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Abstract: We consider the multispecies model described by a coupled system of diffusion—reaction
equations, where the coupling and nonlinearity are given in the reaction part. We construct a semi-
discrete form using a finite volume approximation by space. The fully implicit scheme is used for
approximation by time, which leads to solving the coupled nonlinear system of equations at each
time step. This paper presents two uncoupling techniques based on the explicit-implicit scheme
and the operator-splitting method. In the explicit-implicit scheme, we take the concentration of
one species in coupling term from the previous time layer to obtain a linear uncoupled system of
equations. The second approach is based on the operator-splitting technique, where we first solve
uncoupled equations with the diffusion operator and then solve the equations with the local reaction
operator. The stability estimates are derived for both proposed uncoupling schemes. We present a
numerical investigation for the uncoupling techniques with varying time step sizes and different
scales of the diffusion coefficient.

Keywords: multispecies diffusion-reaction model; spatial-temporal models; explicit-implicit scheme;
operator-splitting method; uncoupling techniques

1. Introduction

Mathematical models used in various scientific disciplines, including chemistry, ge-
ology, ecology, and biology, incorporate reaction terms [1-3]. In mathematical ecology,
reaction—diffusion models are employed to understand and describe the dynamics of
species populations [4,5]. Spatial-temporal Lotka—Volterra models are utilized to inves-
tigate the populations of multiple interacting communities, considering the influence of
spatial relationships on diverse aspects such as biodiversity and the structure of food
webs [6]. The application of these models to marsh ecosystems at the mouth of the Nue-
ces River is presented in [7]. Furthermore, one- and two-species population competition
models are studied through unsteady diffusion-reaction equations [8,9]. In simulating
subsurface flow and transport, reactive transport models capture the effects of biochemical
reactions [10-12].

The reaction term is nonlinear and usually has a different time scale, requiring special
numerical techniques for accurate and computationally effective solution development. To
solve a nonlinear problem, a linearization technique is required. The Newton’s method
is the traditional choice but is computationally expensive and sometimes requires small
stepping for an accurate solution and method convergence. The Newton’s method, a
powerful iterative technique for solving nonlinear equations, finds widespread use in
scientific computation, despite its computational expense. It has proven valuable in diverse
domains such as Computational Fluid Dynamics (CFD), Structural Mechanics, Electromag-
netics, Geophysical Modeling, Optimization, Chemical Engineering, Climate Modeling,
and Biomedical Simulations. Researchers often combine Newton’s method with optimiza-
tion techniques, preconditioners, or adaptive step-size control to enhance its efficiency
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and overcome convergence challenges. Its effectiveness in tackling fully-implicit nonlinear
problems remains a compelling choice for many scientific applications [13-15].

The most straightforward technique for solving nonlinear problems is linearization
using a previous time-layer solution [16]. In the semi-implicit time approximation method,
the reaction term is approximated using the solution from the previous time layer [17-20].
This approach is beneficial when applied to multispecies interaction models, as it leads to
uncoupled equations for each species. This uncoupling improves computational efficiency
and enables faster simulations than fully coupled and implicit schemes. Operator-splitting
methods have been extensively employed in computational mathematics [21-23]. These
methods divide coupled multiphysics processes into components corresponding to differ-
ent physical processes, allowing each component to be treated with specific techniques [24].
Such schemes have been developed for various problems, including convection-diffusion—-
reaction problems, Navier-Stokes equations, poroelasticity, and thermoelasticity prob-
lems [18,24-29]. The splitting methods allow different numerical methods and libraries
to solve the subproblems, reducing computational effort for large problems and enabling
parallel computations.

Additive operator-difference schemes are valuable for solving unsteady equations in
the context of time approximation. These schemes can be effectively combined with explicit—
implicit time approximation methods. Explicit-implicit time approximation is commonly
employed for convection—diffusion-reaction equations [10,17,18,25,30]. Reactive transport
processes often involve a combination of slow transport processes and stiff reaction terms.
In such cases, explicit time approximation methods can approximate the slow transport
processes, while the fast reaction terms are treated implicitly [10]. The explicit-implicit
scheme is applied to decouple equations in the context of multicontinuum flow problems
in fractured porous media in the study mentioned in [17].

In this work, we consider uncoupling techniques for the multispecies model. This
mathematical model is described by a coupled system of reaction—diffusion equations,
where the system’s nonlinearity is related to the reaction term. We start with a standard
fully implicit approach with the Backward Euler time approximation and Newton solver.
Then, we consider two schemes useful for uncoupling systems and linearizing the nonlinear
reaction term. We first consider linearization based on evaluating a part of the reaction
term using the solution from the previous time layer (explicit-implicit scheme). In this
approach, we take the concentration of another species in coupling term from the previous
time layer to obtain a linear uncoupled system of equations, i.e., we solve the equation for
each species separately. The second approach is based on the operator-splitting technique,
where we first apply a diffusion operator and then apply a local reaction operator that
can be calculated using explicit or implicit time approximation in each grid cell separately
(local problem). Operator splitting techniques lead to the uncoupled system, where each
species’ diffusion equation is solved separately. We present a numerical investigation of
the uncoupling techniques with varying time step sizes and different scales of diffusion
coefficients.

This paper is organized as follows. In Section 2, we describe the problem formulation
with a finite volume approximation by space and a fully implicit approximation by time.
The uncoupling techniques are presented in Section 3. A numerical investigation of the
methods’ accuracy with computational effectiveness is presented in Section 4. The paper
ends with a conclusion.

2. Problem Formulation

We consider the multispecies competition model that is described by the following
system of equations:

Vo (ep(x)Vuy) = rp(x)up(l —uy) — szkl(x)ukul, k=1,.,L, x€Q, t>0, 1)

12k
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where 1 is the population of the kth species, g is the diffusion coefficient, ry is the kth pop-
ulation reproductive growth rate, and ay; is the interaction coefficient due to competition
(u; compete with uy).

The system of equations is considered with initial conditions

uy =1urg, x€Q, t=0, 2)
and free boundary conditions
Vue-n=0, x¢€d), 3)
where 7 is the outer normal vector to the boundary 9Q).

2.1. Approximation by Space

For the numerical solution of the problem Equation (1) with initial and boundary
conditions Equations (2) and (3), we use a finite volume method for approximation by
space [31].

Let 7}, be the triangulation of the domain () with mesh size h

771 = UiKir

where K; is the grid cell, i = 1,--- , N, and N is the number of the grid cells. Let ejj be the
interface (facet) between two cells K; and Kj, K; N K; # .
Let uy ; be the cell average value of the function u; on cell K;

1
@ /K updx = uy,

where |K;| is cell volume.
For diffusion, we use a two-point flux approximation,

/ exVug - njjds = Ty ji(ug; — ), Trij = exij leijl /dij,

El’]'

where d;; is the distance between cell center points x; and x;, |ei]-| is the length of the interface
between cells K; and K, and g ;; is the harmonic average, ey ;; = 2/(1/¢ex; +1/¢ey ;).
Therefore, we have the following semi-discrete form:

aukl

— K[ + ZTk ij (i — ) = it (1 — i) [Ki| = Y o jtag ity 4)

12k

Next, we consider implicit time approximation to construct a discrete system of
equations.

2.2. Fully Implicit Scheme for Approximation by Time

Let u](('jl.ﬂ) = u(x;,ty,41) and u( " — = uy(x;, t,_1), where t, = nt,n = 1,2,--- and
T > 0 is the fixed time step size. For approximation by time, we apply an implicit scheme
and obtain the following discrete system:

u}({’;+1) ul(cnl) n+1) (n+1)
) E gy )
©)
= rk,iu](;:'+l ( — Tl+l |K | - Zaklzukf+l)u17+l |K |
1#£k

To solve a nonlinear system of equations, we use the Newton method.
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Let s be the nonlinear iteration number and
u(n,s+1) _ u(n,s) + 5u(n,s+l), §=0,1,2---,

(n,s) (n,s) )

where u("8) = (g ™7, uy
In the considered problem, we have a linear diffusion operator and the following
nonlinear reaction operator:

Ri(u) = rae(1 — ug) — Y agquigs.
17k

In Newton’s method, we apply the following linearization

Ry () e Ry (u)) 4 Y (Ri(u) o™,
i

re(1—2uy) — Yppagup  j =k,
(Ri(u)); = { —Qgjllg j#Fk

and obtain the following system of linear equations on each nonlinear iteration

L)
k,i = |K | + ZTk i (n+l s+1) 5u}({3+1,s+1)) _ (1 . 2u}({n+l s))(sul(:;+1,s+1) |Kz|
(6)
+ Zakl ul(;z+1s I(<Z+1,s+1) T (n+1 5)5 (n+1 s+1))‘K | _ n+1 s),
17k
with
) yntLls) o (n) ) .
Fk(;hL ,5) _ ki - ki |K | +2Tkz] uanJr 8) ”](J}Jr ,s))
_rklul((rrrls)(l _u n+1s |K | + ZakllukriJrls) n+1s |K |
17k
fors =1,2,---. We iterate nonlinear iterations until ||5u,((”’s+l) ||1, becomes smaller than

the given tolerance or until we reach a maximum nonlinear iteration. We use a solution
from the previous time layer as an initial condition in nonlinear iterations. The scheme
Equation (6) is a fully implicit approximation, FI (coupled).

3. Uncoupling Techniques

In the fully implicit approximation by time, we update the matrix and right-hand side
of the linear system of equations in each time and nonlinear iteration, which is computa-
tionally expensive. Furthermore, the convergence of the nonlinear iterations depends on
the time step size, and for larger time steps, it takes more iterations to converge. Note that
the Newton method is the most accurate method for the solution of the nonlinear system
of equations, and we will use it to calculate the reference solution by setting a small time
step. In this section, we construct uncoupling techniques that are more computationally
effective. We start with the most straightforward scheme constructed by linearization from
the previous time layer.

3.1. Semi-Implicit Schemes

To construct semi-implicit schemes by time (linearized scheme), we take some of the
parameters in the reaction operator from the previous time step. By varying parameters
that are linearized, we can obtain the following schemes:
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e SI-1 (uncoupled):

+1
”l(cri /- I(cnz) K; (n+1)  (n+1)
- IKil + 3 Tioij (g — ey )
jes (7)
= Tk,iu;(cﬁ)(l - ”1(;))|Ki| - Z“kz,iu;(cﬁ)ul(f”KiL
i7k

Here, we set the whole reaction term using the solution from the previous time layer.
In the resulting scheme, the matrix of the system of linear equations that we solve
at each time iteration is fixed and decoupled for each component (species). So, we
can solve equations for each species separately by updating only the right-hand side
vector.

¢ SI-2 (uncoupled):

(n+1) _  (n)
k,i k,i

(r+1) _ (r+1))
T

(g — Ui
je€S (8)
+1 (n+1)
= fk,iu;(:l- "1 —u) K| - Y zuknl up K.
Ik

In this scheme, we still obtain decoupled problems for each species but approximate
part of the reaction term using a current solution. Therefore, each iteration should
update the matrix and right-hand side vector of the linear system of equations.

e SI-3 (coupled):

u,((ZJrl) I(:i) (n+1) (n+1)
7|K1+ZTU g, =y )
j€Ss 9)
+1 (n+1)
= rk,i”;(cz "1 —ul K| - Z“klz”m ”17 Kl

Ik

Here, we obtain a coupled problem for the multispecies competition model, but this
problem is linear in each iteration. We will use it in the numerical investigation and
compare it with other schemes.

Note that the main characteristic we want to reach is the separate solution of the equa-
tion for each species (uncoupled scheme). By uncoupling the problem, we are constructing
a fast computational algorithm.

To write stability estimates for the proposed schemes, we write all schemes in a unified
way and introduce the following matrices:

. K| i=j,
M = diag{My,---, M}, M= {m;}, m= {| Ol‘ i 7&]]’,
~ i Tey i=,
Ae =diag{A.1, -, A 1Y, A.c={a.1:Y, aup; =<0 5 " )
€ g{ g1 S,L} ek { S,k,l]} g,kJ] { —Tk l] i 7&] (10)

1- K| =,
0 i#]

For matrix A,, we define an uncoupled way of linearization (SI-1 and SI-2):

Agn) _ diag{Af,"l), .. ’Aﬁ,nL) I3 AS;() — {aif;c),z’j}’ Sk)z] {1’ (

AZ”’(n) _ diag{AZﬁ,(n), . ,AZ/”L/(H)}, AZ;(’(") = {QZ;C”E?)}/ (11)

g tm ik ! ulz |K| i=j
a,k,ij 0 i;ﬁj’
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and coupled way of linearization (5I-3):
co,(n) co,(n)
0( ) A:x,lz T A:x,l(L)
) Aco, n 0 L Aco, n ) )
APt = Pt T el AR =) (D)
co,(n) co,(n)
Azx,Ll AIX,LZ T 0
co,(n) oc’»‘lu,((".)|Ki| i = j,
Ciig =y 0 -
A 0 i#]

Then, we can rewrite the linearized system in the following matrix form [9,17]:

(n+1) _ 4, (n)
ME—— et Y (Al 4 (1 - ) A) =, (13)

T I=¢,rn

where u(") = ( E"),- .- ,u(L"))T, Ag”) = A, 0%, 0y and 0y, are the weights.
Particularly, in this work, we set 0z = 1 (implicit diffusive transport)

(n+1) _ 4. (n)
ME———— + A (A" + ATl + (1= o) (A + ALy =0, (14)

with 0, = 0, = ¢ and initial condition u(®) = ug.

By varying ¢ in scheme Equation (14), we can define semi-implicit schemes SI-1, SI-2
and SI-3.

e SI-1 (uncoupled): o = 0 where A,@u(”) = AZ"’(”)M(”) = A;O’(")u(”).

e SI-2 (uncoupled): ¢ = 1 with A, = Azn’(").

e SI-3 (coupled): o = 1 with A, = AL,
Note that the scheme in Equation (14) has a first-order accuracy by t for o # 0.5 [32,33].
For the presented matrices, we have the following properties:

M=MI'>mZ>0, A=Al >0, A, =Al' >30T, A,>0, (15)

where 7 is the indetity matrix, m = min; |K;| > 0, 7¢(x) > 7> 0,5 =rm > 0,¢(x) > 0 and
a(x) > 0and 0 < u < 1 (undimensional case).

To derive a stability estimate of the semi-implicit scheme Equation (14), we write a
weighted scheme in the following form (a canonical form of two-level schemes) [18,32-34]

u(n‘H) — u(n)

g(n)
where
B = M+ 1A, +t0(A™ + AM), AW = 4, + A" + AW, 17)

For the first scheme with o = 0 (SI-1), we have

B"W = M+1A, B™ = (BM)T > mz,

and
AW = A, + AW AW, A > 5T,



Computation 2023, 11, 153

7 of 21

Next, after scalar multiplication by u" of Equation (17), we obtain
(B(”) (u(n+l) _ u(”)),u(”)) + T(A(”)u(”), u(ﬂ))
= (B (141 3y (m)y (B0, (1) 3y (m)y (A1), (1) 4y ()
> (Bl ),u) — (4 0) [u )|},
Taking into account that

(1) gy (n) . L (1) _ () ) _ u(+1) g, (n) D) ()

2 2 ’ 2 2 ’

L)

we obtain

1 1
(B (n+1) 4, (m)y — E(B(”)(u("“) +u™), umy 4 E(]3(")(”(%1) — ™), u()

(B(n) (u(n+1) + u(”))/ u(n+1) _|_ u(n)) — %(B(n) (u(n+1) — u(”))/ u(n+1) — u(n))

(), 000 = ] |y [,

vV
S -

with B = (BUNT > T,
Therefore, we have

0
[ Dy [, < (14 o) [,
Then, we can write the following stability estimate for the scheme SI-1 for § = rm > 0.

Theorem 1. The semi-implicit scheme of Equation (16) with o = 0 (SI-1) is unconditionally
p-stable and satisfies the following estimate:

V1, < |1,
withp =14 r7.

Finally, we consider schemes with ¢ = 1 (SI-2 and SI-3). Here, the operator A(") in the
problem in Equation (16) is not sign-definite, and for the solvability, we should ensure that
B > 0. Using operator properties in Equation (15), we obtain

B = M+ 1A >m—16>0.

This leads to the following time step size restriction.

T< T = m (18)
)
Note that a similar time step restriction was derived in our previous works [20,35] for
convection—diffusion problems and can be found in [36,37] for reaction-diffusion problems.
Therefore, for the schemes SI-2 and SI-3, we seek a p-stability estimate (see [18,20,32-35]
for details). Let u(") = p"v(") with p > 0. Substituting it into Equation (16), we obtain

p(n+1) _ ()

B(n) + Ay — 0, (19)

with

Here, we can write
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The stability of the scheme Equation (19) can be proven if the operator A >0 can be
associated with p. With

1)
=14+ —
p=14 5 (20)
we obtain
gy _ P —1 )~ (0 _ 9 _9(1_ 9
A - M+ pAYY > 7 1+§m751 7 1 §+mr 7.
Under the following conditions for T
m
T<TQ:§(1—§)/ 0< &<, (21)
we have 5
¢+ TS 1.
Then, we have A(™ > 0. Moreover, we have § = rm then T < ¥ Finally, the following

stability estimate is valid.

Theorem 2. The semi-implicit scheme Equation (16) with ¢ = 1 (SI-2 and SI-3) is p-stable and
satisfies the following estimate:

D] < pllul I,
where p =1+ %T and the time step satisfies constrain T < # O<g <.

3.2. Operator-Splitting Scheme

Next, we consider a fractional time stepping method based on the operator splitting
technique. In this method, we first apply the diffusion operator, and after that the reaction
operator, where the previous diffusive solution is used as an initial condition. The main
advantage of the operator-splitting scheme is that we obtain an uncoupled system of equa-
tions for the multispecies interaction model. Furthermore, the second equation (reaction
operator) is local, i.e., it does not depend on neighbor values of the solution and can be
solved for each grid cell independently.

We have the following algorithm:

1. Solve parabolic PDEs for each species k independently to find uj = ug(x,t,41),
t}’l+1 = t}’l + T
dug

5 V(SkVMZ) =0, x€Q, te [tn/ tn+l]/ (22)

(n)

with initial condition ug = u; "~ for t = t,.

2. Solve coupled nonlinear ODEs to find u,(cnﬂ), thir =tn + T

au(n+1)
gt = rku](cnﬂ)(l — u,(cnﬂ)) — Zaklulgnﬁ)ul("“), t € [t ths1], (23)
17k
el ey fpe (n+1) _ & _
with initial condition u; = ug fort =t,.

In this algorithm, we separate the system into diffusion and reaction parts, where the
diffusion part in Equation (22) is uncoupled and solved using implicit approximation by
time (Backward Euler, BE)

* (n)

Up — Uy

M, + Aggui =0, (24)
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foreachk =1,-- -, L independently.
The coupled nonlinear local reaction part of Equation (23) can be solved using an
implicit time-approximation scheme (BE):

Lt ()
M= 4 (A + A =0 (25)
for each cell K; independently. We note that the splitting scheme in Equations (24) and (25)
has a first-order accuracy by 7 [27-29].
To derive the stability estimate of the operator splitting scheme, we write the equation
in the following form:

(My + TAep)uy = u,(cn),
(M + (A, + Aark))u,(cnﬂ) = u,((*).

n+1)

By the scalar multiplication of the equation by u* and u(**1), we obtain

(Mg + T A, ) = (" ),
(Mg +7(Apx+ Aa,k))u,({”“), u’(cn+1)) _ (u]((*)’ ul((n+1)).

Then, using the operator’s properties, we have

(M + TAg)u, ui) > m||ug||7,, m >0

1 1 1
(M +T(Are+ Ag)) ") > (m —6) " V|1,
By the Cauchy-Schwarz inequality, we obtain

ml[ut]], < w1,

n+1

(m— )| V|1, < [ufllL,

Finally, for T > 1/r, we have the following stability estimate

" V11, < gl (26)
In the presented operator-splitting scheme, we can handle the time step restriction by
performing a smaller time step size for the reaction subproblem and by keeping a more
significant time step size for the diffusion subproblem. Such schemes are related to mul-
tirate time approximation schemes, where a different time step size can be used for each
subproblem. Note that the explicit multistep methods can be used, whereas for the case of
the one-step method, we can obtain the Forward Euler formula (FE). We note that, for FE
approximation with fixed time step size ¥ = T, we obtain a similar time approximation as
SI-1.
Furthermore, a general class of adaptive implicit multistep methods can be used for
a set of local ODEs in Equation (23) in each cell K;. Particularly, we will use the adaptive
backward differentiation formula (BDF) to solve ODEs in time interval f € [t,, t,,41] with
varying order p and time-step size % [38-40]. Letf; = f,_; + % for [ = 1,--- , M with
() (1) (1)

fo =ty and Eyy = t, 1. Then, to find ;' = (i137,-- -, ;)" in each cell K; at time f;, we

solve

p
Y it ) = g pF(al), (27)
s=0

with initial condition
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with

F(ui) = (f(ui), - fr(ui))',  felwi) = reguei(1— ug;) — l;(‘xkl,i”k,i”l,i/

Finally, we set u("*1) = ™). This method is implicit and requires the solution of nonlinear
equations at each step. Note that the considered above Backward Euler scheme is equivalent
to the BDF with p = 1 (BDF1).

Presented formulation Equations (22) and (23) are written in general form, and fur-
ther investigation will be conducted in future works for different scales of reaction parts,
including the stiff case when the time scale of reaction is much smaller than the diffusive
part.

4. Numerical Results

For numerical investigation, we consider the multispecies interaction model in the
heterogeneous domain Q). Let Q) = (), U Q)¢, where ), is the background subdomain and
Q). is the subdomain of the inclusions (see Figure 1). For the heterogeneous properties,
we set:

a(x) =

qm={%”60m mm=¥W'EQ"

{D‘lk,ml (S Qm
Ekcr S Qc ’ Tk, € Qc ’

Qe €0

where €, €kc, Thoms Ther X1km and ayg . are constants that characterize properties of the
subdomains. We note that the solution to such problems requires the construction of grids
that resolve heterogeneity on the grid level, which leads to a large system of equations that
is computationally expensive to solve. The application of the Newton method requires
even more computational time.

Figure 1. Heterogeneous domain with fine grid that resolves heterogeneity on the grid level. Blue
color: background subdomain, ();;. Red color: subdomain of the circle inclusions, Q).

We consider the two-species competition model

ou
WV (1 (1)) = (w1 - ) (e, x€0,
ou
ETtZ — V- (e2(x)Vup) = ra(x)up(1 — up) — ang(x)uqup, x € Q.

with small, medium and large diffusions:

Small diffusion (s)

e 107°, x € Qy 1073, x€Qp
1711073, xeqQ.” 27105 xeQ.
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Medium diffusion (m)

. 1074, x € Qu . — 1072, x € Q,
1701072, xeQ.” 2 1104 xeQ.

Large diffusion (1)

. 1073, x€Qy {1073, x € Qu
711071, xeq.” 271071, xeQ.

Note that the diffusion coefficients for the first and second species are opposite, i.e., we con-
sider the case when the first species is less diffusive in the primary subdomain (background)
with €1 ,, = €1,./100. We set the opposite case for the second species when background
media are more diffusive e, = €3 - 100.

We consider two test problems:

. Test 1

o 0.15, x € Qy = 0.1, xe€Qy
17101 xeQ.” 271015 xeQ.’

s [0.055, x €y (005, xeQy
2773005 xe.” 710055 xcQ.’

and t,,;, = 50 and 100 time iterations.

Test 1s (small diffusion)
Test 1m (medium diffusion)
Test 11 (large diffusion)

. Test 2
L [015 xeQu [0l xeQy
17001 xeQ.” 271015 xeQ.’

v J015, xEQy ~ (001, x€Qy
270001 xeQ.” 2T 10075 xeQ.’

and t;;, = 150 and 100 time iterations.

Test 2s (small diffusion)
Test 2m (medium diffusion)
Test 21 (large diffusion)

As the initial condition, we set u1 g = 1y = 0.5. In both test problems, we simulate
100 time steps.

For constructing the computational geometry with inclusions and grid generation, we
use Gmsh [41]. Numerical implementation is performed using PETSc [42,43] and FEniCS
libraries [43,44]. To visualize the results, we use Paraview [45].

We solve the problem on the fine grid and use the solution as a reference solution
to calculate the errors of the multiscale solver. The fine grid contains 69,948 cells and
DOF;, = 69,948 for each component. In Figure 2, we present the dynamic of the average
values of the solution for Test 1 and 2 for cases with no diffusion (Test 1 (ODE) and 2 (ODE)),
small (Test 1s and 2s), medium (Test Im and 2m) and large diffusion (Test 11 and 21). To
calculate the average solution, we use the following formulas:

1
ﬂk,m = Mk dxl ﬂk,c = |Q | /Q Mk dx/ k = 1/ 2/
C c

where Q)| and |Q).| are the volume of the domains (), and ), respectively. In Figure 2,
we also present values of the solutions at the final time. Numerical solutions for small,
medium, and large diffusion at the final time are presented in Figure 3 for Test 1 and
2. We observe a considerable influence of the diffusion on the solution in the inclusions
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subdomain. However, the effect of diffusion on the solution in the background domain is
minor. We see that both species survive in background media in Test 1, but the population of
the first species is smaller than that of the second. In Test 2, we observe that the population
of the second species is very small, and the first species almost survives in background
media. The influence of the diffusion in inclusions is very large and can change dominated
species. For example, the first species dominate the second in Test 1 with no diffusion, but
for a problem with diffusion, we see that the second species starts to dominate over the
first. We observe similar behavior in the inclusions for Test 2.

— Test10DE: 0.77368 — ODE:0.61415 —— Test1ODE: 0.61415 — ODE: 0.77368 — Test 2 ODE: 0.05166 — ODE:0.99443 — Test2 ODE: 0.94735 — ODE: 0.52636
--- Test 15: 077024 == Test 1s: 0.67805 --- Test 15: 0.61901 --- Test 15: 071938 --- Test 25: 0.07862 ~-- Test 25: 0.68007 == Test25:0.98557 --- Test25: 0.73260

Test 1m: 0.76745 Test 1m: 0.72705 Test 1m: 0.62387 Test 1m: 0.66611 -eee Test 2m: 0.09466 Test 2m: 032699 Test 2m: 0.98290 Test 2m: 0.91147
—-- Test11:0.76745 —-- Test1:0.72705 —-- Test 11: 0.62387 - Test11:0.66611 —-- Test 21: 0.08466 —-- Test2l:0.32699 —-- Test2l:0.98200 —- Test2l:0.91147

0 20 40 60 80 100 0 20 40 60 80 100 0 20 40 60 80 100 o 20 40 60 80 100
time iteration time iteration time iteration time iteration
(a) Test 1s, Im and 11 (from top to bottom) (b) Test 2s, 2m and 21 (from top to bottom)

Figure 2. Dynamic of the average solution with no diffusion (ODE) and for small, medium and large
diffusion using Newton’s method (FI, fully implicit, coupled). iy ,,, (left) and 7y . (right) iy (red color)
and #ip (blue color).

osso0s  oee o7 oz om 0785 0s14  oe 0% 0 07 072 07 075 o7 02 03 o4 05 08 07 0777 0612 065 07 075 08 08 09 0% 0950
x : i g k ! — : 3 :

073 072 078 o074 oz 076 0772 0619 063 064 065 086 067 068 069 07 071 0720 00%9 015 02 02 03 03 04 045t 0798 082 084 08 088 O
I i [— i L i i -

9 0% 034 oss 09
U ——

072 073 o074 o7as o075 0785 o2 062 063 o635 0ea  oom 0126 014 015 016 017 018 019 02 021 0227 0927 095 0955 096 0965 097 097
! ! T - i I |

(a) Test 1s, Im and 11 (from top to bottom) (b) Test 2s, 2m and 21 (from top to bottom)

Figure 3. Final time solution for small, medium and large diffusion using Newton’s method (FI, fully
implicit, coupled). uq (left) and u; (right).
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— mref-07702
FI@e): 07701
m, I 57) 0.7698

— cref0s7aL
FI20: 06779
G5 06773

—-- m I (07): 07683 —- CFI(107): 0.676:

For the fully implicit scheme, we consider the effect of the time stepping size on the
method accuracy. In Figure 4, we present the dynamic of the average values of the solution
for Test 1 and 2 with T = 2,5 and 10. We use a fully implicit scheme with the smallest T = 1
as a reference solution. We observe that the more significant difference occurs at the first
half-time of simulations.

Next, we calculate the errors between the reference solution and the solution with a
more significant time step size (t = 2,5 and 10). To compare solutions, we calculate relative
L, errors for the first and second species populations using the following formulas:

1/2
Jo (ke — g s)? dx

Jo (uie)? dx

where 1y is the reference solution (coupled) and uy s is the solution using uncoupling
methods.

The error dynamic is presented in Figure 5 for Test 1 and 2. We observe significant
errors at the beginning. We obtain more notable errors for the first species In Test 1. In
Test 2, we obtain more significant errors for the second species. However, the error for the
first species in Test 2 does not reduce by time.

In Table 1, we present the time of calculations for the fully implicit scheme with
different values of time step size T. We also present the total number of linear system
solutions directly affecting the solution time. We observe that the time of simulations is
more significant for Test 2 due to the higher nonlinearity that leads to the larger number of
linear system solutions (number of nonlinear solver iterations). Moreover, we see that the
solution time is more significant for the more extensive diffusion. The effect of the time step
size is represented, where a smaller time of calculations is needed for a more significant
time step size.

k=1,2

e =

7
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0 3
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Figure 4. Dynamic of the solution for small, medium and large diffusion using Newton’s method (FI,
fully implicit, coupled). iy ,,, (left) and iy . (right) 7y (red color) and i, (blue color).
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Table 1. Time of solution (sec) and total number of nonlinear iterations for Test 1 and 2 with small,

medium and large diffusion using Newton’s method (FI, fully implicit, coupled). Number of time
steps: 100 for T, 50 for 27, 20 for 57 and 10 for 107.

FI (1) FI (27) FI (57) FI (107)
Test 1
s 1897.350 (156) 1027.670 (88) 493.328 (43) 272.072 (24)
m 1971.700 (157) 1098.320 (88) 542,582 (43) 319.365 (24)
1 2199.840 (156) 1251.940 (87) 655.119 (43) 418.062 (24)
Test 2
S 2398.220 (200) 1165.990 (105) 533.938 (47) 327.067 (29)
m 2313.360 (200) 1302.200 (105) 632.548 (47) 408.872 (29)
1 2684.840 (200) 1560.850 (105) 934.957 (66) 670.564 (49)
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Figure 5. Dynamic of the errors for small, medium and large diffusion using FI scheme. iy (left) and
ilp (right).

Next, we consider the solution to the problem using presented uncoupling techniques.

We start with the semi-implicit schemes. In Figure 6, we depict the error dynamics for the
three semi-implicit schemes. The results are presented for fixed time step size T = 1. The
errors are calculated between the considered semi-implicit scheme and the fully implicit
scheme with the same time step size T = 1. For Test 1, we observe minor errors for all three
diffusions. In Test 2, we obtain more significant errors for all three semi-implicit schemes.
The error behavior is similar for SI-1 and SI-2 in Tests 1 and 2. However, we observe a
significant error at the final time for SI-3. In Test 2, the errors for SI-3 are more considerable
for more extensive diffusion. SI-1 and SI-2 are preferable variances for the semi-implicit
scheme because that leads to the uncoupled system. Note that the presented semi-implicit
schemes are related to the simplest linearization, where the nonlinear part is taken from
the previous time layer. In SI-1, we approximate the whole reaction term using the solution
from the previous time layer. In this scheme, the matrix of the system of linear equations
that we solve at each time iteration is fixed and decoupled for each component (species).
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In SI-2, we also have decoupled problems for each species but approximate part of the
reaction term using a current solution. Therefore, each iteration should update the matrix
and right-hand side vector of the linear system of equations. In SI-3, we have a coupled
problem for the multispecies competition model, but each iteration is linear. The presented
numerical results show that the SI-1 and SI-2 schemes give more minor errors than SI-3.
Furthermore, because SI-1 and SI-2 schemes give almost the same errors, we can state
that the SI-1 is preferable due to its most straightforward realization with a fully explicit

approximation of the reaction part.
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(a) Test 1s, Im and 11 (from top to bottom)
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Figure 6. Dynamic of the errors for small, medium and large diffusion using SI-1, SI-2 and SI-3
scheme with T = 1. 711 (left) and i, (right).

The semi-implicit and operator splitting method results are presented in Figure 7.
Note that we use the LSODE solver to solve the ODE system in the OS scheme. We
depict the dynamics of the average solution for each species in each subdomain. The final
average value of the solution is represented. The results for fully implicit, semi-implicit,
and operator splitting methods are represented for T = 1. We observe a slight difference
between solutions in Test 1 for small, medium, and large diffusion. However, the difference
in the first half of time is slightly larger for more significant diffusion. In Test 2, we see
good results for small diffusion. We observe a sufficiently big difference for larger diffusion,
where larger errors occur for the operator-splitting method (OS). The difference between
the fully implicit and operator-splitting method is more significant for the first species.

In Figure 8, we represent the error dynamic for the semi-implicit and operator splitting
method. We see that the operator splitting method errors for the first species in Test 2 has
an increasing behavior. Moreover, we obtain significant errors for a larger diffusion. For
example, we obtain 8.4% of error in Test 21, 5.5% of error in Test 2m and 1.5% of error in
Test 2s. The errors for both uncoupling methods are similar for Test 1, with less than one
percent of errors. The results also illustrate that the operator splitting method is better than
the semi-implicit approximation in Test 1. Nevertheless, in Test 2, we observe the opposite
case with more minor errors for the semi-implicit scheme. The presented results of the

errors also illustrate the dynamics of uncoupling errors, where the semi-implicit approach
gives a more significant error in the first half of the simulation’s time and rapidly decreases
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after that. The operator splitting error dynamics is entirely different, where the accurate
approximation is performed at the begging of the simulation time.
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Figure 7. Dynamic of the solution for small, medium and large diffusion using SI-1 and OS schemes.
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In Figures 9 and 10, we investigate the influence of the time step size on the SI-1 and
OS method accuracy. Similarly to the fully implicit scheme, we observe more significant
errors for Test 2. In Test 1, the errors are significant in the first half of the simulation’s time
and converge to sufficiently small errors at the final time. However, in Test 2, we have a
significant influence of the time step size on the method accuracy, especially for the first
species.

Finally, we present the solution time for uncoupled schemes and compare them with
the fully implicit scheme. Note that the main characteristic we want to reach is the separate
equation solution for each species (uncoupled scheme). By uncoupling the problem, we
are constructing a fast computational algorithm. In Figure 11, we present a bar plot for
calculation time for three semi-implicit schemes (SI-1, SI-2, and SI-3). We observe that the
coupled scheme SI-3 leads to a slower computational algorithm due to the solution of the
large coupled system at each time step. The decoupled approaches SI-1, and SI-2 are faster,
where the fastest algorithm is related to the fully explicit approximation of the reaction
term. We also observed from the previous numerical results that the SI-1 method has good
accuracy for such problems. The time of calculations for the explicit-implicit scheme (SI-1),
operator-splitting scheme(OS), and fully implicit scheme (FI) are presented in Figure 12. We
note that the quickest algorithm is provided by the SI-1 method. For example, the solution
time using the SI-1 scheme is approximately 49 and 64 s for small diffusion in Test 1 s and 2
s, respectively. For more significant diffusion values, we have more significant calculations
time with 229 and 405 s for Test Im and 2m (medium diffusion) and 57 and 76 s for Test 11
and 21 (large diffusion). Compared with the fully implicit scheme, we obtain a 37-38 times
faster solution for SI-1 and a 3—4.3 faster solution for OS for small diffusion test cases. We
have a 19-23 times faster solution for SI-1 and a 3.4 times faster solution for OS for the
medium diffusion. For the large diffusion case, we have a 6.6-9.6 times faster solution for
SI-1 and a 4.2 faster solution for OS. Therefore, the SI-1 scheme is preferable due to it having
the most straightforward implementation and the faster solution. However, the accuracy
highly depends on a test set of parameters, and the correct choice should be performed for
each case.
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Figure 9. Dynamic of the errors for small, medium and large diffusion using SI-1 scheme with 7 = 2,5
and 10. @1 (left) and i (right).
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Figure 10. Dynamic of the errors for small, medium and large diffusion using OS scheme with
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Figure 12. Time of calculations. Dynamic of the errors for small, medium and large diffusion using
FI, SI-1 and OS schemes.

5. Conclusions

The multispecies model was considered in the heterogeneous domain. The coupled
system of reaction—diffusion equations was used to describe the mathematical model,
where the coupling and nonlinearity are given in the reaction part. We constructed a semi-
discrete form using a finite volume approximation by space. The fully implicit scheme was
applied for approximation by time, which led to solving the nonlinear system of equations
at each time step. We presented and investigated two uncoupling approaches for such
problems based on the explicit-implicit scheme and the operator-splitting method. Three
approaches were considered in the semi-implicit scheme: (SI-1) implicit diffusion and fully
explicit reaction; (SI-2) implicit diffusion and partially explicit reaction (uncoupled); and
(SI-3) implicit diffusion and partially explicit reaction (coupled). The operator-splitting
scheme was based on decoupling the diffusive and reactive parts of the equation using the
first-order sequential non-iterative technique. The numerical investigation was performed
for two sets of parameters in a two-dimensional domain with heterogeneous inclusions.
Three test cases with small, medium, and large diffusions were considered to illustrate the
influence of the uncoupling method accuracy and computational time.

Author Contributions: Conceptualization, M.V. and A.S.; methodology and software, M.V.; valida-
tion and investigation, M.V,, S.S. and S.H.; writing—original draft, M.V,, S.S. and A.S.; writing—review
and editing, M.V,, S.S. and A.S. All authors have read and agreed to the published version of the
manuscript.

Funding: The research of S.S. was funded by the Ministry of Education and Science of the Russian
Federation under grant No. FSRG-2023-0025.

Data Availability Statement: Not applicable.



Computation 2023, 11, 153 20 of 21

Conflicts of Interest: The authors declare no conflict of interest.

References

1.  Marchuk, G.I. Mathematical Models in Environmental Problems; Elsevier: Amsterdam, The Netherlands, 1986.

2. Allaire, G,; Brizzi, R.; Mikeli¢, A.; Piatnitski, A. Two-scale expansion with drift approach to the Taylor dispersion for reactive
transport through porous media. Chem. Eng. Sci. 2010, 65, 2292-2300. [CrossRef]

3.  Bhatnagar, G.; Chapman, W.G.; Dickens, G.R.; Dugan, B.; Hirasaki, G.J. Generalization of gas hydrate distribution and saturation
in marine sediments by scaling of thermodynamic and transport processes. Am. J. Sci. 2007, 307, 861-900. [CrossRef]

4. Okubo, A.; Levin, S.A. Diffusion and Ecological Problems: Modern Perspectives; Springer: Berlin/Heidelberg, Germany, 2001;
Volume 14.

5. Chairez, Z.P. Spatial-Temporal Models of Multi-Species Interaction to Study Impacts of Catastrophic Events. Ph.D. Thesis, Texas
A&M University: Corpus Christi, TX, USA, 2020.

6.  Murray, ].D. Mathematical Biology: I. An Introduction; Springer: Berlin/Heidelberg, Germany, 2002.

7. Montagna, P.A; Sadovski, A.L.; King, S.A.; Nelson, K.K.; Palmer, T.A.; Dunton, K.H. Modeling the Effect of Water Level on the
Nueces Delta Marsh Community. Wetl. Ecol. Manag. 2017, 25, 731-742. [CrossRef]

8. Vasilyeva, M.; Wang, Y.; Stepanov, S.; Sadovski, A. Numerical investigation and factor analysis of the spatial-temporal multi-
species competition problem. arXiv 2022, arXiv:2209.02867.

9. Vasilyeva, M.; Sadovski, A.; Palaniappan, D. Multiscale solver for multi-component reaction—diffusion systems in heterogeneous
media. J. Comput. Appl. Math. 2023, 427, 115150. [CrossRef]

10. Steefel, C.I.; MacQuarrie, K.T. Chapter 2. Approaches to modeling of reactive transport in porous media. In Reactive Transport
in Porous Media; Lichtner, P., Steefel, C., Oelkers, E., Eds.; De Gruyter: Berlin, Germany; Boston, MA, USA, 2018; pp. 83-130.
[CrossRef]

11. Battiato, I.; Tartakovsky, D.M.; Tartakovsky, A.M.; Scheibe, T.D. Hybrid models of reactive transport in porous and fractured
media. Adv. Water Resour. 2011, 34, 1140-1150. [CrossRef]

12.  Korneev, S.; Battiato, I. Sequential homogenization of reactive transport in polydisperse porous media. Multiscale Model. Simul.
2016, 14, 1301-1318. [CrossRef]

13.  Knoll, D.A.; Keyes, D.E. Jacobian-free Newton—Krylov methods: A survey of approaches and applications. J. Comput. Phys. 2004,
193, 357-397. [CrossRef]

14. Knoll, D.; McHugh, P. Newton-Krylov methods applied to a system of convection-diffusion-reaction equations. Comput. Phys.
Commun. 1995, 88, 141-160. [CrossRef]

15. Macias-Diaz, J.E.; Macias, S.; Medina-Ramirez, I. An efficient nonlinear finite-difference approach in the computational modeling
of the dynamics of a nonlinear diffusion-reaction equation in microbial ecology. Comput. Biol. Chem. 2013, 47, 24-30. [CrossRef]

16. Tyrylgin, A.; Chen, Y;; Vasilyeva, M.; Chung, E.T. Multiscale model reduction for the Allen-Cahn problem in perforated domains.
J. Comput. Appl. Math. 2021, 381, 113010. [CrossRef]

17.  Vasilyeva, M. Efficient decoupling schemes for multiscale multicontinuum problems in fractured porous media. J. Comput. Phys.
2023, 487, 112134. [CrossRef]

18.  Vabishchevich, PN. Additive Operator-Difference Schemes: Splitting Schemes; Walter de Gruyter: Berlin, Germany, 2013.

19. Kolesov, A.; Vabishchevich, P; Vasilyeva, M. Splitting schemes for poroelasticity and thermoelasticity problems. Comput. Math.
Appl. 2014, 67, 2185-2198. [CrossRef]

20. Vabishchevich, PN.; Vasil’eva, M.V.E. Explicit-implicit schemes for convection-diffusion-reaction problems. Numer. Anal. Appl.
2012, 5, 297-306. [CrossRef]

21.  Yanenko, N.N. The Method of Fractional Steps; Springer: Berlin/Heidelberg, Germany, 1971; Volume 160.

22. Marchuk, G.I. Some application of splitting-up methods to the solution of mathematical physics problems. Apl. Mat. 1968,
13,103-132. [CrossRef]

23. Marchuk, G. On the theory of the splitting-up method. In Numerical Solution of Partial Differential Equations—II; Elsevier:
Amsterdam, The Netherlands, 1971; pp. 469-500.

24. LeVeque, R].; Oliger, ]. Numerical methods based on additive splittings for hyperbolic partial differential equations. Math.
Comput. 1983, 40, 469-497. [CrossRef]

25. Keyes, D.E.; Mclnnes, L.C.; Woodward, C.; Gropp, W.; Myra, E.; Pernice, M.; Bell, J.; Brown, J.; Clo, A.; Connors, ].; et al.
Multiphysics simulations: Challenges and opportunities. Int. J. High Perform. Comput. Appl. 2013, 27, 4-83. [CrossRef]

26. Carrayrou, J.; Mosé, R.; Behra, P. Operator-splitting procedures for reactive transport and comparison of mass balance errors. .
Contam. Hydrol. 2004, 68, 239-268. [CrossRef]

27.  Dimov, I; Faragé, L; Havasi, A.; Zlatev, Z. Operator splitting and commutativity analysis in the Danish Eulerian Model. Math.
Comput. Simul. 2004, 67, 217-233. [CrossRef]

28. Farkas, Z.; Farago, I.; Kriston, A.; Pfrang, A. Improvement of accuracy of multi-scale models of Li-ion batteries by applying
operator splitting techniques. |. Comput. Appl. Math. 2017, 310, 59-79. [CrossRef]

29. Thomée, V. A finite element splitting method for a convection-diffusion problem. Comput. Methods Appl. Math. 2020, 20, 717-725.

[CrossRef]


http://doi.org/10.1016/j.ces.2009.09.010
http://dx.doi.org/10.2475/06.2007.01
http://dx.doi.org/10.1007/s11273-017-9547-x
http://dx.doi.org/10.1016/j.cam.2023.115150
http://dx.doi.org/10.1515/9781501509797-005
http://dx.doi.org/10.1016/j.advwatres.2011.01.012
http://dx.doi.org/10.1137/16M1074278
http://dx.doi.org/10.1016/j.jcp.2003.08.010
http://dx.doi.org/10.1016/0010-4655(95)00062-K
http://dx.doi.org/10.1016/j.compbiolchem.2013.05.003
http://dx.doi.org/10.1016/j.cam.2020.113010
http://dx.doi.org/10.1016/j.jcp.2023.112134
http://dx.doi.org/10.1016/j.camwa.2014.02.005
http://dx.doi.org/10.1134/S1995423912040027
http://dx.doi.org/10.21136/AM.1968.103142
http://dx.doi.org/10.1090/S0025-5718-1983-0689466-8
http://dx.doi.org/10.1177/1094342012468181
http://dx.doi.org/10.1016/S0169-7722(03)00141-4
http://dx.doi.org/10.1016/j.matcom.2004.06.017
http://dx.doi.org/10.1016/j.cam.2016.03.029
http://dx.doi.org/10.1515/cmam-2020-0128

Computation 2023, 11, 153 21 of 21

30.
31.
32.
33.
34.
35.
36.
37.
38.
39.
40.
41.
42.

43.
44.

45.

Ascher, UM.; Ruuth, S.J.; Wetton, B.T. Implicit-explicit methods for time-dependent partial differential equations. SIAM J. Numer.
Anal. 1995, 32, 797-823. [CrossRef]

Vasilyeva, M.; Leung, W.T.; Chung, E.T.; Efendiev, Y.; Wheeler, M. Learning macroscopic parameters in nonlinear multiscale
simulations using nonlocal multicontinua upscaling techniques. J. Comput. Phys. 2020, 412, 109323. [CrossRef]

Samarskii, A.; Vabishchevich, P. Additive Schemes for Problems of Mathematical Physics; M.: Nauka: Oxford, UK, 1999.

Samarskii, A.A. The Theory of Difference Schemes; CRC Press: Boca Raton, FL, USA, 2001; Volume 240.

Computational Heat Transfer, Volume 1: Mathematical Modelling; Wiley: Hoboken, NJ, USA, 1995.

Afanas’eva, N.M.; Vabishchevich, PN.; Vasil’eva, M.V.E. Unconditionally stable schemes for convection-diffusion problems. Russ.
Math. 2013, 57, 1-11. [CrossRef]

Morosanu, C.; Paval, S.; Trenchea, C. Analysis of stability and error estimates for three methods approximating a nonlinear
reaction-diffusion equation. J. Appl. Anal. Comput. 2017, 7, 119.

Mohebujjaman, M.; Buenrostro, C.; Kamrujjaman, M.; Khan, T. Decoupled algorithms for non-linearly coupled reaction—diffusion
competition model with harvesting and stocking. J. Comput. Appl. Math. 2023, 436, 115421. [CrossRef]

Virtanen, P.; Gommers, R.; Oliphant, T.E.; Haberland, M.; Reddy, T.; Cournapeau, D.; Burovski, E.; Peterson, P.; Weckesser, W.;
Bright, J.; et al. SciPy 1.0: Fundamental algorithms for scientific computing in Python. Nat. Methods 2020, 17, 261-272. [CrossRef]
Hindmarsh, A.C. ODEPACK, a systemized collection of ODE solvers. Sci. Comput. 1983, 1, 55-64.

Shampine, L.E.; Reichelt, M.W. The matlab ode suite. SIAM J. Sci. Comput. 1997, 18, 1-22. [CrossRef]

Geuzaine, C.; Remacle, J.F. Gmsh: A 3-D finite element mesh generator with built-in pre-and post-processing facilities. Int. J.
Numer. Methods Eng. 2009, 79, 1309-1331. [CrossRef]

Balay, S.; Abhyankar, S.; Adams, M.; Brown, J.; Brune, P.; Buschelman, K.; Dalcin, L.; Dener, A.; Eijkhout, V.; Gropp, W.; et al.
PETSc Users Manual; Argonne National Lab.(ANL): Argonne, IL, USA, 2019.

Logg, A. Efficient representation of computational meshes. arXiv 2012, arXiv:1205.3081.

Logg, A.; Mardal, K.A.; Wells, G. Automated Solution of Differential Equations by the Finite Element Method: The FEniCS Book; Springer
Science & Business Media: New York, NY, USA, 2012; Volume 84.

Abhrens, J.; Geveci, B.; Law, C. Paraview: An end-user tool for large data visualization. Vis. Handb. 2005, 717, 50038-1.

Disclaimer/Publisher’s Note: The statements, opinions and data contained in all publications are solely those of the individual
author(s) and contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury to
people or property resulting from any ideas, methods, instructions or products referred to in the content.


http://dx.doi.org/10.1137/0732037
http://dx.doi.org/10.1016/j.jcp.2020.109323
http://dx.doi.org/10.3103/S1066369X13030018
http://dx.doi.org/10.1016/j.cam.2023.115421
http://dx.doi.org/10.1038/s41592-019-0686-2
http://dx.doi.org/10.1137/S1064827594276424
http://dx.doi.org/10.1002/nme.2579

	Introduction
	Problem Formulation
	Approximation by Space
	Fully Implicit Scheme for Approximation by Time

	Uncoupling Techniques
	Semi-Implicit Schemes
	Operator-Splitting Scheme

	Numerical Results
	Conclusions
	References

