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Abstract: In this paper, we address strongly convex programming for principal component analysis,
which recovers a target matrix that is a superposition of low-complexity structures from a small set of
linear measurements. In this paper, we firstly provide sufficient conditions under which the strongly
convex models lead to the exact low-rank matrix recovery. Secondly, we also give suggestions that
will guide us how to choose suitable parameters in practical algorithms. Finally, the proposed result
is extended to the principal component pursuit with reduced linear measurements and we provide
numerical experiments.
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1. Introduction

Recently, much attention has been focussed on the problem of recovering a target matrix with
low-complexity structure from a small set of linear measurements. This problem has regained great
concern since the publication of the pioneering works of E.J. Candés et al. [1-4]. It can be found in
many different fields, such as medical imaging [5-7], seismology [8], information retrieval [9] and
machine learning [10], especially the detection of moving objects [11]. In the case of detection of
moving objects, the columns of matrix M are the video frames, and the low-rank matrix Ly and the
sparse matrix Sy are the stationary background and the moving objects in the foreground respectively.
According to [12], the main problem of detection of moving objects is how to recover the low-rank
matrix Ly and the sparse matrix Sy from the given data matrix M = Lo + Sp, where Ly € R"*" has
low-rank, and Sy is a sparse matrix. In the paper [12], E.J. Candés et al. have proved that that most
low-rank matrices and the sparse components can be recovered, provided that the rank of the low-rank
component is not too large, and that the sparse component is reasonably sparse; and more importantly
they proved that this can be done by solving a simple convex optimization problem, i.e., provided that
the rank of the matrix L and the cardinality of the sparse matrix S obey some suitable conditions,
most matrices Ly of rank r and the sparse component S can be perfectly recovered by solving the
simple optimization problem as follows:

minimize LI« + Al[S]]h
subject to L+S=M 1

wherein ||L||« is the nuclear norm of matrix L, and ||S||; is the sum of absolute values of all
matrix entries.

Strongly convex optimizations have many advantages, e.g., unique optimal solution. Many
scholars suggest solving their strongly convex approximations (see, e.g., [13-16]), instead of directly
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solving the original convex optimizations. J.F. Cai et al. addressed the strongly convex optimization
|| X||« + 21| X]|2(]| X || denoting the Frobenius norm) instead of the original convex optimization || X||.,
and the authors introduced an important algorithm (singular value thresholding algorithm) to solve
matrix completion based on this strongly convex optimization [15]; J. Wright et al. also addressed
the strongly convex optimization |||« + A[|S||1 + 5=||L||? + 5=|/S||? instead of the original convex
optimization ||L||« + A||S||1, and the authors proposed the iterative thresholding(IT) algorithm to
solve robust principal component analysis [14]. ]. Wright et al. only confirm performance of iterative
thresholding by numerical experiments; however, the authors do not provide the sufficient conditions
which can guarantee strongly convex optimization || L||« + A[|S|l1 + 2 ||L|[|% + 5= ||S||* and original
convex optimization ||L||« + A[|S||; have the same optimal solution. In this article, the authors have
given many suitable sufficient conditions that would lead the strongly convex models to the exact
low-rank and sparse matrix recovery. Some suggestions have been given in [16] on how to choose
suitable parameters in practical algorithms. However, the results shown in [16] are limited to a special
condition, i.e., Q = R™*". In this paper, we extend this result to the principal component pursuit with
reduced linear measurements, that is Q* is a p-dimensional random subspace instead of Q = R"*".
It is easy to prove that the results in [16] are only a special case of those that we proposed.

1.1. Basic Problem Formulations

In this subsection, we will interpret an important strongly convex programming to be addressed
in this paper, and list its existence and uniqueness theorems, which will be proved in the next sections.
In [17], the authors have studied principal component pursuit with reduced linear measurements and
given sufficient conditions under which Lo and Sy can be perfectly recovered.

In this paper, we address a strongly convex programming, and prove that it has the capability to
guarantee exact low-rank matrix recovery. The proposed optimization is realized in the following way:

o 1 1
minimize |||l +A[|S[l + S [IL]IE + 5-[1S]17
subjectto  PoM = Pg(L +5) (2)

wherein, T > 0 refers to some positive penalty parameter and Py the orthogonal projection onto the
linear subspace Q. We also assume that Q* is a random subspace. The existence and uniqueness
theorems when 7 = o in (2)are provided in [17], and listed below. In the end, how to choose suitable
parameters in the optimization model (2) is discussed.

Theorem 1 ([17]). If we fix any C, > 0, and let Q* be a p-dimensional random subspace of R"™"; Ly obeys
incoherence condition with parameter u, and supp(Sgy) ~ Ber(p). With high probability, the solution of problem
(2) with A = ﬁ is exact, i.e., L = Ly and S = So, provided that

Rank(Lg) < Cynu~*(logn) ™ p < Cpn and p < po 3)

wherein, Cy, Cp and p are positive numerical constants and py < 1.

1.2. Contents and Notations

We provide a brief summary of the notations which are used throughout the paper. || X|| denotes
the operator norm of matrix X, || X||r denotes the Frobenius norm, || X||. the nuclear norm, and the
dual norm of [|X||;) by [|X]| ’(*1.). The Euclidean inner product between two matrices X, Y is defined

by the formula (X,Y) = trace(X*Y). It's easy to note that || X||? = (X, X). The Cauchy-Schwarz
inequality which will often be used in next sections gives (X,Y) < | X||g]|Y||r, and it is well
known that (X, Y) < [[X|;; \|Y||z‘i), (see e.g., [2,18]). Linear transformations which act on the space
of matrices are denoted by PX. It can be easily seen that the operator of P is high dimension
matrix in substance. The operator norm of this operator is signified by || P||. It should also be noted
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that ||P|| = supy)x|,1;PX|r. We say an event E occurs with high probability if P[E] = Cm~*.
We denote the reduced singular value decomposition (SVD) of the low-rank matrix Ly as Lg = UXV™,
and define a linear subspace T as follows:

T = {UX*+YV*: X € R",Y ¢ R"™"}

We denote the support of the sparse matrix Sg as (), by a slight abuse of notation, we also denote () as
the subspace of matrices whose support is contained in the support of Sy.

The rest of this paper is organized as follows. In Section 2, we firstly list many important lemmas,
at the same time we prove a key lemma on which our main result is based. Secondly suggestions are
given in Section 3, these conditions will guide us to choose suitable parameters in practical algorithms.
Thirdly, the numerical result is given in Section 4. Finally, conclusions and results are discussed in
Section 5.

2. Important Lemmas

In this section, we first list some useful lemmas which will be used throughout this paper and
then prove a main lemma. Although the main lemma is similar to the corresponding one in [17],
they have significant difference, in which the construction of WQ is very different. That leads to our
necessary additional work.

Lemma 1 ([17]). Let T = QN T then we have T+ = Q' @ T.and dim(Q+ & T & Q) = dim(Q*) +
dim(T) + dim(Q2). At the same time we assume that | PqPr.|| < 1/2and A < 1. Then (Lo, So) is the unique
optimal solution to (2) if there is a pair (W, F) € R™" x R"™ " satisfying the following conditions

UV*+ W = A(sgn(Sp) + F+PaD) € Q
In which Pr =0, ||W|| < 1/2, PaF =0, ||Flle < 1/2, and |PaD||F < 1/4.

Lemma 2 ([17]). If Q ~ Ber(p) for some small p € (0, 1) and the other conditions of Theorem 1 are true.
Then, the matrix W' obeys the below inequalities with high probability.

(a). |[WH| < 1/4
(b). |[Pa(UV*+Wh) | < A/4
(). [|Por(UV* +Wh) |l < A/4

Lemma 3 ([17]). In addition to the assumptions in the previous lemma, suppose that the signs of the non-zero
entries of Sg are i.i.d. random. Then the matrix WS obeys the below inequalities with high probability.

(a). |WS]| < 1/8
(b). [P WSl < A/8

The construction of WL and W® can be found in the paper [17]. However, the matrix W<
constructed in the paper [17] does not satisfy the requirement of our problem, so we have to modify
this construction in order to satisfy the problem (2). Firstly we will give explicit construction of W<,
and then prove that the modification of W€ satisfies the proper property.

Construction of WR with least modification. We define WX by the following least squares problem:

W9 = argminy ||X||f
1
bject t X=- V 4+ =L
subject to Por Por(U += 0)
PrX =0
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wherein IT = T @ Q. This construction of W€ satisfies Lemma 5 in the paper [17], also has the below
proper property.

Lemma4. If T > ||M||g, Q ~ Ber(p) for some small p € (0, 1) and the assumptions of Theorem 1 are true.
Then the matrix WS obeys the below inequalities with high probability.

(). [We|l <1/8
(b). 1P WOl < A/8

Proof. A: Bounding the Frobenius norm of UV* + 1L. For convenience, let & := [[UV* + 1Lg|[f.
According to triangle inequality, we have

ILollF = IM = Sollr < IMIlF + [ISollr = [IMI[r + [[PaSolle
In the last equality, we have used Sp € (). Note that
PaSollr = Pa(M = Lo)l[r < [PaMl|r + [|PaLollF
According to the derivation in [16], the below inequality is true with high probability

V3 V3
|PaLolr < ?HPQLMHF < THM”F

Putting those all together, we can obtain

I|Lollr < (V3/3+2)||M| ¢

Combining with T > ||[M||g, we can obtain

HLEIIP <rs (\/§/3‘|;2)||M||F

< UV r + <r++3/3+2

WQ is the optimum solution of least squares problem, due to this we can use the convergent
Neumann series expansion. It’s easy to note that

1

WQ = PHL Z(PQJ_P]‘[PQL)]{(PQJ_(_UV* - ;LO))
k>0
According to triangle inequality, we have
. 1
IWCllE < Il Y (Por PP ) Il Poe (—UV* = —Lo) ¢ 4)

k>0

B: Estimating the first inequality of Lemma 4. In order to bound |[W?||r, we first have to bound
the norm of ¥ 4~o(Po1 PriPg. )¥ and bound the Frobenius norm of Pou(—UV* — 11y). The norm of
Zk>0 (PQL P PQ n )k satisfies

I Y (PoiPuPo)fll < Y (P PuPou)||
k>0 k>0
< Y IPou Pl

k>0
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According to Lemma 11 in the paper [17], the following inequality is true with high probability for any

€>0,
64 50\’ 2\’
2 p /4 p r
| PorPull 371_ T_Fe((\/nz—i- 4> +<\/n2+ n))

According to the paper [17], the following inequality is true with high probability:

Q| =~

| Y (PoiPrPgu)¥|| <
k>0

Secondly, we will bound the Frobenius norm of P, (—uv*— %LO). Pg . has the same distribution

as H(H*H)~'H*, in which H € R™*P is a random Gaussian matrix with iid. entries satisfied
N 0,1/ nZ). Therefore, we can obtain the below inequality

1
[Po (UV* + ;LO)HF
1
= ||H(H*H) 'H*vec(UV* + —Lo)llr
1
< |HHH)||H vec(UV* + ~Lo)l2

Together with Lemma 7 in the paper [17], we can obtain

N

n

Pl[H(H'H) Y| > 4] < e

It is easy to note that any entries of H*vec(UV* + %Lo) have the same distribution as

<G, Uv*+ %LO >, in which Gij ~ N(0,1/ nz) are independent identically distributed. It is obvious
to see that

1 1
E{< G, UV" + _Lo >} =< E{G}, UV" + _Lo >=0

and

.1
YUV + ;Lo)%]-Var{Gij}
ij

— §2/7’l4

1
Var{< G, UV* + ;Lo >}

Therefore < G, UV* + 1Ly > is distributed with N'(0,¢/n?), where & = |[UV* + LLo||f.
For simplicity, we define Z: = H*vec(UV* + %Lo). Using the Jesen inequality, we can obtain

pé

E(|1Z]2) < (E[IZIZ)Y2 = />3

According to the Proposition 2.18 in [18], we can obtain

¢ _»
PlHZhZE[HZHz]H S| <e /2

Setting t = ,/6logn, after a simple inference, we can obtain the below inequality with high probability.

IWe| < [We < 2 (ﬁ s m>
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For sufficiently large n, the first inequality of Lemma 4 is established. We will estimate the second
inequality of Lemma 4 further.
C: Estimating the second inequality of Lemma 4, Note that
. 1
>

After a simple inference, we can obtain the below inequality.

C
Pa WOl < SYE(/p + Velogn)

wherein C is some constant. Note that the second inequality of Lemma 4 is established for sufficiently
largen. O

3. Estimating Parameter T

In this section, we shall provide sufficient conditions under which (Ly; Sp) is the unique and exact
solution of the strongly convex programming (2) with high probability, i.e., the solution of problem
(2)isexact [ = Lgand § = Sy. Afterwards, an explicit lower bound of T will be provided, which will
further guide us to choose suitable parameters in practical algorithms.

Theorem 2. Let T = QN T, then we have T+ = Q+ @ T, and dim(Q*+ & T ® Q) = dim(Q*) + dim(T) +
dim(QY). Assume that |PqaPr.|| < 1/2and A < 1. If there is a pair (W, F) € R™" x R"™" and a matrix
D satisfying

uv: +w+ %Lo = A(sgn(So) + F+PaD) + %So €Q
with
PrW =0, [W]| < B, PaF =0, |Fllw < B, [IPaDlr < ©)
where w, B are positive parameters satisfying
a+p<1 6)
Then (Lo, Sp) is the unique solution of the strongly convex programming (2).

Proof. For any feasible perturbation (H;, Hs), it’s easy to note that PoH; = PoHs. According to
the definition of I', we have I' C Q. Therefore PrH; = PrHs. For simplicity, we define f(L,S):
= ||IL[|« + AIS|1 + %= |IL]|% + £/S||%, and we can obtain the below inequality

f(Lo+ Hy,So — Hs)
1 1
> f(Lo,So)+ < UV*+ Wy + ;Lo,HL > — < Asgn(Sp) + AR + ;SO,HS >
1
> f(L0,50)+ <Wo,H,>—<W,H, >+ <UV*+W+ ;Lo,'PQHL >
1
— < AFRy,Hg > + < AF,Hg > — < Asgn(Sg) + AF + ;So,’PQHS >

f(Lo,So)+ < Wo, Py Hp > — < W, PriHp >

— < ARy, PqiHs > + < AF,Pqi1Hs > — < APqD, PgHs >
> f(Lo,So) + (L= ) ProHells + (1 = B)AlIPar Hsllt — a|[PoHs||r

Y
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In the second inequality above, we have used the facts
* 1 1
uv:+Ww+ ;Lo = )\(sgn(So) +F +PQD) + ;So €qQ
In the third inequality above, we have used the property PoH; = PgHs.

We have provided the bound of f(Lo+ Hy, So — Hg), and then we will give the bound of || PqHg||f.
According to the definition of I', we can obtain

PaHsllr < [[PaPrHs|r + [|PaPriHs|
< IPaPrHLE+ 5 s
< IPeHE + 5 IPaHsle + 1P Hlr
< IPraHlle + 3 IPaHss + 5 1Po. Hl

Therefore
PaHs|r < 2|ProHLl[F + | Pos HsllF < 2/[ProHell + [|Poy Hs|h
Putting those all together, we get

f(Lo+ Hr,So — Hs)
= f(Lo,So) + (1= p—2aA)[[ProHL |+ + (1 — B — a)A[|Pqu Hs |1

According to (6), the inequality above implies that (L, Sp) is a solution to (2), i.e., (Lg; Sp) is the
exact solution of the strongly convex programming (2) with high probability. The uniqueness follows
from the strong convexity of the objective in (2).

In the practice, the choose of parameter 7 is very difficult, therefore we will provide the criterion
of the value of T in the next section which will guide us to choose suitable parameters in practical
algorithms. Theorem 3 and 4 provide the criterion of the value of 7, and the bound of T in Theorem 4
is more explicit and useful in practice. [J

4(IP4 1 Lollot1Pa(Lo—So)llF)

Py L _
ParLolle — _ [Po(Lo SO)HF/and = il  Assume

Theorem 3. Let 11 = B-DA 2 (a—DA

T > max (7, T, B, ||M|F) @

Then, under the other assumptions of Theorem 1, (Lo, So) is the unique solution to the strongly convex
programming (2) with high probability.

Proof. In order to check the conditions in Theorem 2, we will prove the existence of a matrix W obeying

PriW =0
W[ <8

PoiW = =Po. (UV* + 1Lo) (8)
[P (UVF+ W+ 1Ly — 150)[le < A

[Pa(UV* +W — Asgn(So) + 1Ly — 1So) || < A

Note that W = WL + WS + WQ. We will check above conditions hold true one by one.
For simplicity, we define

v = [|Pai (Lo — So)lleos 6 := ||Pa(Lo — So)llF
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Without loss of generality, let § > 1/2. With the help of the construction of Wk, W5 and W€, it is
easy to check the first and second conditions are true. According to the modification of W? constructed

in Lemma 4, and PQ LWL =0and PQ L WS =0, we have ,PQL WR =

—PoL(UV* + 1Ly). Itis easy to

check that P W = P WE + P WO + Pt W = —Pp. (UV* + LLg), which implies that the third
condition holds true. Consequently, we will provide the last two conditions also hold true under some

suitable assumptions. Pertaining to the fourth inequality, we have

1 1
[Pas (UV + W+ Lo~ 250) e

< | Par (UVF + W) |loo + [P W oo
1

+ [ Pa W9l + ;HPQL(LO —50) |0
A A A1

< Z+g+§+;||PQL(L0—50)||oo
Ay

< 241

< S

For the last inequality, noting that P (W) = Asgn(Sp) and P (WQ) = 0, we can obtain

1
|Pa(UV* + W — Asgn(So) + ?Lo —

. 11
= |[[PoUV* + W+ ;Lo - ;SO)HF

1
;SO)HP

. 1

< [Po(uVv +WL)||P+;H7’Q(L0—50)||P
A0

< 2.°¢

- 4 * T

In order to satisfy the condition (8), we choose a T obeying

Ay A
+ /3/\, and + aA

Therefore

T2max<

Combining (9) with (6), we can obtain

Ay A4
I T TP <
2+T+4+T_,B)\+zx/\_/\
Therefore
o> Hr+9)
- A

Together with (10) and (11), the Theorem 3 is established.

©)

(10)

(11)

In order to simplify the Formula (7), we suppose « = 3/8 and B = 5/8, which satisfy the

conditions above. Therefore

8/ Pq. Lol 8||Pa(Lo — So)llr

>
T_max( ) , 1

) (12)
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However, note that the exact lower bound is very hard to get, because we only have the
information about the given data matrix M in practical problem. Noting that

Po Mlleo < [[M]|co
And according to the paper [16], we have

V15

[Pa(Lo —So)llr < ?HMHF

Therefore, we can choose

8[|Mlle  8v15[| M|
>
T 2 Mmax ( 1 , 37

It is obvious that || M|« < ||M]|f. Therefore, we can obtain Theorem 3.3 as follows. [J

Theorem 4. Assuming

_ 8VI5|M];
- 31

and the other assumptions of Theorem 1, (Lo, So) is the unique solution to the strongly convex programming (2)
with high probability.

4. Numerical Results

In this section, we provide numerical experiments to certify the Theorem 4. Without loss of
generality, we assume that r = 2, M = Ly + Sp, and a rank-r matrix Ly = XYT where X and Y are 15 x 2
and 30 x 2 matrices with entries independently sampled from a A/ (0; 6?) distribution, the sparse matrix
So = PqE with the support set of size ks = psmn uniformly at random. Assume that (L1, S1) and (L, S)
are the optimal solutions of optimization problem (1) and strongly convex optimization problem
(2) respectively. Numerical experiments are given under |[M|r = 1. Figure 1 shows probability
of correct recovery (||L; — Lp||% 4 [|S1 — S2/|2 < 1073) with different values of 7. It’s noted that
when % < m = 0.03, the probability of correct recovery is nearly 100%; however when
% > (.03, the probability of correct recovery decreases fast. This phenomenon verifies the Theorem 4

by number experiments.

0.9F

0.8

0.7

0.6

051

0.4

0.2}

0.1 i i i i i i
0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4

1

Figure 1. probability of correct recovery with different values of 7.



Information 2017, 8, 17 10 of 11

5. Results and Conclusions

In this paper, we have studied strongly convex programming for principal component pursuit
with reduced linear measurements.

We firstly provide sufficient conditions under which the strongly convex models lead to the exact
low rank and sparse components recovery, i.e.,

Assuming

. 8VIS|M]
- 3A

and the other assumptions of Theorem 1, (Lo, So) is the unique solution to the strongly convex programming (2)
with high probability.

Secondly, we give the criterion of the choice of the value of T, which gives very useful advice on
how to set the suitable parameters in designing efficient algorithms. In particular, it is easy to note that
the main results of paper [16] are only the special case of our results. In some sense, we extend the
result of choosing suitable parameters to the general problem.
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