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Abstract: Flexible roofs are sensitive to wind actions because they are light, and their deformability
can induce local or global instability. In most cases, their design requires experimental wind tunnel
testing to investigate the aeroelastic phenomena and the structural response under the wind. However,
the reduced scale necessary in wind tunnels makes the dynamic identification of the test model
difficult. Several approaches of multi-modal dynamic identification can be used, even if a specific
approach is not defined for geometric nonlinear flexible roofs. Many times, the choice of the position
of the sensors is affected by the unknown roof dynamics. This paper investigates the ambient
vibration time-dependent accelerations for a flexible roof scaled model through Singular Value
Decomposition (SVD) and their spatial correlations with the purpose of analyzing the signal structure
and its acquisition to perform the dynamic identification of the test model.

Keywords: flexible roofs; random signals; singular value decomposition; eigenvectors; eigenvalues

1. Introduction

Vibration problems of structures and products have always been given attention in
various industries, from the building sector to the different industrial fields. Modal analysis
is a common method for dynamic property identification, including the predominant
frequencies, the damping properties and the modal shapes. The aforementioned properties
not only help in understanding the behavior of the studied object but also help in designing
a structural control system capable of providing safe operating conditions. One such
system of interest is the flexible roof (e.g., cable-net roof), which provides a common
structural solution to cover relatively large areas mainly dedicated to social, musical or
sports activities (e.g., mega conference halls or sports/music arena) [1–15]. Different
advantages are usually guaranteed by the use of those roofing systems considering the
consistent structural performance and their low self-weight characterized by the use of
prefabricated elements that can be easily transported and mounted on site. Nevertheless,
the proportionally lightweight to the wide area of the roofs makes them sensitive to
the corresponding provoked wind actions even if they are neglected by codes [16–21].
Thus, particular attention should be given to both the stiffness and mass of the different
components to assure the required dynamic characteristics [14,15].

Ambient vibration is one of the extensively used methods for the dynamic characteri-
zation of building and non-building structures in which time history registrations should
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be accumulated from different monitoring points in which accelerometers are placed. Dif-
ferent techniques, either in the time domain or frequency domains, were developed and
employed in recent years to identify the main properties of monitored systems [22,23].
The post-processing procedures become more complicated with the increase in monitored
positions of structures, taking into account the high sampling rate and the single test du-
rations that satisfy the processing procedure required to achieve a stable and meaningful
mathematical solution from an engineering point of view. Shell structures expanding over
large areas, such as a flexible roof, that are characterized by different close frequencies
require an extensive network of monitoring points all over the various sections, which
should increase the number of the three-axial accelerometers. Consequently, and due to
the massive volume of the dataset collected during the performed free-vibration tests,
the application of the classical method becomes very complicated and expensive from a
computational point of view. One of the very recent solutions is to apply the Singular Value
Decomposition (SVD) method to deal with big datasets of registrations effectively [24–31].

SVD is a high-powered technique that is classically (or mathematically) used to solve
sets of matrix-form equations and is adoptable for complicated conditions in which clas-
sical methods such as LU decompositions and Gaussian elimination are not applicable
or not capable of providing satisfying results or even in other cases where the number of
unknowns is more or less than the number of the equations to be solved in which it can
help in identifying the number of modes in each frequency response band of the corre-
sponding transfer function in a stable way [24]. One of the main benefits of the method is
the capability of separating and distinguishing the different modes produced in a single
transfer function that corresponds to each mode without residual effects. Even if the typical
transfer function is rarely clear of the effects of the nearby modes and the residual effects,
at the same time, the Simplified single Degree Of Freedom (SDOF) system can accurately
provide the resonance frequency and its corresponding damping ratio. In the last few years,
the application of this method has become of interest in different fields, such as image
processing, radar systems, etc., due to the reasonable computational cost guaranteed by
this method in such complex real-time setting problems [24–31].

The work presented hereafter intends to highlight the potentiality of this method in
the structural engineering sector, a field that is yet to commonly recognize its applicability,
by investigating some aspects related to its capability of studying the dynamics of one of
the most complicated systems in either the building or non-building fields of structures,
which is the cable-net roof in this study.

The presented work is organized as follows: The first chapter introduces the case of
flexible roofs, providing details on their differences from other structures and providing
some other details on the scaling requirements for the experimental testing of those roofs.
The second chapter describes the experimental campaign of the free vibration tests, indi-
cating the monitored points and adopted instruments and the main characteristics of the
raw results. The third chapter concerns the SVD application for identifying the dynamic
properties of the roof specimen based on the time history registered during the ambient
tests. Moreover, the same analysis is performed using the classical FDD method. Finally, the
last chapter provides a comparison between the output of the two methods, highlighting
different aspects and leading different related discussions.

2. The Case Study: A Tensile Structure Saddle Roof

The cable net with hyperbolic paraboloid shape [1–15] has two types of cables: up-
ward (i.e., load bearing for gravitational loads) and downward cables (i.e., stabilizing for
gravitational loads) under gravitational loads (Figure 1a). The former type increases its
internal traction, while the latter decreases its internal traction. Under suction induced by
wind (Figure 1b), it is the opposite. When the suction is non-uniformly distributed on the
roof (Figure 1c), some problems may occur because some parts of the upward cable can
be almost horizontal. This means that it loses its internal traction. This is very dangerous
for the roof’s global stability. At the same time, some parts of the downward cable exceed
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the limit of traction, which can result in a breaking collapse because cables are made of
harmonic steel, resulting in non-ductile elements. Finally, under extreme conditions of
wind (Figure 1d), upward cables can invert their curvature, causing roof instability.

Figure 1. Structural behavior: gravitational load (a), suction (b), ununiformed suction (c), extreme
suction (d).

To investigate the aeroelastic behavior of these roofs, a wind tunnel experimental
campaign was conducted at the Wind Engineering Laboratory of Cracow University of
Technology. A geometrical sample was selected, and six different geometries were stud-
ied. Finite Element Method geometric nonlinear analyses were performed to predict the
prototype dynamics, modal frequencies and displacements under wind action [8]. Modal
analyses have confirmed, as well known, that these roofs are characterized by several close
natural frequencies, which makes the construction and calibration of the test model very
difficult. Test models were constructed in a 1:200 geometrical scale using 39 steel ropes
along L1 and 39 steel ropes along L2 (Figure 2a), to reproduce the prototype structural
setup. In Figure 2a, f1 and f2 are the upward and downward cable sags, respectively, L1
and L2 are the upward and downward cable spans, respectively and, finally, H1 and H2 are
the minimum and maximum roof distance from the ground.

The cable net was covered by a silk fabric to reproduce the aerodynamics. The dynamic
characteristics of the model were identified by the acquisition of free (ambient) vibration
at four accelerations (Figure 2b). Very small and light accelerometers were used in this
research (with a weight below 1 g). In total, 49 nodes were identified for the square
roof plan.
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Figure 2. Geometry (a) and test model with sensor position (b) [15].

Several methods were used to identify and compare the results, such as the Welch
power spectral density, the random decrement technique, empirical mode decomposition
and the Frequency Domain Decomposition (FDD) [32,33]. FDD is a common output-only
technique used in different structural engineering fields for dynamic identification pur-
poses, where it can be useful for structural health monitoring due to its applicability when
the input data are unknown. The FDD technique is based on approximating a complicated
system response by subdividing it into independent SDOF ones that correspond to each
significant mode. Further related details can be found in [15] and the next chapter. The
FDD technique involves the main steps listed below:

• Spectral density matrix estimations starting from the registered raw data.
• Performing SVD of the spectral density matrices.
• If different setups of the test are available, then averages of the first singular values of

all setups should be evaluated, as well as the averages of the second, etc.
• Finally, the average singular value peaks should be captured. For well-distinguished

modes, the main singular value (the 1st value) should always be identified.
• Otherwise, as in the case of close or repeated modes, all singular values should be

captured (the 2nd, the 3rd, etc., in addition to the 1st one).

Natural frequencies range from about 10 = to 30 Hz for each test model. The structural
damping ratio was identified using both the Random Decrement Technique (RDT) and
the Empirical Mode Decomposition (EMD), and it ranges from 1% to 5%. Finally, the
modal deformed shapes were estimated by the Frequency Domain Decomposition (FDD).
All magnitudes were scaled according to the aeroelastic scaling [34,35]. Experimental
testing in the wind tunnel requires aeroelastic model scaling requirements for different
geometrical aspects (i.e., dimensions, mass and inertial distribution, and stiffness and
damping properties) in order to ensure consistency with the wind tunnel flow scaling.
The presented criteria hereafter were adopted in this work to ensure the suitability of the
models for the experiential campaign. Equation (1) defines, as a function of the geometrical
scale (λL), the ratio of translational mass between the model and prototype ( λm):

λm = λL
3 (1)

Equation (2) instead, defines another parameter of the speed scaling as a product
between the previously presented factor ( λm) from Equation (1) and the ratio of the natural
frequencies between the model and prototype ( λη

)
[15]:

λV = λLλη (2)
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A geometrical scale parameter equal to 1:200 (λm = (1/200)3 = 1.25·10−7) was
considered for the model, taking into account the various characteristics to ensure a small
value of the roof that might result in a sufficiently large fundamental frequency in addition
to an effective low wind velocity at the corresponding height of the model roof (Equation
(2)). The damping ratio, as a non-dimensional parameter itself, of the model should be
equal to the prototype. However, the literature does not provide well-established damping
values either for the cable net roof or even the membrane roof, while it gives the values
only for a few specific cases [14]. Nevertheless, the membrane effect in the case of the
studied roof, connecting between the cables, should increase the damping value with
respect to other cases, such as suspension bridges or conventional steel structure, making
it reasonable to assume a relatively higher value, which eventually has an impact on the
dynamics of the tensile structure.

Various accurate considerations were taken into account for the realization of the
connection between the model elements. Moreover, the choice of the material either for
the representative cable net or membrane elements was made precisely in order to avoid
mass distribution values that might have a strong impact on the overall dynamic behavior.
Further technical details can be found in [14,15].

Free (ambient) vibration records recorded from the roof surface were used to obtain
the main dynamic characteristics (frequencies + corresponding damping ratio values) of
the system. In this respect, 39 monitoring points were positioned on the external surface of
the roof, where four small accelerometers were alternated between the different positions
following 13 distinguished patterns, as shown in Figure 3a. Each signal registration was
identified by a relatively high sampling frequency (1600 Hz) and duration equal to 300 s.
Figure 3b captures a 20 s window during a regular time history registration. Finally, it
should be mentioned that due to the noticeably low weight of the roof structure and in
order to not affect its response due to significant additional weight (e.g., accelerometer),
the sensor type that was chosen and adopted in the experimental test is accelerometer
model 352A24 PCB PIEZOTRONICS (extremely lightweight 0.8 g, and high sensitivity
100 mV/m/s2, 1 to 8 kHz), which was attached to the roof in a careful way in order not
deform the sensitive surface of the roof (using some tiny magnets and a tape). All time
histories were analyzed through a probabilistic approach to investigate the uncertainties
affecting the dynamic proprieties estimation [36,37].

Figure 3. Test setup (a) and a typical signal (b).
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3. Singular Value Decomposition Analyses

This study was focused on a square plan roof with a hyperbolic, parabolic shape roof.
Referring to Figure 2a, at the model scale, f1 was equal to 13.3 mm, f2 was equal to 26.6 mm,
L1 and L2 were equal to 400 mm, H1 was equal to 66.7 mm and H2 was equal to 106.6 mm.

In linear algebra, the Singular Value Decomposition (SVD) of a matrix is a factorization
of that matrix into three matrices. This value has some interesting algebraic properties and
conveys important geometrical and theoretical insights about linear transformations. It also
has some important applications in data science [24–31]. Singular value decomposition
takes a rectangular matrix of gene expression data (defined as A, where A is an n × p matrix)
in which the n rows represent the genes, and the p columns represent the experimental
conditions. The SVD theorem states:

Anxp = Unxn × Snxp × VT
pxp (3)

where the Unxn columns are the left singular vectors (gene coefficient vectors); Snxp (the
same dimensions as A) has singular values and is diagonal (mode amplitudes); and VT

pxp
has rows that are the right singular vectors (expression level vectors). The SVD represents
an expansion of the original data in a coordinate system where the covariance matrix is
diagonal. Calculating the SVD consists of finding the eigenvalues and eigenvectors of
Anxp × AT

nxp and AT
nxp × Anxp. The eigenvectors of AT

nxp × Anxp make up the columns of
Vpxp, the eigenvectors of Anxp × AT

nxp make up the columns of Unxp. The singular values in
Snxp are also square roots of eigenvalues from Anxp × AT

nxp or AT
nxp × Anxp. The singular

values are the diagonal entries of the Snxp matrix and are arranged in descending order.
The singular values are always real numbers. If matrix Anxp is a real matrix, then Unxn and
Vpxp are also real.

The singular value decomposition was applied to all 49 signals acquired by ambient
vibration tests, and the trend of the singular values is shown in Figure 4. Singular value
matrix S was calculated, varying the number of modes, and it was observed that the trend
was very similar for the first five modes. It means that the dynamics of the first five modes
are robustly defined by tests using only a few sensors. On the contrary, in order to capture
six or more modes, several sensors are necessary, and they should be located close to the
roof borders.

Figure 4. Singular values, S, variation depending on the number of modes: overview (a), zoom view (b).

Figures 5 and 6 show a comparison between six modes estimated by SVD (i.e., eigen-
vectors plot) and structural modes (i.e., test model scale) estimated by FFD.
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Figure 5. Eigenvectors by SVD: #1 (a), #2 (b), #3 (c), #4 (d), #5 (e) and #6 (f).
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Figure 6. Structural modes by FFD: #1 (a), #2 (b), #3 (c), #4 (d), #5 (e) and #6 (f).



Appl. Sci. 2023, 13, 4135 9 of 13

It was observed that, even if some peaks are similar (for example, for mode #2,
Figures 5b and 6b), the global representation of modes is different. Overall, the difference
between plots by FFD and SVD is significant, highlighting that the two methods should be
carefully integrated. However, several considerations should be taken into account. All
plots show that, in general, peaks are located around the center of the roof. Modes are
mostly asymmetric, and valleys and bumps are antipolar over the roof center. This trend
confirms the deformed modal shapes given by [8] and is estimated by modal analyses
performed through the FEM model of cable net roofs.

4. The Spatial Correlation of Free Ambient Vibration Accelerations

Aeroelastic effects such as the large displacement field wind–structure interaction
may become relevant depending on factors such as the dimensions and characteristics of
the structure, as well as its flexibility. Thus, as detailed in the literature [38,39], additional
nonlinear numerical analyses and ad hoc wind tunnel testing might be necessary.

In the field of dynamic identification, the correlation of the acceleration time-history
records between the variant monitoring points of the roof can be a significant parameter to
check the correct sensor position. Risky (i.e., unsafe) or unnecessary (i.e., redundant) design
considerations of the different structural members might result from some mistakes in the
evaluation process depending on their area of influence. Thus, a correlation coefficient of the
ambient records time history registrations between two points (one reference point P0 and
another varying one P) on the roof can be defined according to the scientific literature as:

r(P, P0) =
cov(P, P0)

σPσP0

(4)

where σP0 and σP are the time-history standard deviation of the two aforementioned points
P0 and P, while cov(P, P0) is their covariance, which can be evaluated as:

cov(P, P0) = E
{[

cp(P)− E
(
cp(P)

)][
cp(P0)− E

(
cp(P0)

)]}
(5)

in which the expected value is represented by E.
Figure 7 illustrates the correlation coefficient for the same significant signals. In

particular, all plots reported in Figure 7 show the correlation coefficient estimated between
signal #i at position #1 and all sensors located on the roof. This plot establishes the
correlation between signal #i and all acquired signals on the roof. A value equal to 1 means
perfect correlation (i.e., a signal with itself), and values smaller than 0. 2 mean poor
correlation. Results show that each signal is minimally correlated with others. Each signal
is acceptably correlated only with a signal acquired very close to it. This trend suggests an
independent vibration of each sensor position and, as a consequence, an agreement with
the presence of several local modes of structural vibration.

Finally, Figure 7 also shows that the best correlation between two different sensor posi-
tions occurs between positions along the y direction, which corresponds to the downward
cables’ alignment. This trend was observed both close to the border (Figure 7b) and in the
central roof area (Figure 7c). It underlines that the structural vibration along downward
cables is more correlated than along upward cables. For these reasons, a lower number of
sensors along downward cables (i.e., y direction, Figure 7) as well as a relatively larger one
along upward cable (i.e., x direction, Figure 7) can be used during the measurements.
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Figure 7. Correlation coefficients of the sensor #i vs. all: #37 (a), #28 (b), #29 (c), #20 (d), #22 (e) and
#49 (f) (Rif. Figure 2a).
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5. Conclusions

The structural modes of an aeroelastic test model of a cable net and membrane roof
with a hyperbolic paraboloid shape and a square plan shape were estimated by the Singu-
lar Value Decomposition (SVD) and the Frequency Domain Decomposition (FFD). Both
SVD and FFD approaches were applied to signals acquired through ambient vibration
measurements. The Eigen Values trend was plotted to estimate the variability between
considering only a few or several modes. It was observed that the S matrix for the first
five modes is very similar, using the contribution of only seven or all signals. It means that
the first five modes are robustly estimated by the test setup. The comparison between the
eigenvectors plot and results given by the FFD method has shown that some peaks are
similar close to the roof border, but overall, the global trend is quite different. This suggests
integrating this approach to predict the test model modal deformed shapes. The double
investigation through FFD and SVD gives significant knowledge of the structural dynamics:
after the mode analyses by FFD, the SVD method provides the modes’ significance to select
them efficiently.

The correlation coefficients between signals were calculated to evaluate the suitability
of the sensors’ position. It was observed that signals along downward cables are more
correlated than signals along upward cables; therefore, it can be recommended to use a
lower number of sensors along downward cables than along upward cables in future tests.
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