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Abstract: Theoretical aspects of methods for calibrating Stokes polarimeters are considered. The
prospects and opportunities for implementing the presented methods for calibrating portable polar-
ization systems used in biology and medicine are determined. Based on a comparative analysis, a
method for calibrating a portable Stokes polarimeter for medical applications is proposed. The chosen
method provides the smallest error in measuring the parameters of the Stokes vector for calculating
the parameters of optical anisotropy and researching the polarization properties of biological tissues.
A series of experimental research and statistical analysis of the spatial distributions of the polarization
parameters of the calibration sample was carried out to use the results for forming the instrument
matrix of the developed Stokes polarimeter during calibration.

Keywords: instrument matrix; Mueller matrix; polarization; polarimeter calibration; portable system;
statistical analysis; statistical moments; Stokes vector

1. Introduction

Currently, optoelectronic systems are being actively developed to research the phe-
nomena that accompany the propagation of optical radiation in inhomogeneous media, the
refractive index of which is not constant but depends on the coordinates.

Such systems are most in demand in biology and medicine for working with biological
media, which are complex and heterogeneous complexes belonging to the class of highly
scattering turbid media. At the same time, polarization systems are widely used, as they
demonstrate the possibility of localization and visualization of structural inhomogeneities
of biological tissues at different depths from tens of micrometers to several centimeters.

In biological and medical research, practical methods of polarization mapping of
biological tissues are used, based on general approximations, such as the Mueller–Stokes
formalism [1–3].

The implementation of polarization methods not only for scientific research but also
for solving the problems of operational diagnostics of the state of biological tissues calls for
the development of portable systems that use the achievements of modern technologies
to miniaturize the operating schemes of devices and visualize measurement results. The
active development of smartphone production technologies makes it possible to use their
capabilities in the development of portable polarization systems for various biomedical
applications [4–8].

Portable polarization systems are most in demand for monitoring the surface structures
of biological tissues and media in dermatology, as well as for diagnostic imaging using a
smartphone as an attachment [5,6]. The use of portable optoelectronic systems to minimize
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the invasiveness of procedures in endoscopy, microscopy, and surgery has also been
reported [7,8].

Ensuring the required accuracy in estimating the polarization characteristics of radi-
ation at the output of an optically inhomogeneous media is associated with solving the
hardware problems of taking into account specific polarization distortions inherent in
two main schemes for obtaining polarization readings: serial or parallel. In a sequential
scheme, during the exposure of the Stokes image, at least four polarizers based on wide-
aperture film polaroids must move in front of a single objective [9,10]. In a parallel scheme,
in the presence of one objective, it is necessary to use beam splitters or increase the number
of independent identical optoelectronic measuring channels [11,12].

The problems of minimizing hardware errors and weight and size characteristics of
portable systems can now be drastically reduced due to the advent of micro polarizers—
Metallic Nanowire Polarization Filters formed directly on the photosensitive elements of
CMOS photodetectors [13].

In addition, to minimize errors in optoelectronic paths of portable polarization systems,
it is important to use various calibration methods. Recently, various methods have been
developed for calibrating polarimeters depending on the construction scheme [14–20].

Previously, the effect of errors of polarimeter scheme elements, consisting of a polarizer
and a rotating retarder, on the measured parameters of an object was considered [17,18].
During the calibration of the scheme, four values of the optimal rotation angle (−45◦, 0◦,
30◦, 60◦) were obtained for a polarizer with a standard quarter-wave phase plate, at which
the influence of errors on the parameters of the object under research is minimal [16].

For polarization measurements based on dividing the input radiation intensity by
amplitude, calibration schemes are implemented that consist of one fixed polarizer and
two variable retarders. At the same time, to equalize the noise, the authors of [19,20]
proposed a system of two liquid-crystal adjustable retarders with a variable delay and fixed
angular positions, which are set at 22.5◦ and 45◦, as a fixed linear polarizer. A set of optimal
deceleration values is also set, for example −158◦ and 50.6◦. Other configurations are also
possible, which are described in detail in [16].

The results of experimental research on polarimeter errors are known [21,22]. In
this research, a system of two-phase retarders was used as a fixed linear polarizer. In
these studies, four combinations of optimal azimuths of anisotropic axes were found,
for example −20.3◦ and −41.14◦. However, the resulting configurations did not allow
us to fully take into account the systematic error to a sufficient extent. The advantage
of this polarimeter calibration method is the reduction in measurement time due to the
simultaneous measurement of four intensities. In addition, random and systematic errors
are reduced and evenly distributed across the four channels of the system.

Previously, we developed a scheme for a portable four-channel Stokes polarimeter
for monitoring blood hematocrit [23]. The scheme is based on the amplitude separation
of the radiation scattered by the sample and can be used as a prefix to a smartphone. An
important criterion for the efficiency of the system, in this case, is the possibility of obtaining
information about a biological object with the maximum exclusion of the influence of the
elements of the receiving channel on the values of the measured polarization parameters
of the output radiation. Therefore, it is necessary to develop a method for calibrating the
polarimeter, which will allow one to take into account the systematic components of the
measurement error.

All the methods discussed above provide for the optimization of the design parameters
of one of the polarization elements of the scheme. This is impractical concerning multi-
channel portable polarizing systems. Therefore, it is necessary to search for calibration
methods that will allow taking into account all the systematic errors of multichannel
polarimeters in a single instrument matrix of the system.

The purpose of this research is an analytical review of methods for calibrating mul-
tichannel polarization schemes of optoelectronic attachments that operate in conjunction
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with a smartphone visualization system, and the technical implementation of the chosen
method for a previously developed four-channel Stokes polarimeter.

2. Analysis of Calibration Methods

Polarimetry of diffusely scattering media, including biological tissues, can be divided
into two categories: Stokes polarimetry and Mueller polarimetry. The corresponding optical
design schemes can be divided into Stokes and Mueller polarimeters.

Stokes polarimeters are used to analyze the passage of partially polarized radiation
through the investigated depolarizing optically inhomogeneous media and make it pos-
sible to determine their parameters based on revealing the dependence of the anisotropy
parameters of the media on the measured output radiation polarization parameters.

Mueller polarimeters are used to analyze the polarization properties of optically
inhomogeneous media based on the determination of the Mueller matrix of an object,
which contains all information about the optical parameters of its surface and internal
structure [24].

Stokes polarimeters are of greatest interest because the measurement procedure is
easily automated, and the processing of parameter measurements takes much less time
than the Mueller polarimeter scheme: this fact is very important for portable optoelectronic
systems used to monitor optically inhomogeneous media.

Figure 1 shows the calibration scheme of the developed portable four-channel Stokes
polarimeter for non-invasive monitoring of blood hematocrit. The proposed optical scheme
is universal for calibrating four-channel polarization systems based on the spatial separation
of the input radiation intensity in amplitude [11,12,25,26].
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Figure 1. Optical scheme for calibrating the Stokes polarimeter.

The scheme consists of a helium-neon laser, a polarizer, two quarter-wave (λ/4)
phase plates, a diffuser, an objective lens, a half-wave (λ/2) phase plate, one partially
polarizing beam splitter (splitter 1), two polarizing beam splitters (splitter 2, splitter 3), four
compensators, and four CCD-matrices.

The scheme of the Stoke polarimeter contains transmitting and four-channel receiving
units. The transmitting unit consists of a source of coherent optical radiation that passes
through a polarizer and quarter-wave phase plate 1 to form a given state of polarization of
the radiation affecting the object. A diffuser with known optical parameters (transmission
coefficient 0.2, reflection coefficient 0.4, absorption coefficient 0.04) is used as an object for
calibration. The radiation scattered by the object enters the entrance pupil of the objective
lens of the receiving unit.

Next, the objective lens converts the brightness distribution of the radiation scattered
by the object into irradiance distributions on matrix analyzers of photodetectors (CCD1,



Computation 2022, 10, 131 4 of 14

CCD2, CCD3, CCD4) of four receiving channels. Separation of radiation by intensity is
performed by polarization beam splitters.

Information about the intensity distribution of all pixels of digital images is recorded
in separate files and transmitted via optical communication to the LI-NANO-CB micro-
processor manufactured by Leopard Imaging for joint processing. The received intensity
data arrays in the microprocessor are automatically processed using specially developed
software. This launches commands for converting information about the intensity into
parameters of the full Stokes vector and calculating the parameters of the radiation polar-
ization state from it. Then the processed data arrays are converted into digital images and
displayed on the information visualization device (smartphone screen), which is connected
to the microprocessor using a MicroUSB/USB Type-A cable.

In the quasi-monochromatic approximation, the transmitting properties of a polariza-
tion system can be described by a linear transformation whose operator is characteristic
of the system and does not depend on the incident radiation. The specified operator
corresponds to the instrument matrix of the entire system.

Thanks to the linear transformation, with the help of one device matrix, it is possible to de-
scribe the action of a single element, as well as the actions of several series-connected elements.

To transform the radiation polarization parameters in the optical scheme without dis-
tortion, the action of the polarimeter can be represented by a unit matrix. However, as a rule,
the measured parameters are systematically different from the actual ones. Then, knowing
the instrumental matrix of the system, which characterizes the systematic operation of the
polarimeter, this error is easily eliminated by inverse transformation.

Having determined the instrument matrix of the receiving optical unit of the system,
it is possible to obtain a functional relationship between the unknown parameters of the
Stokes vector of the scattered radiation and the measured electrical signals proportional to
the intensity distribution on the matrix receivers.

The first of the considered methods for calibrating Stokes polarimeters is developed
by launching a series of known radiation polarization states in the direction of a calibration
sample with given optical parameters.

The orientation of the anisotropic axes of the optical elements of the transmitting
channel is changed to sequentially introduce a set of known polarization states, which are
described by the Stokes vector Sq (1) [26]:

Sq =


1

cos2(θ) + sin2(θ)·cosδ
sin(θ)·cos(θ)·(1− cosδ)

sin(θ)·sinδ

·i0,x,y. (1)

With different orientations of the anisotropic axes of the polarizing filters, a set of
N-images is obtained at the output of each receiving channel. The relationship between
the parameters of the spatial distribution of the known polarization states sij (i = 1, 2, 3;
j = 1, 2, . . . , N) of the input radiation and the measured irradiance of each pixel of the
image bij (i = 0, 1, 2, 3; j = 1, 2, . . . , N) with coordinates (x, y) can be represented by the
following matrix equation [26]:

b00 b01 · · · b0N
b10 · · · b11 · · · b1N
b20 b21 · · · b2N
b30 b31 · · · b3N


x,y

=


a00 a01 a02 a03
a10 a11 a12 a13
a20 a21 a22 a23
a30 a31 a32 a33


x,y

·


1 1 1 · · · 1

s1,0 s1,1 s1,2 · · · s1,N
s2,0 s2,1 s2,2 · · · s2,N
s3,0 s3,1 s3,2 · · · s3,N

·i0,x,y. (2)

It can be written in a simplified form:

Bx,y = Ax,y·S·i0,x,y, (3)

where Ax,y is the instrument matrix of the system, which is the same for all image pixels
in the paraxial approximation; S is the total Stokes vector of radiation at the input to the
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receiving unit of the polarimeter; i0,x,y is an electrical signal taken from each pixel with
coordinates (x, y), proportional to the irradiance on its surface; Bx,y is the irradiance matrix
of each pixel in the image.

Next, the instrument matrix of the system is calculated using Equation (4) below or
by determining the Mueller matrices for each channel of the four-channel system and
then substituting the first rows of the Mueller matrices into the instrument matrix of the
system [26]:

Ax,y =
(

ST ·S
)−1
·ST ·Bx,y·i0,x,y. (4)

Thus, the presented polarimeter calibration method allows us to obtain the final real
instrument matrix of the system for all image pixels, taking into account the measurement
errors of the Stokes vector parameters and the degree of radiation polarization. Calculations
performed by this method showed that the specified error is several percent [26]. To achieve
such an accuracy, the set of calibration Stokes vectors must be chosen so that the instrument
matrix of the polarimeter is not singular.

The second of the considered methods for calibrating Stokes polarimeters is to use
an arbitrary set of linearly independent calibration vectors. To do this, the vector of the
corresponding current responses of photodetectors Ik = (I0k, I1k, I2k, I3k)

T . Then the
classical matrix equation describing the operation of the Stokes polarimeter (I = A·S) is
rewritten in the following form (5) [27–30]

Ik = A·Sk, (k = 0, . . . , 3), (5)

where A =
[
aij
]

is the instrument matrix of the system.
The calibration problem is to represent the instrument matrix A and its relative error

δA = ||∆A||/||A|| in the Euclidean norm through the vectors S, I, and the errors of their
measurement δS, δI. There are two ways of solving this problem.

The first way consists of the initial formation of block-diagonal matrices of the sixteenth
order for an arbitrary set of Stokes vectors S, as well as for the instrument A and current
I matrices of each channel of the receiving unit. In this case, the block-diagonal matrices
a and i (corresponding to matrices A and I) contain columns formed by rows of matrices
A and I. Then the classical matrix equation of the Stokes polarimeter is represented as a
linear combination of equations, and the condition for calculating the condition number is
determined [28–30]:

δa ≤ νs

1− νs·δs
(δs + δi), (6)

where νs is the condition number of the block-diagonal matrix s.
Then, by determining the relative error of the instrument matrix δa = δA, the relative

error of the Stokes vector δs = δS, and the relative error of the characteristic matrix of the
polarimeter δi = δI, the condition number can be calculated as follows (7) [28,29]:

νs =
∣∣∣∣∣∣s∣∣∣∣∣∣·∣∣∣∣∣∣s−1

∣∣∣∣∣∣= 2
∣∣∣∣∣∣S∣∣∣∣∣∣·2∣∣∣∣∣∣S−1

∣∣∣∣∣∣= 4νS. (7)

Replacing the obtained values into Formula (6) we can calculate the desired relative
error for the instrument matrix of the system [28,29]:

δA ≤ 4·νS

1− νS·δS
·(δI + δS). (8)

The second way to obtain the solution consists in writing the classical equation for the
Stokes polarimeter in perturbed form, taking into account the absolute errors for the current
matrix I, the polarimeter instrument matrix A, and the Stokes vector S. Assuming that the
final matrix, which is the sum of the Stokes vector and its absolute error, is nondegenerate,
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we can use the properties of the norm described in [28] to calculate the relative error of the
polarimeter instrument matrix [28–30]:

δA ≤ νS

1− νS·δS
·(δI + δS). (9)

Thus, the estimate of the relative error of the instrumental matrix of the Stokes po-
larimeter, obtained by inequality (9), even if we assume δI = δS = 0, is four times smaller
than the estimate obtained by solving inequalities (6)–(8). The reason is that the estimate
by inequality (6) is obtained under the condition that perturbations are independent of all
elements of the sixteenth-order block-diagonal matrix s for the Stokes vector, which does
not correspond to the real operating conditions of the system. Therefore, using inequality
(9), we obtain an error estimate up to small values of the second order.

There is also a well-known method for calibrating Stokes polarimeters, which consists
in using a certain normalized set of linearly independent calibration vectors to determine
the condition number of the Stokes vector S (10) [29]:

Sk = (1, S1kS2k, S3k), S1k + S2k + S3k = 1. (10)

However, such an orthogonal system does not exist, because the absolute value of the
determinant, composed of vectors Sk, is equal in absolute value to six times the volume
of a three-dimensional pyramid, which is inscribed in a three-dimensional sphere of unit
radius centered at the origin [31]. In this regard, the coordinates of the tetrahedron vertices
are corrected so that the tetrahedron vertex is on the OZ axis, at the point with coordinates
(0, 0, 1). Then the matrix S(ϕ) composed of the normalized set of Stokes gauge vectors Sk
takes the following form (11) [31]:

S(ϕ) =


1 1 1 1
0 2

√
2

3 cosϕ 2
√

2
3 cos

(
ϕ+ 2π

3
) 2

√
2

3 cos
(
ϕ+ 4π

3

)
0 2

√
2

3 sinϕ 2
√

2
3 sin

(
ϕ+ 2π

3
) 2

√
2

3 sin
(
ϕ+ 4π

3

)
1 − 1

3 − 1
3 − 1

3

, (11)

where ϕ is the angle between the positive direction of the OX axis and the radius vector.
Regardless of the angle ϕ, for the Euclidean norm of the matrix S(ϕ) and its determi-

nant, we obtain the following Equation (12) [31]:

∣∣∣∣∣∣S(ϕ)∣∣∣∣∣∣= 2
√

2 , |S(ϕ)| = 16
√

3
9

. (12)

The inverse matrix S(ϕ)−1 can be found analytically. Then the condition number νS of
the matrix S(ϕ) does not depend on the angle between the positive direction of the OX axis
and the radius vector and is equal to νS = ||S(ϕ)||·||S(ϕ)−1||= ||S||·||S−1|| = νS = 2

√
5.

Thus, in the research of biological objects with a complex optically inhomogeneous
structure, the most preferred method is calibration, which is carried out by launching a
series of known states of radiation polarization in the direction of a calibration sample
with specified optical parameters. Compared with the second method, it is completely
focused on working with real scheme elements. Compared with the third method, it does
not require the formation of an ideal orthogonal system of Stokes calibration vectors.

To apply the chosen calibration method to the developed scheme of a four-channel
Stokes polarimeter [23], it is necessary to first determine the polarization parameters of
the calibration sample (diffuser) to make appropriate corrections when determining the
instrumental matrix of the receiving channel of the system.

In this regard, experimental research on the polarization properties of the optical
radiation diffuser and their statistical analysis was carried out.
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3. Experimental Investigation

A series of experimental research was conducted on a setup formed according to the
scheme of a single-channel polarimeter based on a sequential change in the parameters of
polarizing filters a finite number of times.

The transmitting channel of the setup consists of an optical radiation source—a helium-
neon laser (He-Ne) with a wavelength of 0.63 µm, a polarizer, and a quarter-wave phase
plate. The radiation that has passed through the transmitting channel and scattered from
the sample enters the receiving channel, passes through the quarter-wave phase plate and
the analyzer, and is focused by the objective lens in the plane of the photosensitive area of
the matrix photodetector (CMOS-matrix). A quarter-wave phase plate is introduced in the
course of the radiation scattered by the sample only to detect circularly polarized radiation.

The scheme is based on the analysis of intensity distributions of the radiation scattered
by the calibration sample (diffuser) on the matrix field of the photodetector at known
states of the polarization filters of the transmitting channel and the receiving channel
of visualization. According to the method for measuring the parameters of the Stokes
vector, six files were recorded: I0◦ , I90◦ , I45◦ , I−45◦ , Ir, Il , each of them contains information
related to the spatial distribution of radiation intensity in the image plane [23,27]. Next, the
parameters of the Stokes vector were calculated and complex polarization analysis of the
radiation at the output of the calibration sample was performed [23,27].

S =


S0
S1

S2
S3

 =


I0◦ + I90◦

I0◦ − I90◦

I45◦ − I−45◦

Ir − Il

; (13)

P =

√
S1

2 + S22 + S32

S0
; α =

1
2
·arctg

(
S2

S1

)
; β =

√
S0 −

√
S1

2 + S22

S0 +
√

S1
2 + S22

, (14)

where P is the polarization degree,α is the azimuth, andβ is the ellipticity of the radiation ellipse.
The investigation of the mechanisms of optically anisotropic absorption and phase

modulation of polarized radiation by the sample under investigation was carried out based
on determining its 4 × 4 Mueller matrix [32–34]:

M =


M11 M12 M13 M14
M21 M22 M23 M24
M31 M32 M33 M34
M41 M42 M43 M44

. (15)

The elements of the matrix depend on the scattering angle, wavelength, and geometric
and optical parameters of scattering centers. M11 is the quantity that is measured when the
incident light is not polarized; its dependence on the scattering angle is the phase function
of the scattered light. M12 characterizes the degree of linear polarization of scattered light.
M22 shows the proportion of depolarized light in the total scattered radiation (concerning a
biological sample, a measure of the nonsphericity of scattering particles can be estimated).
M34 characterizes the transformation of 45◦ obliquely polarized incident light into circularly
polarized scattered light (which is unique to various biological systems). The difference
between M33 and M44 is a good measure of the nonsphericity of scattering particles.

However, the practical use of the entire Mueller matrix is difficult. The reason for
this is the azimuthal dependence of most matrix elements—in the general case, 12 out
of 16 elements change when the spatial position of the object of investigation relative to
the axis of incidence of radiation changes. The following elements of the Mueller matrix
turn out to be azimuthally stable, independent of the angle of rotation of the object of
investigation: M11, M14, M41, M44 [35,36].

When the Mueller matrix is normalized, the first invariant M11 is always equal to one,
and the fourth invariant M44 contains information about the radiation parameters at the
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output of the sample when its input is exposed to circularly polarized radiation. Since the
value of the M44 invariant is negligibly small for biological structures, and the errors in its
determination are large, it can be in this case further disregarded.

Therefore, to research the polarization properties of biological samples, it suffices
to determine two invariants of the Mueller matrix M14 and M41, which characterize the
processes of transformation of the researched media of circularly polarized radiation into
linearly polarized radiation and the transformation of the linearly polarized radiation into
circularly polarized radiation, respectively [30,32].

According to the method of experimental determination of the Mueller matrix of the
optical media [30,32], the coordinate distributions of the radiation intensity were measured,
which are necessary for calculating the elements of the sample matrix M14, M14, invariant
to its spatial orientation.

As a result, the coordinate distributions of the parameters of the Stokes vector of
the radiation scattered by the sample, the elements of the Mueller matrix of the surface
structure of the diffuser, the polarization degree, azimuth, and ellipticity of the radiation
ellipse, as well as their histograms, were obtained.

4. Experimental Results

The vector calculations were carried out using the MATLAB software package.
Since slight movements of the optical elements of the instrument are possible during

the measurements, increasing the measurement error, the obtained images were combined
based on calculating the position of their energy centers.

Next, a statistical analysis of the spatial distributions of the measured radiation pa-
rameters characterizing the polarization properties of the diffuser was carried out.

The obtained coordinate distributions and histograms of the parameters of the Stokes
vector and the polarization state of the output radiation are shown in Figures 2 and 3.

Coordinate intensity distributions and histograms of two invariants of the diffuser sur-
face structure matrix (M14, M41) were obtained, providing azimuthally stable information
about the optically anisotropic properties of the object under investigation Figure 4.

The boundaries of the error intervals for measuring the parameters of the Stokes vector
(δS1 , δS2 , δS3 ), polarization degree (δP), azimuth (δα) and ellipticity of the radiation ellipse
(δβ) with a set probability of 0.95 are determined by calculation by formulas for indirect
measurements:

δS1 = ±KS1 ·
√

w·∆I0◦
2 + ∆I90◦

2

(I0◦ − I90◦)
2 ·
(

δ1
2

K1
2 +

δ22

K22

)
+

δ32

K32 +
δ4

2

K4
2 ; (16)

δS2 = ±KS2 ·
√

w·∆I45◦
2 + ∆I−45◦

2

(I45◦ − I−45◦)
2 ·
(

δ1
2

K1
2 +

δ22

K22

)
+

δ32

K32 +
δ4

2

K4
2 ; (17)

δS3 = ±KS3 ·
√

w·∆Ir2 + ∆Il
2

(Ir − Il)
2 ·
(

δ1
2

K1
2 +

δ22

K22

)
+

δ32

K32 +
δ4

2

K4
2 +

δ52

K52 ; (18)

δP = ±KP·

√√√√√S1
4· δS1

2

KS1
2 + S24· δS2

2

KS2
2 + S34· δS3

2

KS3
2

(S1
2 + S22 + S32)

2 +
∆I0◦

2 + ∆I90◦
2

(I0◦ − I90◦)
2 ·
(

δ1
2

K1
2 +

δ22

K22

)
; (19)

δα = ±Kα·
S2

2·S1·α·
(

1 + S2
2

S1
2

) ·√ δS1
2

KS1
2 +

δS2
2

KS2
2 ; (20)

δβ = ±Kβ·
S0

β·
(

S0 +
√

S1
2 + S22

) ·
√√√√√S1

4· δS1
2

KS1
2 + S24· δS2

2

KS2
2

S1
2 + S22 + (S1

2 + S22)·
(

δ1
2

K1
2 +

δ22

K22

)
, (21)
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where w is the coefficient that takes into account the systematic errors of the means for
measuring the radiation intensity, since when measuring I0◦ , I90◦ , I45◦ , I−45◦ , Ir, Il the same
instance of the measuring instrument is used, w ≤ 0.5; δ1 is measurement instrument error
±8%; δ2 is the error due to the inaccuracy of the analyzer scale graduation ±1%; δ3 is the
error introduced by the diffuser ±3%; δ4 is the error due to the instability of the energy
(power) of laser radiation during measurements ±3%; δ5 is the error introduced by the
phase plate ±5%; KS1 , KS2 , KS3 , KP, Kα, Kβ, K1, K2, K3, K4, K5 are coefficients depending
on the distribution of total, and partial errors and the established probability with which
these errors are determined; K1 = K2 = K3 = K5 = 1.73 for a uniform distribution law;
KS1 = KS2 = KS3 = KP = Kα = Kβ = 1.96 for the normal distribution law; K4 = 3; ∆I0◦ ,
∆I90◦ , ∆I45◦ , I−45◦ , ∆Ir, ∆Il is the variance of measurement of the radiation intensity.

As a result of calculations using the formulas presented above, the boundaries of
the error intervals are determined for measuring the parameters of the Stokes vector
(δS1 = ±3%, δS2 = ±11%, δS3 = ±8%), the polarization degree (δP = ±10%), azimuth
(δα = ±10%) and ellipticity of the radiation ellipse (δβ = ±7%).
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5. Discussion

Analysis of received results was produced within the framework of the statistical
approach: the set Zi statistical moments of the 1st–4th order of the coordinate distributions
of the investigated polarization parameters [37]:

Z1 =
1
N ∑N

j=1 qj, Z2 =

√
1

N − 1 ∑N
j=1

(
qj − Z1

)2, (22)

Z3 =
1

Z23
1
N ∑N

j=1

(
qj − Z1

)3, Z4 =
1

Z24
1
N ∑N

j=1

(
qj − Z1

)4, (23)

where N = m·n is the number of pixels in the CMOS sensor; qj is the numerical value of
the parameter in the distribution cell.

Table 1 shows the results of calculating the average value (Z1), variance (Z2), skewness
(Z3), and kurtosis (Z4) for the obtained coordinate distributions of the Stokes vector
parameters, polarization state parameters, and two invariants of the diffuser matrix.

Table 1. Statistical moments of coordinate distributions of polarization parameters of a sample.

Parameter
S1 S2 S3 P α β M14 M41

Moment

Z1 −0.056 −0.019 −0.018 0.40 −0.020 −0.024 −0.057 −0.003

Z2 0.37 0.45 0.10 0.23 0.45 0.15 0.28 0.27

Z3 0.078 −1.93 −0.48 0.33 0.090 −0.24 0.30 0.29

Z4 3.20 33.03 7.73 2.59 1.86 8.14 3.69 4.53

The skewness of the distributions is due to the uneven placement of the acquired data
on both sides of the modal value of the parameter. In this case, the distributions of the
ellipticity of the radiation ellipse β and parameters of the Stokes vectors S2 and S3 have
negative skewness, that is, the number of the acquired data is greater to the left of the
mode, and the distributions of the remaining parameters have positive skewness, that is,
the number of the acquired data is greater to the right of the mode.

The kurtosis of the distributions S1 and M14 are close to three, which corresponds to a
distribution close to the normal one. Although the kurtosis for parameter P is also close
to three, this distribution cannot be interpreted as close to normal due to the presence of
an outlier in the histogram near-zero (Figure 3d). The distribution of azimuth α is close to
uniform, which is confirmed by the type of histogram shown in Figure 3e and its kurtosis
value of 1.86 (for a uniform distribution, the kurtosis is 1.8). In this case, most of the options
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for the sets of parameters S2, S3, β, and M41 are concentrated around the arithmetic mean
and the frequency distributions are represented by a peaked curve, which is expressed by
large values of kurtosis.

Because the statistical moments of the third and fourth order differ significantly for
different polarization radiation parameters, the selected radiation parameters and the
moments of their coordinate distributions are the most informative diagnostic indica-
tors in a comparative analysis of the properties of optically inhomogeneous, including
biological samples.

6. Conclusions

An analytical review of calibration methods for multichannel polarization schemes
of optoelectronic attachments operating in conjunction with a smartphone visualization
system made it possible to establish that for such systems used in the medical field, the
first calibration method is the most preferable. It is carried out by launching a known set of
calibration vectors and consists in determining a single instrument matrix of the system,
which will take into account all the components of systematic measurement errors.

As a result of the technical implementation of the chosen calibration method for
the previously developed four-channel Stokes polarimeter and statistical analysis, the
statistical moments of the coordinate distributions of the Stokes vector parameters, the
polarization states parameters of the output radiation, and the azimuthally stable invariants
of the Mueller matrix of the diffuser subsurface structure were determined. The obtained
numerical values provide information about the polarization properties of the researched
calibration sample and can be used to form a single instrumental matrix of the system. In
addition, significant differences in the statistical moments of the third and fourth orders
were revealed for all considered distributions of the parameters of polarized radiation,
which allow using them as informative parameters for a comparative analysis of the
properties of optically inhomogeneous and biological media.

The boundaries of the error intervals for measuring the parameters of the Stokes
vector, the polarization degree, azimuth, and ellipticity of the radiation ellipse obtained
without the use of the chosen calibration method indicate the need to introduce appropriate
corrections into the single instrumental matrix of the receiving channel of the developed
four-channel Stokes polarimeter for non-invasive monitoring of blood hematocrit. Such an
approach will make it possible to reduce the systematic error introduced by real scheme
elements as compared with the error of 3–5% obtained by the classical method of precision
calculation for commercially available polarizing elements.

Author Contributions: Conceptualization, I.A.K., V.A.R., R.D.K. and S.N.Y.; methodology, V.A.R.,
T.S.D. and S.N.Y.; software, A.A.G., C.T.N. and R.D.K.; investigation, R.D.K., V.A.R., C.T.N. and S.N.Y.;
resources, I.A.K.; writing—original draft preparation, R.D.K., V.A.R. and S.N.Y.; writing—review,
and editing, T.S.D. and M.B.M.; visualization, R.D.K., C.T.N. and V.A.R.; funding acquisition, I.A.K.
and M.B.M. All authors have read and agreed to the published version of the manuscript.

Funding: This research is supported by the Bulgarian National Science Fund in the scope of the
project “Exploration the application of statistics and machine learning in electronics” under contract
number KΠ-06-H42/1.

Institutional Review Board Statement: Not applicable.

Informed Consent Statement: Not applicable.

Data Availability Statement: Data are contained within the article.

Acknowledgments: The authors would like to thank the Research Center for Optical-Electronic
Engineering at the ITMO University of St. Petersburg for their financial support.

Conflicts of Interest: The authors declare no conflict of interest.



Computation 2022, 10, 131 13 of 14

References
1. Chang, Y.; Gao, W. Mueller matrix polarization parameter tomographic imaging method in the backscattering configuration. Opt.

Lasers Eng. 2021, 146, 106692. [CrossRef]
2. Peyvasteh, M.; Dubolazov, A.; Popov, A.; Ushenko, A.; Ushenko, Y.; Meglinski, I. Two-point Stokes vector diagnostic approach for

characterization of optically anisotropic biological tissues. J. Phys. D Appl. Phys. 2020, 53, 395401. [CrossRef]
3. Spandana, K.U.; Mahato, K.K.; Mazumder, N. Polarization-resolved Stokes-Mueller imaging: A review of technology and

applications. Laser Med. Sci. 2019, 34, 1283–1293. [CrossRef]
4. Banic, S.; Melanthota, S.K.; Arbaaz; Vaz, J.M.; Kadambalithaya, V.M.; Hussain, I.; Dutta, S.; Mazumder, N. Recent trends in

smartphone-based detection for biomedical applications: A review. Anal. Bioanal. Chem. 2021, 413, 2389–2406. [CrossRef]
5. Pan, T.; Lu, D.; Xin, H.; Li, B. Biophotonic probes for bio-detection and imaging. Light Sci. Appl. 2021, 10, 124. [CrossRef]

[PubMed]
6. He, C.; He, H.; Chang, J.; Chen, B.; Ma, H.; Booth, M.J. Polarisation optics for biomedical and clinical applications: A review. Light

Sci. Appl. 2021, 10, 194. [CrossRef] [PubMed]
7. Hunt, B.; Ruiz, A.J.; Pogue, B.W. Smartphone-based imaging systems for medical applications: A critical review. J. Biomed. Opt.

2021, 26, 040902. [CrossRef]
8. Alawsi, T.; Al-Bawi, Z. A review of smartphone point-of-care adapter design. Eng. Rep. 2019, 1, e12039. [CrossRef]
9. Toyoshima, M.; Takenaka, H.; Shoji, Y.; Takayama, Y.; Kunimori, H. Polarization measurement through space-to-ground

atmospheric propagation paths by using a highly polarized laser source on space. Opt. Express 2009, 17, 22333–22340. [CrossRef]
[PubMed]

10. Sinyavskiı̆, I.; Ivanov, Y.S.; Vidmachenko, A.P. Concept of the construction of the optical setup of a panoramic Stokes polarimeter
for small telescopes. J. Opt. Technol. 2013, 80, 545–548. [CrossRef]

11. Azzam, R.M.A. Division-of-amplitude photopolarimeter (DOAP) for the simultaneous measurement of all four Stokes parameters
of light. Opt. Acta Int. J. Opt. 1982, 29, 685–689. [CrossRef]

12. Pezzaniti, J.L.; Chenault, D.; Roche, M.; Reinhardt, J.; Schultz, H. Four cameras complete Stokes imaging polarimeter. Proc. SPIE
Polariz. Meas. Anal. Remote Sens. VIII 2008, 6972, 69720J. [CrossRef]

13. Stock, C.; Siefke, T.; Hubold, M.; Gassner, C.; Brüning, R.; Zeitner, U.D. Fully integrated stokes snapshot imaging polarimeter. EPJ
Web Conf. 2020, 238, 06018. [CrossRef]

14. Cahyadi, W.A.; Chung, Y.H.; Ghassemlooy, Z.; Hassan, N.B. Optical Camera Communications: Principles, Modulations, Potential
and Challenges. Electronics 2020, 9, 1339. [CrossRef]

15. Nasucha, M.; Sumantyo, J.T.S.; Santosa, C.E.; Sitompul, P.; Wahyudi, A.H.; Yu, Y.; Widodo, J. Computation and Experiment
on Linearly and Circularly Polarized Electromagnetic Wave Backscattering by Corner Reflectors in an Anechoic Chamber.
Computation 2019, 7, 55. [CrossRef]

16. Mu, T.; Zhang, C.; Li, Q.; Liang, R. Error analysis of single-snapshot full-Stokes division-of-aperture imaging polarimeters. Opt.
Express 2015, 23, 10822–10835. [CrossRef] [PubMed]

17. Wirthl, V.; Panda, C.D.; Hess, P.W.; Gabrielse, G. Simple self-calibrating polarimeter for measurement the Stokes parameters of
light. OSA Contin. 2021, 4, 2949–2969. [CrossRef]

18. Gimenez, Y.; Lapray, P.-J.; Foulonneau, A.; Bigue, L. Calibration algorithms for polarization filter array camera: Survey and
evaluation. J. Electron. Imaging 2020, 29, 041011. [CrossRef]

19. Ossikovski, R.; Al Bugami, B.; Garcia-Caurel, E.; Choude, S.R. Polarizer calibration methods for Mueller matrix polarimeters.
Appl. Opt. 2020, 59, 10389–10395. [CrossRef]

20. Rodriguez, O.; Lopez-Tellez, J.M.; Rodriguez-Herrera, O.G.; Bruce, N.C. Calibration and data extraction in nonoptimized Mueller
matrix polarimeters. Appl. Opt. 2017, 56, 4398–4405. [CrossRef]

21. Tyo, J.S.; Wei, H. Optimal imaging polarimeters constructed with imperfect optics. Appl. Opt. 2006, 45, 5497–5503. [CrossRef]
[PubMed]

22. Zallat, K.; Ainouz, S.; Stoll, M. Optimal configurations for imaging polarimeters: Impact of image noise and systematic errors.
Appl. Opt. 2006, 8, 807–814. [CrossRef]

23. Khlynov, R.D.; Ryzhova, V.A.; Konyakhin, I.A.; Korotaev, V.V. Robotic polarimetry system based in image sensors for monitoring
the rheological properties of blood in emergency situations. Smart Electromech. Syst. Stud. Syst. Decis. Control 2022, 413, 201–218.
[CrossRef]

24. Kolokolova, L.; Hough, J.; Levasseur-Regourd, A. Polarimetry of Stars and Planetary Systems; Cambridge University Press:
Cambridge, UK, 2015; 503p. [CrossRef]

25. Azzam, R.M.A. Division-of-amplitude photopolarimeter based on conical diffraction from a metallic grating. Appl. Opt. 1992,
31, 3574–3576. [CrossRef] [PubMed]

26. Pezzaniti, J.L.; Chenault, D.; Roche, M.; Reinhardt, J.; Schultz, H. Wave slope measurement using imaging polarimetry. Proc. SPIE
Ocean. Sens. Monit. 2019, 7317, 73170B. [CrossRef]

27. Lim, X.; Han, Y.; Wang, H.; Liu, T.; Chen, S.C.; Hu, H. Polarimetric Imaging through Scattering Media: A Review. Front. Phys.
2022, 10, 815296. [CrossRef]

28. Voevodin, V.V.; Kuznetsov, Y.A. Matritsy and Calculations; Nauka: Moscow, Russia, 1984.

http://doi.org/10.1016/j.optlaseng.2021.106692
http://doi.org/10.1088/1361-6463/ab9571
http://doi.org/10.1007/s10103-019-02752-1
http://doi.org/10.1007/s00216-021-03184-z
http://doi.org/10.1038/s41377-021-00561-2
http://www.ncbi.nlm.nih.gov/pubmed/34108445
http://doi.org/10.1038/s41377-021-00639-x
http://www.ncbi.nlm.nih.gov/pubmed/34552045
http://doi.org/10.1117/1.JBO.26.4.040902
http://doi.org/10.1002/eng2.12039
http://doi.org/10.1364/OE.17.022333
http://www.ncbi.nlm.nih.gov/pubmed/20052156
http://doi.org/10.1364/JOT.80.000545
http://doi.org/10.1080/713820903
http://doi.org/10.1117/12.784797
http://doi.org/10.1051/epjconf/202023806018
http://doi.org/10.3390/electronics9091339
http://doi.org/10.3390/computation7040055
http://doi.org/10.1364/OE.23.010822
http://www.ncbi.nlm.nih.gov/pubmed/25969119
http://doi.org/10.1364/OSAC.444102
http://doi.org/10.1117/1.JEI.29.4.041011
http://doi.org/10.1364/AO.409799
http://doi.org/10.1364/AO.56.004398
http://doi.org/10.1364/AO.45.005497
http://www.ncbi.nlm.nih.gov/pubmed/16855648
http://doi.org/10.1088/1464-4258/8/9/015
http://doi.org/10.1007/978-3-030-97004-8_15
http://doi.org/10.1017/CBO9781107358249
http://doi.org/10.1364/AO.31.003574
http://www.ncbi.nlm.nih.gov/pubmed/20725326
http://doi.org/10.1117/12.819031
http://doi.org/10.3389/fphy.2022.815296


Computation 2022, 10, 131 14 of 14

29. Meng, X.; Li, J.; Zhang, Y.; Zhu, R. System calibration of Stokes imaging polarimeter using Fourier series analysis. Proc. SPIE Opt.
Remote Sens. Technol. Appl. 2014, 9299, 92991E. [CrossRef]

30. Twietmeyer, K.; Chipman, R. Optimization of Mueller matrix polarimeters in the presence of error sources. Opt. Express 2008,
16, 11589–11603. [CrossRef] [PubMed]

31. Negara, C.; Li, Z.; Langle, T.; Beyere, J. Simplified Stokes polarimeter based on division-of-amplitude. Proc. SPIE Photonics Educ.
Meas. Sci. 2019, 11144, 111441B. [CrossRef]

32. Lopez-Tellez, J.M.; Chipman, R.A.; Li, L.W.; McEldowney, S.C.; Smith, M. Broadband extended source imaging Mueller-matrix
polarimeter. Opt. Lett. 2019, 44, 1544–1547. [CrossRef]

33. Ushenko, Y.A.; Sidor, M.I.; Bodnar, G.B. Mueller-matrix mapping of optically anisotropic fluorophores of biological tissues in the
diagnosis of cancer. Quantum Electron. 2014, 44, 785. [CrossRef]

34. Ushenko, Y.; Tomka, Y.Y.; Dubolazov, A. Laser diagnostics of anisotropy in birefringent networks of biological tissues in different
physiological conditions. Quantum Electron. 2011, 41, 170. [CrossRef]

35. Smith, M.H.; Burke, P.; Lompado, A.; Tanner, E.; Hillman, L.W. Mueller matrix imaging polarimetry in dermatology. Proc. SPIE
Biomed. Diagn. 2000, 3991, 210. [CrossRef]

36. Ushenko, Y.A.; Sidor, M.I.; Marchuk, Y.F.; Pashkovskaya, N.V.; Andreichuk, D.R. Azimuth-invariant Mueller-matrix differentiation
of the optical anisotropy of biological tissues. Opt. Spectrosc. 2014, 117, 152–157. [CrossRef]

37. Borovkova, M.; Peyvasteh, M.; Dubolazov, O.; Ushenko, Y.; Ushenko, V.; Bykov, A.; Deby, S.; Rehbinder, J.; Novikova, T.;
Meglinski, I. Complementary analysis of Mueller-matrix images op optically anisotropic highly scattering biological tissue. J. Eur.
Opt. Soc.-Rapid Publ. 2018, 14, 20. [CrossRef]

http://doi.org/10.1117/12.2072234
http://doi.org/10.1364/OE.16.011589
http://www.ncbi.nlm.nih.gov/pubmed/18648480
http://doi.org/10.1117/12.2532399
http://doi.org/10.1364/OL.44.001544
http://doi.org/10.1070/QE2014v044n08ABEH015295
http://doi.org/10.1070/QE2011v041n02ABEH014215
http://doi.org/10.1117/12.384904
http://doi.org/10.1134/S0030400X14070248
http://doi.org/10.1186/s41476-018-0085-9

	Introduction 
	Analysis of Calibration Methods 
	Experimental Investigation 
	Experimental Results 
	Discussion 
	Conclusions 
	References

