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Abstract: The principal objective of the study is to examine the impact of thermal radiation and
entropy generation on the magnetohydrodynamic hybrid nano-fluid, Al2O3/H2O, flow in a Darcy–
Forchheimer porous medium with variable heat flux when subjected to an electric field. Investigating
the impact of thermal radiation and non-uniform heat flux on the hybrid nano-liquid magnetohy-
drodynamic flow in a non-Darcy porous environment produces novel and insightful findings. Thus,
the goal of the current study is to investigate this. The non-linear governing equation can be viewed
as a set of ordinary differential equations by applying the proper transformations. The resultant
dimensionless model is numerically solved in Matlab using the bvp4c command. We obtain numerical
results for the temperature and velocity distributions, skin friction, and local Nusselt number across
a broad range of controlling parameters. We found a significant degree of agreement with other
research that has been compared with the literature. The results show that an increase in the Reynolds
and Brinckmann numbers corresponds to an increase in entropy production. Furthermore, a high
electric field accelerates fluid velocity, whereas the unsteadiness parameter and the presence of a
magnetic field slow it down. This study is beneficial to other researchers as well as technical applica-
tions in thermal science because it discusses the factors that lead to the working hybrid nano-liquid
thermal enhancement.

Keywords: entropy generation; hybrid nano-fluid; non-uniform heat-flux; porous medium; MHD;
stretching sheet

1. Introduction

Efficient heat transfer has been of increasing interest to engineers for decades. Scientists
have thus laboured ceaselessly to increase heat transmission and thermal conductivity. The
frictional loss, pressure dips, and pumping power for heat transfer fluid are all things they
are working to minimise. As a result, scientists have developed nano-fluids, a novel kind
of heat transfer fluid with enhanced thermal characteristics. Nano-fluids may be made
with or without stabilising by dispersing nano-particles in a base fluid like water, ethylene
glycol, etc. Experimental and numerical studies of nano-fluid properties in a variety of
flow regimes have been conducted in recent years. Alizadeh [1] investigated the heat
transmission and flow of a magnetohydrodynamic micro-polar nano-liquid in a channel
with permeable walls and the effect of thermal radiation. Mondal [2] studied heat and
mass transfer in a nano-fluid flow that includes viscous dissipation, heat generation, and a
decreasing axisymmetric sheet. Parveen [3] conducted a numerical study of the effects of
a uniform vertical magnetic field on the entropy production and heat and mass transfer
during the steady, double-diffusive, natural convection of a water–Al2O3 nano-fluid within
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a wavy-walled chamber with a central heater. Li [4] used computational methods to
examine the heat generation/absorption and mass suction in a magnetohydrodynamic
Williamson nano-fluid flow across an exponentially porous stretched surface. Yu [5]
investigated the impact of generalised slip effects on a three-dimensional stagnation-point
flow caused by copper oxide nano-particles into the underlying working fluid (water)
across a horizontal plane surface embedded in a porous medium. Two nano-fluids were
investigated by Reddy [6] as they floated buoyantly in a porous annular region undergoing
a convective flow. Khan [7] demonstrated the dynamics of a nano-fluid subject to a
convective boundary condition, including the flow and heat transfer generated by a non-
linearly expanding and contracting sheet.

Compared to traditional nano-fluids, hybrid nano-fluids showed improved thermal
conductivity properties; the addition of hybrid nano-particle may dramatically boost the
base fluid’s thermal conductivity. Nano-fluids (both hybrid and simple) were studied
by Hayat [8] in terms of their heat transfer rates across a stretched sheet when subjected
to radiation, heat production, and chemical reactions. They found that the temperature
of the hybrid nano-fluid (Ag-CuO/H2O) was greater than that of a regular nano-fluid.
Nadeem [9] investigated the behaviour of a hybrid nano-fluid in three dimensions, both
with and without thermal slip effects. Kaska [10] looked at how the hybrid nano-fluid
of alumina nitride and alumina oxide affected convective thermal transport. Khan [11]
conducted a theoretical investigation on the combined effects of shrinking/stretching
surfaces on heat transfer in a mixed convective radiative flow. Rajesh [12] investigated how
hybrid nano-fluids affect unsteady magnetohydrodynamic flow and heat transport via a
vertical plate. Mishra [13] looked into the effects of chemical reactions on the flow of two
types of hybrid nano-fluids, measuring temperature and concentration changes.

In the fields of metallurgy and chemical engineering, the flow through a stretched
sheet is significant for many crucial engineering applications. Crane [14] studied fluid
dynamics on elastic surfaces and found some interesting results. Scientists have investi-
gated the flow issue caused by overstretching sheets when subjected to various effects.
In the situation of non-steady flow, Govardhan [15] published a boundary layer study
of magnetohydrodynamics and radiation effects on the mixed convection flow of incom-
pressible micro-polar fluid across a stretched sheet. In the presence of suction/injection,
two-dimensional steady magnetohydrodynamics allowed Naramgari [16] to examine the
effect of heat radiation and chemical reactions on the flow of a nano-fluid via a permeable
stretched sheet. Ibrahim [17] discovered numerical findings for a nano-fluid’s flow and
heat transmission across a stretched sheet in two-dimensional steady-state magnetohydro-
dynamics. Mohammadein [18] examines the influence of non-linear thermal radiation on
the boundary layer flow of a nano-fluid in two dimensions towards a linearly extending
sheet at the stagnation point of forced convection. During his research, Kho [19] analysed
the effects of slip circumstances on the heat transfer and flow of a Williamson nano-fluid
across a stretched sheet. The hydrodynamic stagnation point flow of Sisko nano-fluid
across a linearly stretched sheet was shown to be affected by thermo-diffusion by Pal [20].
Unsteady magnetohydrodynamic stagnation-point flow caused by an exponentially per-
meable stretched sheet was the subject of Zainal’s [21] numerical investigation. Finally,
Tawade [22] studied the temperature and concentration boundary layer flow of a Casson
nano-fluid across a linearly stretched sheet, paying particular attention to the role played
by thermophoresis and Brownian motion.

Conducting fluids and magnetic fields have an effect on a wide variety of industrial
machinery, from pumps to plasma and magnetohydrodynamics generators. Daniel [23,24]
investigated the effect of heat on the movement of electrically charged nano-fluids using
magnetohydrodynamics. Golbal [25] spoke on how a stretched porous sheet affects the
intensity of electrical, magnetic, and viscous dissipation in higher-order chemical reactions.
Niranjan [26] performed an analytical and numerical investigation into the impact of slip
and radiation on the magneto-convection flow of a chemically reacting fluid approaching
a stagnation point towards a vertical plate embedded in a porous medium. The most
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important discovery is that reducing a chemical reaction parameter causes an increase
in velocity and concentration. Increasing the chemical reaction parameter also reduces
skin friction. In the presence of magnetohydrodynamics, heat generation/absorption, and
chemical reactions, Sivasankaran [27] demonstrated the Newtonian heating and slide effect
on a mixed convection flow close to a stagnation point in a porous medium with thermal
radiation. Niranjan [28] studied the influence of diffusion–thermal and thermal–diffusion
on the steady magneto-convection flow of an incompressible viscous fluid across a vertical
plate at a stagnation point in the presence of slip, chemical reactions, and radiation. To
learn how thermal radiation and the Darcy number affect the buoyant convection flow of
Casson fluid in a non-Darcian porous square box heated non-uniformly using the control
volume approach, Sivasankaran [29] ran a numerical simulation. Using discrete heating
and cooling, Sivasankaran [30] investigated the rate of change in thermal and flow transfers
within an enclosed box due to the effects of thermal radiation and convective flow caused
by buoyant forces. Mallawi [31] elaborated on how thermal radiation modifies the effects
of the double stratification and double heat flux of a non-Newtonian fluid in a Riga plate.
The unstable stagnation-point flow of a Cu–Al2O3/H2O hybrid nano-fluid towards a
radially diminishing Riga surface with heat radiation was numerically investigated by
Khashi’ie [32]. Zainal [33] investigated the fluctuating flow at the stagnation point in the
direction of a stretching and contracting Riga plate of Al2O3-Cu/H2O and the effect of heat
radiation on the motion of the boundary layer. According to their findings, the thermal
radiation impact of Al2O3-Cu/H2O reduces the heat transfer conductivity by lowering the
local Nusselt number.

Absorbing or generating heat is the primary cause of internal temperature variation.
As a result, heat sources and sinks play a crucial role in the refrigeration process, with
freezers and air conditioners serving as typical examples. In addition, there are several
HVAC systems that include these heat pumps. Thus, it is believed that heat production
and absorption are space–temperature-related. Bhuvaneswari [34] investigated the effects
of radiation on heat transport by natural convection on a semi-infinitely sloped surface.
An unstable mixed convective boundary layer flow of a magneto-micro-polar fluid across
a stretching/shrinking sheet with viscous dissipation and suction/injection was studied
by Sandeep [35], who looked at the effects of a non-uniform heat source/sink, mass
transfer, and chemical reaction. Karthikeyan [36] examined the influence of viscosity and
variable thermal conductivity on mixed convective heat and mass transport through a
vertical wavy surface embedded in a fluid-saturated porous medium with Dufour and
Soret effects. Ali [37] investigated the flow and heat transmission of two different stress
fluids across an oscillating stretched sheet with a heat source and a heat sink. Irfan [38]
investigated the flow and heat transmission properties of an unstable three-dimensional
Carreau nano-fluid from a heat source/sink perspective. Cheong [39] investigated the
effects of internal heat production or absorption on the natural convective flow and heat
transmission in a sinusoidally heated, wavy porous cavity. Khan [40] achieved the heat
source/sink qualities and nano-particles’ mass flux conditions for Maxwell nano-fluids
in two dimensions under the effect of a stretching cylinder. Using a Riga plate as a
non-uniform heat source/sink, Ragupathi [41] demonstrated the numerical analysis of
the steady, three-dimensional flow of (H2O/NaC6H9O7) nano-fluids with (Fe3O4/Al2O3)
nano-particles. Heat transfer in the boundary layer flow across a stretched porous surface
subjected to a heat source/sink and magnetic field was the subject of Agrawal’s [42]
research. In the presence of a changing source/sink and Newtonian heating in a rotating
flow over a deformable surface, Chu [43] studied the magnetohydrodynamics of a Maxwell
nano-fluid, including gyrotactic microorganisms and higher-order chemical processes. By a
chemically sensitive method, Bhuvaneswari [44] analysed the effects of radiation and cross-
diffusion on an unsteady stream moving over an extended porous matrix. Yesodha [45]
looked into the role of nano-fluids in chemical reactions on stretched sheets in three-
dimensional flow. With several slips, a heat source/sink, and non-linear thermal radiation
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all in play, Gautam [46] demonstrated a comparative study of the flow of Maxwell and
Casson fluids in bio-convective magnetohydrodynamics.

The idea of entropy in the thermodynamic system was specified by Rudolf Clausius in
the 1850s. The thermal energy amount is the quantity of heat produced by a body at a given
temperature, and it is too high for use in real tanks. Entropy creation refers to the amount of
entropy created by processes that cannot be reversed. It is the determining factor in how the
thermodynamic system operates. Convective heat exchange was the topic of Bejan’s [47,48]
discussion on entropy production. Entropy generation has become more important in
many technological fields, including heat converters, porous media, electronic cooling,
gas turbines, and combustion. Entropy creation in the flow of a magnetohydrodynamic
viscous nano-fluid through a permeable wedge was the topic of Goqo’s [49] presentation.
They discovered that, depending on the kind of convection in the flow, the magnetic field
tends to induce a drag force, revealing the fluid motion and either lowering or raising
the temperature and concentration. The convective flow of a Sisko nano-fluid across
a flexible rotating disc was investigated by Ijaz [50], who looked for ways to optimise
entropy production and determine the activation energy. Abbas [51] investigated the rate
at which entropy is produced by a viscous fluid flowing through a vertical permeable
channel subjected to heat radiation. Ghaffari [52] investigated the heat transmission and
entropy generating in a power-law nano-fluid flow towards the stagnation point inside
the boundary layer over a deformable spinning disc embedded in porous media. In this
study, Ibrahim [53] examined the influence of a high-order velocity slip flow, passive and
active control conditions, non-heat Fourier’s flux, and non-mass Fick’s flux theory on
the entropy generation analysis of 3D mixed convection flow of pair stress nano-fluid.
Alzahrani [54] analysed the influence of aspect ratio and entropy generation on the buoyant
convective flow of Casson fluid within a rectangular box. Sivasankran [55] investigated
the direction of a moving wall, thermal radiation, and entropy on combined convective
steam and the energy transfer of a nano-fluid in an enclosed box with a driven lid. Within
the two parallel discs, Agrawal [56] examined the compressing flow of a hybrid nano-fluid.
Given buoyancy force, Bai [57] discussed the effect of entropy generation on the unsteady
flow of an upper-convected Maxwell nano-fluid past a wedge embedded in a porous
medium.

To the best of the authors’ knowledge, no research has been conducted on how thermal
radiation and non-uniform heat flux affect the convective flow of heat-generating hybrid
nano-liquids in a non-Darcy porous medium in the presence of a uniform external magnetic
field. This has encouraged us to investigate this using entropy generation, which has not
been reported thus far based on a careful review of the literature. In this concept, the
basic liquid, water, is combined with copper and aluminium oxide to create the hybrid
nano-liquid. The nano-particles of metallic oxides, such as Al2O3, SiO2, ZnO, and TiO2, are
readily soluble in base fluids, with Al2O3 possessing the highest thermal properties among
these metal oxides. Furthermore, it is commonly recognised that metallic nano-particles
that have been refined, like copper, have high aspect ratios, high thermal conductivities,
and low specific gravities. However, the combination of copper (Cu) and aluminium oxide
(Al2O3) tends to stabilise nano-liquids with superior thermal properties for an extended
period of time. Numerous combinations of study parameters have been used to thoroughly
examine the effects of thermal radiation, heat generation, and non-uniform heat flow on
an electrical magnetohydrodynamic hybrid nano-fluid over a linearly expanding sheet
with entropy generation. The study is useful for the cooling of electronic equipment, food
processing, material processing, and the plastic and chemical industries.

2. Equations and Physical Formulation

We examine the laminar flow of an incompressible, electrically conducting hybrid
nano-fluid (Al2O3-Cu/H2O) undergoing 2D unsteady magnetohydrodynamic mixed con-
vection on a stretched sheet. The sheet is stretching spontaneously from both sides; there-
fore, the velocity varies with time and place. In a rectangular coordinate system, the
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stretched sheet is the x-axis and the normal y-axis, and the flow is limited to the area where
y is greater than zero. The application of the magnetic and electrical fields is perpendicu-
lar to the fluid’s flow. The Darcy–Forchheimer model is used to model isotropic porous
media. The local liquid and porous matrix are in thermal equilibrium. The surface tem-
perature, Tw(x, t), is thought to be higher than the surrounding (free-stream) temperature,
T∞, in the immediate vicinity, (See Table 1 for all symbols and abbreviations). In this
case, the magnetic induction and Hall current are disregarded due to the low magnetic
Reynolds number.

Table 1. Abbreviations.

a, b Constants A Space-dependent coefficient
B Temperature-dependent coefficient Br Brinkman number
B0 Strength of magnetic field (T) cp Heat capacity (Jkg−1K−1)
C f Skin friction coefficient E0 Strength of electric field N/C
E1 Electric field parameter F Local interia coefficient
Fr Forchheimer coefficient g Acceleration due to gravity (ms−2)
K∗ Porous medium permeability k∗ Mean absorption coefficient
M Magnetic field parameter n Shape factor
Nu Nusselt number P Fluid pressure (Pa)
Pr Prandtl number qr Radiative heat flux (Wm−2)
Rd Radiation number Re Reynolds number
s Suction/injection T Fluid temperature (K)

T∞ Free stream temperature (K) Tw Surface temperature (K)
U, V x, y Velocity component Uw Stretching sheet velocity (ms−1)
Vw Wall mass transfer

Greek symbols
α∗ Drag inverse number β Thermal expansion (K−1)
δ Unsteadiness parameter κ Thermal conductivity (Wm−1K−1)
λ Mixed convection parameter µ Dynamic viscosity (kgm−1s−1)
ν Kinematic viscosity (m2s−1) ρ Density (kgm−3)

σ∗ Stefan–Boltzmann constant (Wm−2K−4) σ Electric conductivity (Sm−1)
ϕ1 Nano-particles volume fraction ϕ2 Nano-particles volume fraction
ψ Stream function Ω Dimensionless temperature ratio

Subscripts
f Base fluid n f Nano-fluid

hn f Hybrid nano-fluid s1 First solid nano-particle
s2 Second nano-particle

The following equations for mass, momentum, and heat under these conditions control
the model (see Figure 1) [58]:

Ux + Vy = 0 (1)

Ut + UUx + VUy = − 1
ρhn f

Px + νhn f
(
Uxx + Uyy

)
+

σhn f

ρhn f

(
EB − B2U

)
+

(ρβ)hn f

ρhn f
(T − T∞)g −

νhn f

K∗ U − FrU2
(2)

Vt + UVx + VVy = − 1
ρhn f

Py + νhn f
(
Vxx + Vyy

)
(3)

Tt + UTx + VTy = αhn f
(
Txx + Tyy

)
− 1(

ρcp
)

hn f[
(qr)y + q′′′ + µhn f

(
2
(

U2
x + V2

y

)
+
(
Uy + Vx

)2
)] (4)
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Figure 1. Coordinate system and formulation.

The boundary conditions for the physical model are [58]

U = Uw(x, t) V = Vw(x, t) T = Tw(x, t) when y = 0

U → 0 T → T∞ at y → ∞
(5)

The linear stretching sheet velocity is represented by Uw(x, t) = bx
−(at−1) (b and a are positive

dimensional constants with a dimension of time and −(at − 1) > 0), and mass transfer at
the wall is denoted by Vw(x, t) = V0√

−(at−1)
, where Vw ≥ 0 means suction and Vw ≤ 0 means

injection. The strength of an electric field is given by E = E0√
−(at−1)

, while the strength

of a magnetic field is given by B = B0√
−(at−1)

. The variable heat production/absorption,

denoted by q′′′ in Equation (4), is stated as

q′′′ =
κhn f Uw

xνhn f

[
A
(
Tw − T∞ f ′

)
+ (T − T∞)B

]
(6)

If (A, B) > 0, then the flow generates heat, and if (A, B) < 0, then the flow absorbs heat.
The Rosseland’s approach gives

qr = −4σ∗

3k∗
T4

y (7)

where σ∗ is a coefficient of Stefan–Boltzmann and k∗ is the mean absorption coefficient. If
we use Taylor’s expansion of T4 around T∞ and disregard higher-order terms, we obtain

T4 ∼= 4T∞
3 T − 3T4

∞ (8)

Inserting Equations (7) and (8) into Equation (4) yields

(
ρcp
)

hn f

(
Tt + UTx + VTy

)
= κhn f

(
Txx + Tyy

)
+

16σ∗T3
∞

3k∗
Tyy

+µhn f U2
y + V2

y + q′′′
(9)
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As a result of utilising scale analysis and boundary layer approximations,

U ≫ V

Uy ≫ Vx, Ux, Vy, Vt

Ty ≫ Tx

Py = 0

(10)

After performing a boundary layer analysis, the following set of equations was derived:

Ux + Vy = 0 (11)

Ut + UUx + VUy = νhn f Uyy +
σhn f

ρhn f

(
EB − B2U

)
+
(ρβ)hn f

ρhn f
(T − T∞)g −

νhn f

K∗ U − FrU2
(12)

Tt + UTx + VTy = αhn f Tyy +
1(

ρcp
)

hn f

(
16T3

∞σ∗

3k∗
Tyy

)
+

µhn f(
ρcp
)

hn f
U2

y +
1(

ρcp
)

hn f

κhn f Uw

xνhn f

[
A f ′(Tw − T∞) + (T − T∞)

] (13)

3. Method of Solution

We now add the following dimensionless quantities; similarity transformations sim-
plify the mathematical examination of the problem [58]

η = y

(
b

(1 − at)ν f

) 1
2

, θ =
T − T∞

Tw − T∞
, ψ =

(
ν f b

1 − at

) 1
2

Tw(x, t) =
xb

2(1 − at)2ν f
T0 + T∞

(14)

The definition of the stream function is

U = ψy, V = −ψx (15)

when the additional variables (14) and (15) are substituted into Equations (11) through to
(13), the resulting set of ordinary differential equations is as follows:

A1 f ′′′ + A2

(
f ′′ f − f ′2(1 + Fr)− δ

(η

2
f ′′ + f ′

))
+ A3M

(
E1 − f ′

)
+A4λθ − A1α∗ f ′ = 0

(16)

θ′′
(

A5 +
4
3

Rd
)
+ A6 Pr

(
θ′ f − θ f ′ −

(η

2
θ′ + 2θ

)
δ
)

+A1Br f ′′2 +
A2 A5

A1

(
A f ′ + Bθ

)
= 0

(17)

The Ais (i = 1, 2, 3, 4, 5, 6) in the above equation are stated as

A1 = (1 − ϕ1)
−2.5(1 − ϕ2)

−2.5 (18)

A2 =

[
(1 − ϕ1) + ϕ1

ρs1

ρ f

]
(1 − ϕ2) +

ρs2

ρ f
ϕ2 (19)
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A3 =
σs2 + 2ϕ2

(
σs2 − σn f

)
+ 2σn f

σs2 + 2σn f + ϕ2

(
σn f − σs2

) ×
σs1 + 2ϕ1

(
σs1 − σf

)
+ 2σf

σs1 + 2σf + ϕ1

(
σf − σs1

) (20)

A4 =

[
(1 − ϕ1) + ϕ1

(ρβ)s1

(ρβ) f

]
(1 − ϕ2) +

(ρβ)s2

(ρβ) f
ϕ2 (21)

A5 =
κs2 − (n − 1)

(
κn f − κs2

)
ϕ2 + (n − 1)κn f

κs2 +
(

κn f − κs2

)
ϕ2 + (n − 1)κn f

×
κs1 − (n − 1)

(
κ f − κs1

)
ϕ1 + (n − 1)κ f

κs1 +
(

κ f − κs1

)
ϕ1 + (n − 1)κ f

(22)

A6 =

[
(1 − ϕ1) + ϕ1

(
ρcp
)

s1(
ρcp
)

f

]
(1 − ϕ2) +

(
ρcp
)

s2(
ρcp
)

f
ϕ2 (23)

By adjusting boundary conditions, we obtain

f (η) = s, f ′(η) = 1, θ(η) = 1 when η = 0

f ′(η) = 0, θ(η) = 0 as η = ∞
(24)

Differentiation with regard to η is represented by prime. The physical parameter in
the aforementioned governing model is given by

M =
σf B2

0

bρ f
, Gr =

gβ f (Tw − T∞)x3

ν2
f

, δ =
a
b

, Re =
bx2

ν(1 − at)
,

λ =
Gr
Re2 , Ec =

u2
w

cp(Tw − T∞)
, Pr =

ν f

α
, Br =

µ f u2
w

κ f (Tw − T∞)
,

s =
v0√
ν f b

, Rd =
4σ∗T3

∞
κ f k∗

, E1 =
E0

uwB0
, Fr =

cp√
K∗

,

F =
cp

x
√

K∗
, α∗ =

ν f (1 − at)
K∗b

.

(25)

Appropriate finite values were designated to η concerning the varying values of the prob-
lem’s parameters. For variables lacking initial values, estimates are defined as initial values.
A tolerance of 10−10 was also considered for obtaining the solution.

The coefficient of the Nusselt number Nu, skin friction C f , heat flux qw, and tangential
stress at the sheet τw are all fundamental numbers, which are stated as

qw = −
[(

κhn f +
16T3

∞σ∗

3k∗

)
Ty

]
y=0

, τw = µhn f
[
Uy
]

y=0 (26)

The dimensionless versions of the skin friction factor and the coefficient of heat
transmission are as follows:

Re
1
2 C f = A1 f ′′(0), Nu/Re

1
2 = −

(
A5 +

4
3

Rd
)

θ′(0) (27)

The local Reynolds number is denoted by Re. The empirical formulations and numerical
values for the thermo-physical properties of hybrid nano-fluids are shown in Tables 2 and 3,
respectively.
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Table 2. Thermo-physical values of fluid and nano-particles [58].

Physical Properties Fluid (H2O) Cu (ϕ1) Al2O3 ( ϕ2)

ρ 997.1 8933 3970
cp 4180 385 765
κ 0.613 401 40
β 21 1.67 0.85
σ 0.05 59.6 × 106 35 × 106

Table 3. Thermo-physical features of hybrid nano-fluids [58].

Properties Hybrid Nano-Fluid

Density ρhn f =
[
(1 − ϕ1)ρ f + ϕ1ρs1

]
(1 − ϕ2) + ϕ2ρs2

Viscosity µhn f = µ f (1 − ϕ1)
−2.5(1 − ϕ2)

−2.5

Heat capacity (ρcp)hn f =
[
(1 − ϕ1)(ρcp) f + ϕ1(ρcp)s1

]
(1 − ϕ2) + ((ρcp))s2 ϕ2

Thermal conductivity κhn f =
κs2+(n−1)κn f +(n−1)ϕ2(κn f −κs2 )

κs2+(n−1)κn f +ϕ2(κn f −κs2 )
κn f

where κn f =
κs1+(n−1)κ f +(n−1)ϕ1(κ f −κs1 )

κs1+(n−1)κ f +ϕ1(κ f −κs1 )
κ f

Electrical conductivity σhn f =
σs2+(n−1)σn f +(n−1)ϕ2(σn f −σs2 )

σs2+(n−1)σn f +ϕ2(σn f −σs2 )
σn f

where σn f =
σs1+(n−1)σf +(n−1)ϕ1(σf −σs1 )

σs1+(n−1)σf +ϕ1(σf −σs1 )
σf

Thermal expansion coefficient (ρβ)hn f =
[
(1 − ϕ1)(ρβ) f + ϕ1(ρβ)s1

]
(1 − ϕ2) + (ρβ)s2 ϕ2

The Matlab BVP4C tool was used to find the numerical solutions. By inserting the
appropriate transformations, the governing Equations (1)–(4) and their associated boundary
conditions (5) were transformed into the local non-dimensional Equations (16) and (17).
To use this technique, each equation is transformed into a set of first-order differential
equations as follows.

f = z(1) , f ′ = z(2) , f ′′ = z(3) , f ′′′ = z′(3)

θ = z(4) , θ′ = z(5) , θ′′ = z′(5)

z′(3) =
−A2

A1

(
z(3)z(1)− z(2)2(1 + Fr)− δ

(η

2
z(3) + z(2)

))
− 1

A1
[A3M(E1 − z(2)) + A4λ z(4)− A1α∗z(2)]

z′(5) =
−A6 Pr(

A5 +
4
3 Rd

)(z(5)z(1)− z(4)z(2)−
(η

2
z(5) + 2z(4)

)
δ
)

− 1(
A5 +

4
3 Rd

)[A1Br z(3)2 +
A2 A5

A1
(A z(2) + B z(4))

]
(28)

with bounding condition

z0(1) = s , z0(2) = 1 , z0(4) = 1 , z∞(2) = 0 , z∞(4) = 0 (29)

Appropriate finite values are designated to η concerning the varying values of the
problem’s parameters. For variables lacking initial values, estimates are defined as initial
values. A tolerance of 10−10 is also considered for obtaining the solution.
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4. Entropy Generation

Among the influences of electric and magnetic forces, the expression for the generation
number of volumetric entropy is as follows [58]:

S′′′
gen =

κhn f

T2
∞

(
Ty
)2

+
µhn f

T∞

(
Uy
)2

+
σhn f

T∞
(UB − E)2 (30)

All three effects—conduction, viscosity, and joule heating—are accounted for in the
preceding equation. The first phrase above shows that heat conduction is irreversible. The
second component illustrates the non-reversibility due to frictional effects, while the third
term stands for the joule dissipation of the electric and magnetic fields. In its dimensionless
version, entropy production reads as follows:

Ns =
S′′′

gen

S′′′
0

= A5Reθ′2 + A1
Br
Ω

Re
(

f ′′
)2

+ A3MRe
Br
Ω
(

f ′ − E1
)2 (31)

where S′′′
0 =

k f (Tw−T∞)2

x2T2 is entropy production rate and Ω = (Tw−T∞)
T∞

is a dimensionless
temperature ratio.

With these numerical values, we can construct the corresponding correlation equations,
which are written as

1
2

C f Re
1
2 = 1.334273 − 0.5150844E1 + 0.1322922δ + 0.2531761M (32)

Nu√
Re

= 3.085112 + 1.651553Rd + 0.7631059δ − 0.3885791Br (33)

The equation is valid for 0 ≤ E1 ≤ 0.3 , 0 ≤ δ, Br, Rd ≤ 0.6 and 0 ≤ M ≤ 1.5.

5. Results and Discussion

In several exceptional circumstances where E1 = 0, δ = 0, λ = 0, ϕ1 = 0 and ϕ2 = 0,
the skin friction coefficient is compared with that found by Ibrahim and Shankar [59] to
evaluate the reliability of the current findings. Table 4 shows that the acquired results are
consistent with the prior study. Table 5 shows the local Skin friction and local Nusslet
number for different combinations of parameters. The discussion centres on how different
factors influence the flow and temperature distributions, as well as the entropy generation
number and other vital metrics. We show that the results for a range of parameter values,
including Pr = 6.2, Fr = 0.1, α∗ = A = B = 0.2, Re = 12, and Ω−1 = 1, are held constant.
The diagram in Figure 2 illustrates the velocity field f ′(η) affected by the electric field
parameter, magnetic parameter, mixed convection parameter, unsteadiness parameter,
suction/injection parameter, and Forchheimer coefficient. Figure 2a illustrates how the
electric field affects velocity. The flow rate above the sheet grew significantly as the E1 values
increased. Because the electric field amplifies the Lorentz force, it acts as an accelerating
force and reduces fluid friction. As seen in Figure 2b, the fluid velocity decreases with
time due to the magnetic field intensity M. The resistive type force is physically increased
by the magnetic field, and this could control the flow rate. For an explanation of how λ
influences the velocity distribution, see Figure 2c. It is seen that f ′(η) increases as λ is
altered. The temperature difference and buoyancy forces both rise with an increase in
the mixed convection parameter, which, in turn, causes the convection to rise and the
flow to accelerate. As δ values increase, Figure 2d shows that the fluid velocity decreases
close to the sheet but increases far from the wall. Because of the decreased stretching
rate caused by the unsteadiness factor, the boundary layer’s thickness and velocity both
decrease. Figure 2e illustrates the predicted effect of the suction/injection parameters over
(s). The boundary layer becomes thinner and slows down as the suction parameter (s > 0)
increases. The goal of suction is to bring liquid to the surface so that friction with the
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solid ground can slow it down. However, with the injection value (s < 0), the reverse
trend was observed when the injection increased the stream flow. In Figure 2f, a rise in the
Forchheimer number Fr results in a decrease in the size of the velocity field.

Table 4. Computed value of skin friction coefficient.

s M Ref. [59] Present Study

0 1 1.4142 1.41422
0.2 1.5177 1.51775
0.7 1.8069 1.80688
1 2.0000 2.00000
0.5 0 1.2808 1.28083

0.5 1.5000 1.50000
1 1.6861 1.68614
1.5 1.8508 1.85078
2 2.0000 2.00000

The influence of temperature variation on a set of parameters is shown in Figure 3.
Figure 3a shows that, when the Brinkman number Br rises, so does the fluid temperature.
Figure 3b displays the temperature shifts for various radiation parameter values. The figure
clearly indicates that Rd increases the boundary layer’s thickness and temperature, that
is, the thermal radiation boosts the thermal field inside the system. Figure 3c displays the
fluid temperature’s response to the unsteadiness parameter and shows a dramatic drop in
temperature as the unsteadiness parameter increases.

Figure 3d displays the temperature distribution with respect to the space-dependent
heat generation parameter. As the heat source (A > 0) values rise, the fluid temperature
rises, as predicted; when the heat source (A < 0) values decrease, energy is absorbed and
the temperature drops. Figure 3e illustrates how temperature-dependent heat source B
affects the heat transfer. As B increases, the temperature rises as an illustration of energy
transmission. Conversely, when heat energy is absorbed, (B < 0) values decrease, resulting
in a depression close to the boundary layer. As we can see in Figure 3f, the temperature
field becomes larger as the Forchheimer number Fr rises.

Figure 4 illustrates the effect of significant elements on the entropy generation number
Ns, allowing one to probe the underlying physical aspects of the issue. Figure 4a shows
that when M increases, Ns increases near the stretching sheet while it changes far away
from the sheet. Figure 4b demonstrates the importance of Ns for various values of the
Brinkman number, where a rise in Ns is shown for larger values of Br. The underlying
physics is that Br has viscous effects. When Br increases, the fluid friction becomes the
primary cause of entropy formation. Figure 4c depicts Ns as a function of the Reynolds
number, showing how Ns improved for large values of Re. This is intuitively true from
a physical standpoint since an increase in Re values leads to agitated motion among the
fluid particles, which increases entropy production. At last, Figure 4d shows a schematic
of the relationship between Ns and the temperature ratio parameter Ω−1. It pointed
out that higher irreversibility occurs when the temperature rises when Ω−1 has a more
significant value.
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(a) Variations in f ′(η) as a result of E1 (b) Variations in f ′(η) as a result of M

(c) Variations in f ′(η) as a result of λ (d) Variations in f ′(η) as a result of δ

(e) Variations in f ′(η) as a result of s (f) Variations in f ′(η) as a result of Fr

Figure 2. Velocity profiles under the impact of novel factors.



Computation 2024, 12, 43 13 of 20

(a) Variations in θ(η) as a result of Br (b) Variations in θ(η) as a result of Rd

(c) Variations in θ(η) as a result of δ (d) Variations in θ(η) as a result of A

(e) Variations in θ(η) as a result of B (f) Variations in θ(η) as a result of Fr

Figure 3. Temperature profiles under the impact of novel factors.
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(a) Variations in Ns as a result of M (b)Variations in Ns as a result of Br

(c) Variations in Ns as a result of Re (d) Variations in Ns as a result of Ω−1

Figure 4. Entropy generation under the impact of novel factors.

Figure 5 displays the relationship between the skin friction coefficient and the heat
transfer rate as a function of the innovative parameters. According to the data, the skin
friction coefficient increased with an increase in the magnetic field strength. The most
important reason is that strong magnetic effects that increase C f create a magnetic field
that works against the flow of hybrid nano-fluids across the sheet surface. The electric
field parameter had the opposite effect of decreasing it, while the unsteadiness parameter
increased it. With larger values of the radiation parameter, as shown in Figure 6, the Nusselt
number increases because thermal radiation generates a greater molecular force in the flow.
Nonetheless, the Brinkman number trends downward. As the unsteadiness parameter
rises, the friction factor and Nusselt number both rise. Figure 7 depicts the percentage
increase (or decrease) in the skin friction coefficient and local Nusselt number for the base
fluid, nano-fluid, and hybrid nano-fluid, expressed as

(
A−B

B × 100
)

. The 1
2 C f Re

1
2 and Nu

Re
1
2

are found to decrease.
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(a) Impact of δ , E1 = 0.1 on Reo.5C f (b) Impact of δ , E1 = 0.2 on Reo.5C f

(c) Impact of δ , E1 = 0.3 on Reo.5C f (d) Impact of δ , E1 = 0.4 on Reo.5C f

Figure 5. Variation in skin friction coefficient Re
1
2 C f for various values of δ and E1.

(a) Impact of δ , Rd = 0 on Nu/Re0.5 (b) Impact of δ , Rd = 0.2 on Nu/Re0.5

(c) Impact of δ , Rd = 0, 4 on Nu/Re0.5 (d) Impact of δ , Rd = 0.6 on Nu/Re0.5

Figure 6. Variation in Nusselt number Nu/Re0.5 for different values of δ and Rd.
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Figure 7. Local skin friction number and Nusselt number for base fluid, nano-fluid, and hybrid
nano-fluid.

Table 5. Local skin friction and local Nusslet number for different combination.

E1 δ M C f
√

Re Rd δ Br Nu√
Re

0 0 0 1.24055 0 0 0 3.15502
0.5 1.45188 0.2 3.07932
1 1.63642 0.4 3.00371
1.5 1.80205 0.6 2.92818

0.2 0 1.27808 0.2 0 3.23935
0.5 1.47705 0.2 3.17179
1 1.65304 0.4 3.1043
1.5 1.81238 0.6 3.03688

0.4 0 1.31173 0.4 0 3.31076
0.5 1.49989 0.2 3.24923
1 1.66818 0.4 3.18776
1.5 1.82171 0.6 3.12633

0.6 0 1.34213 0.6 0 3.37259
0.5 1.52078 0.2 3.31573
1 1.6821 0.4 3.25891
1.5 1.83029 0.6 3.20213

0.1 0 0 1.24055 0.2 0 0 3.44101
0.5 1.40459 0.2 3.362
1 1.55522 0.4 3.28308
1.5 1.69421 0.6 1.24055

0.2 0 1.27808 0.2 0 3.58856
0.5 1.43461 0.2 3.51733
1 1.57882 0.4 3.44617
1.5 1.7125 0.6 3.37508

0.4 0 1.31173 0.4 0 3.71083
0.5 1.46144 0.2 3.64531
1 1.59988 0.4 3.57985
1.5 1.72876 0.6 3.51444

0.6 0 1.34213 0.6 0 3.8148
0.5 1.48566 0.2 3.75371
1 1.61888 0.4 3.69265
1.5 1.74337 0.6 3.63164
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Table 5. Cont.

E1 δ M C f
√

Re Rd δ Br Nu√
Re

0.2 0 0 1.24055 0.4 0 0 3.69209
0.5 1.3584 0.2 3.61041
1 1.47601 0.4 3.52883
1.5 1.58875 0.6 3.44733

0.2 0 1.27808 0.2 0 3.89908
0.5 1.39288 0.2 3.82488
1 1.506 0.4 3.75076
1.5 1.61438 0.6 3.6767

0.4 0 1.31173 0.4 0 4.06879
0.5 1.42347 0.2 4.00004
1 1.53259 0.4 3.93133
1.5 1.63711 0.6 3.86268

0.6 0 1.34213 0.6 0 4.21217
0.5 1.45087 0.2 4.14762
1 1.55637 0.4 4.0831
1.5 1.65744 0.6 4.01863

0.3 0 0 1.24055 0.6 0 0 3.91664
0.5 1.31316 0.2 3.83274
1 1.39851 0.4 3.74893
1.5 1.48536 0.6 3.66521

0.2 0 1.27808 0.2 0 4.18034
0.5 1.3518 0.2 4.10367
1 1.43441 0.4 4.02707
1.5 1.51782 0.6 3.95053

0.4 0 1.31173 0.4 0 4.39486
0.5 1.38595 0.2 4.32339
1 1.4662 0.4 4.25197
1.5 1.54665 0.6 4.1806

0.6 0 1.34213 0.6 0 4.57545
0.5 1.41639 0.2 4.50798
1 1.49453 0.4 4.76062
1.5 1.57243 0.6 4.37318

6. Conclusions

A theoretical analysis has been conducted to determine how various governing param-
eters affect the flow field and heat transfer properties of the EMHD boundary layer motion
of a hybrid nano-fluid above a stretching sheet. These include the Brinkman number,
the Forchheimer number, the space-dependent coefficient, the temperature-dependent
coefficient, the electric parameter, the thermal radiation, the suction parameter, the mixed
convection, and the unsteadiness parameters. The numerical results obtained here agree
rather well with those found in the literature in a subset of the situations studied. Important
conclusions are summed up here.

• Increases in the injection, electric, and mixed convection parameters (s < 0) result
in increases in the velocity profile. Conversely, as the suction parameter (s > 0),
unsteadiness parameter, magnetic parameter, and Forchheimer number increase, the
velocity decreases.

• The temperature profile amplifies with increments in the Brinkman number (Br),
thermal radiation (Rd), space-dependent heat generation (A > 0), temperature-
dependent heat generation (B > 0), and Forchheimer number (Fr). But it shows
the reverse behaviour for the unsteadiness parameter (δ), space-dependent heat
absorption (A < 0), and temperature-dependent heat absorption (B < 0).

• The entropy generation is enhanced by increases in the Brinkmann number, magnetic
parameter, Reynolds number, and temperature ratio parameter.
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• Increases in the skin friction coefficient are caused by increases in the unsteadiness
and magnetic parameters. Furthermore, as the electric field parameter increases, the
skin friction coefficient decreases.

• The Nusselt number rises with increases in the unsteadiness and thermal radiation
parameters. Additionally, as the Brinkman number increases, the Nusselt number de-
creases.

• This study is useful to thermal science applications in various areas of engineering
and technology. Also, the study can be extended with different nano-particles and
base fluids to explore the enhancement techniques.

• This study is beneficial to thermal science applications because it discusses the factors
that lead to the working hybrid nano-liquid thermal enhancement.
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