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Abstract: The technique of using the restricted convergence region is applied to study a semilocal
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1. Introduction

Nonlinear equations, in particular systems of nonlinear algebraic or transcendental equations,
arise often when numerical methods are used for solving applied problems. A popular method
for solving such equations is Newton’s [1-3]. However, it requires differentiability of the nonlinear
function. This is not a requirement for difference methods [1-4]. They can be applied to equations
with a nondifferentiable function [5]. For some problems, the nonlinear function can be represented
as the sum of the differentiable and nondifferentiable parts. In this case, methods with operator
decomposition are often used [1,2,6-9]. Numerical examples show that the convergence is faster than
difference methods and the Newton-type method [10-12].

Let us consider an equation

H(x) = F(x)+ G(x) =0, 1)

where Fand G : D C X — Y. Here F is a differentiable operator, G is a continuous operator, D is an
open convex set, X and Y are Banach spaces.
We use Newton-Kurchatov method [8,13-16] for solving Equation (1) numerically

Xpi1 = Xy — A;lH(xn), n>0, ()

where A, = F (xn) + G(2xy — xy_1;x,-1). It is a combination of Newton and Kurchatov
methods [3,4,17]. Their formulas for solving equation F(x) = 0 are of the form

Xpp1 =X — F'(x) 'F(xy), n>0

and

Xp41 = Xn — F(an - xnfl;xnfl)ilF(xn)r n >0,

respectively; G(+;-) and F(-; -) denote a first-order divided difference. Let ¥ € D. Denote
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B(%,R) ={x e X:|x—%| <R},
and

B(%,R) ={x € X:|x—%|| <R}.
Our semilocal convergence is based on some generalized conditions. Suppose that for each
x,y € D:
1AG ™ (F'(x) = F'(xo)) I < wf([lx = xoll), ®)
145 (G(x;) — G(2xo — x_;x-))I| < (1 — (2x0 = x_1)ll |y = x4 ), @
where w? : Ry — R4 and wg : Ry x Ry — R4 are nondecreasing functions. Let a > 0.
Suppose that equation
W) +Bu+auta)=1 (5)
has at least one positive solution. Denote by R the smallest such solution. Set Dy = D N B(xg, 3Rp)
and suppose that for each x,y, u,v € Dy with 2y —x € Dy
1Ag ™ (F'(x) = F' ()| < wi(l|x = yl)), ©6)
1451 (G(2y = x;x%) = G(w;0) || < wa(l|2y — x = ul, | x = 2|)), )

where w; : Ry — Ry and wy : Ry x Ry — R, are nondecreasing functions. Moreover,
wq(tr) < h(H)wq(r), t€[0,1], r € [0,R], h:[0,1] — R[11].
In this article, we also consider e-type conditions for x,y € D

A (F'(x) — F'(x0))| < €9, ®)
145 (G(x;y) — G(2xg — x_p;x_1)) || < &), )
for X, y,u,ve Dy with 2 —x € Dy
14gH (F'(x) = F'(y))]| < e, (10)
A5 (G(27 — % %) — G(1;0)) || < &2, (11)

where s?, €1, sg and ¢, are positive constants, for some Dy C D.
2. Semilocal Analysis

Set® = [} h(t)dt.
Theorem 1. Let F and G be nonlinear operators with the specified properties. Assume that:
linear operator Ay, where x_1 and xog € D, is invertible;

| Ag M (F(x0) + G(xo)) [l < 71, llxo — x_1]] < w5 (12)

Equations (3) and (4) hold on D, Equations (6) and (7) hold on Dy;
equation

m
17 — :O, 13
u( 1—w?(u)—wg(3u—|—zx,u+a)> 7 13)
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where m = ®w (17) + max{wa (1 + &, &), wz(2n,1)}, has at least one positive solution greater than 1
and w. Denote by R the smallest such solution;

e WR)+wIBR+a,R+a)<1, M= w

<1, B(xg,3R) C D.
1—w?(R) —wI(BR + &, R + &) (x0,3R)

Then, the sequence {xy },>0, generated by Equation (2), is well-defined, remains in B(xo, R) and converges
to a unique solution x* € B(xo, R) of Equation (1), and R < Ry.

Proof. The proof of Theorem 1 is carried out by mathematical induction and is similar to the one in [8]
but there are some differences. By Equations (2) and (12), for n = 0 we have

[lx1 = xoll < [ 45" (F(x0) + G(x0))[ <77 <R
and x1 € B(xp, R). Using the conditions in Equations (3) and (4), we get
11— Ag ALl = [[ A (Ao — A
< @ (J|lxr = xoll) + w3 ([|2x0 — x_1 — 2x1 + X0, lx—1 — xol|)

< @) + wd(2 + a,0) < WY(R) + wI(2R + &, )

<wW)(R) +wY(BR+a, R +a) < 1.

According to the Banach lemma on inverse operators [1] A} LAy exists and

ATTA < .
41 OH_l—w?(R)—wg(3R+zx,R+a)

Then, we have

Ay (F(x1) + G(x1))
= Ay '(F(x1) — F(x0) — F'(x0) (x1 — x0))
+A5 1 (G(x1) = G(x0) — G(2xg — x_1;x1) (%1 — x0))

= [ 43Pt tm —x0) — F (o)) a1 — o)

+A5 " (G(x1;%0) — G(2x0 — x_1;x_1)) (¥1 — x0)-

Hence, by the conditions in Equations (6) and (7), we obtain

lx2 =2l = AT (F(x1) + G(xn)) | < [|AT Aol l| Ag ™ (F(x1) + G (x)) |

< ®wi(llx1 = xol]) + @a(l[2x0 — x 1 — x], [x—1 — xoll)
- 1—wi(R) —w2(3R+a, R+ «)

e (17) + wa (1 + o, a)
~ 1-wd(R) —wI(BR+a,R+a)

On the other hand,

l¢1 = ol

1 = xol| < M]|x1 — xol| < 7.

22 — xoll < [lx2 — %1 + [lx1 — xo|

1— M? 1
< M+ D —xl < (M+1)y = 57—y < 5= = R

Therefore, x, € B(xp, R). Suppose that fork =1,...,n — 1 holds:
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1
A7 Ag exists and || A1 Agl| < /
. ¢ Ao exi [ A Aoll < 1_w?(R)—wg(3R+0¢,R+“)

x40 — xel| < Ml|xe — xpq || < M*||xq = xol| <715
Xk4+1 € B(xo,R).

Then, using the conditions in Equations (3) and (4), for k = n we have

IT= A5 Aull = 145" (40 — An)]
< @d(llxo — xl)) + @d([2x0 — x-1 — 22 + 2p_1ll, [Ix-1 — 241 )
<wW)(R) +wY(BR+a, R +a) < 1.
According to the Banach lemma on inverse operators [1] A, ! Aq exists and

1
W¥(R) — w)(BR+a, R +a)’

47 Aol < —
By equality
AN (E(xa) + Glxn)) = Ag (F(n) = F(xuo1) = F' (1) (¥ — Xu1))
+A; 1 (G(xn) = G(xp—1) = G(22y—1 — Xp—2; Xn—2)(Xn — Xp_1))
1
_ /0 AG (F (pe1 + £t — xu_1)) — F (xy1)) dt(xn — %y_1)
‘|‘A0_1(G(xn; xn—l) - G(zxn—l — Xn-2; xan))(xn - xn—l)
and the conditions in Equations (6) and (7), we have

%01 = x%ull = A (F(xn) + G| < (1A Aol | Ag ™ (F(xn) + G (xn) |

1
(@eor ([l = 2111

<
~ 1-wd(R) —wI(BR+a,R+a)

w2250 = %2 = %l %1 = Xa—2l)) ) % = % |

Dwi (17) + wa(21,17)

< Xn — Xp_
*1—w?(R)—wg(3R+o¢,R+rx)” n = Fn-a]

< Mllxp = xpall < MPlx1 = xol| < 7.

Next, we show that x,,11 € B(xp, R). Indeed,

%m0 = xoll < lonr = 2ull 4 [lxn =20l - 4 21 = xoll
1— Mt 1

=R
Ty Iy v

and x, 11 € B(xp, R). Moreover, we show that sequence {xy, },>0 is fundamental. Indeed, for p > 1

<M+ M" T4 A MA1)|x — x| <

xnp = xnll < lxntp = Xppll + 2n4p—1 = Xnsp—2ll +- - - + X042 — 24|
< (MPTU A MP2 4 1)1 —
1— MP 1—-MP M

= - < " .

Therefore, {x,},>0 is a fundamental sequence and converges to x* € B(xg,R). Furthermore,
we prove that x* is a unique solution of Equation (1). Since
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1A H (xu) | < (Pewor (1) + w2 (27, 7) |30 — X1 |

and ||x, — x,-1]] = 0 for n — oo, so H(x*) = 0. Finally, suppose there exists y* € B(xp, R), y* # x*
such that H(y*) = 0. Denote

1
A= / F/(x* + tHy* — x*)) dt + G(y*; x*).
0

Using the conditions in Equations (3) and (4), we get

1
145" (A0 — A)| < /0 w](lxo —x* — t(y* — x")|) dt
+wj (|20 — 21 = y* |, llxa — 2°])
1
< [ A= 0)lxo =5l + txo — y* ) de
+@3([lxo — 21l + llxo =y, llx—1 = xoll + [lxo — x"]])
<W(R) + W) (R+a,R+a) < 1.
According to the Banach lemma on inverse operators A is invertible and in view of
A(y" —x") = H(y") — H(x")

it follows y* = x*. O
Theorem 2. Let F and G be nonlinear operators with the specified properties. Assume that
° linear operator Ay, where x_1 and xo € D, is invertible;

e  Equations (8)—(11) hold;
o  numbersy >0, yand R > 0 such that

1AG (F(x0) + G(xo)l <, [lxo—xall <R, 0<ef+ef <1,

&1+ &

n
= <1, <R, B(xp,3R) CD.

1—7

Then, the sequence { xy, },>0, generated by Equation (2), is well-defined, remains in B(x, R) and converges
to a unique solution x* € B(xg, R) of Equation (1). Moreover, the following inequality holds for each n > 0

,.}/Yl
[[xn — x| < mﬂ‘ (14)
Notice that one possibility is €] and &) in practice may be functions of ||x — x¢||. That is

€ : [0,00) — [0,00) and &) : [0,00) — [0, 0)

to be nondecreasing and continuous functions.
Suppose that equation

e(u) +ed(u) =1

has a minimal positive solution p. Then, the set D can be defined as Dy = D N B(xg, p). Moreover, in
this case we have

Ay (Ag— An)|| <&} +6) <1,
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1
so || A Al € ————~.
” n OH_l—(S(l)-i-«Sg)
However, Dy can also be defined in other ways too depending on the construction of F and G.

Let

@ (2 = yll) = 26ollx = yll, wd(lx —ull, lly = oll) = po(llx — ull + lly — vIl),
wi(lx =yll) = 2¢l|x = yll, w2llx = ull, [ly = oll) = p(llx = ull +[ly = ol)-

Next, we obtain from Theorem 1 the convergence analysis of the method in Equation (2) under
the Lipschitz conditions.

Corollary 1. Let F and G be nonlinear operators with the specified properties. Assume that:

linear operator Ay, where x_1 and xg € D, is invertible;
numbers n§ > 0 and o > 0 such that Equation (12) is satisfied;
the Lipschitz conditions are fulfilled for each x,y € D

1A (F'(x0) = F'(y)| < 26olx —yll,

145 (G(x;y) — G(2x0 — x—1;x-1)) | < polllx = (260 — x—1) | + [ly = x-aD),

and for each x,y,u,v € Dy

1A (F'(x) = F'(y)l < 2¢||x —yll,
146 (G(xiy) = G o))l < plllx = ull + lly = ]|);

e equation

s(1- m —p=0
1 —20gs — po(4s +2a) ="

where m = {n +max {p(y + 2a),3pn } has at least one positive solution greater than n and . Denote
by R the smallest such solution;

o 200R+po(4R+24) <1, M = e

1-— 2£0R — Po (4R + 20()
Then, the sequence {x, },>0, generated by Equation (2), is well-defined, remains in B(xo, R) and converges
to a unique solution x* € B(xp, R) of Equation (1).

<1, B(xp,3R) C D.

Remark 1. The corresponding Equations (6) and (7) to conditions in [8] are given for each x,y,u,v € D by

1A (F'(x) = F' ()| < willlx = yl), (15)

1451 (G(x:y) — G(w;0)) || < wy(llx = ull, lly —ol)). (16)
Notice that wy = wy(wY) and wy = wy(w)), ie. they are functions of w? and w), and since Dy C D

W) < @), (17)

W) < wi(h), (18)

wi(t) < wi(h), (19)

w(t) < w(h), (20)

m < ml, 21)

e < e, <el, e <el, e <el, (22)

h < 1Y, (23)

and po < p, (24)
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ml

1—wl(R") —wi(BR' + &, R + &)
It’s easy to see that if R' < R then M' < M, and if R > R then M' > M.
If wi, wl are constant functions

where m! = ®w (17) + max {w}(y + a, &), w3 (27,1)}, M =

wi(llx = yll) = 2041x =y, wy(llx = ull, lly = oll) = p*(llx = ull + [ly = oI)).

It follows from the above that we obtain the following improvements:
1. Weaker sufficient convergence criteria, since

@ ([lx0 —xu]l) + wd(l[2x0 —x-1 = 2x0 + x5l [|x-1 —x51]])

0
1(
< wi(llxo = xull) + w3 ([2x0 = x-1 = 2xn +xpall, [lx-1 = x5-1])

and
D ([|xn — xp—1|]) + w2 ([|2%4—1 — Xu—2 — xu||, || Xn—1 — xn—2])
< i ([lxn = xu-1ll) + @y (12201 = xn—2 = Xull, | x4-1 — Xn—2])
= M, <M, = M|x;—x,_1] < Myllxg — x4,
where

M, — Qw1 ([[xn — xp1l) + w2 (l12%0 1 — Xu—2 — Xull, [[¥n—1 — xu—2|))
n

= <M,
1—af(llxo —xnll) —w(l2x0 —x-1 =220 +xp-1ll, x-1 — x0-1])

Ml — Dwi (||xn — xp—1]) + Wi (124-1 — xu—2 — x|, | Xn—1 — xn—2]|) <M
"ol —wl(llxo —xall) — wh(l2x0 — x4 =20 + x|l X —xeall) T

but not necessarily vice versa unless, if

wl = ¥ and wl = ).

2. Fewer iterates to obtain a desired error accuracy on ||x,.1 — x|

3. Better information on the location of the solution x*.
Notice that (wg’, w1), (wg, wo) are special cases of the old functions w%, w%, respectively. So no additional
information or computational effort are required to obtain these improvements. This technique of using
the restricted convergence region can be used to extend the applicability of other iterative methods
along the same lines. Finally, Lipschitz functions and parameters can become at least as small, if Dy
is replaced by Dy := D N B(x1, Rg — b), b = max{n, a}. Notice that D; C D,. The results then can be
adjusted in this setting. Numerical examples where Equations (17)—(24) hold as strict inequalities can
be found in [1,6].

3. Numerical Results

In this Section, we test the old and the new convergence criteria.
Let X =Y =R. In this case ||x|| = |x| forx € Xorx € Y, D = (a,b), Dy = (ag, by). Let us define
function F + G : R — R, where

F(x) = e %% +x3 - 13, G(x) = 0.2x|x2 — 2|.
The exact solution of F(x) + G(x) = 0is x, = 0.5. Let D = (0,1.4). Then, we have

F’(x) _ ex70‘5 _|_3x2,
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0.2x(2 — x2) — 0.2y(2 — y?)
x—y
Ag =705 1353 +02(2 — 2% — x_1x0 — x3),

G(xy) = =022 —x%—xy —y?).

and
B eb=05 1 3|x +
145 (F(3) - P < 2 ey
1 0.2
491G y) = Glu,o)| < = (Ju -+ x+ yll =2l + o+ +ulo — yl).
In view of this, we can write
b—0.5
e 43|14 +«x
Wf(lx = mof) = AR g
Al
0.2
B = (230 = x )l ly = xal) = (1230 = 51 + 2l = (230 —x0)] + 120 +blly = val),
ebo=05 4. 6bg 0.6b
wilx=yl) = —x =yl wallzy —x—ull, Ix —ol) = =7 (12y —x — u| + [x ]},
|Ao| | Aol
b—0.5
Wl —yl) = & F0b L(lx — ul, [y — _
Wil =y) = =l =yl @ilx—ully - o)) = ‘A‘(u ul +ly —of).

Let xp = 0.55, x_1; = 0.551. Then, we get « = 0.001, 7 ~ 0.0479, Ry ~ 0.2011, m ~ 0.1431,
m! ~ 0.1750, Dy = D N B(xp,3Rg) = (0, 1.153). To get the radius of convergence we solve Equation
(13) and similar one from [8]. Every such equation has two positive solutions. The smallest solutions
satisfy conditions of appropriate theorems. So, we get R ~ 0.0602, R! ~ 0.0714, M ~ 0.2043,
M = 0.3283, B(xp,3R) = (0.3693,0.7307) C D and B(x,3R') = (0.3359,0.7641) C D. The error
estimates are given in Table 1. For error |x, 1 — x,|, n > 1, holds

|xn+l - xn‘ < Mylxn — x-1] < Mxy — xnfll

and
Xn41 — xn| < M}z|xn - xnfll < Mllxn - Xp—1|-

Table 1. Results for ¢ = 10715,

|xn+1 - xnl Mnlxn - xn—1| Mlxn - xn—1| M}llxn - xn—ll Mllxn - xn—ll

20602 x 1073 6.8518 x 1073 9.7951 x 10~3  9.1409 x 1073 1.5738x 102
31428 x 1076 89551 x 10~° 42097 x 10~*  1.1958 x 104 6.7636 x 10~4
7.0617 x 10712 52824 x 1077  6.4218 x 1077 7.0457 x 10~? 1.0318 x 10~°

0 1.8032 x 10717 1.4429 x 10712 24050 x 10717  2.3184 x 1012

= W N - | X

Let xp = 053, x_y = 06. Then, we get « = 0.07, y ~ 0.0293, Ry ~ 0.1892,
m ~ 01114, m' ~ 01431, Dy = D N B(xq,3Rg) = (0,1.0975). In this case only
the largest solutions satisfy conditions of appropriate theorems. So, we get R ~ 0.1624,
R! ~ 0.1109, and M ~ 0.8199, M! ~ 0.7362. Moreover, B(x,3R) = (0.3676,0.6924) C D and
B(xo,3R') = (0.4191,0.6409) C D. The error estimates are given in Table 2.

So, more accurate error estimates are retrieved because My|x, — x, 1| < M}|x, — x,_1].
Although M|x, — x, 1| < M!|x, — x,_1] in the first case and M|x, — x,,_1| > M!|x, — x, 1] in
the second case.
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Table 2. Results for e = 10715,

X1 — X M| xn — x,1] M|xy — xp 1] Mrlz|xn — X1 M1|xn — Xy_1]

73779 x 10~% 31227 x 1073 2.3990 x 1072  4.2444 x 1073 2.1541 x 102
39991 x 1077 1.6564 x 107°  6.0489 x 10~% 22443 x 1075  5.4314 x 104
1.1419 x 10713 21230 x 10710 32787 x 10~7  2.8737 x 10710 2.9440 x 107

0 32808 x 10720 93616 x 10714 44410 x 10720 8.4060 x 10~ 14

=W N -3
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