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Featured Application: A beam-expanding method that can achieve uniform proton beams for
FLASH therapy is provided.

Abstract: FLASH proton therapy is widely considered in many labs. However, achieving a dose rate
sufficient for FLASH is challenging, especially when using the scanning method. A beam uniformiza-
tion process using a nonlinear magnet is employed to reduce the scanning time, supplemented by
multi-energy extraction to enhance the dose rate. The impact of octupole fields, multipole field
components, and step field on the transport line are tested. The nonlinear effect of the magnetic fields
on the transverse motion of the particle beam is used to establish a uniform dose distribution at the
target. Different schemes are investigated and the octupole approach was finally selected.
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1. Introduction

As one of the modern ways to treat cancer, radiation therapy is the cornerstone of
curative and palliative cancer treatment [1]. Modern research indicates that ultra-high-dose-
rate (>40 Gy/s) irradiation [1,2] leads to a significantly higher survival rate of normal cells
than low dose rates [3], making it clinically advantageous for reducing the side effects of
radiation therapy. This phenomenon reduces radiation-induced toxicity while maintaining
an equivalent tumor response. Therefore, to ensure experimental integrity, for example, to
compare the performance of two medical devices used on the neck, radiation therapy was
used to establish a control group in clinical trials [4]. In order to realize the clinical FLASH
effect, high requirements were put forward in terms of the current-extraction strength of the
accelerator, the beam-conveying hardware and scanning control system, the scanning mode
of the proton beam, and the utilization of the beam after scanning [5,6]. Since 2014, FLASH
therapy has made significant advancements in various in vivo studies [7–9]. Achieving
FLASH therapy has become a focal point in the development of equipment. Ultra-high dose
rates impose stringent requirements on beam modulation, especially for proton therapy.
The “bragg peak” effect leads to better dose distribution of protons in normal tissue. When
proton therapy is used in patients with head and neck cancer, it minimizes the dose of
radiation to important structures around the tumor, thus reducing toxicity and improving
the prognosis of patients with head and neck cancer [10]. However, more beam modulation
is required to conform to the target. Energy changes and beam spot scanning are employed
in longitudinal and transverse directions, respectively. Due to the small initial size of the
beam extracted from accelerators, typical point-scanning treatments for three-dimensional
tumor conformation are time-consuming. Double scattering treatments have a low beam
transmission efficiency, necessitating higher beam-intensity requirements for accelerators.
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Several methods, such as shoot-through, 3D modulators, layer stacking, and scanning by
deflecting cavities, are under development [11].

Proton therapy based on the use of an synchrotron accelerator adopts a third-order
resonance, slow extraction method [12], making it challenging to meet the FLASH dose
rate requirements [1]. In this paper, beam expansion with uniformization is considered an
effective approach. To achieve beam expansion through uniformization, the utilization of
higher-order or specially shaped magnetic fields is needed to modulate beam shape and
density [13,14]. Leveraging the domestically produced proton therapy system, the research
focuses on beam uniformization in the transport line, experimenting with different types of
magnets to expand and homogenize the initially Gaussian-distributed beam. This progress
forms a uniform distribution in a single energy slice and reaches the required dose within
a short time according to the different beam currents. No scanning time is required. By
incorporating multi-energy extraction to enhance the dose rate, the goal of FLASH therapy
can be achieved. Additionally, the integration of a rapid-cycling synchrotron accelerator [15]
can offer more advanced modulation methods and a higher particle number in the same
time scale, reducing the impact of radiation on the environment, lowering the accelerator
performance requirements, and enabling the clinical translation of FLASH therapy.

Unlike the other beam modulation devices, which are mainly located in the nozzle,
the higher-order or specially shaped magnet often sits in the transport line and should
be designed together with the transport line. This scheme of homogenizing nonlinear
magnet elements to ensure uniformization in the transport line is called beam-broadening
homogenization, for which the use of a multipole magnet for beam spot homogenization
was first proposed by Meads [16]. Kashy and Sherrill verified the homogenization effect
of the octupole magnet via numerical calculation for a specific optical path [17]. Later,
they demonstrated that the homogenization of Gaussian beam spots requires odd-order
multipolar fields, such as octupole magnets and dodecapole magnets [18]. Jing-yu Tang
proposed a step-like field magnet (SFM) and studied its uniformization effect [19]. Both
domestically and internationally, schemes for beam transport uniformization include non-
linear magnets with two pairs of octupole magnets and twelve-pole magnets in the ESS
long-pulse target transport line [20], and two pairs of octupole nonlinear magnets in the
CLAPA-II laser accelerator at Peking University [21]. A step-like magnet was designed
for the IFIF-HEBT transport lines [20]. A comparison is made among different non-linear
magnets and combinations to determine the optimal uniformization method.

2. Materials and Methods
2.1. The Physical Principle of Beam Uniformization Using Nonlinear Magnets

A pair of octupole fields, a pair of octupole and dodecapole pole fields, and a pair
of step fields were inserted into transport lines, and their effects on the uniformity of the
beam spot at the target (selected at the end of the transport line) were compared.

2.1.1. Multipole Magnet

According to the Taylor expansion of Cartesian coordinates, the expansion of the
magnetic field in the x and y directions is expressed as follows:

BX = B0(−a1 +
b2y − a2x

r0
+

a3
(
y2 − x2)+ 2b3xy

r2
0

+ . . .) (1)

BY = B0(b1 +
a2y + b2x

r0
+

a3
(
y2 − x2)+ b3

(
x2 − y2)

r2
0

+ . . .) (2)

where an and bn represent the coefficients of the 2nth polar field. n is the number of axes of
symmetry, bn is the positive multipole field, and an is the oblique multipole field. B0 and r0
represent the reference magnetic field and the corresponding reference orbit. Therefore,
each term of the x and y expansions above represents the formula for the magnetic field
strength of the 2n pole, respectively. When n = 4 and n = 6, the magnetic field formula of
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the normalized positive octupole-pole field and dodecapole-pole field is [21,22] listed in
Table 1:

Table 1. The magnetic field strength of the octupole field and dodecapole field in the X and Y directions.

Octupole Field Dodecapole Field

BY = 1
6 G

(
x3 − 3xy2) BY = M

(
x5 + 5y4x − 10y2x3)

Bx = 1
6 G

(
3x2y − y3) Bx = M

(
5yx4 − 10y3x2 + y5)

G =
qB0

pr3
0

b4 M =
qB0

pr5
0

b6

In the formula, G and M represent the focusing constant of the multipole magnet,
indicating the strength of the magnet’s focusing capability.

The initial proton beam density distribution ρ0 at the multipole magnet follows the
Gaussian distribution formula:

ρ0 = N/
(√

2πσ0

)
× exp

[
−x2

0/
(

2σ2
0

)]
(3)

where σ0 represents the RMS radius of the beam envelope and x0 represents the particle
coordinates. The formula for the uniformized density at the target ρt is given by ρt = N/2rt,
where 2rt is the beam spot width.

The density formula at the target under the function of a multipole magnet is [23]:

ρt = ρ0

(
dxt

dx0

)−1
= ρ0/

[√
βt

β0
cosφ −

√
β0βtsinφ∑∞

n=3
K2n

(n − 2)!
xn−2

0

]
(4)

where K2n represents the focusing constant of the multipole magnet and φ is the phase
advance between the multipole magnet and the target. β0 and βt are the beta function at
the multipole magnet and the target. Substituting these into Equation (4) can obtain [23]:

K2n−1 = 0

K2n = (−1)n/2(n−2)!

( n
2 −1)!(2εβ0)

n
2 −1β0tanφ

(n = 4, 6, 8 . . .)

2rt =
√

2πεβt
∣∣cosφ

∣∣ (5)

Through analysis, it was determined that for n = 4, 6, 8, . . ., corresponding to odd-order
nonlinear terms in the respective magnets, a uniformized beam distribution can be achieved.
According to formula (5), the beam spot width is unrelated to the strength of the nonlinear
magnet but depends on the phase advance in other linear elements during propagation
and the amplitude function at the target. To achieve uniformization, the strength of the
multipole nonlinear magnet used is inversely proportional to the β function before entering
the multipole magnet.

The primary principle of uniformization using a nonlinear magnet is shown in Figure 1.
First, the two bow sections with low particle density in the normalized phase diagram
were translated up and down by a small phase difference, and then the bow section was
rotated through the drift space or the lateral phase shift of the focusing element, so that the
projection of its x coordinate was overlapped within the uncut part, thus achieving beam
uniformization.

To achieve uniformization in both the x and y directions, at least two pairs of nonlinear
magnetic fields are required to act separately in each direction. To minimize coupling
effects, it is essential to “flatten” the beam before the nonlinear magnets. The resulting beam
envelope, when inserting a nonlinear magnet into this transport line segment, is depicted in
Figure 4 (1). The magnetic field gradient of the two pairs of octupole magnets is 2978 T/m3

to −1910 T/m3, while the gradients for the octupole and dodecapole magnet components
are 2978 T/m3 to −150,000 T/m5 and −1910 T/m3 to −1,370,000 T/m5, respectively.
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From Figure 2, it is evident that the dodecapole component can eliminate the “peak” 
effect caused by the octupole magnet, resulting in a flatter beam and an increased uniform 
region. This is attributed to the addition of higher-order magnetic field components, 
which increase the steepness of the beam spot, compensating for the effects produced by 
the lower-order components. Figure 3 is the cross-section view of multipole magnet. 

 
Figure 2. Compares the impact on particle distribution at the target when incorporating dodecapole 
magnet components. The left side depicts the octupole component with a gradient of 2978 T/m3, 
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−150,000 T/m5, respectively. 

 
Figure 3. Cross-section view of multipole magnet. Each pole contains a pole head and a winding 
coil, and the magnetic field within the circle is affected by the current of the coil and the material 
properties of the pole head. 

Figure 1. Variation principle of beam uniformization of step field in X-X’ phase space, from left to
right, is the image of the phase space before, when and after the nonlinear magnet.

From Figure 2, it is evident that the dodecapole component can eliminate the “peak”
effect caused by the octupole magnet, resulting in a flatter beam and an increased uniform
region. This is attributed to the addition of higher-order magnetic field components, which
increase the steepness of the beam spot, compensating for the effects produced by the
lower-order components. Figure 3 is the cross-section view of multipole magnet.
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Figure 2. Compares the impact on particle distribution at the target when incorporating dodecapole
magnet components. The left side depicts the octupole component with a gradient of 2978 T/m3,
while the right side shows the octupole and dodecapole gradient components at 2978 T/m3 and
−150,000 T/m5, respectively.
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Figure 3. Cross-section view of multipole magnet. Each pole contains a pole head and a winding
coil, and the magnetic field within the circle is affected by the current of the coil and the material
properties of the pole head.

2.1.2. Step-like Magnet

The principle of a step-like magnet is similar to that of a multipole magnet, and they
can both be called nonlinear magnets. From the images generated in Figure 4 for the
step-like field and the field produced by multiple poles, it is evident that their magnetic
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fields are significantly higher at the transverse edges, generating a field much larger than
the central field uniformization.
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The fitting curve of the step-like magnet is [19,24]:

B(x) =
Fs/L

1 + eb(x0−x)
(6)

The fitting curve in the other direction can be approximated by calculation as:

BY(X, Y) = BX(1 −
BX
B0

)y (7)

The magnetic field strength of the step field, denoted as B0, is defined as B0 = Fs/L,
where Fs represents the step field strength, L is the step width, b represents the step
steepness, and x0 denotes the position of the step’s rise or fall [19]. Figure 4 shows the
difference between the magnetic field map of the step-like field and octupole field.

Referring to Formula (5), with certain adjustments, the density between the peaks
is enhanced, while the peaks at the edges of the beam spot are diminished. The design
parameters of the two pairs of step-like magnets are shown in Table 2 [20,25]:

Table 2. The design parameters of step-like magnet field.

B (T) L (m) Step Location (mm) b (1/mm) Gap (mm)

SFMX1-1 0.84 0.2 10 0.22 100
SFMX1-2 0.84 0.2 50 0.22 100
SFMY2-1 0.2 0.2 10 0.22 100
SFMY2-2 0.2 0.2 60 0.22 100

The schematic figure of the step-like magnet designed by OPERA 2021 modeling
software is shown in the Figure 5; a step-like magnetic field can be achieved by a magnet
with a nested structure of two pairs of yokes and two pairs of coils. The flat-top field is
used to fold transverse particles at the magnet into the beam core at the target. The outer
yoke and coil are also called the main core and main coil, while the inner yoke and coil are
called the auxiliary core and coil.
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3. The Physical Principle of Beam Uniformization Using Nonlinear Magnet

The main function of the transport line shown in Figure 6 is to adjust the envelope
and spot size of the proton beam, match the transverse and longitudinal phase spaces, and
deliver the beam to the corresponding treatment room [26]. The extraction proton beam
from a medical synchrotron has an energy range between 70 MeV and 235 MeV, with an
emittance ranging from 1 to 10 π·mm·mrad [26]. The divergence angle, energy spread,
and beam radius are crucial factors in determining the characteristics and behavior of the
beam as it progresses through the transport line and interacts with the treatment room
components. The specified number of particles indicates the scale at which the simulation
or modeling is conducted, allowing for a detailed analysis of the proton beam dynamics.
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Figure 6. (a) The initial distribution of a proton beam with an energy of 233 Mev is used as an example
to set by the following parameters, proton energy: 233 MeV, emittance: 1.0000 π·mm·mrad, initial
divergence angle: 1.74◦, energy spread: ±0.2%, initial beam radius: 10 mm. Number of particles:
100,000, from left to right, the figure represents horizontal and vertical phase spaces and horizontal
cross sections of particles, respectively. (b) Transport line layout; (c) corresponding beam envelope.

The transport line is primarily composed of two dipole magnets with a bending angle
of 30◦ and a curvature radius of 1500 mm, offset sections, collimators, and ten quadrupole
magnets. Figure 4b shows the envelope figure of the beam. σ0 is the RMS radius of the
beam envelope. According to the formula σ0 =

√
εβ0, the envelope of the beam is related

to the emittance of the initial particle distribution and the linear element in the optical
path. Table 3 lists the design parameters for the dipole and quadrupole magnets, where the
magnetic field gradient represents the setting parameters of the quadrupole magnet and
the radius curvature of the central trajectory represents the dipole magnet. M1 and M2 in
Figure 6 represent the insertion positions of two pairs of nonlinear magnets.

Among them, DIP represents a dipole magnet; according to the design needs, the
curvature of the two bipolar irons is 1500 mm and the bending angle is 30◦. QP stands for
quadrupole magnet. The radius, length, and magnetic field gradient of the quadrupole
magnet and the length of drifts are mainly determined by the size of the envelope when
the beam passes through the first and second nonlinear magnets and the β value of the
horizontal and vertical amplitude functions; the modulation parameters were realized
using TRANSPORT 1998 software [27].

As shown in Figure 7, the data input into the transport software mainly consists of the
design parameters of the initial particle bundle (including the design of TWISS parameters)
and the LATTICE structure design parameters of each element (including the length of
the element L, focusing constant K1). The TWISS parameters at the nonlinear magnets
are modified using the “FIT” command, and the modified results were imported into the
TraceWin 2021 [28] beam dynamics software to convert the corresponding gradient value
(G), and the aperture size (R) in the corresponding LATTICE was modified according to the
envelope size, and the optimal solution are obtained through repeated optimization.
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Table 3. The design parameters for dipole magnets and quadrupole magnets in the transport line.

Element Length (mm) Radius (mm) Magnetic Gradient (T/m)/Radius
Curvature of the Central Trajectory (mm)

QP1 200 36 17.12

QP2 200 36 −16.3

DIP1 200 20 1500

QP3 200 36 24.2

QP4 200 60 −24.75

DIP2 200 20 1500

QP5 200 80 −12.98

QP6 200 80 13.4

QP7 200 80 5.92

QP8 300 90 −18.85

QP9 300 90 25.8

QP10 400 90 −28.07
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When the particle beam passes through the aforementioned nonlinear magnets, the
action of nonlinear forces results in the distortion of the external region while leaving the
transverse spatial region unaffected [28]. Consequently, the beam envelope trajectory of
the beam remains unchanged. The phase space distortion at the nonlinear magnet induces
rotation in the subsequent matrix transport process, effectively moving edge particles
towards the center of the beam. Notably, for optimal beam uniformization, specific designs
are required for the placement of nonlinear magnets. These designs can be categorized
into two aspects: horizontal and vertical requirements. Firstly, to minimize beam coupling
in the horizontal and vertical directions, the beam cross-section at the nonlinear magnet
should be “flattened”. This means that the horizontal size-to-vertical size ratio of the beam
should be greater than 4 [21]. This ensures that coupling effects between the two directions
do not adversely affect uniformization. The mentioned transverse size ratio refers to the
ratio of the maximum beam width in the x-direction to that in the y-direction. At the first
nonlinear magnet, this ratio is defined as the maximum value in the x-direction divided
by the maximum value in the y-direction. At the second nonlinear magnet, it is defined as
the maximum value in the y-direction divided by the maximum value in the x-direction.
Secondly, the position of the nonlinear magnet should have a phase shift with the target
position as close to π or 2π as possible. This is necessary to achieve specific rotation angles
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in phase space, allowing distorted edge particles to overlay in the central region of the
beam, thereby improving the uniformity of particle distribution [23]. The action of the
quadrupole magnet before the first nonlinear magnet is to adjust the ratio of the β functions
in the x and y directions, making the βx value larger and the βy value smaller. This ensures
a suitable ratio at the nonlinear magnet, as shown in Figure 8, with the ratio at the first
nonlinear magnet in the case being βx/βy = 66/3. Similarly, after passing through the first
nonlinear magnet, the beam undergoes magnetic focusing through the FODO structure [29],
increasing the βy value and decreasing the βx value. In this case, the ratio at the second
nonlinear magnet is βy/βx = 70/0.12. Due to a significant increase in the horizontal εrms
after the first nonlinear magnet, lowering the βx value is necessary to match the transverse
size ratio of the beam at the second nonlinear magnet.
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Figure 8. Shows the transverse beam profiles at the locations of Nonlinear Magnet Group 1 (left) and
Nonlinear Magnet Group 2 (right). At these two positions, the transverse size ratios are respectively
approximated 4.8 and 5.5.

After passing through the second nonlinear magnet, the beam undergoes vertical
compression and horizontal expansion using three quadrupole magnets. This process
ensures that, at the exit of the final quadrupole magnet, the horizontal and vertical beta
functions are maintained, and εrms remains consistent. Subsequently, a long drift section
is employed to enlarge the beam spot. According to Formula (5), the width of the beam
spot, denoted as 2rt, is dependent on the beta functions at the target location. Therefore,
the length of the drift section can be adjusted to alter the size of the beam spot.

In order to compare the uniformity at the target when different nonlinear magnet
elements are inserted, two pairs of nonlinear magnets were inserted at the same position
(m1 and m2), and the cross-section of the particles was intercepted in the same range.

4. Comparison of Uniformization Results

Without altering the central trajectory of the beam in the aforementioned transport
line, particle cross-sections at the target were selectively intercepted using a collimator with
a radius of 50 mm. The resulting beam spot cross-sections are shown in Figure 9, with
particle loss rates of 0.004%, 0.02%, and 1.4%, respectively. Overall, the results indicate that
the use of nonlinear magnets in the design of the proton therapy device’s transport line
significantly enhances beam uniformity, yielding positive effects for various applications.
To assess the uniformity of the beam spot, in Figure 10, a 20 × 20 grid was applied to a
cross-sectional area of 100 mm × 100 mm, totaling 400 individual grids with each grid
measuring 5 mm × 5 mm. Particle counts within each corresponding grid were then
recorded and analyzed.

From left to right, the figures correspond to the selection of horizontal and vertical
grids from the 5th to the 16th. Specifically, the middle picture selects horizontal grids
ranging from the 5th to the 16th and the vertical grids range from the 3rd to the 17th. The
horizontal grids span from the 4th to the 17th and the vertical grids range from the 6th
to the 16th. The utilization rates for particles are 78.78%, 84.38%, and 82.5%, respectively.
The coordinates of each grid are determined by the indices i, j, where i and j represent the



Appl. Sci. 2024, 14, 2660 10 of 13

horizontal and vertical directions, and the particle count in each grid is denoted as Nij,
i, j = 1 . . . n. The formula for calculating non-uniformity is defined as [30]:

u = ±
n

∑
i,j

∣∣∣Nij − Nij

∣∣∣
Nij

(8)Appl. Sci. 2024, 14, 2660 10 of 13 
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step-like field.

Through calculations, the obtained results for non-uniformity are ±10.09%, ±13.23%,
and ±12.3% for the methods using octupole magnet, multipole magnet components, and
step-like field. The comparison results are shown in Table 4. The results indicate that
the method of using multipole magnet components achieves the highest beam utilization,
while the method using only the octupole magnet yields the best non-uniformity result, but
the difference is very small. Considering the need for flatness in clinical settings to achieve
the FLASH treatment effect, the design with the octupole magnet-only approach is deemed
more optimal.

Due to the impact of beam energy dispersion, the beam spot cross-section generated
by the octupole magnet exhibits an asymmetric distribution, to reduce the non-uniformity
of the beam spot, enhance beam uniformization, and improve the flatness and symmetry
of the beam scanned in the horizontal direction, a sext-pole magnet with the same size
gradient of −8.62/m2 is added after the first octupole magnet in the horizontal direction.
Additionally, the gradient component of the second octupole magnet is optimized and
reduced to −1199/m3. The results at the target location are shown in Figure 11, the same
area as the grid drawn above, with a 20 × 20 grid applied to a cross-sectional area of
100 mm × 100 mm, totaling 400 individual grids with each grid measuring 5 mm × 5 mm.
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Selecting i values from the 7th to the 14th grid and j values from the 6th to the 14th grid,
the particle utilization rate is 99.23%. The calculated non-uniformity result is ±7.5%, the
utilization rate of the particles is improved, and the heterogeneity is reduced, which may
enable the clinical transformation of the FLASH effect [31].

Table 4. The comparison results at the target using different nonlinear magnet elements.

Nonlinear Elements Selected Area (Horizontal
(mm) × Vertical (mm)) Utilization Rates Non-Uniformity

OCTUPOLE 60 × 60 78.84% ±10.09%

MULTIPOLE COMPONENTS 60 × 75 84.38% ±13.23%

STEP-LIKE MAGNET 70 × 55 82.5% ±12.3%
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5. Conclusions

This study focuses on the design of a transport line for the proton beam extracted from
a synchrotron accelerator in a domestic proton therapy device. The designed transport line
is 9.6 m long. Three different types of nonlinear magnets (octupole magnet, a combination
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of octupole and dodecapole magnets (multipole magnet components), step-like magnet)
were inserted at the locations corresponding to the horizontal and vertical “flat beam” of
the beam cross-section. By comparing the unevenness of the cross-sectional distribution
at the target, it was concluded that using octupole magnets maximizes the uniformity of
the beam. To reduce the impact of energy dispersion on the beam uniformity, a sext-pole
magnet was added after the first octupole magnet, improving both the beam uniformity
and utilization efficiency. This may enable increasing the dose rate and achieving the
clinical translation of the FLASH effect. However, the disadvantage is that the design of the
above-mentioned transport lines is relatively simplified, lacking complete simulation, and
subsequent experimental verification is needed. In addition, considering the limitations of
radiation therapy in the treatment of tumors, other effective schemes should be considered
in the actual treatment [32].
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