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Abstract


The integral equation formulation of Maxwell’s equations proposed by Brandt provides an alternative to the H and T-A formulations for modelling high-temperature superconducting (HTS) tapes. A modified version of Brandt’s method in the literature models ferromagnetic domains near the tapes by considering the ferromagnetic domains as equivalent surface current. This paper extends this method by including the effect of external magnetic field acting on the ferromagnetic and HTS domains. The proposed method is used on a benchmark problem, which considers an HTS tape with a ferromagnetic substrate under an external time-varying magnetic field. The results agree closely (error in average ac loss less than 3%) with the widely-used T-A formulation implemented in COMSOL down to 2 mT. In addition, the proposed method is also applied to HTS tapes carrying transport ac current in a slot of a machine’s stator iron core, and HTS tapes in a stator iron slot in a machine under working conditions. It is found that ac loss calculated by the proposed method increases as the discretization size of the ferromagnetic material’s boundary decreases, and overshoots the value calculated by the T-A formulation in COMSOL when using very fine discretization.
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1. Introduction


High-temperature superconducting (HTS) tapes and bulks can be used in a variety of power applications [1], such as high-field magnets [2], NMR magnets [3], electrical machines [4], fusion magnets [5], particle accelerators [6], fault current limiters [7], electric power cables [8], and energy storage [9]. Whilst superconductors transport dc current without loss, they dissipate ac loss when they are placed under a time-varying magnetic field or when they carry an ac current. Accurate and fast modelling of ac loss is important when designing superconducting systems to ensure sufficient cooling is provided to prevent quenching, and to assess the efficiency of the system. This paper considers, in particular, the hysteresis loss (which we will simply refer to as ‘loss’) in superconductors.



To model loss in superconductors, the finite element method (FEM) is frequently used in order to model complicated geometries and interaction between superconductors and other components. Different formulations of Maxwell’s equations have been used, but the H [10,11,12] and T-A [13,14,15] formulations have become widespread and can be conveniently implemented in the commercial software COMSOL Multiphysics. On the other hand, Brandt [16] provided an alternative that modelled the dynamics of a superconductor via time-integration of a relatively simple integral equation, and current density J was the variable being solved for. Brandt’s method does not mesh the air surrounding the superconductor. Brandt’s method and its modified versions have been investigated by various authors, many of whom considered superconductors in vacuum and not near any ferromagnetic material [17,18,19,20,21,22,23,24,25,26,27,28,29,30,31,32,33,34,35,36,37,38]. Otten and Grilli [30] provided detailed derivation of the method for a thin strip, a rectangular wire and a cylindrical bulk. Musso et al. [32] used Brandt’s method on both superconducting and non-superconducting layers in a composite tape to evaluate the total loss. Lai and Gu [33] developed Brandt’s method for multiple superconducting tapes, and the method was reported to be at least 4.4 times faster than the H and T-A formulations implemented in COMSOL in the examples in the paper. The paper named the method the J model since the method solved for current density J in an ordinary differential equation. Kang and Wang [35] developed a homogenised version of the J model and modelled multiple HTS tapes as a homogenised anisotropic bulk. Further, a 3D version of J model was also developed to model a conductor on round core (CORC) cable in [34]. Brandt’s method is also extended to model, in 2D, tapes that are connected in parallel [37]. Brandt’s method has been used to model a Roebel cable [31], tapes in radial [36] and linear [38] electrical machines, and magnetisation of an HTS bulk [29].



However, in many applications, superconductors are located near ferromagnetic materials, e.g., in electrical machines/proposed magnetic gears with iron core [39,40,41,42,43]. Thus, there is a need to develop Brandt’s method so that iron can be modelled as well. Some authors have extended Brandt’s method to model ferromagnetic materials near superconductors. Recently, Zhu et al. [44] coupled the J model with the magnetic equivalent circuit (MEC) to model HTS tapes near ferromagnetic materials: the MEC calculated the magnetic field experienced in the tapes’ area, which was fed into the J model, whilst the J model calculated the current distribution in the tapes and fed this into the MEC model. Statra et al. [45] modelled iron (of constant relative permeability   μ r  ) directly in a modified Brandt method by considering it as an equivalent surface current. The same authors [46] further developed the model by considering interface current density in discretized elements in the ferromagnetic domain in order to model variation of    μ r   ( H )    with magnetic flux intensity H.



This paper’s main contribution is to extend the work by Statra et al. [45] by considering the effect of external magnetic field on HTS tapes and iron, thus allowing magnetisation loss to be calculated. We apply the method to Benchmark #2 on https://htsmodelling.com/ [47], which considers an HTS tape (consisting of an HTS layer and a rectangular ferromagnetic substrate) subject to a time-varying external magnetic field. Then, we apply the method to HTS tapes carrying a transport ac current in a slot in a machine’s stator iron core. Finally, we consider HTS tapes in a stator iron slot in a machine under working conditions of the machine, with other stator coils carrying ac current and with the rotor (which has permanent magnets (PMs) on it) rotating. Statra et al. [45] also considered an example of a stack of superconducting tapes near a rectangular block of ferromagnetic part, but this paper further considers the example of HTS tapes in the stator of an electrical machine.



The focus of the paper is to check whether the modified Brandt method can give results that agree with COMSOL (version 6.2 used in this paper), rather than a comparison in time taken by the Brandt method and COMSOL. This is because for fair comparison between the two methods, both COMSOL settings and the Matlab code implementing the modified Brandt method should be optimised, and yet the optimisation of code and the larger number of settings in COMSOL is beyond the scope of this paper. Brandt’s method has the advantage that it can potentially be implemented in non-proprietary software, thus providing an alternative to COMSOL. Whilst this paper uses Matlab and its built-in ordinary differential equation solver ode15s, the method presented in this paper can be coded in other languages, and alternative solvers have been used for the Brandt method in the language Julia [30]. In terms of time taken for computation, it has been reported in the literature [48,49] that, for small problems (like those presented in this paper), the time taken by a variation of the Brandt method (and by extension the original Brandt method) is less than that by FEM in COMSOL. However, as the number of elements n in the superconductor domain increases, the time taken by the modified Brandt method increases as n to the power of x where the exponent x is larger for the modified Brandt method than FEM, meaning that for a large number of elements, FEM would be faster than the modified Brandt method.



This rest of this paper is organised as follows. Section 2 introduces the problem set-up that this paper aims to solve. Section 3 details the modified Brandt method that considers the effect of external magnetic field. Section 4 shows the results of Benchmark #2 and the cases of HTS tapes in a stator slot of a machine. We conclude in Section 5.




2. Problem Set-Up


This paper considers the situation of multiple superconducting tapes in air carrying a transport current into the page whilst being subject to an externally applied, in-plane magnetic flux density    B a   ( x , y , t )    that is time-varying and spatially non-uniform. The tapes are located near a ferromagnetic material, which is subject to an externally applied, in-plane magnetic flux density    B 0   ( t )    that is time-varying and spatially uniform. The general geometry modelled is illustrated in Figure 1, but specific geometries modelled in this paper are described in Figure 2 and Figure 3a.



The geometry is 2D on the x-y plane. Let the superconducting domain be S, and the iron domain’s boundary be  Γ . The iron domain may have more than one closed boundary (e.g., an annulus, which has an inner and outer circumference), and in such cases all boundaries are included in  Γ . The iron domain has a constant relative permeability   μ r  . The domain S is discretized into   N e   elements   Δ  S i   ,   i = 1 , 2 … ,  N e   . The centre of each element   Δ  S i    is    r i  =  (  x i  ,  y i  )   . The superconducting layer in each tape is discretized into a single layer of 2D elements, with each element having a thickness equal to the thickness of the superconducting layer, as shown in Figure 4.  Γ  is discretized into   n f   elements   Δ  Γ i   ,   i = 1 , 2 … ,  n f   . The centre of each element   Δ  Γ i    is also denoted   r i   (whether   r i   refers to a point on  Γ  or on S will be clear based on context). On each element   Δ  Γ i    on contour  Γ , the surface current density is assumed to be uniform and is denoted   k (  r i  )  .



The superconductor domain is subject to an externally applied magnetic flux density    B a   ( x , y , t )  =  B  a , x    x ^  +  B  a , y    y ^   . On the other hand, the iron domain is subject to an externally applied magnetic flux density    B 0   ( t )  =  μ 0   H 0   ( t )    where the externally applied magnetic field strength    H 0   ( t )  =  H  0 , x    x ^  +  H  0 , y    y ^   . Under some circumstances,   B a   and   B 0   are the same, e.g., in Section 4.1, but there are situations where they are different, e.g., in Section 4.3.




3. Formulation


The formulation presented in this section follows that in [45], except with the addition of terms involving   H 0   and   B a  .



3.1. Representation of Iron Domain as Surface Current Density


In the iron domain, the magnetic flux density   B =  μ 0   μ r  H =  μ 0   ( H + M )   , where  M  is the magnetisation and  H  is the magnetic field strength. Eliminating  H , we obtain the following:


  M =     μ r  − 1    μ 0   μ r     B .  



(1)







The iron domain is equivalent to a domain with a bound volume current density    J b  = ∇ × M   and a bound surface current density   k = M × n   [50], where  n  is the outward unit vector normal to the surface. Since we consider iron to be a linear material with   M ∝ H  ,   ∇ × M ∝ ∇ × H = 0   according to Ampere’s law if we neglect the eddy current density in iron [45]. Thus, the iron domain is represented as a domain with zero   J b   and a bound surface current density:


    k    = M × n          =     μ r  − 1    μ 0   μ r     B × n ,     



(2)




where   B = B ( r ∈  Γ −  )   is the magnetic flux density at a position on the contour just inside the iron. Let   B ( r ∈  Γ +  )   and   B ( r ∈  Γ −  )   denote the magnetic flux density at a position on the contour just outside and inside the iron domain, respectively.




3.2. Equations for Superconducting Domain S


From Ampere’s law,   J = ∇ × H  , and using   B =  μ 0  H   in S and   ∇ × A = B  , under Coulomb gauge (  ∇ · A = 0  ), we obtain the following:


   μ 0  J = −  ∇ 2  A .  



(3)







The magnetic vector potential  A  at a point in the superconductor is due to   A J   produced by the current in S and  Γ , and the background field   A a   (where    B a  = ∇ ×  A a   ):


  A =  A J  +  A a  .  



(4)







Substituting into (3) and noting    ∇ 2   A a  = 0  , even for a spatially non-uniform background field [36], we obtain the following:


   ∇ 2   A J  = −  μ 0  J .  



(5)







Due to the 2D geometry, we obtain the following:


  A , J , k , E =  { A  ( x , y , t )  , J  ( x , y , t )  , k  ( x , y , t )  , E  ( x , y , t )  }   z ^  ,  



(6)




where E is the electric field intensity. Thus, (5) becomes:


   ∇ 2   A J  = −  μ 0  J .  



(7)







The Green function solution to this Poisson equation in infinite volume (area for 2D geometry) takes into account all current sources (in S and on  Γ ):


   A J   ( r )  =  μ 0   ∫ Γ  k  (  r ′  )  Q  ( r ,  r ′  )   d  r ′  +  μ 0      ∫   ∫    S  J  (  r ′  )  Q  ( r ,  r ′  )    d 2   r ′  ,  



(8)




where Q is the Green function for 2D (with negative sign due to negative sign in (7)):


  Q  ( r ,  r ′  )  = −   1  2 π    ln  |  r −  r ′  |  .   



(9)







For   r ∈ S  , the magnetic flux density   B = ∇ ×  A J  +  B a   , and the x and y components are as follows:


      B x   ( r )      =    ∂  A J    ∂ y    +  B  a , x    ( r )           =  μ 0   ∫ Γ  k  (  r ′  )     ∂ Q   ∂ y     ( r ,  r ′  )   d  r ′  +  μ 0      ∫   ∫    S  J  (  r ′  )     ∂ Q   ∂ y     ( r ,  r ′  )    d 2   r ′  +  B  a , x    ( r )      



(10)






      B y   ( r )      =    ∂  A J    ∂ x    +  B  a , y    ( r )           =  μ 0   ∫ Γ  k  (  r ′  )     ∂ Q   ∂ x     ( r ,  r ′  )   d  r ′  −  μ 0      ∫   ∫    S  J  (  r ′  )     ∂ Q   ∂ x     ( r ,  r ′  )    d 2   r ′  +  B  a , y    ( r )      



(11)








3.3. Expression for k


At the interface between two material space,    (  H 1  −  H 2  )  ×  n 12  = k  , where  k  is the surface current density at the interface,   n 12   is the unit vector normal to surface directed from region 1 to region 2, and   H 1   and   H 2   are  H  in region 1 and 2, respectively. Thus, at the interface between iron and air, we obtain the following:


   ( B  ( r ∈  Γ +  )  − B  ( r ∈  Γ −  )  )  × n = −  μ 0  k ,  



(12)




where   r ∈  Γ +    and   r ∈  Γ −    are points near  Γ  in air and iron regions, respectively, and  n  points from iron to air. Substituting   B  ( r ∈  Γ −  )  × n =   μ 0   μ r  /  (  μ r  − 1 )   k   from (2), and rearranging, we obtain the following:


  B  ( r ∈  Γ +  )  × n =    μ 0    μ r  − 1    k .  



(13)







From reference in [45], consider a point  r  on  Γ  with outward normal unit vector   n ( r )   (pointing away from iron), as follows:


  n × B  ( r ∈  Γ ±  )  = ±    μ 0  2   k  ( r )  + C ,  



(14)




where   C = C z   are the common terms that come from the contributions to  B  at evaluation point  r  on  Γ  other than the   k ( r )   at evaluation point on  Γ ;   ±  (  μ 0  / 2 )  k  ( r )    is the contribution due to  k  at evaluation point on the boundary. Note that (14) satisfies (12). The common terms are as follows:


  C = n ×      B x       B y      0     =   n x   B y  −  n y   B x    z ^  ,  



(15)




where   B x   and   B y   are the components of magnetic flux density at the evaluation point   r ∈ Γ   due to currents other than   k ( r )   at the evaluation point on  Γ :


        B x   ( r )    μ 0       =  ∫  Γ (  r ′  ≠ r )   k  (  r ′  )     ∂ Q   ∂ y     d  r ′  +     ∫   ∫    S  J  (  r ′  )     ∂ Q   ∂ y      d 2   r ′  +  H  0 , x       



(16)






        B y   ( r )    μ 0       = −  ∫  Γ (  r ′  ≠ r )   k  (  r ′  )     ∂ Q   ∂ x     d  r ′  −     ∫   ∫    S  J  (  r ′  )     ∂ Q   ∂ x      d 2   r ′  +  H  0 , y   .     



(17)







By equating the expressions for   B ( r ∈  Γ +  ) × n   in (13) and (14) and rearranging, we obtain the following:


  k = −    2   μ r  − 1     μ 0    μ r  + 1       n x   B y  −  n y   B x    z ^  .  



(18)







In our 2D geometry, at a discretized point   r i   on  Γ , we obtain the following:


     k (  r i  ) =        2 (  μ r  − 1 )    μ r  + 1    [   ∑        j = 1       ( j ≠ i )         n f      n x   (  r i  )   ∫  Δ  Γ j       ∂ Q   ∂ x     (  r i  ,  r ′  )   d  r ′  +  n y   (  r i  )   ∫  Δ  Γ j       ∂ Q   ∂ y     (  r i  ,  r ′  )   d  r ′   k  (  r j  )           +   ∑  j = 1  N     n x   (  r i  )      ∫   ∫     Δ  S j       ∂ Q   ∂ x     (  r i  ,  r ′  )    d 2   r ′  +  n y   (  r i  )      ∫   ∫     Δ  S j       ∂ Q   ∂ y     (  r i  ,  r ′  )    d 2   r ′   J  (  r j  )           −  n x   (  r i  )   H  0 , y   +  n y   (  r i  )   H  0 , x   ] .     



(19)







Collecting Equation (19) for all   r i  ,   i = 1 , 2 , … ,  n f    on  Γ , we obtain the following:


     k ⎯     = −    M  F F    =   k _  +    M  F S    =   J _  +    M F   =   H 0          I =  +    M  F F    =    k _      =    M  F S    =    J _  +    M F   =   H 0        k _     =    I =  +    M  F F    =    − 1       M  F S    =    J _  +    M F   =   H 0   ,     



(20)




where  J _  is a    N e    ×   1 vector with elements     [  J ̲  ]  i  = J  (  r i  )   ;  k _  is a    n f    ×   1 vector with elements     [  k ̲  ]  i  = k  (  Γ i  )   ;    H 0  =   [  H  0 , x   ,  H  0 , y   ]  ⊺   ;  I =  is a    n f  ×  n f    identity matrix;     M  F F    =   is a    n f  ×  n f    matrix,     M  F S    =   is a    n f  × N   matrix, and     M F   =   is a    n f  × 2   matrix with the following elements:


          M  F F    =    i j   =     −    2 (  μ r  − 1 )    μ r  + 1      n x   (  r i  )   ∫    Δ  Γ j    ( i ≠ j )        ∂ Q   ∂ x     (  r i  ,  r ′  )   d  r ′  +  n y   (  r i  )   ∫    Δ  Γ j    ( i ≠ j )        ∂ Q   ∂ y     (  r i  ,  r ′  )   d  r ′       



(21)






          M  F S    =    i j   =        2 (  μ r  − 1 )    μ r  + 1      n x   (  r i  )      ∫   ∫     Δ  S j       ∂ Q   ∂ x     (  r i  ,  r ′  )    d 2   r ′  +  n y   (  r i  )      ∫   ∫     Δ  S j       ∂ Q   ∂ y     (  r i  ,  r ′  )    d 2   r ′       



(22)






          M F   =    i , 1   =      n y   (  r i  )     2 (  μ r  − 1 )    μ r  + 1                                              



(23)






          M F   =    i , 2   =     −  n x   (  r i  )     2 (  μ r  − 1 )    μ r  + 1    .                                       



(24)







Note that as with our previous article [36], underlines denote vectors that consist of scalar quantities evaluated at different positions/turns; whilst double underlines denote matrices. Bold quantities are vectors whose components corresponds to components in different spatial directions. All quantities are real in this paper.




3.4. Further Discretization


Similar to how k is evaluated at discretized points on  Γ  in (19), from (8)–(11), A,   B x   and   B y   can be evaluated at discretized locations in S as follows:


     A (  r i  ) =      μ 0   ∑  j = 1   n f   k  (  r j  )   ∫  Δ  Γ j    Q  (  r i  ,  r ′  )   d  r ′  +  μ 0   ∑  j = 1  N  J  (  r j  )      ∫   ∫     Δ  S j    Q  (  r i  ,  r ′  )    d 2   r ′  +  A a   (  r i  )          



(25)






      B x   (  r i  )  =      μ 0   ∑  j = 1   n f   k  (  r j  )   ∫  Δ  Γ j       ∂ Q   ∂ y     (  r i  ,  r ′  )   d  r ′  +  μ 0   ∑  j = 1   N e   J  (  r j  )      ∫   ∫     Δ  S j       ∂ Q   ∂ y     (  r i  ,  r ′  )    d 2   r ′  +  B  a , x    (  r i  )        



(26)






      B y   (  r i  )  =     −  μ 0   ∑  j = 1   n f   k  (  r j  )   ∫  Δ  Γ j       ∂ Q   ∂ x     (  r i  ,  r ′  )   d  r ′  −  μ 0   ∑  j = 1   N e   J  (  r j  )      ∫   ∫     Δ  S j       ∂ Q   ∂ x     (  r i  ,  r ′  )    d 2   r ′  +  B  a , y    (  r i  )  .     



(27)







Collecting equations for   r i  ,   i = 1 , … ,  N e    in S, we obtain the following:


       A _  =        L  S F    =    k _  +    L  S S    =    J _  +    A a   _             



(28)






        B x   _  =        M  B x S F    =    k _  +    M  B x S S    =    J _  +    B  a , y    _      



(29)






        B y   _  =        M  B y S F    =    k _  +    M  B y S S    =    J _  +    B  a , y    _  ,     



(30)




where  A _ ,     B x   _  ,     B y   _  ,      A a   _  ,    B  x , a   _    , and    B  y , a   _   are    N e    ×   1 vectors with elements      A ̲   i  = A  (  r i  )   ,       B x  ̲   i  =  B x   (  r i  )   ,       B y  ̲   i  =  B y   (  r i  )   ,       A a  ̲   i  =  A a   (  r i  )   ,       B  a , x   ̲   i  =  B  a , x    (  r i  )   , and       B  a , y   ̲   i  =  B  a , y    (  r i  )   , respectively.



The matrices have the following elements:


         L  S F    =    i j      =  μ 0   ∫  Δ  Γ j    Q  (  r i  ,  r ′  )   d  r ′      



(31)






         L  S S    =    i j      =  μ 0      ∫   ∫     Δ  S j    Q  (  r i  ,  r ′  )    d 2   r ′      



(32)






         M  B x S F    =    i j      =  μ 0   ∫  Δ  Γ j       ∂ Q   ∂ y     (  r i  ,  r ′  )   d  r ′      



(33)






         M  B x S S    =    i j      =  μ 0      ∫   ∫     Δ  S j       ∂ Q   ∂ y     (  r i  ,  r ′  )    d 2   r ′      



(34)






         M  B y S F    =    i j      = −  μ 0   ∫  Δ  Γ j       ∂ Q   ∂ x     (  r i  ,  r ′  )   d  r ′      



(35)






         M  B y S S    =    i j      = −  μ 0      ∫   ∫     Δ  S j       ∂ Q   ∂ x     (  r i  ,  r ′  )    d 2   r ′  .     



(36)







The closed forms for the line and area integrals in (21), (22), (31)–(36) are given in Appendix A for the general case when   Δ  Γ i    and boundaries of   Δ  S i    are not necessarily parallel to the x or y axes (reference [45] only provided closed forms for the case when   Δ  Γ j    and boundaries of   Δ  S i    are parallel to the x or y axes). Note    r i  ∈ Γ   in (21)–(24), and    r i  ∈ S   in (31)–(36).




3.5. Overall Ordinary Differential Equation


Recalling the definition of the electric scalar potential in time-varying field   E +    ∂ A   ∂ t    = − ∇ ϕ   and collecting equations for all    r i  ∈ S  , we obtain the following:


    ∂  ∂ t     A _  +  E _  +    ∂ ϕ     ∂ z  _     = 0 ,  



(37)




where    A _  ,  E _  ,    ∂ ϕ     ∂ z  _       are    N e  × 1   vectors with elements     [  A ̲  ]  i  = A  (  r i  )  ,   [  E ̲  ]  i  = E  (  r i  )  ,   [     ∂ ϕ   ∂ z    ̲  ]  i  =    ∂ ϕ (  r i  )   ∂ z     . As mentioned in [30],      ∂ ϕ (  r i  )   ∂ z    =    ∂ ϕ (  Ω j  )   ∂ z      for all points   r i   in HTS layer area   Ω j   of tape j. Similar to [30], the     ∂ ϕ (  Ω j  )   ∂ z     for HTS layer j can be governed by the following feedback control to force transport current through the HTS layer to be the value set:


      ∂ ϕ   ∂ z    ̲  = γ  S =   (  J _  −    J S   _  )  ,  



(38)




where  S =  is    N e  ×  N e    matrix with elements      S =    i j   = area  of  element  Δ  S j    if   Δ  S j     and  Δ  S i    are in the same HTS layer and   = 0   otherwise.     J S   _   is    N e  × 1   vector with the following elements:


       J S   _   i  =    set  transport  current  for  HTS  layer  that  Δ  S i   belongs  to   HTS  layer  thickness  × HTS  layer  width    .  



(39)







Substitute (38) and (28) into (37) as follows:


    ∂  ∂ t        L  S F    =    k _  +    L  S S    =    J _  +    A a   _   +  E _  + γ  S =   (  J _  −    J S   _  )  = 0 .  











Substitute (20) as follows:


     K  F e    =     J _  ˙  = −  E _  −     A a   _  ˙  −    L  S F    =     I =  +    M  F F    =    − 1      M F   =    H ˙  0  − γ  S =   (  J _  −    J S   _  )  ,  



(40)




where      K  F e    =  =    L  S F    =     I =  +    M  F F    =    − 1      M  F S    =  +    L  S S    =    and is time independent and is equal to     L  S S    =   if    μ r  = 1  . The ordinary differential Equation (40) is implemented by Matlab ode15s.



 E _  consists of   E (  r i  )   in each element, where   E (  r i  )   is a function of   J (  r i  )   according to the non-linear   E − J   power law as follows:


  E =  E c    |   J  J c   |   n    J  | J |    ,  



(41)




where   J c   is the critical current density and is taken as a constant in simulations in the rest of this paper. However,   J c   can also be dependent on components of  B  parallel and perpendicular to the tape.





4. Results


4.1. Benchmark #2


The modified Brandt method in Section 3 is applied to the Benchmark #2 problem in [47]. The problem considers an HTS tape with a magnetic substrate subject to a time-varying external field. The external magnetic field is at 50 Hz and has an amplitude of   B  ext , 0   ; it is directed perpendicularly to the tape’s face and is assumed to vary sinusoidally in this paper. The HTS layer is 2 mm wide and has critical current 50 A; the magnetic substrate, which is of constant    μ r  = 100  , is either 2 mm or 2.2 mm wide. The problem is illustrated in Figure 2.



The tape is simulated via the T-A formulation in COMSOL as well as the modified Brandt method in Matlab. The external magnetic field has y-component    B  a , y   =  μ 0   H  0 , y   =  B  ext , 0   sin  ( 2 π f t )   , where   f = 50   Hz. The amplitude   B  ext , 0    is varied from 1 mT to 2 T. For small amplitudes of 10 mT or less, a finer mesh is used for the tape with more than 1000 elements (mesh is slightly different between 2 mm and 2.2 mm substrate), otherwise the tape is discretized into 120 evenly distributed elements. In the modified Brandt method, the external magnetic field for the iron domain and HTS domain are the same, i.e.,    B  a , y   =  μ 0   H  0 , y    .



The average loss (in the second half of the simulated cycle) with substrate width of 2 mm and 2.2 mm is shown in Figure 5a and Figure 5b, respectively. It can be seen that there is good agreement between the T-A formulation and the modified Brandt method. The modified Brandt method for Benchmark #2 is not affected much by the element size of the iron boundary in general, except for small external magnetic field amplitudes in the mT range, as shown in Table 1.



The instantaneous values of   J /  J c    and   B y   across the width of the tapes with 2 mm and 2.2 mm substrate when the external magnetic field is    B  a , y   = − 20   mT during the sinusoidal cycle of amplitude    B  ext , 0   =   20 mT are shown in Figure 6a and Figure 6b, respectively. Good agreements can be seen between the values calculated in Matlab and COMSOL.




4.2. Tapes near Stator Iron


The second example considers HTS tapes in a stator slot of an electrical machine. The stator iron is the same as that in the SUTOR machine [51,52]. Two coil sides (labelled as coil sides 6 and 7, respectively) located in the same slot are modelled as two stacks of HTS tapes, and each stack has six tapes. The SUTOR machine in [51] has 52 tapes per coil side but, for verification of the modified Brandt method, here we model only 6 tapes. However, the 2390 ampere-turns of each coil side is the same between this paper and [51]. As noted in the introduction, the time taken by the modified Brandt method suffers more from the increase in the number of elements than FEM. Thus, homogenisation [35] can be considered when modelling a large number of tapes to reduce the number of elements. The transport current in each tape turn in the two coil sides are, respectively, as follows:


     I  s e t , 6      =  I 0  cos  2 π f t −    2 π  3    r  ( 10 f t )      



(42)






     I  s e t , 7      = −  I 0  cos  ( 2 π f t )  r  ( 10 f t )      



(43)






     r ( x )     =   1 +  e  − 5 ( x − 1.8 )     − 1   ,     



(44)




where    I 0  = 398   A,   f = 44   Hz, and   r ( x )   is a ramp function to allow zero initial conditions.



The critical current of each tape is chosen as 500 A and is assumed to be constant (independent of magnetic field). The stator iron is modelled to have constant    μ r  = 5000  . Each tape is discretized into 100 elements linearly distributed along the width of the tape. In COMSOL simulations, the HTS tape turns are modelled as 1D lines via the T-A formulation.



Figure 3a shows the geometry modelled in the modified Brandt method, except that the rotor iron is not modelled. Figure 3b,c show the adjustment of the size of the boundary elements. It is found that the ac loss calculated by the modified Brandt method depends heavily on the fineness of the discretization of the section of the iron boundary closest to the tapes. As the target size of the section of the iron boundary near the tapes is adjusted in Matlab, the average ac loss (averaged over the second half of first period simulated) is shown in Figure 7. It can be seen that, at coarse discretization, the modified Brandt method gives ac loss results that are below the COMSOL value; when the discretization is too fine, the ac loss result of the modified Brandt method overshoots the value of COMSOL. Thus, it seems that the modified Brandt method that considers iron as an equivalent surface current density suffers from the problem of the high sensitivity of the fineness of the discretization of the iron boundary. In contrast, COMSOL simulations are not affected by iron mesh density, as shown in Table 2. The average ac loss in the two coil sides remain similar despite a significant increase in mesh density.



The instantaneous loss of the two coil sides calculated by the COMSOL model and the modified Brandt method model (with target element size   4 ×  10  − 4     m) in Matlab are shown in Figure 8. For this particular mesh size, there is good agreement between the modified Brandt method in Matlab and the T-A formulation in COMSOL.




4.3. Machine Environment


4.3.1. COMSOL Reference Model


The third example extends the second example by trying to simulate the loss of the HTS tapes in a full machine environment. In the COMSOL model (the reference with which the modified Brandt method will be compared), the SUTOR machine [51,52] is simulated, except that, instead of simulating 52 tapes in each coil side, only 6 tapes are present in each coil side, but with increased transport current to keep the total ampere-turns per coil side the same. There are PMs on the rotating rotor. In the stator, there are iron and armature coils. For the armature coils, all but two coil sides are represented by areas through which spatially uniform current densities flow (the current densities differ between areas); two coil sides (labelled as coil sides 6 and 7, respectively) are modelled as two stacks of HTS tapes, as in Section 4.2. The HTS tapes are simulated via the T-A formulation.




4.3.2. Modified Brandt Method Model with Stator and Rotor Iron


The modified Brandt method’s geometry is the same as in Section 4.2 except that now there is rotor iron as well, as shown in Figure 3a. To take into account the magnetic field produced by the rotor PMs and other stator coil sides (both of which are not shown in Figure 3a) not modelled explicitly in the modified Brandt method, the HTS tapes are subject to an external magnetic field   B a  . The calculation of   B a   is explained as follows.



Since the iron is modelled to have a constant   μ r  , the principle of superposition applies and the magnetic field in the tapes’ area (which we call field (1)) is the sum of magnetic fields generated by other coil sides and PMs, which is then modified by presence of iron (which we call field (2)), and the magnetic field generated by current distribution in tapes, with the field modified by presence of iron (which we call field (3)). In other words, we expect the following:


  ( 1 ) = ( 2 ) + ( 3 ) .  



(45)







Thus,   B a   is field (2) and is calculated in a COMSOL model that is the same as the full machine reference model but without the HTS tapes. The   A ˙   at locations around the HTS tapes at different time points are exported and used for interpolation to find    A a  ˙   in (40) at the HTS tape elements’ positions at any given time in the modified Brandt method. Field (3) is different from that calculated in Section 4.2 because the presence of external field   B a   would affect the current distribution.



The average ac loss calculated by the modified Brandt method in Matlab with different mesh densities in the iron boundary near the tapes is shown in Figure 9. The loss calculated by the COMSOL reference model is also shown in the same figure. Again, the ac loss calculated by the modified Brandt method depends heavily on the mesh density.



The instantaneous loss of the two coil sides calculated by the COMSOL model and the modified Brandt method model (with target element size   8 ×  10  − 5     m) in Matlab are shown in Figure 10. For this particular mesh size, there is good agreement between the modified Brandt method in Matlab and the T-A formulation in COMSOL.




4.3.3. Modified Brandt Method Model Without Iron


An alternative way to take into account iron is presented in this section. A modified Brandt method assumes that the tapes are in air (with no iron modelled in the geometry of this modified Brandt method), but an alternative background field   A a   is used, as follows. The magnetic field in the tapes’ area (which we call field (1)) in the full machine can be approximated as follows:


  ( 1 ) ≈ ( 1 u ) − ( 4 ) + ( 5 ) ,  



(46)




where   ( 1 u )   is the field generated in a full machine but with uniform surface current density in the tapes, as calculated in COMSOL (tapes are modelled as surface current in the COMSOL model);   ( 4 )   is the field generated by tapes in air with uniform surface current density, calculated in COMSOL;   ( 5 )   is the field generated by tapes in air carrying the prescribed current under background field   ( 1 u ) − ( 4 )  , and the current distribution is not uniform but calculated by the modified Brandt method in Matlab. In other words, the effect of iron on the fields generated by the HTS tapes, the other coil sides, and PMs, are taken into account in   ( 1 u )  , assuming uniform current distribution in tapes. However,   ( 1 u )   alone cannot be the external field input into the modified Brandt method model (which models tapes in air only) because the tapes with current generate their own self-field. Thus, the external field in the modified Brandt method model must subtract the self-field   ( 4 )   generated by the tapes. A similar method is proposed in reference [52], in which the Minimum Electro-Magnetic Entropy Production (MEMEP) method is used instead of the modified Brandt method, and that the background field is   ( 1 u )   alone.



Therefore, now the modified Brandt method model in Matlab models tapes in air only, with external field   ( 1 u ) − ( 4 )   (   A a  ˙   specifically is needed in the modified Brandt method) coming from two COMSOl models:   ( 1 u )   is from a full machine model but with uniform surface current density in the tapes, and (4) is from a model with tapes in air carrying the same uniform surface current density.



The instantaneous ac loss calculated by the COMSOL reference model (Section 4.3.1), the modified Brandt method model with iron (Section 4.3.2) with the target mesh density of the iron boundary surrounding the tapes being 0.08 mm, and the modified Brandt method model without iron (Section 4.3.3), are shown in Figure 10. The average ac loss in the second period simulated in Coil 6 calculated by the three models are 34.3643, 35.2744, and 34.2131 W/m, respectively; the losses in Coil 7 calculated by the three models are 19.2133, 19.8650, and 19.4099 W/m, respectively. Thus, the results suggest that the modified Brandt method model without iron (Section 4.3.3) can be a reasonably accurate alternative to the T-A formulation and the modified Brandt method model with iron (Section 4.3.2).






5. Conclusions


This paper has extended the modified Brandt method proposed by Statra et al. [45] (with iron being considered an equivalent surface current) to include the effect of an external magnetic field. When applied to the Benchmark #2 problem, the proposed modified Brandt method produces average ac loss results that agree closely (error less than 3%) with the widely-used T-A formulation implemented in COMSOL down to 2 mT.



There is mixed success when using the proposed modified Brandt method on HTS tapes (1) in a stator iron core and (2) in an iron-cored machine. On the one hand, at the appropriate fineness of the discretization of the iron boundary, the ac loss calculated by the modified Brandt method matches well with that calculated by the T-A formulation in COMSOL. On the other hand, when the discretization is too coarse (element size of iron boundary too big), the modified Brandt method gives ac loss results that are below the value calculated by COMSOL; when the discretization is too fine (element size of iron boundary too small), the ac loss result of the modified Brandt method overshoots the value calculated by COMSOL, thus one cannot assume using a fine discretization from the start will guarantee good results. The cause of the overshoot can be investigated in the future.
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Appendix A. Closed Forms for Line and Area Integrals in Matrices


The closed form for the line and area integrals in (21), (22), (31)–(36) are given as follows.



Consider   Δ  Γ j    to be a straight line connecting points   a = (  x 1  ,  y 1  )   and   b = (  x 2  ,  y 2  )  . Let  v  be defined as follows:


  v =      v x       v y      : =    b − a   | b − a |    .  











Then, coordinates on   Δ  Γ j    are described as    r ′  = a + p v   where   p ∈ [ 0 , P ]   where P is the length of line   Δ  Γ j   . Recall that the Green function (with minus sign) given by(9) is as follows:


  Q = −   1  2 π    ln  | r −  r ′  |  = −   1  4 π    ln    ( x −  x ′  )  2  +   ( y −  y ′  )  2   .  











Appendix A.1. Line Integrals


The first line integral to be evaluated is as follows:


      I 1  : =      ∫  Δ  Γ j    Q  (  r i  ,  r ′  )   d  r ′       =    −  ∫ 0 P    1  4 π    ln    (  x i  −  x 1  − p  v x  )  2  +   (  y i  −  y 1  − p  v y  )  2    d p      =    − [   1  4 π    p ln  c   ( a − p )  2  + d   ( b − p )  2            −   1  4 π        a c + b d   c + d    ln  c   ( a − p )  2  + d   ( b − p )  2             +   1  2 π         c d    ( a − b )    c + d     tan  − 1       ( c + d ) p − ( a c + b d )     c d    ( a − b )               −   1  4 π     2 p − 2    a c + b d   c + d      ]  p = 0  P  ,     



(A1)




where   a =     x i  −  x 1    v x    ,   b =     y i  −  y 1    v y    ,   c =  v x 2  ,   d =  v y 2   , for the general case    v x  ≠ 0 ,    v y  ≠ 0  .



If    v y  = 0  , the line integral   I 1   is as follows:


   I 1  =        1  4 π      1  v x      2 u ( ln | u | − 1 )   u =  x i  −  x 1     x i  −  x 2        ,  y i  =  y 1          1  4 π      1  v x    [ u ln  (  u 2  +   (  y i  −  y 1  )  2  )  − 2 u           + 2  (  y i  −  y 1  )   tan  − 1      u   y i  −  y 1       ]  u =  x i  −  x 1     x i  −  x 2        ,  y i  ≠  y 1       .  



(A2)







If    v x  = 0  , the line integral   I 1   is as follows:


   I 1  =        1  4 π      1  v y      2 u ( ln | u | − 1 )   u =  y i  −  y 1     y i  −  y 2        ,  x i  =  x 1          1  4 π      1  v y    [ u ln  (  u 2  +   (  x i  −  x 1  )  2  )  − 2 u           + 2  (  x i  −  x 1  )   tan  − 1      u   y i  −  y 1       ]  u =  y i  −  y 1     y i  −  y 2        ,  x i  ≠  x 1       .  



(A3)







The second line integral to be evaluated is as follows:


     I 3     : =  ∫  Δ  Γ j       ∂ Q   ∂ y     (  r i  ,  r ′  )   d  r ′           = −   1  4 π     ∫  Δ  Γ j       2 (  x i  −  x ′  )     ( x −  x ′  )  2  +   (  y i  −  y ′  )  2      d p          =   1  4 π ( c + d )    [  c  ln   p 2  −    2 ( a c + b d )   c + d    p +     a 2  c +  b 2  d   c + d               − 2  d   tan  − 1       ( c + d ) p − ( a c + b d )   c d ( a − b )      ] 0 P  ,     



(A4)




for the general case    v x  ≠ 0 ,  v y  ≠ 0  . Definitions of   a , b , c , d   are the same as for   I 1  .



If    v y  = 0  , the line integral   I 3   is as follows:


   I 3  =   1  4 π      1  v x      ln (  u 2  +   (  y i  −  y 1  )  2  )   u =  x i  −  x 1     x i  −  x 2    .  



(A5)







If    v x  = 0  , the line integral   I 3   is as follows:


      I 3  =     0       ,  x i  =  x 1          1  2 π      1  v y       tan  − 1      u   x i  −  x 1        u =  y i  −  y 1     y i  −  y 2           ,  x i  ≠  x 1       .     



(A6)







Similarly, the third line integral to be evaluated is as follows:


     I 4     : =  ∫  Δ  Γ j       ∂ Q   ∂ y     (  r i  ,  r ′  )   d  r ′           = −   1  4 π     ∫  Δ  Γ j       2 (  y i  −  y ′  )     ( x −  x ′  )  2  +   (  y i  −  y ′  )  2      d p          =   1  4 π ( c + d )    [  c  ln   p 2  −    2 ( a c + b d )   c + d    p +     a 2  c +  b 2  d   c + d               − 2  d   tan  − 1       ( c + d ) p − ( a c + b d )   c d ( a − b )      ] 0 P  ,     



(A7)




where   b =     x i  −  x 1    v x    ,   a =     y i  −  y 1    v y    ,   d =  v x 2  ,   c =  v y 2   , for the general case    v x  ≠ 0 ,  v y  ≠ 0  .



If    v x  = 0  , the line integral   I 4   is as follows:


   I 4  =   1  4 π      1  v y      ln (  u 2  +   (  x i  −  x 1  )  2  )   u =  y i  −  y 1     y i  −  y 2    .  



(A8)







If    v y  = 0  , the line integral   I 4   is as follows:


      I 4  =     0    ,  y i  =  y 1          1  2 π      1  v x       tan  − 1      u   y i  −  y 1        u =  x i  −  x 1     x i  −  x 2        ,  y i  ≠  y 1       .     



(A9)








Appendix A.2. Area Integrals


For the next three area integrals over area   Δ  S j   ,   Δ  S j    is considered a rectangle with sides parallel to the x or y axes covering    a j  < x <  b j  ,    c j  < y <  d j   , with centre   (  p j  ,  q j  )  , which is then rotated about the origin by angle  θ  to reach the final position with centre   (  x j  ,  y j  )  . Let   R =      cos θ     − sin θ       sin θ     cos θ       , then     [  p j  ,  q j  ]  T  =  R  − 1     [  x j  ,  y j  ]  T   , and the substitution     [ p , q ]  T  =  R  − 1     [  x ′  ,  y ′  ]  T    will be used below in evaluating the integrals. For the source point   (  x i  ,  y i  )  , there is     [  p i  ,  q i  ]  T  =  R  − 1     [  x i  ,  y i  ]  T   .



The first area integral to be evaluated is as follows:


      I 2  : =         ∫   ∫     Δ  S j    Q  (  r i  ,  r ′  )    d 2   r ′       =        ∫   ∫     Δ  S j    −   1  4 π    ln    (  x i  −  x ′  )  2  +   (  y i  −  y ′  )  2    d  x ′  d  y ′       =    −  ∫   c j    d j    ∫   a j    b j     1  4 π    ln    (  x i  − p cos θ + q sin θ )  2  +   (  y i  − p sin θ − q cos θ )  2    d p  d q      =    −  ∫   c j    d j    ∫   a j    b j     1  4 π    ln    (  p i  − p )  2  +   (  q i  − q )  2    d p  d q      =    −   1  4 π        u v  ln (  u 2  +  v 2  ) − 3  +  u 2   tan  − 1      v u    +  v 2   tan  − 1      u v       u 1    u 2      v 1    v 2   ,     



(A10)




where    u 1  =  p i  −  a j  ,    u 2  =  p i  −  b j  ,    v 1  =  q i  −  c j  ,    v 2  =  q i  −  d j   , where    a j  =  p j  −    d 2  2   ,    b j  =  p j  +    d 2  2   ,    c j  =  q j  −    d 1  2   ,    d j  =  q j  +    d 1  2    , where    d 1  =  d j  −  c j    and    d 2  =  b j  −  a j    are the width and length of the rectangle   Δ  S j   .



The second area integral to be evaluated is as follows:


     I 5     : =     ∫   ∫     Δ  S j       ∂ Q   ∂ x     (  r i  ,  r ′  )    d 2   r ′           = −   1  4 π        ∫   ∫     Δ  S j       2 (  x i  −  x ′  )     ( x −  x ′  )  2  +   (  y i  −  y ′  )  2      d  x ′   d  y ′           = −   1  4 π     ∫   c j    d j    ∫   a j    b j      2 (  x i  − p cos θ + q sin θ )     (  p i  − p )  2  +   (  q i  −  q ′  )  2      d p  d q          = −    cos θ   4 π     I 51  +    sin θ   4 π     I 52  ,     



(A11)




where   I 51   and   I 52   are as follows:


     I 51     =  ∫   v 1    v 2    ∫   u 1    u 2      2 u    u 2  +  v 2      d u  d v          =     v ln  (  u 2  +  v 2  )  + 2 u  tan  − 1      v u       u 1    u 2      v 1    v 2       



(A12)






     I 52     =  ∫   v 1    v 2    ∫   u 1    u 2      2 v    u 2  +  v 2      d u  d v          =     u ln  (  u 2  +  v 2  )  + 2 v  tan  − 1      u v       u 1    u 2      v 1    v 2   ,     



(A13)




where    u 1  ,    u 2  ,    v 1  ,    v 2  ,    a j  ,    b j  ,    c j  ,    d j  ,    d 1  ,    d 2    have the same meaning as for   I 4  .



Similarly, the third area integral to be evaluated is as follows:


   I 6  : =     ∫   ∫     Δ  S j       ∂ Q   ∂ y     (  r i  ,  r ′  )    d 2   r ′  = −    sin θ   4 π     I 51  −    cos θ   4 π     I 52  .  



(A14)
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Figure 1. Model setup. Under some circumstances,   B a   and   B 0   are the same, but there are situations where they are different. 
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Figure 2. Benchmark #2’s geometry. 
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Figure 3. (a) The geometry modelled in the modified Brandt method in Matlab. HTS tapes are shown in red in (a). In Section 4.2, there is no rotor iron. The size of elements   Δ  Γ i    on the edges near the tapes when the target element size is (b) 0.002 m and (c) 0.0002 m. Whilst the face of the iron is also meshed in Matlab, only the elements on the edges are used in the modified Brandt method. The edges whose elements’ target size is adjusted are edges E15, E10, E6, E5, E11, E17, E23, E26, E32, E35. These edges are considered to be the edges of the iron boundary closest to the tapes. 
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Figure 4. Each HTS layer is discretized into a single layer of 2D elements (two layers shown in figure). The red box shows the area   Δ  S j    of element j, and the area of element j is integrated over in, e.g., (25), to calculate properties of element i with centre   (  x i  ,  y i  )  . Figure reproduced from [36] under CC-BY 4.0. 
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Figure 5. Average loss due to external magnetic field of different amplitudes as calculated by the modified Brandt method in Matlab and T-A formulation in COMSOL for HTS tape with magnetic substrates with widths of (a) 2 mm and (b) 2.2 mm. The circular dark orange points represent the percentage difference of loss calculated by Matlab compared to COMSOL, and the corresponding axis is the right axis on each graph. 
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Figure 6. The instantaneous values of (a)   J /  J c    and (b)   B y   across the width of the tape when the external magnetic field is    B  a , y   = − 20   mT during the sinusoidal cycle of amplitude 20 mT. The results are shown for calculations performed via the modified Brandt method in Matlab and T-A formulation in COMSOL, for both the geometries with 2 mm and 2.2 mm ferromagnetic substrates. For reference, the results for the case when there is no iron substrate are also shown. 
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Figure 7. Average ac loss (averaged over the second half of the cycle simulated) for tapes near a stator iron calculated in Matlab when different target element sizes are used for the edges of the iron boundary closest to the tapes. The average ac loss calculated by COMSOL are also shown as horizontal lines. 
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Figure 8. Instantaneous loss of the two coil sides carrying transport ac in a stator slot calculated in COMSOL and the modified Brandt method in Matlab. 
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Figure 9. Average ac loss (averaged over the second half of the cycle simulated) for tapes in a machine environment calculated in Matlab when different target element sizes are used for the edges of the iron boundary closest to the tapes. The average ac loss calculated by COMSOL are also shown as horizontal lines. 
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Figure 10. Instantaneous loss of the two coil sides in a machine environment calculated by the COMSOL reference model (Section 4.3.1), the modified Brandt method (MBM) model with iron (Section 4.3.2) with the target mesh density of the iron boundary surrounding the tapes being 0.08 mm, and the modified Brandt method model without iron (Section 4.3.3). 
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Table 1. Average ac loss [W/m] in tape in Benchmark #2 calculated by the modified Brandt method for different substrate mesh densities and external magnetic field amplitudes.
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2 mm Substrate

	
2.2 mm Substrate




	
Target Element Size [m]

	
0.002 T

	
0.02 T

	
0.2 T

	
2 T

	
0.002 T

	
0.02 T

	
0.2 T

	
2 T






	
2.00   ×   10  − 4    

	
n/a

	
0.021673

	
1.1057

	
13.3625

	
n/a

	
0.018429

	
1.0917

	
13.2740




	
1.00   ×   10  − 4    

	
n/a

	
0.021685

	
1.1039

	
13.3579

	
n/a

	
0.018287

	
1.0905

	
13.2693




	
5.00   ×   10  − 5    

	
n/a

	
0.021842

	
1.1017

	
13.3298

	
n/a

	
0.019004

	
1.0898

	
13.2478




	
2.00   ×   10  − 5    

	
2.96   ×   10  − 5    

	
0.021580

	
1.0976

	
13.2883

	
1.50   ×   10  − 5    

	
0.018864

	
1.0866

	
13.2149




	
1.00   ×   10  − 5    

	
3.07   ×   10  − 5    

	
0.021539

	
1.0967

	
13.2784

	
7.14   ×   10  − 6    

	
0.018598

	
1.0854

	
13.2064




	
5.00   ×   10  − 6    

	
3.10   ×   10  − 5    

	
0.021515

	
1.0962

	
13.2737

	
8.35   ×   10  − 6    

	
0.018645

	
1.0851

	
13.2026




	
2.00   ×   10  − 6    

	
3.13   ×   10  − 5    

	
0.021511

	
1.0961

	
13.2720

	
7.89   ×   10  − 6    

	
0.018621

	
1.0850

	
13.2011




	
1.00   ×   10  − 6    

	
3.14   ×   10  − 5    

	
0.021507

	
1.0960

	
13.2714

	
7.88   ×   10  − 6    

	
0.018618

	
1.0849

	
13.2006




	
5.00   ×   10  − 7    

	
1.32   ×   10  − 6    

	
n/a

	
n/a

	
n/a

	
4.66   ×   10  − 6    

	
n/a

	
n/a

	
n/a




	
2.00   ×   10  − 7    

	
9.13   ×   10  − 7    

	
n/a

	
n/a

	
n/a

	
1.25   ×   10  − 6    

	
n/a

	
n/a

	
n/a




	
1.00   ×   10  − 7    

	
8.27   ×   10  − 7    

	
n/a

	
n/a

	
n/a

	
1.04   ×   10  − 6    

	
n/a

	
n/a

	
n/a











 





Table 2. Effect of iron mesh density on COMSOL simulations.
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	Normal
	Dense





	Max element size on edges 1 [mm]
	0.6
	0.3



	Number of edge elements on edges close to tapes 1
	164
	328



	Number of triangles in stator iron
	15,778
	26,057



	Average loss 2 coil side 6 [W/m]
	20.914
	20.918



	Average loss 2 coil side 7 [W/m]
	21.452
	21.456







1 E15, E10, E6, E5, E11, E17, E23, E26, E32, E35 shown in Figure 3a. 2 Averaged over the second period simulated.
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