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Abstract: In this paper, the thickness-stretch vibration of an infinite piezoelectric plate is studied,
with consideration of the flexoelectric effect. The theoretical model developed herein is based on a
one-dimensional formulation, with the assumption that the displacement and electric potential vary
through the thickness. The Gibbs energy density function and variational principle are adopted to
derive the constitutive equation with flexoelectricity, governing equations, and boundary conditions.
For the effect of flexoelectricity, the coupling between the strain gradient through the thickness
and the electric field is considered. Two electric boundary conditions are used in this work and the
corresponding frequency shift due to the flexoelectricity is calculated. The present results demonstrate
that the flexoelectric effect decreases the fundamental frequency of the thickness-stretch vibration
and has a significant effect on the vibrational frequencies of the thickness-stretch mode of a thin
piezoelectric plate. The results also show that the flexoelectric effect has a significant size dependency,
and should be taken into consideration for the design and development of next-generation high-
precision and high-frequency piezoelectric transducers and resonators in the future.
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1. Introduction

Piezoelectric materials are widely used in various functional devices due to their
electromechanical coupling capabilities. They play an important role in the fields of com-
munications, electronics, aerospace and aviation structures, and energy systems. With the
rapid development of modern technology, piezoelectric devices are developing towards
miniaturization and functionalization, and their requirements for material properties and
structural dimensions are getting higher and higher. Nanoscale composite materials and
structures will have important application potentials in future multifunctional and smart
devices, due to their excellent material properties and small structure size. At the nanoscale,
these materials exhibit new mechanical behaviors that are different from traditional macro-
scopic materials. At the nanoscale, the strain gradient of piezoelectric materials is very
significant, which cannot be ignored in the design of nanoscale materials [1]. This is due to
another electromechanical coupling effect, flexoelectricity, which is an electromechanical
coupling effect caused by a strain gradient or non-uniform deformation and widely exists
in various dielectric materials [2–4]. In fact, such non-uniformity will lead to a significant
change in the macroscopic mechanical behavior of micro/nano scale piezoelectric structures
with flexoelectricity.

Recent studies have found that flexoelectricity has significant impacts on the per-
formance of micro/nano piezoelectric devices, such as Rayleigh wave propagation in
semi-infinite flexoelectric dielectrics [5], Lamb wave propagation with flexoelectricity and
strain gradients [6], and thickness-twist waves in nanoplates with flexoelectricity [7]. There
are also many studies regarding the vibration and bending of piezoelectric nanoplates
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and nanobeams which consider flexoelectricity. Shen et al. [8] investigated the converse
flexoelectric effect in comb electrode piezoelectric microbeams. Yan [9] studied the size-
dependent bending and vibration behaviors of piezoelectric circular nanoplates. Huang [10]
investigated the flexoelectric effect on bending stresses in piezoelectric laminate under an
inhomogeneous electric field.

Due to the miniaturization of high-frequency piezoelectric devices, high-frequency
vibrations are also affected by flexoelectricity when the devices are thin enough [11]. As
one of the main functioning modes for piezoelectric resonators and transducers, thickness-
stretch mode can be adopted for film bulk acoustic resonators (FBAR) as a working mode.
Two-dimensional plate equations governing the extensional and thickness-stretch coupling
motions were developed by Kane and Mindlin [12]. A single equation for thickness-stretch
waves can be achieved by reducing the two-dimensional plate equations of coupled exten-
sion and thickness-stretch vibration in this model. Yang [13] developed an approximate
method for thickness-stretch waves in an elastic plate. He also developed an energy harvest-
ing model based on the thickness-stretch mode [14]. Huang [15] studied the propagation of
long thickness-stretch waves in piezoelectric plates by simplifying the two-dimensional
coupled equations with five vibration modes. Yang et al. [16] studied the nonlinear cou-
pling between the thickness-shear and thickness-stretch modes in a rotated Y-cut quartz
resonator. Liu [17] investigated the thickness-stretch vibration of a crystal plate carrying
a micro-rod array fixed on the top surface, with rods modeled by the one-dimensional
structural theory for extensional vibration. In addition to these works, there are also many
studies regarding nonlinear thickness-stretch vibrations [18], the thickness-stretch vibra-
tion of a magnetoelectric plate with electrodes [19], a plate under biasing field [20], the
electroelastic effect [21], spurious mode analysis [22], and so on.

In this work, we present an investigation of the flexoelectric effect on the thickness-
stretch vibration of an infinite piezoelectric plate. Exact solutions for pure thickness-stretch
vibrations are obtained based on the one-dimensional model and two electric boundary
conditions. The results reveal that the direct effect of flexoelectricity affects the thickness-
stretch vibration by decreasing the fundamental frequency, and also has a significant
size-dependent phenomenon. This model can aid in the understanding of the micro/nano
mechanical behaviors of thickness-stretch vibrations, and can be used as guidance for the
design of next-generation high-precision piezoelectric resonators.

2. Mathematical Modeling
2.1. Three-Dimensional Governing Equations

For the present work, we start with the general three-dimensional equations. For the
piezoelectric plate with the consideration of flexoelectricity, we adopt the Gibbs energy
density function as the energy density function for modeling. The Gibbs energy density
function H can be expressed as in Equation (1), which considers the coupling between the
strain gradient and electric field [23].

H(E, S, λ) = −1
2

εijEiEj +
1
2

cijklSijSkl − eijkEkSij − µijklEiλjkl (1)

where S is the strain tensor, λ is the strain gradient tensor, E is the electric field, c is the
elastic constant, e is the piezoelectric constant, ε is the dielectric constant, and µ is the
flexoelectric coefficient.

The constitutive equations can be derived from the energy density function, as given
in Equation (2).

Tij =
∂H
∂Sij

= cijklSkl − eijkEk (2a)

τjkl =
∂H

∂λjkl
= −µijklEi (2b)



Appl. Sci. 2022, 12, 2436 3 of 10

Di = −
∂H
∂Ei

= εijEj + eijkSjk + µijklλjkl (2c)

where T is the stress tensor, τ is the higher order stress tensor, and D is the electric
displacement.

The linear strains (Sij) and strain gradients (λijk) are calculated by the following
geometric relations.

Sij =
1
2
(
ui,j + uj,i

)
(3a)

λijk = Sij,k =
1
2
(ui,j + uj,i),k (3b)

The electric field is calculated by the partial differentiation of electric potential, as
given in Equation (4).

Ei = −ϕ,i (4)

The governing equations and boundary conditions of extended linear piezoelectricity
can be derived from the variational principle [24], considering the following variational
function:

Π(u, φ) =
∫ t0

0
dt
∫
V

[
1
2

ρ
.
ui

.
ui + ρ fiui − H(E, S, λ)− ρeφ

]
dV +

∫ t0

0
dt
∫
S

tiuidS−
∫ t0

0
dt
∫
S

σe ϕdS (5)

where ρ, fi, ρe, ti and σe are the density, body force, volume charge density, prescribed
traction force, and free charge density per unit surface area.

Calculating the first variation and the stationary condition gives the following:(
Tij − τijk,k

)
,j
+ ρ fi = ρ

..
ui in V (6a)

Di,i = ρe in V (6b)(
Tij − τijk,k

)
nj = ti on S (6c)

Dini = −σe on S (6d)

τijknjnk = 0 on S (6e)

The governing equations are reduced to the following equations by ignoring the body
force and volume charge density: (

Tij − τijk,k

)
,j
= ρ

..
ui (7a)

Di,i = 0 (7b)

2.2. One-Dimensional Model for Thickness-Stretch Vibration

The three-dimensional model is reduced to a one-dimensional problem by neglecting
the displacements u1 and u2 for the configuration shown in Figure 1. We consider the
following displacement fields and electric field for the one-dimensional thickness-stretch
vibration analysis of an infinite piezoelectric plate.

u1 = 0, u2 = 0, u3 = u3(x3) exp(iωt)
ϕ = ϕ(x3) exp(iωt)

(8)
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Figure 1. Geometry of an infinite piezoelectric plate and its coordinate system.

By means of Equations (3) and (8), the nonzero strain, strain gradient, and electric field
functions are expressed below.

S33 = u3,3, S33,3 = u33,3, E3 = −ϕ,3 (9)

Additionally, the nonzero stresses and electric displacement are given below by Equation (2).

T11 = c13S33 + e31 ϕ,3 (10a)

T22 = c23S33 + e32 ϕ,3 (10b)

T33 = c33S33 + e33 ϕ,3 (10c)

D3 = e33S33 − ε33 ϕ,3 + µ3333S33,3 (10d)

Substituting Equation (10) into Equation (5), and using the variational principle, leads
to the following:

δΠ(u, φ) =
∫ t0

0 dt
∫
V

[(
c33u3,33 + e33 ϕ,33 − µ3333 ϕ,333 − ρ

..
u3
)
δu3
]
dV +

∫ t0
0 dt

∫
V
[(e33u3,33 − ε33 ϕ,33 + µ3333u3,333)δϕ]dV

−
∫ t0

0 dt
s

S

[∫ h
−h (e33u3,3 − ε33 ϕ,3 + µ3333u3,33)δϕdx3

]
dS−

∫ t0
0 dt

s

S

[∫ h
−h (c33u3,3 + e33 ϕ,3 − µ3333 ϕ,33)δu3dx3

]
dS

−
∫ t0

0 dt
s

S

[∫ h
−h µ3333 ϕ,3δu3,3dx3

]
dS

(11)

Two governing equations and three boundary conditions can be obtained from
Equation (11). Substituting Equation (10) into the governing equations, we can obtain
the following:

c33u3,33 + e33 ϕ,33 − µ3333 ϕ,333 = ρ
..
u3 (12a)

e33u3,33 − ε33 ϕ,33 + µ3333u3,333 = 0 (12b)

From the electric displacement equation of Equation (12), we can obtain the expression
of ϕ,33. Additionally, we further perform integration twice with respect to x3 and differenti-
ation with respect to x3; the expressions of ϕ, ϕ,3 and ϕ,333 were obtained, and will be used
for the following equations.

ϕ,33 =
e33u3,33 + µ3333u3,333

ε33
(13a)

ϕ =
e33u3 + µ3333u3,3

ε33
+ B1x3 + B2 (13b)

ϕ,3 =
e33u3,3 + µ3333u3,33

ε33
+ B1 (13c)

ϕ,333 =
e33u3,333 + µ3333u3,3333

ε33
(13d)



Appl. Sci. 2022, 12, 2436 5 of 10

Substituting Equation (13) into the first equation of Equation (12), we obtain the
following equation. (

c33 +
e2

33
ε33

)
u3,33 −

µ2
3333
ε33

u3,3333 = ρ
..
u3 (14)

For the fourth-order differential equation, the general solution of Equation (14) is
assumed as the following:

u3 = Aeλx3 (15)

Substituting Equation (15) into Equation (14) results in the following characteristic
equation.

a1λ4 − a2λ2 − a3 = 0 (16)

where

a1 =
µ2

3333
ε33

, a2 = c33 +
e2

33
ε33

, a3 = ω2ρ

By defining k = λ2, Equation (16) becomes the following:

a1k2 − a2k− a3 = 0 (17)

The solution of Equation (17) is expressed by:

k =
a2 ±

√
a2

2 + 4a1a3

2a1
(18)

Thus, four solutions of the characteristic equation, Equation (16), are expressed as below.

λ1,2 = ±

√√√√ a2 +
√

a2
2 + 4a1a3

2a1
, λ3,4 = ±i

√√√√√
a2

2 + 4a1a3 − a2

2a1
(19)

The solutions in Equation (19) are a pair of positive values and a pair of conjugate
imaginary values. Thus, the general solution of Equation (14) can now be assumed as the
following combination of hyperbolic and sinusoidal functions.

u3 = A1sinh(αx3) + A2 cosh(αx3) + A3 sin(βx3) + A4 cos(βx3) (20)

where

α =

√√√√ a2 +
√

a2
2 + 4a1a3

2a1
, β =

√√√√√
a2

2 + 4a1a3 − a2

2a1

It should be noted that the frequency is contained in a3, which will be solved by the
following frequency functions with the help of the boundary conditions.

The next step is to obtain the frequency function from the boundary conditions. We
consider two electric boundary conditions: the open circuit condition, and the short circuit
condition in this work.

(a) Open circuit condition (OP)

The following traction-free boundary condition, boundary condition for higher order
stress and electric displacement condition have to be satisfied for the open circuit condition:

T33 − τ333,3 = 0, τ333 = 0 (x = ±h) (21a)

D3 = 0, (x = ±h) (21b)
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Substituting the expression of D3, Equation (10d), into the third equation of Equation (21),
it gives the following equation.

ε33B1 = 0 (22)

The above equation implies that B1 = 0 for the open circuit boundary condition. By
substituting the constitutive equations, Equation (10) into Equation (21), we obtain the
following four boundary equations at two surfaces.(

c33ε33 + e2
33

)
u3,3(h)− µ2

3333u3,333(h) = 0 (23a)(
c33ε33 + e2

33

)
u3,3(−h)− µ2

3333u3,333(−h) = 0 (23b)

e33u3,3(h) + µ3333u3,33(h) = 0 (23c)

e33u3,3(−h) + µ3333u3,33(−h) = 0 (23d)

Substituting the general expression of u3 into Equation (23), we rearrange them in the
following form.

A1
[
α cosh(αh)− k1α3 cosh(αh)

]
+ A2

[
αsinh(αh)− k1α3sinh(αh)

]
+A3

[
β cos(βh) + k1β3 cos(βh)

]
− A4

[
β sin(βh) + k1β3 sin(βh)

]
= 0

(24a)

A1
[
α cosh(αh)− k1α3 cosh(αh)

]
− A2

[
αsinh(αh)− k1α3sinh(αh)

]
+A3

[
β cos(βh) + k1β3 cos(βh)

]
+ A4

[
β sin(βh) + k1β3 sin(βh)

]
= 0

(24b)

A1
[
αsinh(αh) + k2α2sinh(αh)

]
+ A2

[
α cosh(αh) + k2α2 cosh(αh)

]
+A3

[
β cos(βh)− k2β2 sin(βh)

]
− A4

[
β sin(βh) + k2β2 cos(βh)

]
= 0

(24c)

A1
[
α cosh(αh)− k2α2sinh(αh)

]
− A2

[
αsinh(αh)− k2α2 cosh(αh)

]
+A3

[
β cos(βh) + k2β2 sin(βh)

]
+ A4

[
β sin(βh)− k2β2 cos(βh)

]
= 0

(24d)

where

k1 =
µ2

3333
c33ε33 + e2

33
, k2 =

µ3333

e33

For nontrivial solutions of the coefficients A1, A2, A3, and A4, the determinant of
Equation (24) must be zero. This will lead to the frequency equation of the given problem.

(b) Short circuit condition (SC)

For short circuit conditions, the boundary conditions are given below.

T33 − τ333,3 = 0, τ333 = 0 (x = ±h) (25a)

ϕ(x3) = ±ϕ0, (x3 = ±h) (25b)

From the third equation of Equation (25), the potential condition leads to the following
two equations.

ϕ(h) =
e33u3(h) + µ3333u3,3(h)

ε33
+ B1h + B2 = ϕ0 (26a)

ϕ(−h) =
e33u3(−h) + µ3333u3,3(−h)

ε33
− B1h + B2 = −ϕ0 (26b)

Then, B1 is obtained by the subtraction of the above two equations.

B1 =
ϕ0

h
− 1

2ε33h
[e33(u3(h)− u3(−h)) + µ3333(u3,3(h)− u3,3(−h))] (27)
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Similarly, the other two boundary conditions result in the following four equations at
two surfaces. (

c33 +
e2

33
ε33

)
u3,3(h) + e33B1 −

µ2
3333u3,333(h)

ε33
= 0 (28a)

(
c33 +

e2
33

ε33

)
u3,3(−h) + e33B1 −

µ2
3333u3,333(−h)

ε33
= 0 (28b)

e33µ3333u3,3(h) + µ2
3333u3,33(h)

ε33
+ B1µ3333 = 0 (28c)

e33µ3333u3,3(−h) + µ2
3333u3,33(−h)

ε33
+ B1µ3333 = 0 (28d)

Substituting the displacement function and its derivatives into Equation (28) gives the
following equations, with ϕ0 = 0 for free vibration.[

α cosh(αh)− k3e33sinh(αh)− k1α3 cosh(αh)
]
A1

+
[
αsinh(αh)− k3µ3333αsinh(αh)− k1α3sinh(αh)

]
A2

+
[
β cos(βh)− k3e33 sin(βh) + k1β3 cos(βh)

]
A3

+
[
−β sin(βh) + k3µ3333β sin(βh)− k1β3 sin(βh)

]
A4 = 0

(29a)

[
α cosh(αh)− k3e33sinh(αh)− k1α3 cosh(αh)

]
A1

+
[
−αsinh(αh)− k3µ3333αsinh(αh) + k1α3sinh(αh)

]
A2

+
[
β cos(βh)− k3e33 sin(βh) + k1β3 cos(βh)

]
A3

+
[
β sin(βh) + k3µ3333β sin(βh) + k1β3 sin(βh)

]
A4 = 0

(29b)

[
α cosh(αh) + k2α2sinh(αh)− k4e33sinh(αh)

]
A1

+
[
αsinh(αh) + k2α2 cosh(αh)− k4µ3333αsinh(αh)

]
A2

+
[
β cos(βh)− k2β2 sin(βh)− k4e33 sin(βh)

]
A3

+
[
−β sin(βh)− k2β2 cos(βh) + k4µ3333β sin(βh)

]
A4 = 0

(29c)

[
α cosh(αh)− k2α2sinh(αh)− k4e33sinh(αh)

]
A1

+
[
−αsinh(αh) + k2α2 cosh(αh)− k4µ3333αsinh(αh)

]
A2

+
[
β cos(βh) + k2β2 sin(βh)− k4e33 sin(βh)

]
A3

+
[
β sin(βh)− k2β2 cos(βh) + k4µ3333β sin(βh)

]
A4 = 0

(29d)

where
k3 =

1(
c33ε33 + e2

33
)
h

, k4 =
1

e33h

The frequency function is obtained by letting the determinant equal zero. However,
the explicit form of the frequency function is long and complicated in these formulations.
Instead of obtaining the explicit form of the frequency function, we use the numerical
method to search the frequencies that satisfy the conditions. We start to search the frequency
from the value ω0, which is the fundamental frequency without flexoelectricity. For the
open circuit condition, the resonant frequency function is given as below [19].

ω2
0 =

c33ε33 + e2
33

ε33ρ
ξ2 (30)

where ξ = π/(2h) for the fundamental frequency.
Whereas, for the short circuit condition, the resonant frequency function is given by

the following equation [18].

ξh cot(ξh) = k
2
33 (31)

where

ξ2 =
ρ

c33
(
1 + k2

33
)ω2

0, k2
33 =

e2
33

ε33c33
, k

2
33 =

k2
33

1 + k2
33
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It should be noted that without flexoelectricity, the mathematical model is much
simpler for analysis and more details can be found in [24].

Since the flexoelectricity affects the frequency slightly, we substitute the value of ω0
into the determinant to check whether the determinant is zero or not. The value of the
frequency substituted varies from ω0 to 10% more or less than ω0, and the step must
be very small to avoid missing any solutions. If the determinant is zero, the frequency
substituted is the solution of the frequency functions for the given boundary conditions. By
this method, we solved the frequency function instead of obtaining the explicit form.

3. Results

To investigate the effect of flexoelectricity on the thickness-stretch vibration of an
infinite piezoelectric plate, the material properties of BaTiO3 crystals were used as fol-
lows [25]: c33 = 162 GPa, ε33 = 12.6 × 10−9 CV−1m−1, e33 = 18.6 Cm−2, ρ = 5800 kgm−3.
The flexoelectric coefficient µ3333 used in their work is 10 µCm−1. However, other papers
have reported that the flexoelectric coefficients of BaTiO3 can be as large as 100 µCm−1

at a flexure frequency of 1 Hz [26]. Thus, we chose to vary the flexoelectric coefficient
µ3333 from 10 µCm−1 to 30 µCm−1 in this work, to investigate the flexoelectric effect on the
thickness-stretch vibration frequencies of one-dimensional micro plates.

The frequency shift of the thickness-stretch vibration with flexoelectricity was calcu-
lated in this work. The frequency shift was defined by |ω−ω0|/ω0 × 106 and the unit was
ppm (parts per million). ω0 was the fundamental thickness-stretch mode without flexoelec-
tricity, as given in Equations (30) and (31). Figure 2 demonstrates the results for both the
open and short circuit boundary conditions. Firstly, for both conditions, the frequency was
smaller than the case without flexoelectricity for the thickness-stretch vibration. This means
that the flexoelectricity decreases the vibration frequency of the thickness-stretch mode. By
increasing the thickness of the plate, it was found that the frequency shift decreases, imply-
ing that the flexoelectricity is size dependent and becomes much weaker as the thickness
increases. For both electric boundary conditions, we observed the same tendency of linear
frequency shift. The effect of the flexoelectric coefficient was also investigated by choosing
different values. By increasing the flexoelectric coefficient, the frequency shift becomes
large, which implies a more significant flexoelectric effect. Finally, it was observed that the
frequency shift for the open circuit boundary condition was slightly more significant than
for the short circuit boundary condition. Although the relative value of the frequency shift
is only about 14 ppm, it is important for miniaturized high-frequency and high-precision
piezoelectric devices, for the applications of next-generation transducers and resonators.
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4. Conclusions

This work investigated the flexoelectric effect on the thickness-stretch vibration of
an infinite piezoelectric plate. The shift of the thickness-stretch vibration frequencies
of piezoelectric plates was obtained from the present model with various flexoelectric
coefficients. The results show that the thickness-stretch vibration of the micro plate is
affected by the flexoelectric effect, which decreases the fundamental frequency. When the
thickness of the plate increases, the influence of the flexoelectric effect decreases, implying
that the flexoelectric effect has a strong size dependence. The value of frequency shift is
about 14 ppm for the present flexoelectric coefficients. However, this represents a significant
value for the design and application of accurate high-frequency devices. The precision
requirement for high-frequency piezoelectric devices can be dozens of parts per million.
Therefore, we believe flexoelectricity should be taken into consideration for the design of
high-precision next-generation piezoelectric devices. These results also provide important
theoretical guidance and help for the design and development of accurate high-frequency
piezoelectric devices in the future.
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