5CT

(∧
λ,β
)

2
∧
λ

2 ωg
2 .

(28)

When the wind turbine system runs in a steady state, it works under the optimal

blade tip ratio, that is,
∧
Tt = Tg

∗ = Koptωg
2. The Tg

∗ of the wind turbine system can be
determined as follows:

Tg
∗ = Koptωg

2 − J
l

∑
i=0

(i + 1)ci+1ωg
i. (29)

This design still focuses on tracking the maximum power point (MPP), but also takes
into account the stochastic distribution of wind speed. This novel control design can track
the goal in a small range instead of tracking a certain point, avoiding the damage to the
system caused by frequent fluctuation of rotor speed.

4. Simulation and Results

To further verify the control effect of the controller designed in the above section and
its influence on the wind energy capture performance of the system, a test simulation was
carried out through the 1.5 MW permanent magnet synchronous generator (PMSG) wind
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turbine system model in MATLAB/Simulink. The specific simulation model parameters
are shown in Table 1.

Table 1. Parameters of the 1.5 MW wind turbine system.

Name Symbol Value Unit

Rotor radius R 33.05 m
Stiffness of rotor Ks 48,376 N·m/rad

The moment inertia of rotor J 35,000 kg·m2

nominal voltage Unom 575 V
nominal frequency fnom 60 Hz
Number of poles pn 48
Stator resistance Rs 0.027 pu

Stator inductance Ld, Lq 0.5131 pu
Flux induced by magnets ψ f 1.18842 pu

Air density ρ 1.12 kg/m3

Rated power Prate 1.5 MW
Rated wind speed vrate 12.1 rad/s
Rated rotor speed ωr rate 1.1 rad/s

Pitch angle β 0 ◦

Optimum TSR λopt 10.5
Maximum power coefficient Cp max 0.44

4.1. Controller Determination

For different conditions of whether the average wind speed changes or not, wind
samples whose desired rotor speed PDF obeys unimodal Gaussian distribution and variable
weight multi-Gaussian distribution are selected for simulation. It is necessary to determine
the order of the controller applied under the two distributions according to the effect of
PDF shape tracking to carry out the corresponding control design.

4.1.1. Goal PDF Is Gaussian Distribution

The control design is carried out considering that the desired rotor speed PDF obeys
the unimodal Gaussian distribution. The goal PDF expression is:

ptr f (x) =
1√
2πσ

exp

(
− (x− µ)2

σ2

)
(30)

where µ = 0.9495 and σ = 0.056.
According to the controller design principle and method described in Section 3.1, the

polynomial in Equation (24) is fitted with different orders. When the order of the controller
is taken as two, the tracking effect of rotor speed PDF shape is shown in Figure 5a.

It can be found that when l = 2, the output PDF curve completely coincides with the
desired PDF curve. At this time, the tracking error between the approximate solution of
FPK equation and the goal PDF is e(l) = 3.4078× 10−26, which indicates that the tracking
accuracy is very high and the tracking effect of the output PDF is very good.

The two-order controller of this system is:

Tg
∗ = Koptωg

2 − J
(

c1 + 2c2ωg + 3c3ωg
2
)

(31)

where c0, c1, c2 and c3 are the coefficients in the corresponding parametric set (C2) and are
listed in Table A1 in Appendix A.



Appl. Sci. 2022, 12, 9108 10 of 17
Appl. Sci. 2022, 12, 9108 10 of 17 
 

 
Figure 5. The tracking result under different rotor speed distributions: (a) when the goal function is 
unimodal Gaussian distribution; (b) when the goal function is variable weight multi-Gaussian dis-
tribution. 

4.1.2. Goal PDF Is Multi-Gaussian Distribution 
The control design is carried out considering that the desired rotor speed PDF obeys 

the variable weight multi-Gaussian distribution. The goal PDF expression is: 

𝑝௧௥௙(𝑥) = ෍ 𝑤௭ 𝑒𝑥𝑝 ቆ− (𝑥 − 𝜇௭)ଶ𝜎௭ଶ ቇସ
௭ୀଵ  (32) 

where the values of 𝑤௭, 𝜇௭, and 𝜎௭ are shown in Table 2. 

Table 2. Parameters of 𝑝௧௥௙(𝑥) when the goal function is multi-Gaussian distribution. 

Parameter 𝒛 = 1 𝒛 = 2 𝒛 = 3 𝒛 = 4 𝑤௭ 1.16800 1.61300 1.89800 0.95800 𝜇௭ 1.17100 0.77670 1.10300 0.89170 𝜎௭ 0.08411 0.09418 0.10170 0.12660 

Similarly, when the order of the controller is taken as five, seven and ten, the tracking 
effect of rotor speed PDF shape is shown in Figure 5b. 

It can be found that the tracking accuracy become increasingly higher with the in-
crease of controller order, and the control effect improves accordingly. The specific track-
ing error and the unknown coefficients in 𝑝௧௥௙≈ (𝑥) are shown in Table 3. 

Table 3. Coefficients and tracking errors of controllers under multi-Gaussian distribution. 

Controller Order Coefficients in 𝒑𝒕𝒓𝒇≈ (𝒙)  Tracking Error 
5 𝐶ହ 0.0342 
7 𝐶଻ 0.0071 

10 𝐶ଵ଴ 0.0010 
where 𝐶ହ , 𝐶଻  and 𝐶ଵ଴  respectively represent the corresponding unknown coefficient set in 𝑝௧௥௙≈ (𝑥) when the controller order is five, seven, and ten. Their specific values are shown in Table 
A2 in Appendix A. 

Considering the high system sensitivity and difficulty of realization caused by a too 
large order, the seven-order controller is selected, and its control law is: 𝑇௚∗ = 𝐾௢௣௧𝜔௚ଶ − 𝐽൫𝑐ଵ + 2𝑐ଶ𝜔௚ + 3𝑐ଷ𝜔௚ଶ +⋅⋅⋅ +8𝑐଼𝜔௚଻൯ (33) 

Figure 5. The tracking result under different rotor speed distributions: (a) when the goal function
is unimodal Gaussian distribution; (b) when the goal function is variable weight multi-Gaussian
distribution.

4.1.2. Goal PDF Is Multi-Gaussian Distribution

The control design is carried out considering that the desired rotor speed PDF obeys
the variable weight multi-Gaussian distribution. The goal PDF expression is:

ptr f (x) =
4

∑
z=1

wzexp

(
− (x− µz)

2

σz2

)
(32)

where the values of wz, µz, and σz are shown in Table 2.

Table 2. Parameters of ptr f (x) when the goal function is multi-Gaussian distribution.

Parameter z = 1 z = 2 z = 3 z = 4

wz 1.16800 1.61300 1.89800 0.95800
µz 1.17100 0.77670 1.10300 0.89170
σz 0.08411 0.09418 0.10170 0.12660

Similarly, when the order of the controller is taken as five, seven and ten, the tracking
effect of rotor speed PDF shape is shown in Figure 5b.

It can be found that the tracking accuracy become increasingly higher with the increase
of controller order, and the control effect improves accordingly. The specific tracking error
and the unknown coefficients in p≈tr f (x) are shown in Table 3.

Table 3. Coefficients and tracking errors of controllers under multi-Gaussian distribution.

Controller Order Coefficients in p≈trf(x) Tracking Error

5 C5 0.0342
7 C7 0.0071
10 C10 0.0010

where C5, C7 and C10 respectively represent the corresponding unknown coefficient set in p≈tr f (x) when the
controller order is five, seven, and ten. Their specific values are shown in Table A2 in Appendix A.
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Considering the high system sensitivity and difficulty of realization caused by a too
large order, the seven-order controller is selected, and its control law is:

Tg
∗ = Koptωg

2 − J
(

c1 + 2c2ωg + 3c3ωg
2 + · · ·+ 8c8ωg

7
)

(33)

where c1, c2, · · · , c7 and c8 are the coefficients of the output PDF when the seven-order
controller is applied.

This design combines the OT control with the PDF control of the stochastic system,
and fully considers the influence of the stochastic distribution of wind speed. The novel
control design has a good tracking effect on the changing stochastic wind speed, which can
effectively improve the wind energy capture efficiency of the wind turbine.

4.2. Performance Validation

For the turbulent wind speed signals as shown in Figure 6, the corresponding PDF-
MPPT control is applied in the established 1.5 MW direct-drive wind power generation
system and compared with the conventional OT control method named “conventional
(method)” and the ideal condition named “ideal”. The novel MPPT control based on
PDF control is named the “PDF-MPPT (method)”, which can be verified and analyzed by
simulation results.
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Figure 6. The variation of turbulent wind speed with time: (a) when the goal function of rotor speed
is unimodal Gaussian distribution; (b) when the goal function of rotor speed is variable weight
multi-Gaussian distribution.

For the turbulent wind speed as shown in Figure 6a, the response effect can be observed
by applying the 2-order control law to the wind power generation system, as shown in
Figure 7.

Figure 7a shows the change of power coefficient of conventional and novel MPPT
methods under the same wind condition. The power coefficient of this system controlled
by the novel MPPT control method is always higher than that of the conventional MPPT
control when wind speed changes, especially at high wind speeds. In addition, since wind
power is not only related to Cp, but also specific wind speed, comprehensive factors. These
comprehensive factors make novel MPPT control have better energy capture performance
than conventional MPPT control.
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Figure 7. Simulation results using PDF-MPPT method and conventional MPPT method for the
turbulent wind speed with constant average value: (a) power coefficient; (b) rotor speed; (c) electrical
power generated; (d) cumulative generation increment of using PDF-MPPT method comparted with
conventional MPPT method. The green line with the legend of “ideal”, the blue line with the legend
of “conventional” and the red line with the legend of “PDF-MPPT” in (a–c) means the corresponding
performance index in ideal operation state, using the conventional MPPT method and using the novel
MPPT method, respectively.

Figure 7b describes the dynamic response of rotor speed. It can be found that when the
wind speed changes too fast, novel MPPT control can make the system reduce the frequent
fluctuation of rotor speed and respond to the stochastic change of wind speed more quickly.
Figure 7c also shows that, compared with the conventional MPPT method, the fluctuation
of the rotor speed and the electromagnetic torque under novel MPPT control is reduced.
This is because the characteristic of PDF control is to reduce the fluctuation range of various
variables in the system. It is this characteristic that makes novel MPPT control reduce the
mechanical damage to a certain extent.
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Figure 7d shows the change of cumulative power generation increment of the novel
MPPT control compared with conventional MPPT control. Between 50 s and 250 s, PDF-
MPPT control makes the wind energy captured by wind turbines always greater than the
conventional MPPT method, which confirms the impact of that the novel MPPT method on
energy improvement. This novel method can improve the power generation of the system
over a while to a certain extent.

Similarly, for another turbulent wind speed shown in Figure 6b, the system response
performance under the application of the 7-order control law is shown in Figure 8.
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Figure 8. Simulation result using PDF-MPPT method and conventional MPPT method for the
turbulent wind speed with changed average value: (a) rotor speed; (b) electrical power generated;
(c) cumulative generation of using PDF-MPPT method compared with using the conventional MPPT
method. The green line with the legend of “ideal”, the blue line with the legend of “conventional”
and the brown line with the legend of “PDF-MPPT” in (a–c) means the corresponding performance
index in ideal operation state, using the conventional MPPT method and using the novel MPPT
method, respectively.

Figure 8a shows the dynamic response of rotor speed. It can be found that the
difference in rotor speed response between the two MPPT control methods is not obvious.
However, it can be seen from Figure 8b that the novel MPPT method reduces the fluctuation
degree of electrical power generated. This indicates that the fluctuation range of each
variable under the control of the novel method is small, which can reduce the mechanical
damage to a certain extent. In addition, because the wind sample contains more high-
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frequency components, and the wind turbine tracks the change of wind speed by adjusting
the rotor speed, which leads to some sharp profiles in the simulation results of Figure 8a,b,
the fluctuation of rotor speed and electrical power is much weaker than that of wind speed.

Figure 8c shows the changes in cumulative power generation of the system under the
conventional MPPT control and the novel MPPT control in the period of 50–250 s. Under
high wind speed, as of 170 s, the cumulative power generation of the system under the
two controls is 56.1863 kw·h and 56.2231 kw·h respectively. Later, when the wind speed is
low, the energy capture efficiency and the corresponding cumulative power generation of
the system under the novel MPPT control decreases. As of 250 s, the cumulative power
generation of the system under the two controls is 66.2629 kw·h and 66.2252 kw·h respec-
tively. It can be found that the cumulative power generation of the system controlled by
the novel MPPT method is always higher than that of the conventional method, indicating
that the energy accumulated at high wind speed can still make up for the energy loss at
low wind speed.

The effectiveness of the novel MPPT control is verified by analyzing the changes in
relevant indicators in Figures 6 and 7.

5. Conclusions

The conventional MPPT method mainly focuses on the steady-state performance and
ignores the dynamic characteristics of the wind turbine. At present, the proposed MPPT
control method aims to accurately track the change in wind speed without considering
the influence of wind speed distribution characteristics. The uncertainty of wind speed,
the large inertia of the wind turbine, and the slow dynamics caused by the wind turbine
system nonlinearity make it difficult for the wind turbine to respond to the high turbulence
in stochastic wind timely and accurately.

To solve the problem caused by blind tracking, a novel MPPT control method is very
necessary. Considering the influence of the stochastic distribution of wind speed on the
system control performance, the PDF control was introduced, and a novel MPPT control
design-based rotor speed PDF shape was proposed. The PDF controller is designed by
solving the FPK equation with the LLS method so that the PDF shape of the system state
variable can better approach the PDF shape of the goal. Combining this PDF control with
the conventional OT control, the novel MPPT control for wind turbines is proposed, which
can accurately track the desired PDF and improve the wind energy capture efficiency.

Simulation results of a 1.5 MW PMSG wind turbine system show that the novel MPPT
control can indeed increase the power coefficient of the system under high wind speed,
make the system respond to the random change of wind speed more quickly, and effectively
improve the overall power generation in a period. In addition, this control method can
reduce the fluctuation of rotor speed and torque as well as reduce the mechanical damage.

The novel MPPT method improves the overall power generation to a certain extent
and possesses a huge reference value for the further study of the control problem of
stochastic wind power generation system. Future works may include the application of
B-spline modeling to design the low-order controller and the novel MPPT method in real
variable-speed wind turbines.
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Abbreviations

MPPT Maximum power point tracking
PMSG Permanent magnet synchronous generator
MPP Maximum power point
LLS Linear least square
FPK Fokker-Planck-Kolmogorov
PDF Probability density function
HCS Hill climbing search
P&O Perturb and observe
PSF Power signal feedback
OT Optimal torque
ωmax Limited rotational speed (rad/s)
Pt Mechanical power of the turbine (W)
Pt opt Optimal mechanical power of the turbine (W)
Tt Mechanical torque of the turbine (N·m)
Tt opt Optimal mechanical torque of the turbine (N·m)
Tg Electromagnetic torque of the turbine (N·m)
Tg
∗ Reference electromagnetic torque of the turbine (N·m)

Kopt Optimum torque coefficient
ρ Air density (kg/m3)
R Radius of the wind wheel (m)
v Incoming wind speed (m/s)
λ, TSR Blade tip speed ratio
λopt Optimal tip speed ratio
β Pitch angle (degree)
Cp max Maximum power coefficient of wind turbine
Cp Power coefficient of wind turbine
∧
λ Estimated value of blade tip speed ratio
∧
Tt Estimated value of aerodynamic torque (N·m)

Cp(
∧
λ, β) Estimated value of power coefficient

CT(
∧
λ, β) Estimated value of aerodynamic torque coefficient

ωt Rotor speed of turbine (rad/s)
ωg Rotor speed of generator (rad/s)
J Moment of inertia of the wind turbine (kg·m2)
Ks Stiffness of rotor (N·m/rad)
l Order of controller
ptr f , ptr f (x) PDF of the system’s state variable
p≈tr f , p≈tr f (x) Approximate PDF solved by FPK equation
x(t) System status variable
x(t0) Initial state variable of the system
ϕ(x) System function
u(x) Control function of the system
F(x) Nonlinear part of the system
G(x) Diffusion coefficient of stochastic dynamic equation
ε(t) Stochastic input vector or interference vector
Sε1 Power spectral density
e(l) System tracking error
p1(x) One of the special solutions of p≈tr f (x)
p2(x) Another special solution of p≈tr f (x)
ci Exponential term coefficient of p≈tr f (x)
σ Standard deviation of goal PDF in Gaussian distribution
µ Expectation of goal PDF in Gaussian distribution
σz Standard deviation of goal PDF in multi-Gaussian distribution
µz Expectation of goal PDF in multi-Gaussian distribution
wz Weight coefficient of goal PDF in multi-Gaussian distribution
C2, C5, C7, C10 Parametric set when the order of controller is 2, 5, 7, and 10
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Appendix A

Table A1. The coefficient set of two-order controller.

Symbol C2

c0 −287.830867811171
c1 605.548469387750
c2 −318.877551020403
c3 −1.72248700320832× 10−12

Table A2. The coefficient set when the order of controller is five, seven and ten respectively.

Symbol C5 C7 C10

c0 343.437358775784 −1594.96242195473 44,053.0770519675
c1 −2916.47234740542 15,628.8031662488 −555,794.178845216
c2 9268.50719205602 −66,646.6755185373 3,129,757.20215828
c3 −14,626.3291972856 159,037.168454648 −10,387,780.8707534
c4 12,298.3354973506 −230,585.395579082 22,580,716.8663499
c5 −5270.44636019731 207,497.282093835 −33,757,461.7545851
c6 903.311049270425 −113,179.672382212 35,422,677.9179762
c7 - 34,259.2706841911 −26,100,226.0937719
c8 - −4415.57762037512 13,241,365.5134282
c9 - - −4,408,220.88131120
c10 - - 867,399.263346549
c11 - - −76,485.8611110169
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