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Abstract


Carrier frequency offset (CFO) estimation is crucial for underwater acoustic (UWA) multiple-input multiple-output orthogonal frequency-division multiplexing (MIMO-OFDM) systems. By employing pilot symbols, a CFO estimation scheme utilizing least squares (LS)-based tentative channel estimation and equalization can achieve an improved CFO estimation performance. However, it suffers from performance degradation due to inaccurate tentative channel estimation in scenarios with relatively long channels or a relatively large number of transmitting transducers. To address this problem, we propose a sparse Bayesian learning (SBL)-based CFO estimation scheme, which employs the expectation-maximization SBL (EM-SBL) algorithm as the tentative channel estimator. In addition, to reduce computational complexity caused by matrix inversion, a refined scheme employing variational Bayesian inference (VBI) technology is proposed, which achieves comparable performance to the original scheme with lower complexity. Finally, numerical simulations demonstrate that our proposed schemes can achieve a remarkably low root mean square error (below   10  − 2   ) and outperform existing methods across diverse system configurations and simulated channels.
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1. Introduction


Due to limited bandwidth, severe multipath effects, and Doppler shifts, the underwater acoustic (UWA) channel is one of the most challenging communication media [1,2,3]. To mitigate multipath interference and enhance data rates in the band-limited UWA channel, multiple-input multiple-output (MIMO) technology combined with orthogonal frequency-division multiplexing (OFDM) modulation has been adopted for UWA communication systems [4,5,6,7,8]. However, the orthogonality among subcarriers may be destroyed by the Doppler shift-induced carrier frequency offset (CFO), leading to inter-carrier interference (ICI) and degraded bit error rate (BER) performance [7,9]. Therefore, it is essential to investigate CFO estimation technologies for UWA MIMO-OFDM systems.



Although numerous CFO estimation techniques for MIMO-OFDM systems have been extensively studied in wireless communications [10,11,12,13], many of them cannot be directly applied to UWA communications due to fundamental differences in channel characteristics. In wireless communication systems, CFO primarily originates from transceiver oscillator mismatches and is generally assumed to be constant within a communication frame. Consequently, most CFO estimation algorithms for wireless MIMO-OFDM systems are derived under this assumption [10,11]. In contrast, in UWA communication systems, CFO is mainly caused by residual Doppler frequency shifts. Owing to the time-varying nature of the ocean environment and relative motions between transceivers, this CFO is usually time-varying within a frame. Therefore, the CFO estimation algorithms developed for wireless communication systems under the constant-CFO assumption cannot be directly applied to UWA communication systems. Furthermore, wireless communication systems offer considerably larger bandwidth than the inherently limited bandwidth in UWA communication systems. As a result, many wireless MIMO-OFDM CFO estimators utilize additional training sequences or known OFDM blocks [12,13]. In contrast, the significantly lower frequency of acoustic waves (compared to electromagnetic waves) results in a naturally constrained and narrower available bandwidth for UWA communication systems.



Given the unique characteristics of UWA channels, some CFO estimation methods have been developed specifically for UWA single-input single-output (SISO) OFDM communication systems [9,14,15]. For instance, a low-complexity CFO estimator based on minimizing null subcarrier energy is proposed in [14]. Nevertheless, this approach inherently sacrifices spectral efficiency due to the use of null subcarriers. In contrast, the cyclic prefix (CP) autocorrelation-based estimator in [15] preserves spectral efficiency. Yet, its accuracy will deteriorate in severe multipath channels. In [9], equally spaced and identical pilot pattern is employed to construct time locality property. A closed-form CFO estimator with low computational complexity and high accuracy is derived based on this property. However, the adopted pilot pattern induces high Peak-to-Average Power Ratio (PAPR).



When it comes to MIMO-OFDM systems, directly applying most of these UWA SISO-OFDM CFO estimation algorithms to UWA MIMO-OFDM systems is challenging, primarily due to co-channel interference (CCI). The algorithm proposed in [14], based on the criterion of minimizing the energy on null subcarriers, is less susceptible to CCI in UWA MIMO-OFDM communication systems. Consequently, this algorithm is readily extended to UWA MIMO-OFDM systems in [7]. This extended algorithm retains advantages such as low computational complexity and high accuracy. It also inherits a significant drawback from the original algorithm, which is a sacrifice in spectral efficiency due to the use of null subcarriers. In [8], a CFO estimation scheme based on pilot subcarriers is proposed. This scheme operates on the principle of minimizing the Euclidean distance between tentatively equalized pilot symbols and their transmitted counterparts. By eliminating the need for null subcarriers, this scheme achieves higher spectral efficiency than the approach in [7]. However, a critical limitation of this scheme is its reliance on the least squares (LS) algorithm for tentative channel estimation. In scenarios with relatively long channels or a relatively large number of transmitting transducers, the LS channel estimation may become ill-posed due to an underdetermined problem. This results in inaccurate tentative channel estimation, consequently leading to severe degradation in CFO estimation performance.



To address this issue, this paper proposes a CFO estimation scheme by leveraging the Expectation-Maximization Sparse Bayesian Learning (EM-SBL) for tentative channel estimation. This scheme maintains high tentative channel estimation accuracy thereby ensuring good CFO estimation performance even under ill-posed conditions, whose probability of occurrence increases with the channel length and the number of transducers. However, this scheme necessitates an exhaustive search over a large candidate CFO set, with each candidate point requiring computationally intensive EM-SBL execution. Consequently, the overall complexity becomes high, scaling dramatically with both the channel length and the number of transducers. To further reduce computational complexity, we introduce a lower-complexity Sparse Bayesian Learning (SBL) channel estimator using Variational Bayesian Inference (VBI), tailored for UWA MIMO-OFDM systems. By employing this VBI-based SBL algorithm as the tentative channel estimator, we finally propose a refined CFO estimation scheme with lower computational complexity.



The rest of the paper is organized as follows. Section 2 introduces the UWA MIMO-OFDM system model and formulates the problem. In Section 3, the proposed CFO estimation scheme based on tentative SBL channel estimation is first developed, and its refined version with lower computational complexity is developed then. A complexity analysis is also provided. Section 4 presents the simulation results to verify the advantages of the proposed schemes. Conclusions are drawn in Section 5.




2. System Model


Consider a co-located UWA MIMO-OFDM communication system [4], comprising   N t   transmitting transducers and   N r   receiving hydrophones, shown as Figure 1. In such co-located UWA MIMO-OFDM system, the transmitted data streams from all transmitting transducers can be considered quasi-time-synchronous [16], and the slight timing offset caused by minor timing asynchrony can be absorbed into the channel impulse response (CIR) [12]. Therefore, perfect timing synchronization is assumed. The cyclic prefix (CP) technique is employed to avoid Inter-Symbol Interference (ISI), with the CP length denoted as   N cp  . Each OFDM block contains N subcarriers. Among these,   N P   subcarriers are allocated for pilot symbols, with position indices   P =   I 1  ,  I 2  , … ,  I  N P     , and   N D   subcarriers are allocated for data symbols, with position indices   D =   J 1  ,  J 2  , … ,  J  N D     , satisfying   P ∪ D =  0 , 1 , … , N − 1   . All transmitting transducers adopt the same subcarrier mapping scheme, employing an equi-spaced pilot pattern.



In UWA MIMO-OFDM communication systems, a block-by-block processing approach is commonly adopted for handling the received data. The processing method for each OFDM block remains identical [14]. Therefore, without loss of generality, we focus on a single OFDM block. The vector of symbols to be transmitted by the t-th transmitting transducer within an OFDM block can be represented as    s t  =     s t   0  ,  s t   1  , . . . ,  s t   N − 1    T   . Let  F  denote the normalized discrete Fourier transform (DFT) matrix of size   N × N  , whose element at position   i i , j j   is     1  N     e  − j    2 π ( i i − 1 ) ( j j − 1 )  N      . The corresponding time-domain signal vector of   s t   is then given by    x t  =   F  H   s t  =     x t   0  ,  x t   1  , … ,  x t   N − 1    T   . After adding the cyclic prefix (CP), the final time-domain signal vector ready for transmission is expressed as       x  ′   t  =   s t   N −  N  c p   + 1 : N  ;  s t    .



Due to relative motion between the transmitter and receiver, non-uniform Doppler shifts exist in UWA communication systems [14], which should be compensated via a resampling operation [17]. The resampling factor can be estimated using the preamble and postamble signals located in the header and footer of the communication frame. After performing non-uniform Doppler shift compensation, the baseband received signal at time k for the r-th receiving hydrophone can be expressed as [8]


   y r   k  =  e  j 2 π k    ε  t , r   N      ∑  t = 1   N t    ∑  q = 0   N +  N  c p      h  t , r    k − q    x  t ′   q  +  w r   



(1)




where   ε  t , r    denotes the normalized CFO for the transmission data stream from the t-th transmitting transducer to the r-th receiving hydrophone, defined as the ratio of the actual CFO to the subcarrier spacing   Δ f  .     h  t , r    l    l = 0    L  c h   − 1    represents the CIR between the t-th transmitting transducer and the r-th receiving hydrophone, where   L  c h    is the channel length.   w r   denotes the additive white Gaussian noise (AWGN) with variance   σ  w  2  .



Rewrite Equation (1) in a compact matrix form. The time-domain received signal vector of the r-th receiving hydrophone    y r  ∈   C    N +  N  c p    × 1     can be expressed as


   y r  =  ∑  t = 1   N t     E  t , r    H  t , r    A  c p     F  H   s t   +  w r   



(2)




where   w r   denotes the additive white Gaussian noise (AWGN) at the r-th receiving hydrophone. The covariance matrix of   w r   satisfies   E   w r   w  r  H   =  σ  w  2   I N   . Here,    A  c p   ∈  C   N +  N  c p    × N     is the CP insertion matrix,    H  t , r   ∈  C   N +  N  c p    ×  N +  N  c p        is the time-domain channel matrix, and    E  t , r   ∈  C   N +  N  c p    ×  N +  N  c p        is the phase rotation matrix induced by the CFO   ε  t , r   :


   A  c p   =         0   N  C P   ×  N −  N  c p         I  N  c p            I N       










   E  t , r   = diag  1 ,   e   j    2 π  ε  t , r    N     , . . . ,   e   j    2 π  ε  t , r    N +  N  C P   − 1   N       










   H  t , r   =    h  i − j      N +  N  c p    ×  N +  N  c p        








where     h k  =       h  t , r    ( k )      0 ≤ k ≤  L ch  − 1      0   otherwise      



In subsequent derivations, it is assumed that the entire MIMO-OFDM system experiences a common CFO [7,8]. Therefore, the subscripts t and r for the CFO matrix are omitted. For the time-domain signal received by the r-th receiving hydrophone, the time-domain signal obtained after tentative CFO compensation     y r  ̲  ∈   C    N +  N  c p    × 1     can be expressed as


    y r  ̲  =   E  H    ε  t e n     y r   



(3)




where   ε  t e n    is the tentatively compensated CFO value. Defining the CP removal matrix as    R  c p   =   0  N ×  N  c p        I N   ∈   C   N ×  N +  N  c p       , the time-domain received signal vector      y r  ̲  ̲  ∈   C   N × 1     after CP removal can be expressed as


       y r  ̲  ̲     =  R  c p     y r  ̲           =   e   j    2 π  ε −  ε  t e n     N  c p    N     Γ  ε −  ε  t e n     ∑  t = 1   N t      F  H  d i a g   h  t , r  f     s t  +  w r      



(4)




where    h  t , r  f  ∈  C  N × 1     denotes the frequency-domain channel response, and   Γ ∈  C  N × N     represents the phase rotation induced by residual CFO after tentative compensation:


   h  t , r  f  = F  : , 1 :  L ch    h  t , r    










  Γ  ε −  ε ten   = diag  1 ,  e  j    2 π  ε −  ε ten    N     , … ,  e  j    2 π  ε −  ε ten    N − 1   N       











The frequency-domain received signal vector      y  r  f  ̲  ̲  ∈  C  N × 1     can be expressed as


       y  r  f  ̲  ̲     = F    y r  ̲  ̲           = F   e   j    2 π  ε −  ε  t e n     N  c p    N     Γ  ε −  ε  t e n      F  H   ∑  t = 1   N t    d i a g   h  t , r  f    s t   + F  w r           = M   ε  t e n     ∑  t = 1   N t    d i a g   h  t , r  f    s t   +  w  r  f      



(5)




where   M   ε  t e n      reflects the ICI caused by the CFO, and   w  r  f   represents the frequency-domain noise:


  M   ε  t e n    = F   e   j    2 π  ε −  ε  t e n     N  c p    N     Γ  ε −  ε  t e n      F  H   










   w  r  f  = F  w r   











If   M (  ε ten  ) ≠ I   (i.e.,    ε  t e n   ≠ ε  ), subcarrier orthogonality is destroyed, causing energy leakage between subcarriers. Conversely, if   M (  ε ten  ) = I   (i.e.,    ε ten  = ε  ), orthogonality is preserved without energy leakage.



For derivation convenience, assume that the tentative CFO compensation is near-perfect. Thus, the frequency-domain received signal vector      y  r  f  ̲  ̲  ∈   C   N × 1     can be simplified as


       y  r  f  ̲  ̲     =  ∑  t = 1   N t    d i a g   h  t , r  f    s t   +  w  r  f           =  ∑  t = 1   N t    d i a g   s t   F  : , 1 :  L  c h     h  t , r    +  w  r  f      



(6)







Define the pilot symbol extraction matrix   P ∈   R    N P  × N    , which extracts   N P   pilot symbols from the N symbols of the frequency-domain received signal vector     y  r  f  ̲  ̲  :


  P  i , j  =         1    i = 1 , … ,      N P     ,    j =  I i              0    o t h e r w i s e          











Then, the received frequency-domain signal vector at the pilot subcarrier positions, denoted    Y  r  f  ∈   C    N P  × 1    , can be expressed as


     Y  r  f     =  ∑  t = 1   N t    P d i a g   s t   F  : , 1 :  L  c h     h  t , r    +  w  r   f , P            = U  θ r  +  w  r   f , P       



(7)




where    θ r  =     h  1 , r  T  , … ,  h   N t  , r  T    T  ∈   C    N t   L  c h   × 1    ,   U = [ P d i a g   s 1   F  : , 1 :  L  c h    , … , P d i a g   s  N t       F  : , 1 :  L  c h     ] ∈    C    N P  ×  N t   L  c h      ,    w  r   f , P   =  Pw  r  f   . Based on Equation (7), the channel can be estimated using the least squares method, i.e.,


       θ ^  r  =      U  H  U    − 1     U  H   Y  r  f      



(8)







Based on Equation (6), the symbol at the position    I p   p = 1 , … ,  N p     of the frequency-domain received signal vector      y  r  f  ̲  ̲  ∈   C   N × 1     can be expressed as


        y  r  f  ̲  ̲    I p   =   h  1 , r  f    I p   , … ,  h   N t  , r  f    I p          s 1    I p        ⋮       s  N t     I p        +  w  r  f    I p        



(9)







Stack the      y  r  f  ̲  ̲    I p     at different receiving hydrophones into a column vector:


      Y  p     =         y  1  f  ̲  ̲    I p        ⋮         y   N r   f  ̲  ̲    I p                 =       h  1 , 1  f    I p      …     h   N t  , 1  f    I p        ⋮   ⋱   ⋮       h  1 ,  N r   f    I p      …     h   N t  ,  N r   f    I p              s 1    I p        ⋮       s  N t     I p                 +       w  1  f    I p        ⋮       w   N r   f    I p                 =   H  p    S  p  +   w  p      



(10)







To emphasize that this system model is obtained after tentative CFO compensation using   ε  t e n   , we rewrite Equation (10) as     Y  p    ε  t e n    =   H  p    ε  t e n      S  p  +   w  p    ε  t e n     . Based on Equation (10), the LS equalization result of the pilot symbols can be expressed as


        S ^   p    ε  t e n    =         H  p    ε  t e n      H    H  p    ε  t e n       − 1     H  p    ε  t e n      Y  p      



(11)







Using the LS equalization results of the pilot symbols, we can construct a cost function for estimating the CFO:


     C   ε  t e n    =  ∑  t = 1   N t     ∑  p = 1   N p        s ^  t    I p   −  s t    I p     2       



(12)







If the CFO is compensated perfectly, i.e.,    ε  t e n   = ε  ,   C   ε  t e n      will be relatively small. However, if the CFO is not perfectly compensated, i.e.,    ε  t e n   ≠ ε  , the residual CFO will degrade the accuracy of the channel estimation. This will lead to inaccurate equalization results, resulting in a relatively large   C   ε  t e n     . Therefore, the CFO estimation problem can be modeled as the following optimization problem:


      ε ^  =   arg min   ε  t e n     C   ε  t e n        



(13)







The above optimization problem can be solved with relatively low computational complexity via a “coarse one-dimensional search followed by the bisection method” [8]. The accuracy of the channel estimation results directly impacts on the performance of LS equalization. Therefore, accurate channel estimation is crucial for the CFO estimation algorithm based on tentative CFO compensation. However, the LS channel estimation algorithm adopted in CFO estimation scheme proposed in [8] may fail when the number of pilots is limited [5], which are detailed next.



In UWA MIMO-OFDM communication systems with equally-spaced non-orthogonal pilots, the accuracy of the LS channel estimation algorithm relies on two prerequisites: 1.    N p  ≥  N t   L  c h     must hold to prevent the problem from becoming underdetermined; 2.    N p  ≥  L  c h     must hold to avoid time-domain aliasing in channel estimation when using equally spaced pilot sampling in the frequency domain. In summary, the LS channel estimation algorithm requires    N p  ≥  N t   L  c h     to ensure estimation accuracy. Meeting this condition becomes more and more difficult as the channel length and number of transmitting transducers increase. In contrast, sparse reconstruction-based channel estimation algorithms, which exploit the inherent channel sparsity, depend on only one prerequisite: 1.    N p  ≥  L  c h     must hold to avoid time-domain aliasing in channel estimation when using equally spaced pilot sampling in the frequency domain. Therefore, sparse reconstruction-based channel estimation algorithms require only   1 /  N t    the number of pilots required by the LS algorithm.




3. Proposed Method


In this section, we first propose a CFO estimation scheme based on a tentative EM-SBL channel estimation algorithm, which is robust to the situation of long channels or numerous transmitting transducers. This scheme is denoted as the EMSBL-LS-CFOE scheme. Furthermore, to mitigate the heavy computational complexity burden of the EMSBL-LS-CFOE scheme, a refined version of it is proposed utilizing VBI technology. This refined scheme with lower computational complexity is denoted as the VBISBL-LS-CFOE scheme.



3.1. EMSBL-LS-CFOE Scheme


To address the degradation in CFO estimation performance caused by inaccurate tentative LS channel estimation within the scheme proposed in [8] in scenarios with relatively long channels or a relatively large number of transmitting transducers, we employ the EM-SBL algorithm for tentative channel estimation. Unlike the OMP algorithm [18,19], the EM-SBL algorithm does not require prior knowledge of the channel sparsity [20,21]. By incorporating parametric sparse priors within a probabilistic model, it enables automatic estimation of sparse channels along with parameters such as noise variance [22].



Our proposed EMSBL-LS-CFOE scheme operates as follows: First, tentative CFO compensation is applied to the received signals at   N r   hydrophones. Then, the channel frequency response at pilot subcarriers is estimated using EM-SBL. These estimates are then used to perform LS equalization on pilot symbols. We construct a cost function defined as the sum of squared Euclidean distances between equalized pilot symbols and their transmitted counterparts. Finally, the CFO estimate is obtained via one-dimensional search for the tentative CFO value minimizing this cost function.



For the tentative channel estimation problem    Y  r  f  = U  θ r  +  w  r   f , P     described in Equation (7), it can be assumed, without loss of generality, that each element of   w  r   f , P    follows an independent and identically distributed complex Gaussian distribution with zero mean and variance    σ  2  . Therefore, the likelihood function of   Y  r  f   can be expressed as


     p   Y  r  f    θ r   ; β  =      β π      N p   exp  − β    Y  r  f  − U  θ r    2  2       



(14)







The noise precision   β =   1   σ  2      is treated as a random variable and modeled using a Gamma distribution:


     p  β  = γ  β ; c , d      



(15)







Since the vector   θ r   is sparse, it is modeled as    θ r  ∼ C N  ( 0 ,    d i a g  α     − 1   )   , where   α =     α 1  ,  α 2  , …  α   N t   L  c h       T   . When most elements in  α  approach infinity, most elements in   θ r   approach zero, making the vector   θ r   sparse. The SBL algorithm enforces this solution sparsity through the following parametric prior:


     p   θ r   α   =   π   −  N t   L  c h      ∏  i = 1    N t   L  c h       α i  exp  −  θ  r  H  diag  α   θ r        



(16)







The parameter vector   α =    α 1  ,  α 2  , … ,  α   N t   L  c h      T    is also modeled using a Gamma distribution. Each element   α i   is treated as a random variable and assumed to follow an independent and identically distributed Gamma distribution, leading to


     p  α  =  ∏  i = 1    N t   L  c h      γ  α  i  ; a , b       



(17)




where   γ  · ; · , ·    denotes the Gamma distribution probability density function. Assuming that  α  and  β  are known, the posterior probability density function of   θ r   can be expressed as


     p    θ r    Y  r  f  ; α , β      =    p   Y  r  f    θ r   ; β  p   θ r  ; α    p   Y  r  f  ; α , β              =   1    π    N t   L  c h       Σ θ               × exp  −     θ r  −  μ θ    H   Σ  θ   − 1     θ r  −  μ θ        



(18)




where


      μ θ  = β  Σ θ    U  H   Y  r  f      



(19)






      Σ θ  =    d i a g  α  + β   U  H  U    − 1       



(20)







Based on Equation (18), the MAP estimation of   θ r   can be expressed as


      θ r  =  μ θ      



(21)







Note that Equation (21) depends on  α  and  β . However, directly estimating  α  and  β  is challenging because their posterior probability density lacks an analytical form. Therefore, we employ the EM algorithm to iteratively estimate  α  and  β . Based on Equations (14)–(17), the joint log-likelihood function for all variables is


     L = ln  p   Y  r  f    θ r   , β  p   θ r   α   p  α  p  β       



(22)







Ignoring terms in Equation (22) that are independent of  α , the optimal    α   k    for the k-th iteration can be obtained by maximizing the following expectation:


      E    θ r    Y  r  f  ,   α   k − 1   ,   β   k − 1      ln  p   θ r     α   k     p    α   k          



(23)







Taking the derivative of Equation (23) with respect to     α   k    i    and setting it to zero yields the update rule for  α  in the k-th iteration:


       α   k    i  =   a  b +  Σ θ    ( i , i )  + |   μ θ   ( i )    |  2            ( i = 1 , 2 , … ,  N t   L  c h   )         



(24)







Similarly, ignoring terms in Equation (22) that are independent of  β , the optimal    β   k    for the k-th iteration can be obtained by maximizing:


      E    θ r    Y  r  f  ,   α   k − 1   ,   β   k − 1      ln  p   Y  r  f    θ r   ,   β   k    p    β   k          



(25)







Taking the derivative of Equation (25) with respect to    β   k    and setting it to zero yields the update rule for  β  in the k-th iteration:


     β =    c − 1 +  N p    d +    Y  r  f  − U  μ θ    2  2  + tr  U  Σ θ    U  H          



(26)







After the iterations converge, the estimate of the sparse vector   θ r   can be obtained via Equation (21). The value    β   final    obtained from Equation (26) in the final iteration gives the noise variance estimate     σ  2  =   1   β   final      .



The complete procedure of the proposed EMSBL-LS-CFOE scheme is summarized in Algorithm 1.





	Algorithm 1 EMSBL-LS-CFOE Scheme



	Input: The size-  N  t e n    CFO candidate array  Θ , the threshold e, hyperparameters a, b, c, d;



	Initialization: The empty loss function value set   Q =     , the maximum iteration number of EM algorithm   I max  , iteration counter   k = 0  ,   α =    1 , 1 , … , 1   T   ,   β = 1  ;



	Loss function value calculation for all candidate CFOs:



	For    n  t e n   = 1 :  N  t e n     do



	   Take the   n  t e n   th candidate CFO    ε  t e n   = Θ   n  t e n     ;



	   Perform the CFO compensation as in (3);



	   Tentative channel estimation via EM-SBL:



	   While   k ≤  I max    and      μ  θ   k + 1   −  μ  θ   k     2  2  > e   do



	     Perform E-step per (19) and (20);



	     Perform M-step per (24) and (25);



	   End while



	   Tentative LS equalization on the pilot tones:



	   Perform (11);



	   Loss function value calculation:



	   Perform (12) and add the value to  Q ;



	End for



	Output: Find the minimum of the   N  t e n    loss function values in  Q  as in (13), and the corresponding CFO candidate is the final CFO estimation result.







3.2. VBISBL-LS-CFOE Scheme


Although our proposed EMSBL-LS-CFOE scheme can solve the performance degradation problem of the CFO estimation scheme proposed in [8] under the situation with long channels or numerous transmitting transducers, it is burdened with heavy computational complexity due to the matrix inversion in E-step of the EM-SBL tentative channel estimation algorithm.



Therefore, we consider decomposing the high-dimensional channel vector into multiple parallel low-dimensional vectors and derive a SBL channel estimation algorithm utilizing variational Bayesian inference (VBI) technology [23]. This VBI-SBL channel estimation algorithm has lower computational complexity than the EM-SBL channel estimation algorithm in MIMO-OFDM systems with long channels or numerous transmitting transducers. Thus, we adopt it as the tentative channel estimation algorithm for our refined CFO estimation scheme, VBISBL-LS-CFOE scheme, whose computational complexity is lower than that of the EMSBL-LS-CFOE scheme proposed in the previous subsection.



In the rest part of this subsection, we first present the VBI-SBL tentative channel estimation algorithm for our system, and then summarize the whole procedure of our proposed VBISBL-LS-CFOE scheme with lower computational complexity in Algorithm 2. Finally, the computational complexity of our proposed EMSBL-LS-CFOE scheme and VBISBL-LS-CFOE scheme is analyzed.





	Algorithm 2 VBISBL-LS-CFOE Scheme



	Input: The size-  N  t e n    CFO candidate array  Θ , the threshold e, hyperparameters    c r  ,  d r  ,  a  t , r    l  ,  b  t , r    l      t = 1 , … ,  N t  , l = 0 , … ,  L  c h   − 1      ;



	Initialization: The empty loss function value set   Q =     , the maximum iteration number of VBI algorithm   I max  , iteration counter   k = 0  ,    α  t , r   =    1 , 1 , … , 1   T      t = 1 , … ,  N t       ,    β r  = 1  ;



	Loss function value calculation for all candidate CFOs:



	For    n  t e n   = 1 :  N  t e n     do



	   Take the   n  t e n   th candidate CFO    ε  t e n   = Θ   n  t e n     ;



	   Perform the CFO compensation as in (3);



	   Tentative channel estimation via VBI-SBL:



	   While   k ≤  I max    and     1  N t     ∑  t = 1   N t       μ ^    h  t , r     k + 1   −   μ ^    h  t , r     k     2  2  > e   do



	     Update    μ ^   β r   : Perform (37);



	     Update    μ ^   h  t , r    : Perform (42);



	     Update    Σ ^   h  t , r    : Perform (43);



	     Update     μ ^   α  t , r     l   : Perform (47);



	   End while



	   Tentative LS equalization on the pilot tones:



	   Perform (11);



	   Loss function value calculation:



	   Perform (12) and add the value to  Q ;



	End for



	Output: Find the minimum of the   N  t e n    loss function values in  Q  as in (13), and the corresponding CFO candidate is the final CFO estimation result.






For notational convenience, the vector   θ r   is partitioned into   N t   vectors of equal length:    h  t , r   =     h  t , r    0  ,  h  t , r    1  , … ,  h  t , r     L  c h   − 1    T  ∈   C    L  c h   × 1    ,   t = 1 , 2 , … ,  N t   . The vector  α  is denoted as   α r   to emphasize that it parameterizes the channel estimation for the r-th receiving element. Similarly,   α r   is partitioned into   N t   vectors of equal length:    α  t , r   =     α  t , r    0  ,  α  t , r    1  , … ,  α  t , r     L  c h   − 1    T  ∈   C    L  c h   × 1    ,   t = 1 , 2 , … ,  N t   . The parameter  β  is denoted as   β r  , indicating that it parameterizes the channel estimation for the r-th receiving hydrophone. Based on the system model in Equation (7), the joint distribution of   Y  r  f  ,   h  t , r   ,   β r  ,   α  t , r    can be factorized as


        p   h  1 , r   ,  h  2 , r   , … ,  h   N t  , r   ,  α  1 , r   ,  α  2 , r   , … ,  α   N t  , r   ,  β r  ,  Y  r  f            = p    Y  r  f    h  1 , r   ,  h  2 , r   , … ,  h   N t  , r   ,  β r            ×  ∏  t = 1   N t    p    h  t , r     α  t , r    p   α  t , r     p   β r       



(27)







The prior distributions   p   β r     and   p   α  t , r      are


     p   β r   = γ   β r  ;  c r  ,  d r        



(28)






     p   α  t , r    =  ∏  l = 1   L  c h     γ   α  t , r    l  ;  a  t , r    l  ,  b  t , r    l        



(29)







We assume that   p    h  t , r     α  t , r      follows an   L  c h   -dimensional independent complex Gaussian distribution:


     p    h  t , r     α  t , r        = C N ( 0 , diag     α  t , r      − 1   )          =  ∏  l = 0    L  c h   − 1    C N (  h  t , r    l  ; 0 ,  α  t , r      l    − 1   )      



(30)







Let   U =   U 1  .  U 2  , … ,  U  N t     . Then, the likelihood function   p    Y  r  f    h  1 , r   ,  h  2 , r   , … ,  h   N t  , r   ,  β r     is


        p    Y  r  f    h  1 , r   ,  h  2 , r   , … ,  h   N t  , r   ,  β r            =       β r  π      N p   exp  −  β r     Y  r  f  −  ∑  t = 1   N t     U t   h  t , r      2  2       



(31)







Based on mean-field VBI [23], the posterior probability density function of the hidden variables   Θ =   h  1 , r   ,  h  2 , r   , … ,  h   N t  , r   ,  α  1 , r   ,  α  2 , r   , … ,  α   N t  , r   ,  β r     can be approximated by a variational distribution    F r    h  1 , r   ,  h  2 , r   , … ,  h   N t  , r   ,  α  1 , r   ,  α  2 , r   , … ,  α   N t  , r   ,  β r    . This distribution can be further factorized into   2  N t  + 1   independent variational factors   f    ⋅  i   , i = 1 , … , 2  N t  + 1  :


         F r    h  1 , r   ,  h  2 , r   , … ,  h   N t  , r   ,  α  1 , r   ,  α  2 , r   , … ,  α   N t  , r   ,  β r            ≅ f   β r    ∏  t = 1   N t    f   h  t , r    f   α  t , r         



(32)







Our goal is to minimize the Kullback–Leibler (KL) divergence between    F r   ·    and the true posterior probability density function of the hidden variables:


       F ^  r  =   arg min   F r        K L   F r   p (      h  1 , r   ,  h  2 , r   , … ,  h   N t  , r   ,            α  1 , r   ,  α  2 , r   , … ,  α   N t  , r   ,  β r    Y  r  f  ) )          



(33)







The minimization problem in Equation (33) can be transformed into an iterative update process of   2  N t  + 1   independent variables [23]. The first step is to update   f   β r    , considering only the terms related to   β r   in the joint distribution of Equation (27):


        ln    f  *    β r             ∝   p    Y  r  f    h  1 , r   ,  h  2 , r   , … ,  h   N t  , r   ,  β r   p   β r      ∏  t = 1   N t    f   h  t , r    f   α  t , r           



(34)







Substituting Equations (28) and (31) into Equation (34) yields


        ln    f  *    β r             ∝   c r  − 1 +  N p   ln   β r          −   d r  +    Y  r  f  −  ∑  t = 1   N t     U t   μ  h  t , r       2  2  + tr   ∑  t = 1   N t     U t   Σ  h  t , r     U  t  H      β r      



(35)




where   μ  h  t , r     and   Σ  h  t , r     represent the expectation and covariance matrix of   h  t , r   , respectively. From Equation (35), it can be seen that   f   β r     follows a Gamma distribution:


        f   β r            = γ (  β r  ;  c r  +  N p  ,  d r  +              Y  r  f  −  ∑  t = 1   N t     U t   μ  h  t , r       2  2  + tr   ∑  t = 1   N t     U t   Σ  h  t , r     U  t  H    )     



(36)







Thus, the expectation of   f   β r    ,    μ ^   β r   , is


       μ ^   β r   =     c r  +  N p     d r  +    Y  r  f  −  ∑  t = 1   N t     U t   μ  h  t , r       2  2  + tr   ∑  t = 1   N t     U t   Σ  h  t , r     U  t  H           



(37)







Next, update   f   h  t , r    , t = 1 , … ,  N t   , considering only the terms related to   h  t , r    in the joint distribution:


        ln    f  *    h  t , r              ∝ 〈 p    Y  r  f    h  1 , r   ,  h  2 , r   , … ,  h   N t  , r   ,  β r             × p    h  t , r     α  t , r     〉  f   β r     ∏  p ≠ t   N t     f   h  p , r       ∏  p = 1   N t     f   α  p , r           



(38)







Substituting Equations (30) and (31) into Equation (38) yields


        ln    f  *    h  t , r              ∝    h  t , r   −  μ  β r       μ  β r    U  t  H   U t  +  A  t , r      − 1   ×  U  t  H    Y  r  f  −  ∑  p ≠ t   N t     U p   μ  h  p , r       H            ×   μ  β r    U  t  H   U t  +  A  t , r              ×   h  t , r   −  μ  β r       μ  β r    U  t  H   U t  +  A  t , r      − 1   ×  U  t  H    Y  r  f  −  ∑  p ≠ t   N t     U p   μ  h  p , r           



(39)




where


      A  t , r   =       μ  α  t , r     0                     μ  α  t , r     1                   ⋱                   μ  α  t , r      L  c h   − 1       ,     



(40)







With   μ  β r    being the expectation of   β r  , and   μ  α  t , r     the expectation of   α  t , r   . Equation (39) shows that   f   h  t , r      follows a complex Gaussian distribution:


     f   h  t , r    = C N   h  t , r   ;   μ ^   h  t , r    ,   Σ ^   h  t , r         



(41)




where


       μ ^   h  t , r    =  μ  β r     Σ ^   h  t , r     U  t  H    Y  r  f  −  ∑  p ≠ t   N t     U p   μ  h  p , r          



(42)






       Σ ^   h  t , r    =     μ  β r    U  t  H   U t  +  A  t , r      − 1       



(43)







Finally, update   f   α  t , r    , t = 1 , … ,  N t   , considering only the terms related to   α  t , r    in the joint distribution of Equation (27):


        ln    f  *    α  t , r              ∝   p    h  t , r     α  t , r    p   α  t , r      f   β r     ∏  p = 1   N t     f   h  p , r       ∏  p ≠ t   N t     f   α  p , r           



(44)







Substituting Equations (29) and (30) into Equation (44) yields


        ln    f  *    α  t , r              ∝  ∑  l = 0    L  c h   − 1   [  a  t , r    l  ln   α  t , r    l             −   b  t , r    l  +  Σ  h  t , r     l , l  +     μ  h  t , r     l    2    α  t , r    l  ]     



(45)







Equation (45) shows that   f   α  t , r    l     follows a Gamma distribution:


        f   α  t , r    l            = γ    α  t , r    l   ;  a  t , r    l  + 1 ,  b  t , r    l  +  Σ  h  t , r     l , l  +     μ  h  t , r     l    2       



(46)







Thus, the expectation of   f   α  t , r    l     is


       μ ^   α  t , r     l  =     a  t , r    l  + 1    b  t , r    l  +  Σ  h  t , r     l , l  +     μ  h  t , r     l    2         



(47)







We analyze the computational complexity of our proposed EMSBL-LS-CFOE and VBISBL-LS-CFOE schemes, and compare them with the existing CFO estimation scheme in [8], which is denoted as LS-LS-CFOE. The complexity is measured by the number of complex multiplications (CMs). For simplicity, division operations are treated as multiplication operations, and addition operations are not considered in the computational complexity analysis since their complexity is negligible. The computational complexity comparison is presented in Table 1. Based on the information provided in Table 1, it is evident that the VBISBL-LS-CFOE scheme has lower computational complexity than the EMSBL-LS-CFOE scheme. Moreover, as the channel length   L  c h    and the number of transmitting transducers   N t   increase, the computational complexity gap between VBISBL-LS-CFOE scheme and EMSBL-LS-CFOE scheme widens.





4. Simulations Results


In this section, the effectiveness of our proposed schemes is demonstrated through numerical simulations. First, the schemes are verified using simulation channels generated by a statistical channel model. They are then further validated using channels generated by Bellhop based on a typical deep-sea sound profile. The numerical simulations were conducted using Python 3.9.



We employ a statistical channel model commonly used in underwater acoustic communications [4,8,19,24]. Channels between each transmitter–receiver pair are mutually independent, with each channel comprising 15 randomly generated multipath components. The inter-path delays follow an exponential distribution with a mean of 2 ms, while path amplitudes follow a Rayleigh distribution. For each signal-to-noise ratio (SNR), 100 Monte Carlo trials are conducted. In each Monte Carlo trial, a new set of MIMO statistical channels is generated. A typical channel realization is shown in Figure 2.



The system simulation parameters are presented in Table 2. We adopt a non-orthogonal pilot pattern, in which different transmit data streams share the same pilot subcarrier positions. Compared with orthogonal pilot patterns, the non-orthogonal pattern provides more available pilot subcarriers for each transmit data stream, which helps improve parameter estimation performance [4,8]. Specifically, the system employs the non-orthogonal pilot pattern proposed in [8]. This pattern is generated by creating   N t   groups of m-sequences of length 511, truncating each m-sequence to a length of   N p  , and assigning the resulting   N t   groups of truncated sequences to the   N t   transmit data streams as their pilot symbols. In addition, channel coding is not used in our simulation to more clearly show the performance of different CFO estimation schemes.



Based on the aforementioned statistical channel model and system parameters, we simulate two CFO estimation schemes proposed in this paper: EMSBL-LS-CFOE and VBISBL-LS-CFOE. We also simulate the LS-LS-CFOE scheme proposed in [8]. Additionally, the OMP-LS-CFOE scheme is simulated, which is derived from the LS-LS-CFOE scheme in [8] by replacing the tentative LS channel estimation algorithm with the OMP channel estimation algorithm [18]. To finally calculate the BER performance, each scheme’s tentative channel estimation result corresponding to the final CFO estimation result is provided to the LS equalizer to estimate the transmitted data symbols. The simulation results are shown in Figure 3, Figure 4, Figure 5 and Figure 6:



As shown in Figure 3, when the channel length satisfies      N p   N t    <  L  c h   ≤  N p   , the channel length is long or the number of transducers is large, the performance of the LS channel estimation algorithm degrades significantly as shown in Figure 4, leading to deteriorated CFO estimation performance of the LS-LS-CFOE scheme. The OMP-LS-CFOE scheme introduces the classical sparse reconstruction algorithm OMP for tentative channel estimation. Although OMP exploits prior sparsity to overcome the limitations of LS, the mismatch between the prior sparsity and the actual sparsity results in unsatisfactory tentative channel estimation performance. In contrast, the tentative EM-SBL channel estimation algorithm in our proposed EMSBL-LS-CFOE scheme adapts to the actual sparsity of the channel, achieving desirable tentative channel estimation performance, which consequently leads to improved CFO estimation performance. With lower computational complexity, our proposed VBISBL-LS-CFOE scheme achieves comparable or even slightly better CFO estimation performance than the EMSBL-LS-CFOE scheme. This is because the VBI-SBL channel estimation technique decomposes the high-dimensional channel into   N t   low-dimensional subchannels, which are then estimated separately. This approach not only reduces computational complexity but also better adapts to the distinct sparsity of each subchannel. As shown in Figure 5, the demodulation bit error rates of communication systems based on our proposed EMSBL-LS-CFOE and VBISBL-LS-CFOE schemes are, across the entire SNR range, close to that of the genie-aided system with perfect CFO estimation and perfect channel state information. Even without specialized optimization of other components in a communication system, our results demonstrate promising BER performance. In this 2 × 2 MIMO system configuration, a satisfactory BER on the order of   10  − 3    can be achieved at a relatively high SNR, indicating that the CFO has been estimated and compensated effectively. Furthermore, the constellation diagrams of the equalized symbols for different CFO estimation schemes, presented in Figure 6, provide intuitive visual confirmation of the conclusions drawn from the BER performance analysis in Figure 5. In addition, it should be noted that all the four simulated CFO estimation schemes have equal data rate:


      R b  = 2 ×    768 × 2   0.2123    = 14.470   kb / s      



(48)







Additional simulations are conducted to demonstrate the performance of our proposed schemes under different numbers of pilot subcarriers and different modulation order. As shown in Figure 7, Figure 8 and Figure 9, the CFO estimation performance of our proposed scheme improves as the number of pilot subcarriers increases. However, when the number of pilot subcarriers is too low, the CFO estimation performance degrades due to a lack of measurement data required for the SBL algorithms. As shown in Figure 10, Figure 11 and Figure 12, the proposed CFO estimation schemes maintain robustness against higher-order modulations. This inherent advantage stems from the fact that our CFO estimation relies solely on the tentatively equalized pilot symbols, which in turn depends on the tentative channel estimation. The high-accuracy tentative channel estimation techniques employed in our proposed schemes use only the pilot symbols on pilot subcarriers and is therefore independent of the modulation order of data subcarriers. Consequently, the CFO estimation performance remains robust regardless of the modulation order. However, as observed in the BER curves of Figure 12, the 16-QAM situation exhibits slightly higher BER compared to the QPSK situation at the same SNR. This is expected and attributable to the reduced Euclidean distance between constellation points in higher-order modulations, which increases the difficulty of equalization and symbol detection, rather than being a limitation of our CFO estimation schemes.



To demonstrate the performance of our proposed schemes under asymmetric MIMO configurations, we further consider a MIMO system where the number of transmitting transducers differs from the number of receiving hydrophones, i.e.,    N t  = 2  ,    N r  = 4  . The corresponding simulation results are shown in Figure 13, Figure 14 and Figure 15. As observed from Figure 13, the CFO estimation performance for the 2 × 4 MIMO configuration is superior to that of the 2 × 2 MIMO configuration at the same SNR. This improvement is attributed to the spatial diversity gain, which enhances the performance of the tentative equalization, thereby leading to more accurate CFO estimation. Furthermore, the improved CFO estimation accuracy subsequently results in better channel estimation performance for the 2 × 4 MIMO configuration compared to the 2 × 2 MIMO configuration case, as shown in Figure 14. Finally, Figure 15 demonstrates that the BER performance of the 2 × 4 MIMO configuration is significantly better than that of the 2 × 2 MIMO configuration under the same SNR. This overall gain stems from the combined benefits of improved CFO estimation, enhanced channel estimation, and the direct boost to equalization performance provided by the spatial diversity gain.



To demonstrate the performance of our proposed schemes in different MIMO system configurations, we further consider a MIMO system with more transmitting transducers and receiving hydrophones, i.e.,    N t  =  N r  = 4  . The corresponding simulation results are shown in Figure 16, Figure 17 and Figure 18. As can be observed from Figure 16, Figure 17 and Figure 18, as the number of transmitting transducers increase, our proposed schemes can maintain satisfactory CFO estimation performance.



To validate our proposed schemes in different types of UWA channels, we further simulated a deep-sea channel using Bellhop [25,26]. The deep-sea sound speed profile (SSP) and the simulated UWA channels generated based on this SSP are shown in Figure 19 and Figure 20, respectively. The simulation results of our proposed schemes under these Bellhop-simulated channels are shown in Figure 21, Figure 22 and Figure 23. It can be seen that our proposed schemes can maintain satisfactory CFO estimation performance, demonstrating their robustness to different types of UWA channels.



Finally, to directly compare the computational complexity, the number of complex multiplication operations required by the proposed EMSBL-LS-CFOE and VBISBL-LS-CFOE schemes is calculated under varying numbers of transmitting transducers and channel lengths. As shown in Figure 24, the proposed VBISBL-LS-CFOE scheme consistently requires fewer operations than the EMSBL-LS-CFOE scheme. Moreover, this computational complexity advantage widens as the number of transmitting transducers and the channel length increase.




5. Conclusions


In this paper, we proposed a CFO estimation scheme for UWA MIMO-OFDM communications. The scheme employs the EM-SBL algorithm to ensure accurate tentative channel estimation, leading to accurate CFO estimation in scenarios with relatively long channels or a relatively large number of transmitting transducers. In addition, a refined version of this scheme was proposed, utilizing VBI to reduce computational complexity. Compared with the existing CFO estimation scheme based on LS tentative channel estimation, our proposed schemes provide better CFO estimation accuracy in the aforementioned challenging scenarios, as validated by numerous numerical simulations. The superior performance of our proposed schemes is also reflected in the channel estimation accuracy and overall system BER. The robustness of our proposed schemes has been validated under diverse MIMO system configurations and simulated channels. In all these test cases, our schemes maintain stable and superior performance compared to existing methods.



For future work, the feasibility of the proposed CFO estimation schemes will be further analyzed in realistic UWA channels. Sea trials are planned to validate the methods in real-world environments. Additionally, the performance of the schemes will be investigated in clustered-sparse UWA channel scenarios.
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Abbreviations


The following abbreviations are used in this manuscript:



	CFO
	Carrier Frequency Offset



	UWA
	Underwater Acoustic



	MIMO
	Multiple-Input Multiple-Output



	OFDM
	Orthogonal Frequency-Division Multiplexing



	LS
	Least Squares



	EM
	Expectation Maximization



	SBL
	Sparse Bayesian Learning



	VBI
	Variational Bayesian Inference



	ICI
	Inter-Carrier Interference



	BER
	Bit Error Rate



	SISO
	Single-Input Single-Output



	CP
	Cyclic Prefix



	CCI
	Co-Channel Interference



	PAPR
	Peak-to-Average Power Ratio



	CIR
	Channel Impulse Response



	ISI
	Inter-Symbol Interference



	DFT
	Discrete Fourier Transform



	AWGN
	Additive White Gaussian Noise



	SSP
	Sound Speed Profile
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Figure 1. Co-located UWA MIMO-OFDM system. 






Figure 1. Co-located UWA MIMO-OFDM system.



[image: Applsci 15 10712 g001]







[image: Applsci 15 10712 g002] 





Figure 2. Typical channel simulation results utilizing statistical channel model. (a) Channel between the first transducer and the first hydrophone. (b) Channel between the first transducer and the second hydrophone. (c) Channel between the second transducer and the first hydrophone. (d) Channel between the second transducer and the second hydrophone. 
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Figure 3. RMSE performance of various CFOE schemes (2 × 2 MIMO, QPSK). 
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Figure 4. MSE performance of CE of various CFOE schemes (2 × 2 MIMO, QPSK). 
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Figure 5. BER performance of communication systems with various CFOE schemes (2 × 2 MIMO, QPSK). 
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Figure 6. Constellation diagram of equalized symbols (2 × 2 MIMO, QPSK). (a) Constellation diagram for LS-LS-CFOE scheme. (b) Constellation diagram for OMP-LS-CFOE scheme. (c) Constellation diagram for EMSBL-LS-CFOE scheme. (d) Constellation diagram for VBISBL-LS-CFOE scheme. (e) Constellation diagram for Genie-aided situation. 
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Figure 7. RMSE performance of proposed CFOE scheme (under different numbers of pilot subcarriers). 
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Figure 8. MSE performance of CE of proposed CFOE scheme (under different numbers of pilot subcarriers). 
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Figure 9. BER performance of communication systems with proposed CFOE scheme (under different numbers of pilot subcarriers). 
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Figure 10. RMSE performance of various CFOE schemes (16QAM). 
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Figure 11. MSE performance of CE of various CFOE schemes (16QAM). 
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Figure 12. BER performance of communication systems with various CFOE schemes (16QAM). 
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Figure 13. RMSE performance of various CFOE schemes (2 × 4 MIMO). 
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Figure 14. MSE performance of CE of various CFOE schemes (2 × 4 MIMO). 
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Figure 15. BER performance of communication systems with various CFOE schemes (2 × 4 MIMO). 
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Figure 16. RMSE performance of various CFOE schemes (4 × 4 MIMO). 






Figure 16. RMSE performance of various CFOE schemes (4 × 4 MIMO).



[image: Applsci 15 10712 g016]







[image: Applsci 15 10712 g017] 





Figure 17. MSE performance of CE of various CFOE schemes (4 × 4 MIMO). 
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Figure 18. BER performance of communication systems with various CFOE schemes (4 × 4 MIMO). 
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Figure 19. Deep sea sound speed profile. 
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Figure 20. Bellhop simulated channel results. (a) Channel between the first transducer and the first hydrophone. (b) Channel between the first transducer and the second hydrophone. (c) Channel between the second transducer and the first hydrophone. (d) Channel between the second transducer and the second hydrophone. 
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Figure 21. RMSE performance of various CFOE schemes. 
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Figure 22. MSE performance of CE of various CFOE schemes. 
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Figure 23. BER performance of communication systems with various CFOE schemes. 
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Figure 24. Comparison of computational complexity between EMSBL-LS-CFOE and VBISBL- LS-CFOE. 
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Table 1. Comparison of number of complex multiplication operations.
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	CFOE Scheme
	Complex Multiplication

Operations of Tentative

Channel Estimation Algorithm
	Complex Multiplication

Operations of Tentative

Equalization Algorithm





	LS-LS-CFOE
	        N r   N t 3   L  c h  3  +  N r   N t 2   L  c h  2   (  N p  + 1 )         +  N r   N t   L  c h    N p       
	    N p   (  N t 3  +  N t 2   N r  +  N t 2  +  N t   N r  )    



	EMSBL-LS-CFOE
	        N r  +  N r   N p  + 2  N r   N t   L  c h          + 2  N r   N t   L  c h    N p  +  N r   N t   L  c h    N p 2         + 2  N r   N t 2   L  c h  2   N p  +  N r  O  (  N t 3   L  c h  3  )       
	    N p   (  N t 3  +  N t 2   N r  +  N t 2  +  N t   N r  )    



	VBISBL-LS-CFOE
	        N r  +  N r   N p  + 2  N r   N t   L  c h          +  N r   N t   L  c h    N p  +  N r   N t 2   L  c h    N p         +  N r   N t   L  c h    N p 2  + 3  N r   N t   L  c h  2   N p         +  N r   N t  O  (  L  c h  3  )       
	    N p   (  N t 3  +  N t 2   N r  +  N t 2  +  N t   N r  )    










 





Table 2. System simulation parameters.
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	Parameter
	Value





	Number of transmitting transducers   N t  
	2



	Number of receiving hydrophones   N r  
	2



	Bandwidth B
	6 kHz



	Number of subcarriers N
	1024



	Number of pilot subcarriers   N p  
	256



	Number of data subcarriers   N d  
	768



	Length of CP   N  C P   
	250



	Modulation type    M o d  type  
	QPSK
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