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Abstract: In this study, the influence of loading modes on the fatigue limit estimation of low-to-
medium-carbon steels was modeled in terms of the rate process theory proposed by Guennec et al.
The axial loading model established in terms of the rate process theory has been shown to be effective
for axial loading fatigue, but its applicability to rotating bending fatigue is uncertain. Therefore, low-
and medium-carbon steels were tested for rotating bending fatigue, and the fatigue limits obtained
were compared with those estimated by the axial loading model established in terms of the rate
process theory. However, since the model could not be applied, we propose a new model in which
the material parameters of an estimation equation established in terms of the rate process theory
are expressed based on Vickers hardness, which was introduced to improve the usability of the
model. It was found that there was a discrepancy between the axial load fatigue limit and the rotating
bending fatigue limit due to the effect of the loading mode. To solve this discrepancy, the stress
index was introduced into the model. The proposed model provides a method for estimating the
frequency-dependent fatigue limits for different loading modes.

Keywords: fatigue limit estimation; rotating bending fatigue; Vickers hardness; S-N curves; rate
process theory

1. Introduction

To realize the fatigue limit design of mechanical structures, it is necessary to clearly
understand the fatigue limit of materials through conducting fatigue tests. However, to
accurately evaluate the fatigue limit, a large number of fatigue specimens and test cycles
are required, and the process is costly and time-consuming.

In general, the fatigue properties of materials are strongly correlated with tensile
strength and hardness [1]. Especially in the context of steel materials, it is empirically known
that there is a strong correlation between fatigue limit and tensile strength or hardness [2–4].
Murakami et al. [5] considered the effects of micro-surface defects, micro-surface crack
shape and size, and Vickers hardness on the rotating bending and tensile-compressive
fatigue limit and proposed an estimation formula by the square root

√
area of the projected

area of the surface defect in the direction of maximum principal stress. Furthermore, it is
known that fatigue limits are related to grain size in low-strength steels [1,6]. These studies
on estimating fatigue limits were primarily conducted utilizing the ordinary fatigue test
procedure, with servo-hydraulic or electric motors serving as the driving force, up to a
loading frequency of approximately 100 Hz.

Since the late 1990s, the fatigue fracture of metallic materials in the long-life region
where the number of stress cycles exceeds 107 times has been reported, and the ultra-
high cycle fatigue properties of metallic materials have attracted attention [7]. However,
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it takes a long time to conduct fatigue tests up to the ultra-high cycle region at normal
loading frequency. From the viewpoint of reducing the test time, ultrasonic fatigue tests
using ultrasonic technology have been conducted, and many studies have been conducted
in recent years [8–16]. Nevertheless, it has been pointed out that the fatigue properties
of some metallic materials are affected by the loading frequency [9,14]. In the 2000s,
Papakyriacou et al. [11] reported that the fatigue limit of body-centered cubic pure tanta-
lum in ultrasonic fatigue tests was much higher than that in conventional servo-hydraulic
tests. Guennec et al. [10,17], Bech [16], and Torabian et al. [18] conducted fatigue tests at
various loading rates to clarify the effect of the loading rate on the fatigue properties. As a
result, it was found that the fatigue properties of low-carbon steel are significantly affected
by the loading frequency.

Against this backdrop, Bennet [19] investigated the relationship between fatigue
limit and loading frequency from a reaction kinetics perspective. They proposed an an-
alytical model based on the strain dependence of yield strength, which can accurately
explain the trend of experimental results with different loading frequencies. Toyosada
et al. [20] proposed a constitutive equation for mild steel that accounts for the effects of
strain rate and temperature. Tagawa et al. [21] developed a theoretical interpretation of
the relation between the strain rate and yield strength in low-to-medium-strength steels.
Guennec et al. [22] proposed a physical model of the loading frequency dependence of the
fatigue limit of low-carbon steel based on the dislocation motion under cyclic loading. They
reported that the fatigue limit of low- and medium-carbon steels, dependent on loading
frequency, can be estimated by grouping data by axial-loading fatigue levels based on
carbon content. In this study, rotating bending fatigue tests were conducted on low- and
medium-carbon steels, and the estimation of the rotating bending fatigue limit in terms of
the rate process theory proposed by Guennec et al. was attempted using a model [23]. As
described above, the loading-frequency dependence of the fatigue limit of carbon steels
with ferrite microstructures has been studied mainly for the axial-loading fatigue limit,
which can be tested up to a high-frequency band. However, no studies have been conducted
on the estimation of the loading-frequency-dependent fatigue limit of the rotating bending
fatigue limit, which can be tested in a frequency band of about 100 Hz.

This study presents a strategy to extend the scope of the aforementioned model’s
application not only to axial-loading fatigue but also to rotating bending fatigue. Therefore,
this paper is organized into five main sections. Section 1 describes the issues with the
current methods of fatigue limit estimation that form the background of this study and the
need for methods of fatigue limit estimation that consider the effect of loading frequency.
Section 2 describes the method of performing rotating bending fatigue tests on low- and
medium-carbon steels for machine structural purposes. Section 3 presents the results of
rotating bending fatigue tests on low- and medium-carbon steels for machine-structural
purposes. Section 4 compares the results of the rotating bending fatigue tests, which were
conducted using the axial-loading model, in terms of the rate process theory presented by
Guennec et al. in order to analyze the effect of the frequency component of the fatigue test
results. Section 5 details the model extension procedure and contains an evaluation of the
model’s effectiveness.

2. Rotating Bending Fatigue Test
2.1. Materials

The specimens were rolled round bars of JIS S10C, JIS S25C, JIS S35C, and JIS S45C,
and their chemical compositions are shown in Table 1. JIS S10C and JIS S25C were annealed
at 600 ◦C for one hour, while JIS S35C and JIS S45C were used as received.

The hardness of each specimen was measured from the surface of the specimen in the
depth direction using a Vickers hardness tester. Hardness measurements were obtained
in 100 µm increments in the central direction from a position 100 µm from the top surface
of the specimen’s cross section. As the hardness distribution of the specimens was not
uniform, the Vickers hardness was determined as the average of five points from the
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specimen surface to 500 µm. As a result, Vickers hardness values of 115 HV, 150 HV, 177 HV,
and 247 HV were determined for JIS S10C, JIS S25C, JIS S35C, and JIS S45C, respectively.

Table 1. Chemical composition of each specimen (mass%).

C Si Mn P S Ni Cu Cr

JIS S10C 0.10 0.23 0.40 0.018 0.008 0.02 0.01 0.02
JIS S25C 0.25 0.19 0.41 0.021 0.019 0.06 0.10 0.12
JIS S35C 0.35 0.26 0.67 0.016 0.007 0.04 0.05 0.10
JIS S45C 0.45 0.20 0.72 0.015 0.014 0.01 0.01 0.16

2.2. Specimens

The shape and dimensions of a rotating bending fatigue test specimen are shown
in Figure 1. A commercial round bar 13 mm in diameter was used and turned into an
hourglass shape with a grip diameter of 10 mm, a tip diameter of 4 mm, and a radius of
curvature of 10 mm. The surface was then polished with #800, #1200, and #2000 emery
paper to remove the turning marks on the tip surface and buffed with 3 µm abrasive
alumina to finish the surface. The elastic stress concentration factor in rotating bending
fatigue is Kt = 1.055.
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Figure 1. Configuration of the fatigue specimen.

2.3. Fatigue Testing Conditions

Rotating bending tests were performed using a dual-spindle rotating bending fatigue
testing machine [24]. The fatigue testing machine consisted of an induction motor that
transmitted power via a flat belt and rotated two spindles. Specimens were mounted on
both ends of each spindle, and a dead-weight load was applied to them via a bearing
situated at the tip. The maximum principal stress, σ, was set by a dead weight, W. The
following equation was used to set a dead weight, W.

W =
σπd3

32gKtl
(1)

where d is the tip diameter of the specimen, g is the acceleration of gravity, Kt is the elastic
stress concentration factor, and l is the distance from the center of the specimen to the
weight-loaded area. A photo sensor continuously detected the spindle rotations while the
repetitions were counted. Once the specimen fractured, the device triggered a microswitch
that halted the timer and presented the specimen’s fracture life.

This fatigue testing machine can change the loading frequency by using an inverter
in the induction motor driving unit. The minimum and maximum frequencies within the
testable frequency range were tested. In this fatigue test, the loading frequency was set to
7 Hz and 70 Hz, and the fatigue tests were conducted as shown in Table 2. The fatigue tests
were performed until failure or up to a limiting lifetime of 2 × 107 load cycles. The tests
were performed in the air at room temperature.
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Table 2. List of the loading frequencies for each specimen.

Loading Frequency f, Hz

7 70

JIS S10C - Conduct
JIS S25C - Conduct
JIS S35C Conduct Conduct
JIS S45C Conduct Conduct

3. Fatigue Test Results

Figure 2a–d show the S-N diagrams obtained from the rotating bending fatigue tests in-
volving JIS S10C, JIS S25C, JIS S35C, and JIS S45C, respectively, wherein the bilinear curves,
represented by solid lines, were determined via a standard JSMS regression method [25].
The vertical axis, σa, is the stress amplitude, and the horizontal axis, Nf, is the number of
cycles to failure. Figure 2 shows that the fatigue limit increases with increasing carbon
content. The calculated fatigue limits are shown in Table 3. According to results reported
in [26], the rotating bending fatigue limits of JIS S10C when annealed in a furnace at about
900 ◦C, and the limits of JIS S25C when annealed in a furnace at about 850 ◦C, are 135 to
245 MPa and 185 to 295 MPa, respectively. These fatigue test results are within a reasonable
range. However, as reported in [26], the rotating bending fatigue limits of JIS S35C when
annealed in a furnace at about 830 ◦C, as well as JIS S45C when annealed in a furnace at
about 810 ◦C, are 195 to 295 MPa and 205 to 305 MPa, respectively. Although the heat
treatment temperatures for JIS S10C and JIS S25C were different from those in the literature,
the results were equivalent to the values described in the literature because the specimens
were annealed. However, for JIS S35C and JIS S45C, hot-rolled bars were used as supplied.
In general, annealing removes residual stresses and the hardening generated in the ma-
terial during the material working process, resulting in lower fatigue limit values. The
fatigue limit of JIS S45C is higher than that of materials with similar carbon content. This is
considered to be due to the increase in static strength resulting from the presence of 0.5% or
more of solid solution Mn [27,28].
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Table 3. List of rotating bending fatigue limits for each specimen.

Loading Frequency f, Hz Fatigue Limit σw, MPa

JIS S10C 70 235
JIS S25C 70 265
JIS S35C 7 285

70 295
JIS S45C 7 395

70 415

When comparing the fatigue test results of medium-carbon steel at 7 Hz and 70 Hz,
the results for both JIS S35C and JIS S45C showed an increase in the fatigue limit of about
3–5%. In a study by Nishihara et al. [29], four low- and medium-carbon steels were tested
in a rotating bending fatigue test at different loading frequencies ranging from 50 rpm
(0.8 Hz) to 15,000 rpm (250 Hz), and the fatigue limit was reported to increase by about
7% at 0.4%C. Our fatigue test results are consistent with the results obtained by Nishihara
et al. [29]. However, the fatigue limit is deemed to fall within the S-N curve’s variation
range, and it cannot be said that the fatigue limit’s dependence on loading frequency has
been observed.

For carbon steel, a model for estimating the fatigue limit in rotating bending based on
hardness in the range of Vickers hardness Hv below 400 HV was proposed by Garwood [3]:

σw = 1.6Hv ± 0.1Hv (2)

where the unit for the fatigue limit σw is MPa. Figure 3 shows a comparison between
Equation (2) and the fatigue test results. From the figure, the fatigue limit of each material
was plotted to be higher than the estimated line of sight. It was confirmed that the fatigue
test results were the same as those obtained using the conventional estimation method.
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4. Comparison of Fatigue Limits with Proposed Model Estimation

Guennec et al. [22,23] proposed an estimation equation based on the rate process
theory for the thermal activation of dislocations because ferritic/pearlitic steels are BCC
lattice materials, and the strain-rate dependence is high. The proposed equations are shown
in Equations (3) and (4).

E = α0exp

 β0

T0ln
(

f0
f

)
 (3)

f0 =

.
ε0

2∆εE
(4)
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where α0 and β0 are the material parameters for when the temperature T0 is 293 K, and
f0 is the frequency coefficient linking to the frequency corresponding to

.
ε0, while ∆εE is

the total strain range imposed by the fatigue test at the fatigue limit E. As, in the case of
this study, the materials used were low- and medium-carbon steels with ferrite/pearlite
microstructures, we assumed that ∆εE at the fatigue limit E was the same as that used by
Guennec et al. [22,23], which was ∆εE = 0.002. The frequency coefficient

.
ε0 was assumed to

be
.
ε0 = 107 s−1 based on the work of Conrad et al. [30] involving pure iron. By substituting

these values into Equation (4), f0 = 2.5× 109s−1 was calculated and applied to Equation (3).
Guennec et al. [16] analyzed the relationship between the fatigue limit and the loading

frequency for low- and medium-carbon steels with ferrite/pearlite microstructures by
grouping them according to carbon content and analyzing material parameters α0 and β0
using the Pareto solution. As a result, the axial-loading model, in which the rate process
theory is considered, was proposed, and the effect of loading frequency on the fatigue limit
was different for each carbon content [23]. Figure 4 shows a plot of the rotating bending
fatigue test results on the analytical model [23]. The solid line in the figure shows the
model proposed by Guennec et al. The model is divided into three groups for each carbon
content. When the rotating bending fatigue test results were classified to correspond to
this model grouping, JIS S10C was compared with the model for the group with carbon
contents between 0.08 and 0.11% (G1 Group), and JIS S35C and JIS S45C were compared
with the model for the group with carbon contents between 0.33 and 0.46% (G3 Group).
Although JIS S25C has no corresponding group in the proposed model, it was compared
with models in the group with carbon contents between 0.12 and 0.22% due to its carbon
content range being similar to that of the 0.12–0.22% group (G2 Group).
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The estimated fatigue limits were calculated for the two loading frequencies of 7 Hz
and 70 Hz used in this fatigue test and compared with the results of rotating bending
fatigue tests at the corresponding loading frequencies. Table 4 shows the comparison
results. The relative error between the estimated fatigue limit E obtained using the model
and the rotating bending fatigue limit σw obtained through the rotating bending fatigue test
was calculated using the formula (σw − E)/E. As shown in the table, the relative error was
more than +20% for all the data. In particular, JIS S35C and JIS S45C, which belong to the
same group, showed a wide range of relative error from 25.3 to 76.3%. This difference can
be attributed to differences in the magnitude of static strength, such as the hardness within
each group. This result suggests that the static strength parameter should be considered in
the model in terms of rate process theory.
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Table 4. Results comparing estimated fatigue limits and fatigue test results.

Group %C
Loading

Frequency
f, Hz

Estimated
Fatigue Limit,

MPa
Material

Fatigue
Limit σw,

MPa
Error, %

G1 0.08–0.01 70 159 JIS S10C 235 47.7
G2 0.12–0.22 70 190 JIS S25C 265 39.5
G3 0.33–0.46 7 226 JIS S35C 285 26.3

JIS S45C 395 75.0
70 235 JIS S35C 295 25.3

JIS S45C 415 76.3

5. Discussion
5.1. Flow of Model Consideration

Factors that influence the fatigue behavior of metallic materials include the strain
rate, microstructure, temperature, and strength. Therefore, we focus on material hardness,
a factor whose influence is not considered in the axial-loading model in terms of rate
process theory [23]. Material hardness is the ability of a material to resist loads from plastic
deformation, and the strength values are determined by the chemical composition and
structural properties. Cyclic softening and hardening are considered to be coupling factors
that change the original strength state of the material and influence the tendency for loading
frequency to have effects [13]. Therefore, material hardness was investigated as the primary
factor. In this chapter, the flowchart shown in Figure 5 is used to validate and derive
the equations.
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First, the relationship between the hardness, loading frequency, and fatigue limit
was investigated, and a model using the hardness parameter was proposed based on the
data for the axial-loading fatigue limit. Next, we checked whether the proposed model
was applicable to the rotating bending fatigue, which is a different loading mode from
axial-loading fatigue. Finally, the effects of different loading modes on the parameters were
clarified, and a new model for estimating the loading-frequency-dependent fatigue limits
for different loading modes was proposed.
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5.2. Studying Model Using Vickers Hardness

The confirmed relationship between carbon content and Vickers hardness in the
data from Guennec et al. [23] was used to investigate factors that influence fatigue limit
other than loading frequency. Figure 6 shows the results. Since Vickers hardness is not
commonly defined in the literature, the following empirical equation was used to evaluate
the relationship between tensile strength σB [MPa] and Vickers hardness.

σB ∼=
1
3
(9.8 × Hv) ∼= 3.27 × Hv (5)

Figure 6 shows that Vickers hardness increases with increasing carbon content, in-
dicating a positive correlation between the two. The least-square method was used for
linear regression, with each plotted point shown by the solid line. The Fe-C phase diagram
demonstrates that carbon steels with ferrite/pearlite microstructures experience an increase
in pearlite volume fraction as ferrite volume fraction decreases. Hirukawa et al. [31] estab-
lished a proportional relationship between tensile strength and pearlite volume fraction
by decomposing tensile strength into strengthening mechanisms based on the Hall–Petch
rule and relating them to microstructural parameters. The Fe-C phase diagram shows
that the volume fraction of pearlite increases as the volume fraction of ferrite decreases in
carbon steels with ferrite/pearlite microstructures. The trend shown in Figure 6 is due to
the increase in the volume fraction of pearlite.
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Figure 6. Relationship between carbon contents and Vickers hardness.

Below, Figure 7 shows the relationship between the axial-loading fatigue limit and
the Vickers hardness. The dotted line in the figure is an empirical relationship equation
between the Vickers hardness Hv and the axial-load fatigue limit σw in a double-ended
tension-compression fatigue test for steel materials with a Vickers hardness Hv of 400 HV
or less, as shown in Equation (6) [4].

σw = 1.47Hv (6)

The fatigue limit data utilized in this study were derived from the work of Guennec
et al. [16]. Based on Figure 7, when the loading frequency is less than 100 Hz, the rela-
tionship between the fatigue limit and Vickers hardness can be described by Equation (6).
However, at frequencies exceeding 100 Hz, the correlation between the axial-load fatigue
limit and Vickers hardness diverges from the conditions of Equation (6). This finding is
significant for materials with Vickers hardness values below 150 HV.

Therefore, a three-dimensional plot was made to evaluate the relationship between
Vickers hardness, loading frequency, and fatigue limit. The results are shown in Figure 8.
All plot points were regressed using a quadratic shape regression surface. The correlation
coefficient, r, displays a strong correlation at 0.944. Figures 7 and 8 show that Vickers
hardness and loading frequency are both factors that affect the fatigue limit.
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Based on Equation (3), the smaller the value of the material parameter β0, the smaller
the effect of the loading frequency on the fatigue limit. The effect of the loading frequency
on the fatigue limit tends to decrease as the Vickers hardness value increases, as shown in
Figure 8. Based on the above, we proposed Equation (7) by reflecting these contents in the
material parameters α0 and β0 in Equation (3).

E = AHvexp

 B/Hv

T0ln
(

f0
f

)
 (7)

where A and B are material parameters. A and B were estimated from axial-loading fatigue
data [23]. E/HV was used for the vertical axis, and exp((1/HV)/T0ln( f0/ f )) was used
for the horizonal axis. Each axis was converted to a logarithmic axis and subjected to
linear regression using the least-square method. The intercept and slope obtained through
linear regression were utilized as the material parameters A and B, which are shown in
Equation (8):

E = 0.908Hvexp

3.68 × 105/Hv

T0ln
(

f0
f

)
 (8)

The correlation coefficient, r, displays a strong correlation at 0.8. The model outcomes
are presented via the three-dimensional diagram shown in Figure 9a.
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For each axial-loading fatigue datum, the relative error of the fatigue limit estimation,
provided by the (σw − E)/E calculation, was subsequently plotted, as shown in Figure 9b.
The percentages of data within ±10% and ±20% of the relative error were 44% and 80%,
respectively. From the above, we have concluded that it is valid to express material
parameters in terms of Vickers hardness.

5.3. Examining the Effects of Different Loading Modes

We examined the differences in values between the axial-loading model established in
terms of the rate process theory [23] put forth by Guennec et al. in Section 4 and the rotating
bending fatigue test results, using various data on the rotating bending fatigue limit, to see
whether the difference was “due to the effect of the difference in static strength” or “due to
the effect of the difference in loading mode”. The axial-loading model established in terms
of the rate process theory [23] was proposed based on the results of fatigue tests under axial
loading fatigue with a stress ratio of R = −1 on carbon steel with a duplex ferritic/pearlitic
microstructure that has not undergone hardening and tempering. Since the number of data
is insufficient for comparison with the fatigue test results in this study, the literature values
were used for comparison with the data under axial-loading fatigue [23]. In comparing the
axial-loading fatigue limit, the literature values were examined based on the following four
conditions, except for the discrepancy caused by the loading mode. However, the loading
frequency was limited to 120 Hz because the mechanism by which the rotating bending
fatigue test is conducted does not allow fatigue tests in the high-frequency band as in the
axial-loading fatigue test.

1. The microstructure of the carbon steel was predominantly duplex ferritic/pearlitic, ex-
cept for strongly quenched steels. Moreover, cases involving ultrafine grain structures
are outside the scope of the proposed model.

2. Fatigue tests were operated in air and at room temperature under rotating bending.
The test environment in which the specimens were subjected to high temperatures
was excluded.

3. The specimen shape inferred a stress concentration factor Kt less than 1.15.
4. The loading frequency of the fatigue test was within a wide range spanning from 1 to

120 Hz.

In accordance with these criteria, a total of 23 fatigue limit data were collected. Details
on the selected data are shown in Table 5 [32–38].
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Table 5. General information on the selected fatigue data.

Data No. %C HV f, Hz σW,Mpa Ref.

1 0.09 115 57 162 [32]
2 0.1 115 70 235 This study
3 0.1 103 18.3 186 [33]
4 0.11 155 57 235 [32]
5 0.12 142 28.3 177 [34]
6 0.13 119 50 205 [35]
7 0.21 135 60 200 [36]
8 0.21 141 50 235 [37]
9 0.25 149 70 265 This study
10 0.27 153 50 273 [38]
11 0.28 143 50 258 [38]
12 0.35 177 7 285 This study
13 0.35 177 70 295 This study
14 0.44 174 50 245 [37]
15 0.45 225 7 395 This study
16 0.45 225 70 415 This study
17 0.46 192 50 308 [38]
16 0.46 261 50 436 [38]
19 0.47 196 50 320 [38]
20 0.47 270 50 421 [38]
21 0.49 199 50 328 [38]
22 0.49 266 50 452 [38]
23 0.54 177 50 255 [38]

The relationship between the axial-loading fatigue limit and the rotating bending
fatigue limit was checked using three-dimensional plots. The results are shown in Figure 10.
All plot points (the axial-loading fatigue limit and the rotating bending fatigue limit) were
regressed using a quadratic shape regression surface. The correlation coefficient, r, displays
a strong correlation at 0.922. It can be expressed by one common surface despite the
different loading modes.
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The relationship between the model and the rotating bending fatigue limit when using
Equation (8) is shown in Figure 11a. For each selected rotating bending fatigue datum,
the relative error of the fatigue limit estimation, provided by the (σw − E)/E calculation,
was then plotted in Figure 11b. The percentages of data within ±10% and ±20% of the
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relative error were 26% and 48%, respectively. In several datasets, the rotating bending
fatigue limit was greater than that of the model based on Equation (8). This is similar to the
tendency of the equation for estimating the fatigue limit from Vickers hardness, which is
empirically known by Equations (2) and (6), for different loading modes. This suggests that
differences in loading modes need to be considered when estimating fatigue limits using
the proposed model.
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5.4. Proposing the Model in Terms of the Rate Process Theory

In terms of rate process theory proposed by Guennec et al. [22,23], the estimation
equation on which our model was based is based on an Arrhenius-type equation. The
material parameters α0 and β0 in the estimation equation in terms of the rate process
theory shown in Equation (3) are considered to contain information on the mode of loading.
Equation (9), which shows the stress dependence of the strain rate during steady-state
creep deformation, is also an Arrhenius-type equation [39].

.
ε =

.
ε0

( σ

G

)n
exp

(
− Ua

RT

)
(9)

where n is the stress index, σ is the loading stress, G is the shear modulus, Ua is the
activation energy, R is the gas constant, and T is the absolute temperature. Equation (9)
was transformed logarithmically into the relationship between applied stress and strain
rate shown in Equation (10):

σ = Gexp(n)exp
(
nUa/

(
RTln

( .
ε/

.
ε0
)))

+ G
( .
ε/

.
ε0
)

(10)

Equation (10) shows that the strain rate at applied stress varies with the stress index
n. Similar to the rate process theory [22,23], Equation (10) relates the loading frequency at
the fatigue limit stress, E, at a room temperature of 293K. By substituting Equation (4) into
Equation (10), we obtained Equation (11):

E = Gexp(n)exp(nUa/(RTln( f / f0))) + G( f / f0) (11)

Comparing Equations (7) and (11), focusing on the relationship between loading
frequency and stress, the material parameters A and B in Equation (7) can be expressed as
A = exp(n) A′ and B = nB′. Substituting these relationships into Equation (7), we obtain
Equation (12):

E = A′exp(n)Hvexp

 B′ n
Hv

T0ln
(

f0
f

)
 (12)
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where A′ and B′ are the material parameters. The stress index n varies depending on the
activation volume [40]. Since the activation volume is known to be subject to change in
axial-loading fatigue tests and rotating bending fatigue tests, the stress index was applied
to the model as a difference in loading mode.

Here, axial-loading fatigue, which can be tested up to a high-frequency band, is
considered as a standard. We calculated the material parameters A′ and B′ in Equation
(11) by assuming that the stress index in the axial-loading fatigue was n = 1. The material
parameters A′ and B′ were estimated from axial-loading fatigue data [9]. E/(exp(n)HV)
was used for the vertical axis, and exp((n/HV)/T0ln( f0/ f )) was used for the horizonal
axis. Each axis was converted to a logarithmic axis and subjected to linear regression using
the least-square method. The intercept and slope obtained through linear regression were
utilized as the material parameters A′ and B′, which are shown in Equation (13):

E = 0.334exp(n)Hvexp

3.68 × 105 × n
Hv

T0ln
(

f0
f

)
 (13)

Based on the fatigue limit estimation equations using the Vickers hardness shown in
Equations (2) and (6), the coefficients used in the estimation depend on the loading mode,
even for the same Vickers hardness. In cases of double-swing tensile and compressive
fatigue, such as axial-loading fatigue, the coefficient value of the loading mode is 1.47 for
Vickers hardness, and in the case of rotating bending fatigue, the coefficient value of the
loading mode is 1.6 for Vickers hardness. If the reference value is double-sided tensile
and compressive fatigue, such as axial-loading fatigue, the coefficient ratio between the
rotating bending fatigue and axial-loading fatigue is 1.6/1.47 ∼= 1.09 . This coefficient ratio
was calculated based on the loading mode, and it indicates that the difference is dependent
on the loading mode. Therefore, this difference was considered as a value that represents
the effect of loading style on the stress index.

Figure 12a compares the model with the stress index in rotating bending fatigue with
a three-dimensional plot of the rotary interlock fatigue limit. The following equation was
used for the model, along with a stress exponent n of n = 1.6/1.47 ∼= 1.09 for Equation (14),
which is as follows:

E = 0.334exp(1.09)Hvexp

3.68 × 105 × 1.09
Hv

T0ln
(

f0
f

)
 (14)
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The relative error of the fatigue limit estimation, provided by the (σw − E)/E calcula-
tion, was subsequently plotted, as shown in Figure 11b. The percentages of data within
±10% and ±20% of relative error were 50% and 73%, respectively. Compared to the esti-
mation results obtained without considering the loading mode, these results were judged
to be the result of improved accuracy due to the use of the stress index.

Ishii et al. [41] showed that, in their study, the ratio of rotating bending fatigue to
axial-loading fatigue was almost identical, assuming the effect of the restraint to be 0.9,
because, in the case of rotating bending fatigue, the plastic deformation that occurs only
on the surface is restrained by the internal elastic deformation, and the actual acting stress
is higher than the evaluated stress. The ratio of axial-loading fatigue to rotating bending
fatigue is 1/0.9 ∼= 1.11 , which is close to the ratio of 1.09 estimated by the equation using
Vickers hardness Hv for axial-loading fatigue and rotating bending fatigue. It is thought
that the effect of the loading frequency on the fatigue limit of the rotating bending fatigue
is larger than that of the axial loading fatigue because of the plastic deformation of the
surface of the material.

Based on the above, by using the stress index as a loading-mode coefficient, it is
possible to estimate the loading frequency-dependent rotating bending fatigue test limit
based on the results of axial-loading fatigue tests, which can be conducted up to high-
frequency bands.

6. Conclusions

This study presents a new formula for estimating the rotating bending fatigue limit
in terms of Vickers hardness and loading frequency as parameters for low-carbon and
medium-carbon steels. In other words, it became possible to estimate the rotating bending
fatigue limit by transforming the formula for fatigue limit estimation under axial-loading
fatigue that was proposed by Guennec, based on the rate process theory, into a formula
that added material hardness and stress index. The loading frequency and hardness of
carbon steel were found to be important parameters in explaining the fatigue limit of the
material. The main conclusions from this study can be summarized as follows:

1. The fatigue limits were compared with the axial-loading model in terms of the rate
process theory based on carbon content proposed by Guennec et al. and the results of
the rotating bending fatigue test. A significant difference was observed, especially
in the medium-carbon steel group. It was concluded that this result was caused by
differences in static strength such as hardness within the same group.

2. Three-dimensional plots were used to confirm the relationship between loading
frequency, Vickers hardness, and fatigue limit. The results revealed that loading
frequency and Vickers hardness mutually influence the fatigue limit. That is, the
effect of loading frequency on the fatigue limit was greater for materials with smaller
Vickers hardness, and the effect of loading frequency on the fatigue limit was smaller
for materials with larger Vickers hardness.

3. We considered the adoption of the stress index with reference to the basic equation of
creep, which expresses the dependence of stress on the strain rate. We also proposed
a new fatigue-estimation formula that expresses the loading-frequency dependence
of the fatigue limit using the Vickers hardness and stress index.

4. The stress index in the newly proposed fatigue limit estimation formula was used as a
parameter representing the influence of the type of load. It was suggested that the
fatigue limit can be estimated by setting the stress index to n = 1 for axial-loading
fatigue and n = 1.09 for rotating bending fatigue.
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