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Abstract: In this paper, we take into account a two-dimensional inverse scattering problem for
localizing small electromagnetic anomalies when they are surrounded by small, randomly distributed
electromagnetic scatterers. Generally, subspace migration is considered to be an improved version of
Kirchhoff migration; however, for the problem considered here, simulation results have confirmed
that Kirchhoff migration is better than subspace migration, though the reasons for this have not
been investigated theoretically. In order to explain theoretical reason, we explored that the imaging
function of Kirchhoff migration can be expressed by the size, permittivity, permeability of anomalies
and random scatterers, and the Bessel function of the first kind of order zero and one. Considered
approach is based on the fact that the far-field pattern can be represented using an asymptotic
expansion formula in the presence of such anomalies and random scatterers. We also present results
of numerical simulations to validate the discovered imaging function structures.

Keywords: Kirchhoff migration; random scatterers; multi-static response matrix; Bessel function;
numerical simulations

1. Introduction

Inverse scattering problems often involve identifying the specific characteristics (for example,
location, geometry, or material properties) of an unknown target from scattered or far-field data.
Such problems are of great practical importance in fields such as mathematics, physics, engineering,
and biomedical science. However, due to their inherent nonlinearity and ill-posedness, they
remain challenging. Related work can be found in [1-10] and references therein. Attempts to
address these types of problems have led to a search for fast and effective identification techniques,
and various approaches have been developed. Those include the MUItiple Slgnal Classification
(MUSIC) algorithm [11-15], the linear [16-21] and direct [22-26] sampling methods, and topological
derivatives [27-31]. We also refer to various non-iterative imaging techniques [32-37].

Kirchhoff and subspace migration are also well-known non-iterative techniques for finding
location/shape of unknown inhomogeneities, and they have been applied to a variety of problems
(see [38—43], for instance). Several studies have confirmed that they are fast, stable, and effective
methods for finding various kinds of defects without a priori information of unknown targets. However,
most of these researches was performed for homogeneous background media, and further research is
still needed on the imaging performance of Kirchhoff and subspace migrations when the unknown
targets are surrounded by random scatterers or embedded in an inhomogeneous medium. Notice that
for subspace migration, some studies have considered inverse scattering problems in random media
[44-47], random scatterers [48,49], and mathematical theory for detecting point-like scatterers with

Appl. Sci. 2019, 9, 4446; d0i:10.3390/ app9204446 www.mdpi.com/journal/applsci


http://www.mdpi.com/journal/applsci
http://www.mdpi.com
https://orcid.org/0000-0001-5207-8959
https://orcid.org/0000-0001-9418-2455
http://www.mdpi.com/2076-3417/9/20/4446?type=check_update&version=1
http://dx.doi.org/10.3390/app9204446
http://www.mdpi.com/journal/applsci

Appl. Sci. 2019, 9, 4446 20f18

random noise [50]. However, Kirchhoff migration-based imaging in random media and related
mathematical theory has not been considered yet.

In this paper, we consider Kirchhoff migration for localizing small electromagnetic anomalies
surrounded by small random scatterers. We carefully analyze its imaging functions by discovering
a relationship with the Bessel function of the first kind of order zero and one. This enables us
to discuss its various properties and compare the imaging performance with subspace migration.
The analysis is based on the structure of the singular vectors associated with non-zero singular values
of so-called multi-static response (MSR) matrix and asymptotic expansion formula in the presence of
small electromagnetic defects [51].

This paper is organized as follows: In Section 2, we introduce the two-dimensional direct scattering
problem and asymptotic expansion formula that holds in the presence of small inhomogeneities
surrounded by random scatterers. In Section 3, we introduce the imaging function of Kirchhoff
migration and its mathematical structure by establishing a relationship with Bessel function of order
zero and one. On the basis of analyzed structure, we discuss its intrinsic properties for several cases of
anomalies and random scatterers, and compare the imaging performance with subspace migration.
In Section 4, we present some numerical simulation results to support the analytical discussion.
We apply various non-iterative techniques for imaging of several extended targets completely hidden
in an inhomogeneous medium and discuss their imaging performances in Section 5. Finally, we present
our conclusion in Section 6.

2. Two-Dimensional Direct Scattering Problems

In this section, we briefly survey two-dimensional direct scattering problems and introduce
an asymptotic expansion formula that holds true in the presence of small anomalies. For a more
detailed discussion of this topic, we recommend [51]. Let A;; be anomalies with small diameters «;,
m=1,2,---,M,expressed as

A, = x(AWf\}O + a;; By,

(m)

where x5 denotes the location of A, and the By, are simply connected smooth domains containing
the origin. For simplicity, we let A be the set of all A;;. Analogously, let Rs be random scatterers with
small radii 05, s = 1,2, - - - , S, which is given by

R; = xl(;&D + 03Bg,

where xl(;llm denotes the location of Rg and Y is the set of all R;.

In this paper, we assume that the A, and R are characterized by their dielectric permittivities
and magnetic permeabilities at a given positive angular frequency w = 27 f. For simplicity, we define
the piecewise-constant electric permittivity e(x) and magnetic permeability y(x) such that

(m) (m)

Y for xe€ Ay Un for xe Ay,
e(x) = sg) for x € R; and p(x) = V%{S) for x€R;
go for x € R2\(AUY) po for x € R?\(AUY),

respectively. With this, we set the wavenumber k = w,/€gpig = 27t/ A, where A denotes the wavelength
that satisfies A > a,;, and A > o5 for all m and s.

Throughout this paper, we consider plane-wave illumination. For a given fixed wavenumber k,
Uinc(x, 8) = e*¥X denotes a plane-wave incident field with propagation direction 8 € S!, where S!
denotes the two-dimensional unit circle. Let u(x, 0) be the time-harmonic total field that satisfies the
Helmbholtz equation

v. (V(lx)w(x,a)) + w?e(x)u(x,0) = 0
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with transmission conditions on the boundaries of A;, and Rs. With this, we let uget(x, 0) = u(x,0) —
Uinc (X, 0) be the scattered field that satisfies the Sommerfeld radiation condition

|X| (auscat (Xl 9)

lim 3l

— ikuscat(x, 6)) =0
|x| =00
uniformly in all directions & = x/|x| € S'. The far-field pattern u« (8, 0) of the scattered field uscat(x, 8)
is defined on S':
eiklx| 1

ol 8) = g N

Based on [51], an asymptotic expansion formula of far-field pattern uq (8, 0) can be written as

Uoo(D,0) +0 (

), [x| — +o0.

follows. This formula plays a key role of the analysis of mathematical structure in the next section.

Lemma 1. For sufficiently large k, the far-field pattern uo (9, 0) can be represented as follows.

kz(l + i) M o SXH) — & 2u0 i(0— (m)
Uoo(B,0) = ——=13 ) a;,|B — -0 k0-8)xX0
(9.6) 4vkr /B E0ilo VXn)Jr#o

5 s(s) — & 2 ; (s)
Ho ik(6—8)-x
+Y o?[B| [ R — 9-0|e RND 5 (1)
=7 ( VEéoko yg{s)tho

m=1

where |B| denotes the area of B.
3. Structure and Properties of Kirchhoff Migration

3.1. Introduction to Kirchhoff Migration and Its Mathematical Structure
(m)

The main purpose of this problem is to identify unknown locations x o from measured far-field
pattern data without any a priori information of targets, e.g., permittivity, permeability, size, shape, etc.
For this, we present the Kirchhoff migration technique for a real-time identification of the anomalies
A, For simplicity, we will ignore the term k?(1 + i) /4v/kr in (1). To introduce this topic, we first
consider the MSR matrix K:

Uoo(B1,01) Uo(B1,02) - Uo(B,0N)
K Ueo(B2,01) Ueo(B2,02) -+ Uw(D, ON)
Ueo(ON,01) Ueo(ON,02) -+ Ueo(ON,ON)
where {0, :n=1,2,--- ,N} and {¢,: n =1,2,--- , N} denote the set of incident and observation
directions, respectively. For the sake, we set#, = —0, foralln =1,2,--- ,N, and
2ntn . 271n T
0, := |cos T,sm N e sl

Now, let us define a test vector

T
F(x) = |- [1,07]e"%, ¢ - [1,00]e™02%, .. e - [1,0]]e 0N x| e CN¥! ©)

and corresponding unit vector

W(x) = 3)
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where ¢, € R1X3\ {0},n=1,2,---,N. With this, we can introduce the following imaging function
adopted by the Kirchhoff migration:

N
Skir(x) == [W(x) " KW(x)| = ;Tn<w(x)rUn><w(x)/vn> : @

Then, the map of Fxir (x) will contain peak of large magnitude at the location x € AUY, so that
it will be possible to identify unknown anomalies. A detailed description of Kirchhoff migration is
discussed in Appendix A.

Remark 1 (Selection of test vector). It is worth mentioning that the selection of ¢, of (2) is highly rely on
the shape of Ay, and Rs. Unfortunately, we have no a priori information on targets A, and Rg so that it is
impossible to select optimal vectors c,,. Thus, with motivation from several researches [14,15,41,42], we adopt
following unit vector W(x) instead of (3) such that

T

W(X) — eikﬂl-x, eikﬂz-xl - ’eik6N~X c (CNXl‘ (5)

The feasibility of the Kirchhoff migration can be explained based on the discussion in Appendix A.
However, sometimes it is impossible to obtain good results via the Kirchhoff migration. Furthermore,
appearance of various unexpected results via Kirchhoff migration cannot be explained. Hence, a careful
investigation of the mathematical structure of the imaging function Fxr(x) must be considered.
For this purpose, we establish the mathematical structure of imaging function. The result is following.

Theorem 1. For sufficiently large N and k, Fxir (x) can then be represented as follows:

M em _ g s &) g
Sxr() ~ N | Y a2 [B,| (A °> Jo(klxm — x)? + Y o2[By| (R °> Jo(kIxisp — x|)?
s=1

=1 vV EoHo vV EoHo
2

M Mo x\o — X X0 — X ’ (m) 2
lem|Bm|< O > ( E\HIZ\;O .e1> +<$ﬂl\;o.e2> J1(klxxno — X1 (6)
m=1 Ba ' T Ho Xano — X IXano — XI
2

s o NONE MO . “
— ZUE\BS\ ® ) g}m -e1> + il;mfz) ]1(k\xRND—x|)2
s=1 HR™ = Ho Ixgnp — X| Xrnp — X|

where |, denotes the Bessel function of order n of the first kind.

7

Proof. See Appendix B. O

3.2. Various Properties of Kirchhoff Migration

Identified structure (6) allows us to examine how the locations of the anomalies A, are identified
using Kirchhoff migration. It is worth mentioning that unlike to the several researches, the applied
wave number k, i.e., angular frequency w must be sufficiently large: for small values of k, the results in
Theorem 1 no longer hold and cannot be used to identify A;;, we refer to (Figure 7, [49]) for an example
of low-frequency imaging. In the following discussion, we consider following three possible cases.
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Case 1. Assume that oy > 05, sxﬂ) > e and ptf\m) < ,ug ) for all m and s. Then, the terms associated with

R 7
xgm are dominated by the ones associated with x%@o. Thus, Fxar (x) will become

Sxr(x) = N

LU SXM — & (m) 2
Z ’Xm|Bm| \/% ]0(k|xANO_xD
m=1

X%@o X ’ x%\%o —X i (m) 2
- Z m|Bm| ( ) <(m) 'e1> + <(m) 'ez> J1(k[xano — XI)
+P‘0 XaNo — X| XaNoO — X|
On the basis of [49], the first M singular vectors, Uy, Uy, - - -, Upy, will be associated with the vectors

\4 XEAI\)IO) m=1,2,---, M, and remaining singular vectors will be associated with the vectors W(XS&D),
s=1,2,---,S. Thus, the singular vectors will satisfy

M2 2T TM 2 TM2 2 2 TM4s = - - 2 TN

so that it will be possible to discriminate the first M singular values. In this case, the imaging function of
subspace migration Fsyg(x) becomes (see [52] for instance)

3M

Y (W), Un)(W(x), Vi)

n=1

M (m) 2 (m) 2 (7)
(m) 2 XANO — X XaANO — X (m) 2
E ]o(k‘xANoixD o (m) e + T ]1(k|XAN07X|) .
m=1 IXano — X IXano — X

Hence, subspace migration will provide better results to the Kirchhoff migration. However, if the wrong singular

Fsus(x) =

~
~

values are selected, the subspace migration results will actually be worse than those of the Kirchhoff migration.

Case 2. Assume that a,, > 05, eg,‘ m) > e;{>, and y‘& m) < yR for all m and s. Then, even though the first M

singular vectors, U1, Uy, - - -, Uy will be associated with the vectors W(xl(%}o), =1,2,---, M, it will still
be very hard to discriminate the first M singular values. In this case, if we select the first Ny singular vectors,
where M < Ny < N, then Fsyg(x) becomes

2 2
M XM x XM x
Fsu(x Z ]0(k|XX¥\?o—XD2— (W{'el) + (ﬁox -ep h(k|XXQO—XD2
m=1 ANO — ANO ~

Np—M o O T R AN O B "
+ Z ]O(k‘xRN]jfxsz {{S)L"el + %'92 h(k‘xRNDfxDz
s=1

|xgap — X Ixgrap — X

This means that a map of Fsyp (x) will identify not just the anomalies A, but also some random scatterers
R;. Note that a map of Fxir (x) will identify almost all the anomalies A, and random scatterers R, but the
anomaly locations will show peaks of magnitude v, m = 1,2,--- , M, while the scatterer locations will only
show relatively small peaks t;, s = 1,2,--- , Ng — M. Otherwise, if Ny < M, location of some anomalies A,
m = No+1,Ng+2,---,M, cannot be identified via subspace migration. Therefore, in this case, Kirchhoff
migration will provide better results than subspace migration.
Case 3. If there are no relationships between ay, and os, sxn) and sg), or ygm) and yg) for any m and s, both
Kirchhoff and subspace migrations will identify a mix of anomalies and random scatterers. Hence, the detection
performance of both subspace and Kirchhoff migration will be poor, even if we apply a sufficiently large k.
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Based on the discussion, we can conclude that the imaging performance of the subspace migration
is better than the one of the Kirchhoff migration if the background is homogeneous and discrimination
of nonzero singular values of MSR matrix is clear, i.e., for the imaging of small inhomogeneities (see
Figure 2, [14]) for the distribution of singular values corresponding to the target shape). In contrast,
the imaging performance of the Kirchhoff migration will be better than the one of the subspace
migration if the background is inhomogeneous and discrimination of nonzero singular values of MSR
matrix is vague.

4. Simulation Results

In order to validate the results derived from Theorem 1, we now present a set of simulation
results. In this section, we only consider the dielectric permittivity contrast case. For the simulation,

M = 3 small anomalies, all with the same permittivity SS_(H) = 5, permeability y&m) = uﬁf) =1,
and radius a,; = 0.1 were placed at the following locations: XS&O = [0.25,0]7, xgzlo = [-0.4,0.5]T,
and xgzlo = [-0.3,—0.7]T. In addition, S = 100 small scatterers were randomly distributed over

Q = [-1,1] x [-1,1] C R? such that

xlp = I (=1,1), ma(~1,1)]7,

where the 77,(a,b), p = 1,2, are arbitrary real values between a and b. Figure 1 shows the distribution
of the three anomalies A,, and random scatterers R;. The data uoo(ﬂj, 0;) for the MSR matrix K
was generated by solving the Foldy-Lax formulation to avoid an inverse crime (see [53] for instance).
We used a total of N = 64 incident and observation directions and wavelengths of A = 0.7 and A = 0.2
as low and high frequencies, respectively. After obtaining the far-field data, 20 dB Gaussian random
noise is added to the unperturbed data through the MATLAB command awgn included in the signal
processing package.

0.5} x " o

y-axis
o
X
X
X

-1
-1 -0.5 0 0.5 1
X—axis

Figure 1. Distribution of anomalies A, (red dots) and random scatterers Rs (blue ‘X’ symbols).

Example 1 (Case 1). In this Example, we consider the imaging results for examining Case 1. For this, we set
the permittivities and radii of the random scatterers as eg) = 13(2,3) and os = 15(0.03,0.06). Figure 2 shows
the distribution of K's normalized singular values and maps of Fsup(x) and Fxir(x) for both wavelengths.
Note that although the 3 singular values were successfully discriminated, it is very hard to identify the anomaly
locations from the Fsyg(x) map for the low applied frequency (A = 0.7) due to the presence of huge numbers
of artifacts. Fortunately, the three anomalies could be extracted satisfactorily from the Fxr(x) map at this
frequency. At the higher frequency (A = 0.2), selecting the first 3 singular values allows the anomaly locations
to be identified more clearly from the Fsyp(x) map, supporting the discussion of Case 1. That said, the anomaly
locations can also be extracted via Kirchhoff migration at this frequency.
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Figure 2. (Example 1: Case 1) Distribution of normalized singular values, maps of Fxir (x) and Fsyg (x)
for A = 0.7 (top line) and A = 0.2 (bottom line).

Example 2 (Case 2). In this Example, we consider the imaging results for Case 2. For this, we set the
permittivities and radii of the random scatterers as sg) = 116(3.5,4.5) and o; = 13(0.05,0.1). Based on the
Figure 3, it is far from clear that the first 3 singular values can be identified as the non-zero values of K so the
exact threshold of the non-zero singular values cannot be determined. Hence, the Fsyp(x) imaging results are
poor at the lower frequency. Although there are some artifacts in the Fxir (x) map, all the anomaly locations can
be accurately identified. In contrast, at the higher frequency, the Fsug(x) map allows all the anomaly locations
to be retrieved very accurately although one random scatterer, located at [—0.58, —0.42]7, is also identified.
The permittivity and radius of this random scatterer were 2.5596 and 0.0998, respectively. This scatterer’s
location was also identified by the Fxir (x) map, but its magnitude was small enough that the anomaly locations
could still be accurately identified via Kirchhoff migration.

Example 3 (Selection of nonzero singular values: Cases 1 and 2). Figure 4 exhibits maps of Fsup(x) with
various selection of nonzero singular values Ny. By regarding the distribution of normalized singular values of K
in Figure 3d, the number Ny are chosen as 3, 4, and 15 for evaluating Fsyg (x). Notice that if one selects Ny = 3,
which is the same number of anomalies A, it is possible to obtain a good result. Furthermore, by comparing with
the Figure 3e, this result is better than the one via the map of Fxir (x) so that subspace migration will provide
better results to the Kirchhoff migration when appropriate number of singular values are chosen. In contrast,
if No = 4 is chosen, Kirchhoff migration provides better results than subspace migration because the location
of one random scatterer, located at [—0.58, —0.42]7, is retrieved clearly in the map of Fsup(x). If one selects
Ny = 15, similar to the Figure 3e, the map of sy (x) provides locations of anomalies, single random scatterer,
and unexpected artifacts. This result supports the discussions in Cases 1 and 2.

Example 4 (Case 3). In this Example, we consider the imaging results for Case 3. For this, we set the

permittivities and radii of the random scatterers as ss) =19(4,5), S(I:) = 1o(4,5), and o5 = 111(0.07,0.14),
respectively. In this case, there was no relationship between ,, and o, sgﬂ) and sgf), or ng) and yg) for any
m and s, so it was impossible to distinguish locations of the anomalies and random scatterers accurately via

subspace or Kirchhoff migration at either the low or high frequency, as shown in the Figure 5.



Appl. Sci. 2019, 9, 4446

y-axis

% 080

= e}

]

g

©

S 06

2 o

&

B o4

T X: 16

£ Y:0.2113

= []

202 Cé%
0

o
gos
S
T o
g
©
S 06
o
g
& o
o
.g 0.4
T
E X: 31
202 Y:0.1359
0

Singular values of the MSR matrix

0 10 20 30 40 50 60
Index of singular values

(a) Normalized singular values

Singular values of the MSR matrix

0 10 20 30 40 50 60
Index of singular values

(d) Normalized singular values

y-axis

)
(o) :
' 25
° ‘ 1.5

-1 -05 0 0.5 1
x—axis

(b) Map of Fkir(x)

1 -0.5 0 0.5 1

x—axis

(e) Map of Fkir (x)

1

0.5

y-axis

0

-0.5

-1

y-axis

y-axis

8 of 18

0.7
0.5 0.6
0.5
0.4
0.3

-0.5F | 0.2

0.1

-«
-05 0 0.5 1
x—axis

-1
-1

(¢) Map of Fsus(x)

0.8
0.7
0.6
0.5
0.4
0.3
0.2
0.1

-1 -05 0 0.5 1
x—axis

(f) Map of Fsug(x)

Figure 3. (Example 2: Case 2) Distribution of normalized singular values, maps of Fxir (x) and Fsyg (x)
for A = 0.7 (top line) and A = 0.2 (bottom line).
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Figure 4. (Example 3: Case 2) Maps of Fsyp(x) for A = 0.2.



Appl. Sci. 2019, 9, 4446

Normalized singular values

o
©

Il
o

o
~

o
[N

o

Singular values of the MSR matrix

o]
o]
%%
[e)
@
O x:17
O Y:02247
L]
@
ko)

0o 10 20 30 40
Index of singular values

(a) Normalized singular values

Singular values of the MSR matrix

y-axis

0

-05 0 0.5
x—axis

(b) Map of Fkir(x)

1

y-axis

1

-0.5 0 0.5

(¢) Map of Fsus(x)

90f18

0.8
0.5

06f @

% X: 20
0.4 o Y:0.3485
&)

y-axis
y-axis

0

-0.5

Normalized singular values

0.7
0.6
0.5
0.4
0.3
0.2
0.1
1 -0.5 0 0.5 1

x—axis

(f) Map of Fsug(x)

-1

0 10 20 30 40 50 60
Index of singular values

x—axis

(e) Map of Fkir (x)

(d) Normalized singular values

Figure 5. (Example 4: Case 3) Distribution of normalized singular values, maps of Fxir (x) and Fsyg (x)
for A = 0.7 (top line) and A = 0.2 (bottom line).

5. Further Result: Imaging of Extended Dielectric Targets in an Inhomogeneous Medium

To examine the effectiveness of Kirchhoff migration, additional numerical simulation about the
imaging of extended targets completely embedded in an inhomogeneous medium were performed.
Following the test configuration in [54], we consider only the permittivity contrast case and set the
inhomogeneous domain () to be a unit circle with a permittivity of ¢y = #(0.5,1.5). For the sake,
we set the value of permeability y(x) = py = 1 for x € Q). We assumed the existence of four extended
inhomogeneities A, C () with smooth boundaries dA,;, satisfying 0A,; N 92 = & and permittivities
em, m =1,2,3,4. The shapes of A, are shown in the Figure 6, and their boundaries are expressed as

0A1 = {[s,#] : 11.11(s — 0.3)> + 25(t — 0.5)> = 1}, g1 =25
0A; = {[s,#] : 53.1250(s — 0.5)> — 93.75(s — 0.5) (¢ + 0.4) +53.1250(¢ + 0.4)2 =1}, & =3
0A3 = {[s,1] : 76.5625(s + 0.6)> + 81.1898(s + 0.6)t + 29.6875t> = 1}, g3 =2
0Ay = {[s,#] : s> + 2 =0.01}, €4 = 0.01.

With this configuration, we denote the time-harmonic total field as u(") (x), which satisfies the
following boundary value problem

Au (x) + wZe(x)u™(x) =0 in Q
au(n)(x) B JeikOn-x
av(x)  ov(x)

on o) ®

and with transmission condition on the boundary dA,,, m = 1,2, 3,4. Here, v(x) is the unit normal to
o atx,and 0, n =1,2,--- ,N(= 128) denotes a two-dimensional vector on the dQ), such that

2ntn . 2nn T
COS ——, Sin ——

0 = N N

Similarly, u(()”) (x) = 0 x denotes the solution of (8) without anomalies and constant ey = 1.



Appl. Sci. 2019, 9, 4446 10 0f 18

Based on [12,51], u(") (x) — ué") (x) can be represented as

") (x) - 2 o, Mo )y +E ), ©)

where cp(”) (y) is an unknown density function, £(¢() denotes an error term that is highly depending
on the value of ¢y, and N (x, y) satisfies

AN (x,y) +K°N(x,y) = —é(x,y) in Q
WNXY) o on a0
v (y) '

Here, ¢ denotes the dirac delta function. On the basis of (9), we cannot use the boundary

measurement data 1(") (x) — u(()") (x) directly to design the Kirchhoff and subspace migrations. So,
motivated by [12], we consider the following normalized boundary measurement data Bmeas (1, 1)

, o) |
Bmeas(1,1') := /an (u(”)(x) — u(() )(x)) Z(')) x ) Z /8A e~ kO, y(,b(")(y)dy—i- E(eo), (10)

where v(") (x) = ¢~ k0w x,

Now, let us consider the following MSR matrix

Bmeas(lr 1) BmeaS(L 2) e Bmeas(lz N)
K Bmeas (2/ 1) Bmeas (2/ 2) e Bmeas (2/ N)
Bmeas<N/ 1) Bmeas(er) T Bmeas<N/ N)

Then, K can be decomposed as (see [14] for instance)

K ~ 2/ y)dy,

oAy,

where E(y) and D(y) denote the illumination and resulting density vectors

T
E(y) = e‘”‘el'yre‘”“’z'yr“'fe‘ik””'y] and D<y>=[¢“><y>,¢<2><y>,~-,¢<N><y>, (11)

respectively.

Based on [14], it should be noted that the range of K is determined by the span of the E(y)
corresponding to A,. This means that the signal subspace can be determined by selecting the singular
vectors associated with the nonzero singular values of K. Thus, by taking the test vector W(x) of (5) as

1 , . , T
W(X) - = e—lkel‘x e—zkez-x e—lkGN‘x

\/N 7 7 7 7

imaging functions Fxr (x) and Fsyp(x) can be defined similarly with (4) and (7), respectively.

Example 5 (Imaging performances of Kirchhoff and subspace migrations). Figure 6 shows the imaging
results via Fxir (x) and Fsup(x) when A = 0.3. We also mention that 20dB Gaussian random noise is added to
the unperturbed data Bmeas(n,n'), n,n’ =1,2,-- -, N. For performing subspace migration, first 15 singular
values are selected. In contrast to the traditional results, it is very hard to identify the outline shapes of every
inhomogeneity via Fsup(x) while it is possible to identify the outline shape of every inhomogeneity. Although
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the size and permittivity of A4 were both very small, the existence of A4 was successfully recognized. On the
basis of simulation results, we conclude that the result via Kirchhoff migration is better than the one via subspace
migration for addressing problems of this type.

Example 6 (Influence of total number of incident fields). Based on the condition in Theorem 1, let us
examine the effect of total number N of incident fields. Figure 7 exhibits the maps of Fxir (x) and Fsup(x) for
N = 32 and 64. Similar to the traditional researches, it appears that small value of N might be a reason of poor
result while large value of N will guarantee good imaging performance of Kirchhoff migration. Unfortunately,
it is impossible to identify outline shape of all A, through the subspace migration with small and large N.

Example 7 (Comparison of imaging performances). For the final example, let us apply various non-iterative
techniques such as MUSIC, direct sampling method, and factorization method for imaging extended targets
and compare the imaging performances. In Figure 8, imaging results via subspace migration (map of Fsup(x)),
MUSIC (map of Fmusic (x)), direct sampling method (map of Fpsm(x)), and factorization method (map of
Sem(x)) are exhibited with the same simulation configuration of Figure 6.

First, let us compare the imaging results via subspace migration and MUSIC algorithm with different
selection of nonzero singular values. For this, different from the Figure 6e, Ng = 10 and Ny = 37
nonzero singular values are selected to define Fsyg(x). However, for any selection of Ny, an outline shape of
inhomogeneities A, cannot be retrieved. Thus, we can examine that the result via Kirchhoff migration is better
than the one via subspace migration and MUSIC for imaging of arbitrary shaped inhomogeneities embedded in
a random medium.

Next, let us consider the imaging result via direct sampling method with a fixed incident direction 0.
Based on the Figure Sc, we can easily examine that the result via direct sampling method is poorer than the one
via Kirchhoff migration. Notice that Kirchhoff migration and direct sampling method are identical when the
number of incident fields becomes sufficiently large (see Section 5, [24]) so that total number of incident fields
must be large enough to obtain a good result via direct sampling method.

Figure 8c shows the imaging result via factorization method. It is interesting to observe that similar to
the imaging result via Kirchhoff migration, the outline shapes of inhomogeneities are also successfully retrieved.
Hence, factorization method can be regarded as an appropriate imaging technique in random medium.
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Figure 6. (Example 5) Imaging results for extended targets embedded in an inhomogeneous medium.
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Figure 8. (Example 7) Imaging results via the subspace migration, MUSIC, direct sampling method,
and factorization method for A = 0.3 with N = 128.

6. Conclusions

In this paper, we have considered Kirchhoff migration techniques for locating small anomalies
when they are surrounded by small random scatterers. In order to investigate the mathematical
structure of imaging function and examine the imaging performance, we carefully established a
relationship with Bessel functions of the first kind of order zero and one based on the asymptotic
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expansion formula in the presence of anomalies and random scatterers. Based on the established
relationship, we showed that Kirchhoff migration can be regarded as an effective non-iterative
technique for identifying the locations of small anomalies when the sizes and permittivities of the
random scatterers are smaller than those of the anomalies and the applied frequency is high enough.
However, when one of these conditions is not satisfied, the imaging results are somehow poor but
Kirchhoff migration yields better results than various non-iterative techniques such as subspace
migration, MUSIC, direct sampling method, etc. We have also presented simulation results for
several different cases to validate these relationships and observed properties. Although we have
discovered various properties of Kirchhoff migration, some phenomenon cannot yet be explained.
Further development of mathematical theory for explaining such phenomenon will be a remarkable
research topic. Here, we considered the two-dimensional problem, the analysis could be extended to
the three-dimensional problem.
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Appendix A. Basic Idea of Kirchhoff Migration

Here, a detailed description of Kirchhoff migration is discussed. For this, let us recall the MSR
matrix K:

Uoo(D1,01) Uoo(DB1,02) -+ Us(D,0N)
K Uoo (B2, 01)  Ueo(B2,02) -+ Ueo(Br, ON)
uoo(ﬂN/ 61) uoo('-,N; 62) e uoo(ﬂN/ BN)

Then, since each element 1 (9;, 6;) of K is

m=1

B Mo an) — & 2ug ik(8;+6;) x\\10
Ueo(87,0;) = Y a2 [Bu] o —I—ygm)ijoej.Bl e"\Y
(s)

> ex — €0 24 ; (5)
s; S O
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K can be represented as

€A €0
S 0 0
o VEOHO )
Ho
K=NY ad[BaECo) | 0 oy — 0 [ EGRR)
m=1 Ha =+ Ho »
0 0 (m)”‘)
L Ha T Ho
Sg) — €0 0 0
s vV EOHO )
Ho
HNY o2 Bo|E(xiyp) | O o E(xip)”, (A1)
5= R
0 0 _ 2o
i VS) +uo |
where ' , '
elkel‘x (91 . el)elkel"‘ (91 . ez)elkel‘x
eikﬂz-x 6 .e eikﬂQ-X 62 . e2 eikﬂz-x
E(x) := \;ﬁ . (@ l.) ( .) eCcN3 (A2)

eikBN-x (BN . el)eikBN-x (BN . ez)eikﬂN-x

with e; = [1,0]7 and e, = [0,1]”. Based on this representation, we can introduce the basic concept of
Kirchhoff migration as follows. The singular value decomposition (SVD) of K can be represented as

N No
K=UDV* =) 7,U,V;~ Y 7tU,Vj, (A3)

n=1 n=1

where the superscript * represents the Hermitian operator, U, and V, are the left- and right-singular
vectors of KK, respectively, and 7, denotes singular value of K such that

1>n>-->17>0 and T, =px0 for n> N

Note that on the basis of (Al), the value of 7, is significantly depending on the size, shape,
permittivity, and permeability of A;, and R;. Then, by comparing (A1)—(A3), orthonormal property of
the singular vectors, and relationship [38], we can observe that for somey, € AUY,

U, ~ ei%(fl)W(yn), V, = eiiVﬁZ)W(yn), and 7,(11) + 'y,(qz) = arg(t),
(W(x),Uy,) ~1 and (W(x),V,)~1 if x€AUY, (A4)
(W(x),U,) ~0 and (W(x),V,)~0 if xeR*\(AUY),

where (U, V) = U - V. With this, we can introduce the following imaging function adopted by the
Kirchhoff migration:

N
SR (x) := (W) 'KW(x)| = |} 1(W(x), Un) (W(x), V,)|.

n=1

Following (A4) we can easily observe that the map of Fxir (x) will contain peak of magnitude T,
at the locationx € AUY.
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Appendix B. Derivation of Theorem 1

In order to explore the mathematical structure of of Fxr(x), we recall a useful relation derived
in [41].

Lemma A1. For sufficiently large N, x € R?, 0,,,0, & € S', the following results hold.

1 X koex o 1 k0%

ﬁn;e : zﬁfsle 46 = Jo(k|x|)

1Y ik0yx . 1 ik6-x (X
PMUREES = UL o =i (7€) hikix).

Since N is sufficiently large, applying Lemma A1 yields

e*[kel'x T eikel-xx'\)]o (61 . el)eikeyxxp,o (61 . e2)eik61'x5\"11\20
WO B - | 1| eikezx gikBZ"‘X'I’\;O (0, - el)eikOZ'XXﬁO (6, - ez)eikBZ'XXQO
X) BXano) = §
_ikey- L m ‘ L
e tkOn-x glkeN'XEXI\}O (BN . E1)€lkeN'xX’;\¥0 (gN . ez)elkBN'xﬁkI\go
_ - T
N . - 17
% 3 ek (ko) ]o(klfg"l)’\){o —x])
n=1 X o X
. ANO (m)
1Y on (™) 1 ( : el) Ji(kPxano = x[)
=N 21(91 - e7)ef01 (xano ) ~ ‘x%nf\%o — x| ’
n= m
N Z (91 . ez)elkel'(xANo_x) ! ( x(m) _ X‘ €2 h (k|xANO X|)
i =1 i ANO -

we can obtain

T
(m) eh” — e (m)
A—— ) Jo(kIxzno — xI)

0 0 V€
Veoro p o xm
X 0 ; Ho ANO — (m)
W(x) E(XXQO) 0 (m) 0 ~ ! < (m) > ( (m) 'e1> Ji (k|xANO - XD
Ha T Ho ta FHo/ \Ixano — X
0 * 0 - * Mo xé}'\ﬁo —Xx (m)
P‘Xﬂ) + o i < (m) > ( 271’\10 'e2> Jilklxano = X1)
Ha '+ Ho xaNo — X|
So, we arrive
SX’O — €& 0
VEoHo "
X 0 _
W) E(x0) 0 - 0 E(x\W0)TW(x)
Ha T Ho
0 0 __Ho
()
Ha T Ho
) (m) ' (m)
( NG ) ]0(k|xANo_xD ]O(k";ﬁ‘l])\fo_xb (A5)
o x —X
o Ho Xg\%o -x (m) _ i| ANO_—.e |y (k|xf:11\?o —x|)
~ 1 €] ]] (k|x XD (m) _
(m) (m) ANO ‘XANO X‘
Ha ™+ Ho |’S(AI\§O*X| x\m (m)
2 - [ XaNo m
i Ho XANO ~ X ey ]1(k|x("l) —x|) ! <(m)_ : ez) J1(kxano — X1)
(m) (m) ANO ‘XANO X‘
Ha' +Ho Ixano — X
m)

( (m) 2 (m) 2
Ex —E& " X —X X —X
_[ca 0 ]0(k|x1(471l\)10 —x[)2 - ( 540 f\l\;o “ey ANO e h(H"XQO —x|)2.
VEoHo Ha  +Ho Xaxo — x| |

"‘Xrll\;o —X
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Similarly, we can get

(s)

ER° — &0 0
VEoHo
WO)EGSp) | 0 o+ i 0 E(xp) TW(x)
0 i 0 " Ho (A6)
Vg) + Ho

L) —% ) 2 Ho X — X i Xieup — X : (s) 2
~ Ve Jolkixip =)™ = { 75 ) e ) T "€ J1(Kxgap = x1)™
HR™ T Ho IXrnp — X| Xrap — X|

Finally, applying (A5) and (A6) to (A1),

(s)

— L ) (m) 2 N 2| [ER 0 (5) 2
W(x)"KW(x) %NZD‘m|Bm| — ]O(k‘xANofxD +NZ‘75‘BS| y——— ]0(k|XRND7X|)

=1 Veoko = VEoHo
Mo, Ho XES\}O —X : X%\)Io —X i (m) 2
7Nm21 n B ( (m) 4 > xim o — e e J1(kjxano = 1)
= Ha Ho XaNo ~ X| Ixano — |

2 2
S X x xS —x
_Nzagss|((s)%) R I L A I T
s=1 HR" + Ho Xgap — X IXgp — |

By taking the absolute value, we obtain the result (6).
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