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Abstract: A model of α-Mg grain growth in an amorphous Mg72Zn28 alloy matrix was developed
together with numerical software. Its application enables tracking the growth process of the α-Mg
phase in an amorphous alloy. The model was based on the diffusion-driven growth of α-Mg in an
amorphous alloy under appropriate boundary conditions at an isothermal annealing temperature
and taking into account the presence of a grain with an initial radius of 1 nm. The numerical model
was based on a mathematical model of heat flow, described by the Fourier–Kirchhoff equation, and
diffusion, described by Fick’s second law. The initial boundary conditions necessary to simulate
grain growth in the amorphous phase were established. The results of the numerical simulation
indicate grain growth with increasing isothermal annealing temperature and increasing isothermal
annealing time.
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1. Introduction

Computer simulations are used to describe various phenomena that occur during the
crystallisation process. The development of knowledge and technology, which has been
progressing for several decades, allows for the continuous improvement of the tools used,
especially at the level of numerical calculations. More and more modern computational
methods are used, which yield more satisfactory results and, more importantly, are very
often consistent with the actual behaviour of the simulated materials [1].

In recent years, numerical models have been used to study nucleation and grain
growth processes during the crystallisation of metallic glasses [2]. Stefanescu [3] pro-
posed a division into macroscopic models (first generation) and micro-/macro-models
(second generation). First-generation models are based on the relationship between the
proportion of the locally solidified phase and temperature. Second-generation models are
characterised by the inclusion of the laws of nucleation and grain growth in the calculations,
which is typical for modelling at the micro-level [4].

The first work related to modelling the nucleation and growth of grains in alloys
with an amorphous structure (called metallic glasses) was carried out by Uhlmann [5]. He
derived equations that combine classical theories of nucleation and growth and those taken
from the Kolmogorov–Johnson–Mehl–Avrami theory. This allowed for the determination
of time–temperature transition diagrams and the prediction of critical cooling rates for
various metallic glasses. Morris [6] modelled crystallisation in the Ni-Si-B system. In this
case, the author combined the thermodynamic model by Thompson and Spaepen [7] with
the previously mentioned Uhlmann model. Gránásy [8], in turn, used the Gibbs free energy
for his model. He calculated the crystallisation kinetics for the Fe40Ni40P14B6 metallic glass
by measuring the difference in specific heat between the liquid and crystalline phases.
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Ge et al. [9] used the Uhlmann and CALPHAD kinetics databases, which allowed for the
prediction of the possibility of obtaining metallic glasses of Cu-Zr and Cu-Zr-Ti.

All the works cited above, as well as others [10–13], assume polymorphic conditions,
which means an equal chemical composition of the particle and matrix phases. Crystalli-
sation then depends on the rate of attachment of atoms at the phase boundary, while
the coupling related to grain growth and transport through diffusion to the grain-matrix
phase boundary is omitted. Suryanarayana et al. [14] and Köster et al. [15] showed that
polymorphic crystallisation is quite rare in metallic glasses.

A model that fully shows the kinetics of the crystallisation of metallic glasses should
describe both the nucleation of crystals and the growth of grains controlled by the diffusion
and dissolution of particles. Such a model should show the phase transition under both
isothermal and non-isothermal conditions. It is possible to design a numerical simulation
model that, using appropriate models of the nucleation and growth division in metallic
glasses, shows the evolution of the crystal size distribution over time.

The modelling of the nucleation, growth, and dissolution of crystals for the amor-
phous Al-Cu-Zr alloy was shown by Ericsson et al. [2]. In this model, the authors used
two theories: the classical nucleation theory and the diffusion-controlled multicomponent
growth developed by Chen [16]. This method was then implemented using the numerical
scheme of Kampmann and Wagner [17], which was designed by Myhr and Grong [18].
In a recent publication, it was noted that the concentration gradient causes the move-
ment of atoms, which are excited by high temperatures, causing a largely diffusive phase
transformation [19,20]. Due to the increase in temperature, secretory reactions occur. If they
are formed from a supersaturated solid solution, three important processes occur [17,21,22]:
nucleation, growth, and thickening. The first two processes are driven by the change in
the free energy of the transformation and end when the equilibrium volume fraction of
the resulting phase is reached. Grain coarsening, on the other hand, is driven only by a
reduction in surface energy and continues until a particle emerges. The presented model
used the works of Kampmann et al. [17,22] and Langer and Schwartz [23], where the
three processes mentioned above were incorporated into the numerical simulation. An
appropriate model (i.e., one that can handle rapid temperature fluctuations) should include
a control volume-based flux balance formulation [24].

The model by Myhr and Grong [18] comprises three important elements: (i) the
nucleation model, which predicts the number of stable nuclei at each computational time
step; (ii) the rate law, which calculates the rate of dissolution or growth for each discrete
particle size class; and (iii) the continuity equation, which records the amount of solute
in precipitates. In the model by Ericsson et al. [2], the model by Myhr and Gong [18]
was coupled with the CALPHAD database of the Al-Cu-Zr system [24], and the following
assumptions were made: (i) spherical shape of grains with a sharp boundary between the
grains and the matrix; (ii) cross-diffusion of elements is neglected, while the diffusion of
alloying elements in the matrix is equal; (iii) nucleation takes place at a fixed rate; (iv) a
local equilibrium corrected by the Gibbs–Thomson effect is maintained at the grain-matrix
boundary; (v) molar volumes of the grain and matrix are assumed to be equal; and (vi) grain
growth is fully controlled by diffusion in the matrix. All these assumptions made it possible
to assess the thermodynamic properties dependent on the phase-transition temperature and
chemical composition of the amorphous glass. In addition, they considered the imperfect
mixing present in all such materials. The numerical model was built based on a comparison
of time–temperature diagrams of the transformation and continuous heating/cooling
transformation. The formation of intermetallic phases was simulated under isothermal and
non-isothermal conditions. The results obtained were consistent with the experimental
data, confirming the correctness of the selected model.

Numerical modelling shows great potential for predicting crystallisation in the case of
amorphous alloys. The great advantage of simulations of this type is their low cost, along
with other advantages including the ability to perform them under almost any condition,
revealing many previously unforeseen defects in the material, or even avoiding unnecessary
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attempts at costly production of a previously designed material. Some amorphous alloys
crystallise after a very long time, and numerical models will now allow for checking many
different properties of them [25].

2. Materials and Experimental Results

First, a mathematical model of grain growth was developed based on the diffusion
model described in the next section. Using this model, several numerical calculations were
performed. The results of these calculations (grain size) were compared with the results
obtained from the experiment. For this purpose, a two-component eutectic alloy Mg72Zn28
was produced by casting in a resistance furnace under the protection of argon as an inert
gas. Both magnesium and zinc were 99.9% pure. Liquid Mg72Zn28 alloy was poured into
the steel mould cavity. In this way, a cylindrical sample with a diameter of 20 mm and
a height of 50 mm was obtained. Then, this sample was rolled to a diameter of 10 mm.
The sample was melted using a melt-spinning device to cast a ribbon with an amorphous
structure. The thickness of the obtained ribbon was 150 µm, and the peripheral speed of
the wheel was 40 m s−1. Both processes, i.e., melting and casting, took place under the
protection of argon as an inert gas. The obtained ribbons were subjected to X-ray diffraction
tests to confirm the amorphous structure. The X-ray diffraction (XRD) results were collected
using a Panalytical Empyrean diffractometer (Almelo, Nederland) equipped with a Cu
Kα X-ray source. The next step was to verify the simulation results with an experiment.
For this purpose, the amorphous ribbons were subjected to isothermal annealing heat
treatment at selected temperatures. Heat treatment was carried out with high-purity argon
using a TA DSC Q20 differential scanning calorimeter (Eschborn, Germany). The rate of
heating the amorphous ribbon to the isothermal annealing temperature was 80 K min−1.
The ribbon was held at an isothermal annealing temperature for 300 s and then cooled to
ambient temperature at a rate of 80 K min−1. Grain size tests were performed using a JEOL
JSM-7600F field emission scanning electron microscope (FE-SEM).

3. Mathematical Model and Calculation Results

The presented model concerns the crystallisation of the two-component amorphous
alloy Mg72Zn28. This study analysed the increase in the primary phase of α-Mg. In this
work, the presented model concerns the analysis of the grain growth rate in the amorphous
phase as a function of the isothermal annealing temperature. Therefore, certain assumptions
are necessary to perform the correct numerical calculations.

The binary Mg72Zn28 alloy faces difficulty in obtaining an amorphous structure. This
is due to the small amount of alloying elements. As widely known, multicomponent alloys,
where the atomic sizes of individual alloy components differ by approximately 20%, have a
better tendency towards glass transition (containing an amorphous structure). Therefore,
attempts were made to select a chemical composition as close as possible to the eutectic one,
as shown in the phase equilibrium system of the Mg-Zn alloy (blue line) in Figure 1. This
chemical composition facilitates the production of an amorphous alloy as a result of the small
range between the liquidus temperature and the solidus. Line number 1 is an extension of the
liquidus line, determined using the formula y = −0.0077x + 5.0323. Line number 2 is an ex-
tension of the solidus line, determined using the formula y = −0.0002x2 + 0.0637x + 24.462.
The red line indicates one of the isothermal temperatures at which numerical calculations
can be performed.

The crystallisation kinetics simulation shows grain growth in the amorphous phase.
Therefore, it is assumed that the seed exists from the very beginning as a ball and grows. The
initial grain radius assumed for the calculations is 1 nm, while the end of the calculations is
determined by the simulation time. The simulation takes place within a fixed domain with
a radius of 200 nm. The scheme used for this calculation model is shown in Figure 2, which
additionally indicates how the zinc (Zn) concentration will change.
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Figure 1. Mg-Zn phase equilibrium system.

Figure 2. Diagram of grain growth and zinc concentration distribution in the grain and the
amorphous phase.

The numerical model used in the simulation used the Fourier–Kirchhoff equation [26],
which is one of the simplest solutions for this type of simulation. It describes the heat flow
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in solidifying casting, but it can also be used for research on amorphous alloys, where the
Fourier–Kirchhoff equation allows for calculating how heat flows in the material. This
is macro-level modelling that ignores more detailed micro-level assumptions. The model
used in this work included certain simplifications (this allowed us to largely simplify the
complexity of the calculations and, consequently, the durations of their execution), such as
the omission of the internal heat source and the assumption of constant thermophysical
parameters. The calculations were performed in a one-dimensional system. The Fourier–
Kirchhoff equation used in this work to calculate the numerical model has the form:

cv ·
∂T
∂τ

+ cv · u · gradT = div(λ · gradT) + qv, (1)

where cv is the volumetric-specific heat (J·m−3· K−1), T is the temperature (K), τ is the time
(s), λ is the thermal conductivity (W·m−1·K−1), u is the velocity vector (m·s−1), and qv is
the solidification-related heat source function (W·m−3).

Numerical calculations were performed on the amorphous Mg72Zn28 alloy, assuming
that the growth control process would be diffusion. The grain, which exists from the
very beginning, has a surface that separates it from the remaining volume in the form of
an amorphous phase. The grain surface changes with the progressive crystallisation of
Mg72Zn28; therefore, this change is described by Fick’s second law [27] related to diffusion.
It takes the following form characterised by a constant value of the diffusion coefficient in a
spherical system:

∂C(l, τ)

∂τ
= D ·

(
∂2C(l, τ)

∂l2 +
2
l

∂C(l, τ)

∂l

)
, (2)

where C denotes the concentration of the element (mass%), l denotes the distance from the
grain centre (m), and D denotes the diffusion coefficient of the element (m2·s−1).

The change in zinc concentration in the growing grain is shown in Figure 3. The
concentration of zinc in the grain is denoted as Cgrain. The concentration of zinc at the
phase boundary on the grain side is denoted as Cgrain/amorph, while on the amorphous side,
it is denoted as Camorph/grain. The concentration of zinc in the amorphous phase is denoted
as Camor f . The growth of the grain in the numerical simulation takes place in time steps,
which are denoted as k in the diagram. After one time step (k), the grain has grown by a
unit of length denoted as dl in the diagram. Meanwhile, the concentrations at the phase
boundary change. The initial assumption is that the zinc concentration in the grain (Cgrain)
is 0%, and in the amorphous phase (Camor f ), it is 28%.

The calculations performed in the simulation used a finite-volume numerical method.
This method was selected for its speed and ease of implementation for the amorphous
Mg72Zn28 alloy. The equations of Fick’s second law describing the concentration change in
the grain are given by the following equation:

∂Cgrain

∂τ
= Dgrain ·

(
∂2Cgrain

∂l2 +
2
l

∂Cgrain

∂l

)
, (3)

and in the amorphous phase,

∂Camor f

∂τ
= Damor f ·

(
∂2Camor f

∂l2 +
2
l

∂Camor f

∂l

)
, (4)

and at the phase boundary, Xk, the mass balance equation is introduced [28]:(
C∗

grain/amor f − C∗
amor f /grain

) dl
dτ

= Damor f

(
∂Camor f

∂l

)
X+

k

− Dgrain

(
∂Cgrain

∂l

)
X−

k

. (5)
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The zinc diffusion coefficient in the grain of the primary magnesium phase is equal to
Dgrain = 2.67 · 10−4, m2·s−1, and in the amorphous phase, Damor f = 2.67 · 10−3, m2·s−1 [29].

Figure 3. Scheme showing how the concentration changes in the grain/amorphous matrix system.

The following boundary conditions were adopted for the calculations:

- In the grain centre, l = 0,→ ∂Cgrain
∂l = 0;

- In the amorphous phase, very far from the growing grain, l = XD,→ the constant con-
centration value equal to the initial concentration C0 (Dirichlet boundary condition);

- At the phase boundary, the concentrations were calculated using Equation (5), and

∫ Xk

0
Cgraindl +

∫ XD

Xk

Camor f dl =
∫ Xd

l0
C0dl, (6)

where l0 is the initial grain size.

4. Results of Numerical Simulation

The numerical simulation showing grain growth in the amorphous phase of the
Mg72Zn28 alloy required additional assumptions. Appropriate isothermal annealing tem-
perature values were necessary. Based on the research carried out in the work of Opitek
et al. [30] for the amorphous Mg72Zn28 alloy, the following values were selected: 350 K,
352 K, 353 K, 353.5 K, and 354 K. The total crystallisation time for each of these temperature
values was, respectively, 6001 s, 4067 s, 2916 s, 2644 s, and 2447 s. The simulation results
are shown in Figure 6. Each graph shows the increase in grain size in the amorphous phase
over time for a given isothermal annealing temperature. At the same time, the diffusion
of zinc into the grain continued. Therefore, the concentration of this element in the grain
increased. It can also be seen how the crystallisation front shifted with the progressing
phase transformation. Zinc accumulated at the phase boundary and was displaced by the
crystallisation front moving over time. This was mainly due to the inability to diffuse so
much zinc into the growing grain.

At an isothermal annealing temperature of 354 K, the grain size increased from 20 nm
after 50 s to 70 nm after 300 s of isothermal annealing.

The ribbon produced from the binary Mg72Zn28 alloy was examined using XRD. The
results of these tests are presented in Figure 4. In the plot, only the background is visible,
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represented by the presence of the so-called amorphous “halo” with no local peaks. The
X-ray diffraction pattern is characterised by a high level of background “noise” in relation
to the maximum intensity. These observations of the XRD results of the ribbon allow us to
identify its amorphous character. The amorphous ribbon of the binary Mg72Zn28 alloy, after
heat treatment and isothermal annealing at a temperature of 354 K for 300 s, was subjected
to SEM examination. The results of these tests are presented in Figure 5.

Figure 4. X-ray diffraction patterns of a Mg72Zn28 cast ribbon.

Figure 5. Results of SEM examination of the microstructure of an amorphous ribbon after heat
treatment of isothermal annealing at a temperature of 354 K for 300 s.

The average grain size was determined using the secant method. The average grain
size was approximately 71 nm.

Figure 6 shows the results of the numerical simulation showing the impact of the
annealing temperature on grain growth. The plots display the zinc concentration in the
grain and the amorphous phase on the axis, indicating the distance from the grain centre.
Different colours correspond to different annealing times: 50, 100, 150, 200, 250, and 300 s. It
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can be seen that both the annealing temperature and time affected the grain growth rate and
zinc concentration across the whole domain. The key observation is that as the annealing
temperature increased, the grain size during the corresponding annealing time also increased.
Moreover, the grain size changed more linearly with increasing annealing temperature
compared to lower annealing temperatures. The character of the zinc concentration for each
annealing time in the grain did not differ significantly at its radius. The zinc concentration
in the whole grain was more or less the same. However, as the grain increased or the
annealing time increased, the zinc concentration in the grain also increased. This may have
been caused by the zinc diffusion through the grain boundary from its reach regions in
the amorphous phase. The characteristics of the zinc concentration in the grain did not
show any clear functional trend. In the amorphous phase, even for longer annealing times,
a higher zinc concentration in the grain was observed; near the grain boundary, a higher
zinc concentration was also observed. The zinc concentration in the amorphous phase
was highest at the grain boundary in all the cases analysed. As the distance from the grain
boundary increased, the concentration of zinc in the amorphous phase decreased. At the end
of the computational domain, the zinc concentrations were almost identical. With increasing
annealing temperature, the increase in the zinc concentration in both the grain and the
amorphous phase near the grain boundary was observed. At higher annealing temperatures,
faster grain growth was observed. At a higher growth rate, the remaining elements in the
amorphous phase were pushed by the grain, causing an increase in their concentrations in
the phase that surrounded the grain. The diffusion rates in the crystalline and amorphous
phases remained constant, resulting in a higher element concentration at the grain boundary
because grain growth was faster. It is worth mentioning that mass conservation was ensured
during each simulation. Additionally, as the annealing temperature increased, an increase
in zinc concentration in the grain was observed. This phenomenon was even more visible
for longer annealing times. At an annealing temperature of 350 K and an annealing time of
300 s, the zinc concentration in the grain was approximately 3.52 wt.%, and at an annealing
temperature of 354 K and an annealing time of 300 s, it was about 3.58 wt.%. A similar
trend was observed for the amorphous phase near the grain boundary. At an annealing
temperature of 350 K and an annealing time of 300 s, the zinc concentration was about
28.6 wt.%, and at an annealing temperature of 354 K and an annealing time of 300 s, the zinc
concentration near the grain boundary reached almost 29.4 wt.%.

Figure 6. Cont.
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Figure 6. Simulation results of grain growth over annealing time at chosen isothermal annealing
temperature values: T = 350 K, T = 352 K, T = 353 K, T = 353.5 K, and T = 354 K.

The results of the numerical simulation in Figure 7 show the extent of grain growth in
the amorphous phase at various temperature values, with time values ranging from 50 s to
300 s, changing every 50 s. The grain grew the fastest at the highest isothermal annealing
temperature of 354 K and the slowest at the lowest isothermal annealing temperature
of 350 K. Therefore, it can be concluded that as the value of the isothermal annealing
temperature decreased, the grain growth rate also decreased. This phenomenon is related
to the fact that the diffusion process, which depends on the temperature value, plays a
decisive role during grain growth.

Figure 7 depicts the results of the numerical simulation, showing the influence of
annealing temperature on the grain growth rate and the zinc concentration within the
computational domain. After the given annealing times, grains of different radii were
obtained. Across all annealing times, the largest grains were obtained at an annealing
temperature of 354 K, whereas the smallest grains were obtained at 350 K. Taking all of the
presented results into account, it can be stated that higher annealing temperatures yield
larger grains. Similarly, as shown in Figure 6, for larger grains, more zinc was present in the
grains. Also, for longer annealing times, the zinc concentration in the grain was higher. The
same was observed for the zinc concentration near the grain boundary. For longer annealing
times, more zinc was pushed off the added grain volume, and the zinc concentration near
the grain boundary increased. The subsequent diffusion within the amorphous phase
distributed this element throughout the subdomain; however, this phenomenon was not
fast enough to avoid Zn accumulation at the grain boundary region. At maximum, it could
be greater than 29 wt.% after 300 s of annealing.
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Figure 7. Simulation results of grain growth at various isothermal heating temperatures after selected
annealing times: 50 s, 100 s, 150 s, 200 s, 250 s, and 300 s.

Another interesting observation was the impact of annealing temperature on the
zinc concentration in the grain. When the annealing temperature increased, its impact
on the zinc concentration did not show a clear trend. At the beginning of the process,
with annealing times of 50 and 100 s, as the annealing temperature increased from 350 K
by 2 degrees, the change in zinc concentration was similar to that observed when the
temperature increased by 0.5 K from 353.5 K, and twice as large as when it increased
by 0.5 K from 353 K. In the middle of the process, with an annealing time of 150 s, the
differences in zinc concentration between annealing temperatures of 350 K and 352 K were
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very small, whereas the differences between annealing temperatures of 352 K and 353 K
were huge. At the end of the analysis, the differences in Zn concentration between annealing
temperatures of 350 K and 352 K were similar to those between annealing temperatures
of 353 K and 354 K. However, the differences in Zn concentration in the grain between
annealing temperatures of 352 K and 353 K were again the largest, being almost 2.5 times
larger than those mentioned earlier.

5. Summary and Conclusions

The mathematical model and the numerical simulation prepared for the amorphous
Mg72Zn28 alloy allowed for efficient calculations of the grain growth in the primary phase,
α-Mg, and the zinc concentration in the grain and amorphous phase.

At an isothermal annealing temperature of 354 K, the grain size changed from 20 to
70 nm after 300 s. A very good agreement between the simulation results (70 nm) and the
experimental results (about 71 nm) was observed.

The grain growth kinetics were greater with higher values of the isothermal annealing
temperature. It should be noted that the diffusion process is very slow, and the nucleation
process may still progress, which may lead to a situation in which the grain size will be
very small, e.g., about 50 nm.

At different annealing temperatures, the grain growth rates were different, as observed
in the simulation results. Similarly, different zinc concentrations were calculated in grains at
different annealing temperatures, and their change rates changed during the process.
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