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Abstract: We discuss the Simple Equations Method (SEsM) for obtaining exact solutions of a class of
nonlinear differential equations containing polynomial nonlinearities. We present an amended ver-
sion of the methodology, which is based on the use of composite functions. The number of steps of the
SEsM was reduced from seven to four in the amended version of the methodology. For the case of non-
linear differential equations with polynomial nonlinearities, SEsM can reduce the solved equations to
a system of nonlinear algebraic equations. Each nontrivial solution of this algebraic system leads to
an exact solution of the solved nonlinear differential equations. We prove the theorems and present
examples for the use of composite functions in the methodology of the SEsM for the following three
kinds of composite functions: (i) a composite function of one function of one independent variable;
(ii) a composite function of two functions of two independent variables; (iii) a composite function of
three functions of two independent variables.

Keywords: nonlinear partial differential equations; exact solutions; Simple Equations Method (SEsM);
composite functions; Faa di Bruno formula

1. Introduction

We discuss in this article the mathematical problem for obtaining exact analytical
solutions of nonlinear differential equations. The discussion is based on an amended
version of a methodology called the SEsM. The emphasis in this amended version is on
the use of the composite functions and their derivatives. The motivation of the study is
as follows:

1.  Complex systems are widespread in Nature and in human societies [1-8]. Nonlinear-
ity is an important characteristic of most complex systems [9-13];

2. Often, the effects connected to the nonlinearity are studied by means of time series
analysis or by means of models based on differential or difference equations [14-19].
The corresponding model equations are nonlinear differential equations.

The following points from the history of the methodology for obtaining exact solutions
of nonlinear differential equations are relevant for our study:

1.  Initially, the efforts were directed toward removing the nonlinearity of the solved
equation by means of an appropriate transformation. An example is the Hopf—Cole
transformation [20,21]. It transforms the nonlinear Burgers equation to the linear
heat equation;

2. Another transformation connects the Korteweg—-de Vries equation to the famous
equation of Schrodinger. Thus, the method of inverse scattering transform was
born [22-24];

Almost at the same time, Hirota developed a method for obtaining exact solutions of
nonlinear partial differential equations [25,26]. The Hirota method is connected also
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to an appropriate transformation of the nonlinearity of the equation. The truncated
Painleve expansions may lead to many of these transformations [27-31].

We used the idea of the transformation of the nonlinearity of the equation in the SEsM
methodology discussed below. Our approach to this methodology was as follows:

1.  We note the work of Kudryashov. He formulated the Method of the Simplest Equation
(MSE) [32]. The method is based on the determination of the singularity order n of
the solved equation. Then, a particular solution of this equation is searched as a
series containing powers of the solution of a simpler equation. This simpler equation
is called the simplest equation. The methodology was extended [33] and applied
to obtain traveling wave solutions of nonlinear partial differential equations (see,
e.g., [34-36]). Kudryashov [37] used various transformations in order to transform
the nonlinearity of a generalized evolution equation of the wave dynamics. Then, he
obtained exact solutions of this equation. This research was continued in [31,38,39].
For recent results connected to the application of the method of the simplest equation,
see [40-46];

2. We developed a methodology for obtaining the exact and approximate solutions
of nonlinear partial differential equations. The methodology is called the Simple
Equations Method (SEsM) [47-51]. Some elements of the methodology can be seen in
our publications written a long time ago [52-55]. At the beginning [56,57], we used
the ordinary differential equation of Bernoulli as the simplest equation [58]. This
version of the methodology was called the Modified Method of the Simplest Equation
(MMSE). It was used to obtain exact solutions of model nonlinear partial differential
equations from ecology and population dynamics [59];

3. Inthese early publications, we used the concept of the balance equation. This helped
us determine the kind of the simplest equations, as well as the form of the solution as
a series of the solution of the simplest equation [60,61]. We note that the MMSE leads
to results that are equivalent to the methodology of Kudryashov mentioned above.
Our contributions to the methodology and its application till 2018 were connected to
the MMSE [62-67]. We note especially the article [66]. It is connected to the part of
the topics discussed below in the text;

4. In the course of the years, the MMSE was extended to the SEsM [47]. The SEsM is
connected to the possibility of the use of more than one simple equation. Thus, the
solution of the solved nonlinear differential equation can be constructed on the basis
of many simple equations. A version of the SEsM based on two simple equations was
applied in [68]. The first description of the methodology was made in [48] and then
in [47,49-51,69]. For more applications of specific cases of the SEsM, see [70-72].

Our idea in this study is as follows. We used the SEsM to study the mathematical
problem for obtaining exact solutions of certain classes of nonlinear differential equations.
Below, we were not interested in imposing boundary conditions on the solved differential
equations. An important part of the SEsM is the construction of a solution of the solved
equation. This solution is presented as a composite function of the solutions of simpler
differential equations.

The text is organized as follows. We briefly describe the previous version of the SEsM
from [47] in Section 2. Our interest below was to search for exact traveling wave solutions
of one nonlinear differential equation. In Section 3, we discuss the amended version of
the SEsM. It has a simplified schema because of the use of the composite function and
its derivatives. One new theorem is discussed. In addition, a consequence of another
theorem (proved by us) is considered. The theorem and the consequence are connected to
the application of the SEsM to a specific case. This is the case of a nonlinear differential
equation with polynomial nonlinearities and simple equations containing polynomial
nonlinearities as well. [llustrative examples for the application of the amended version of
the SEsM are discussed. Finally, several concluding remarks are given in Section 4.
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2. Materials and Methods

Below, we discuss the simple equations method. It is an algorithm for obtaining exact
and approximate solutions of nonlinear differential equations. The method was designed
for the search of the solutions of systems of n nonlinear differential equations. The solution
was constructed by the solutions of m simpler differential equations (Figure 1). The most
applications of the algorithm up to now have been to obtain solutions of one nonlinear
differential equation. This solution is searched as a function of the solution of one simple
equation. The corresponding specific case of the SEsM is called the Modified Method
of Simplest Equation (MMSE). Other kinds of examples exist as well. They present the
solution of the solved nonlinear differential equation, which is a function of the solutions
of several simple equations. Such examples can be seen in Section 3 below.

SIMPLE EQUATIONS METHOD (SEsM) GENERAL CASE:

SYSTEM OF N DIFFERENTIAL EQUATIONS
USE OF M SIMPLE EQUATIONS

SPECIFIC CASE:

1 DIFFERENTIAL EQUATION  USE OF M SIMPLE EQUATIONS

SPECIFIC CASE:

1 DIFFERENTIAL EQUATION USE OF 1 SIMPLE EQUATION

(MODIFIED METHOD OF SIMPLEST EQUATION)

Figure 1. The general case of the simple equations method and two of its specific cases. The general
case of the SEsM is to search for the solution of a system of N differential equations. The solution
is constructed on the basis of the solutions of M simpler differential equations (the parameter M
may depend on the parameter N). A specific case of the SEsM is the case when one has to solve
one differential equation and the solution is constructed on the basis of the solutions of M simpler
differential equations. The simplest case of the SEsM is as follows. One has to solve one differential
equation. The solution is constructed by the solution of one simple equation. This specific case is
known as the modified method of simplest equation.

The version of the SEsM discussed in [47] has 7 steps. They are shown in Figure 2. We
observed that this version of the methodology can be amended by the use of composite
functions and their derivatives. The result was that the number of steps of the SEsM
decreased from 7 to 4. This amended version is discussed below.
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SIMPLE EQUATIONS METHOD (SEsM) STEP 4:
THE LAST SOLUTIONS ARE
CONSTRUCTED BY SOLUTIONS OF
ORDINARY DIFFERENTIAL EQUATIONS

(ODEs)

N DIFFERENTIAL EQUATIONS

M SIMPLE EQUATIONS

STEP 1:

TRANSFORMATION OF NONLINEARITIES
STEP 5:

THE ODEs ARE SELECTED
(THEY ARE CALLED SIMPLE EQUATIONS)

STEP 6: >

APPLICATION OF STEPS 1-6
TO SOLVED SYSTEM OF N DEs
TRANSFORMS IT TO A SYSTEM OF
NONLINEAR ALGEBRAIC EQUATIONS

STEP 7: )

ANY NONTRIVIAL SOLUTION OF THE
SYSTEM OF ALGEBRAIC EQUATIONS
LEADS TO SOLUTION OF SOLVED SYSTEM OF
N DIFFERENTIAL EQUATIONS

BY TRANSFORMATION OF
UNKNOWN FUNCTIONS

STEP 2:
TRANSFORMED FUNCTIONS
ARE CONSTRUCTED

BY BASIC FUNCTIONS

STEP 3:
THE BASIC FUNCTIONS
ARE CONSTRUCTED BY
SOLUTIONS OF PARTIAL
DIFFERENTIAL EQUATIONS

Figure 2. The 7 steps in the case of the SEsM from [47]. For details, see [47].

3. Results
3.1. The Amended Version of the SEsM

The amended version of the method of simple equations consists of four steps (see
Figure 3). We unified Steps 2—4 from the previous version into Step 2 of the amended
version. In addition, Steps 5 and 6 from the previous version were unified into Step 3
of the amended version. The description of the amended version of the methodology in
is presented in more detail as follows.

STEP 3:

SIMPLE EQUATIONS METHOD (SEsM)

THE MORE SIMPLE DIFFERENTIAL
N DIFFERENTIAL EQUATIONS

M SIMPLE EQUATIONS EQUATIONS ARE SELECTED

(THEY ARE CALLED SIMPLE EQUATIONS)
; THE RELATIONSHIPS FOR THE
COMPOSITE FUNCTIONS ARE FIXED
STEP 1: (IF THIS WAS NOT DONE IN STEP 2).

TRANSFORMATION OF NONLINEARITIES THE SOLVED SYSTEM OF N DEs

BY TRANSFORMATION OF IS TRANSFORMED TO A SYSTEM OF

ONKNOWN FUNCTIONS NONLINEAR ALGEBRAIC EQUATIONS

\ '

STEP 2:
TRANSFORMED FUNCTIONS

ARE CHOSEN AS COMPOSITE STEP 4:
FUNCTIONS OF OTHER ANY NONTRIVIAL SOLUTION OF THE
FUNCTIONS WHICH ARE SYSTEM OF ALGEBRAIC EQUATIONS
SOLUTIONS OF MORE SIMPLE LEADS TO SOLUTION OF SOLVED SYTEM OF
DIFFERENTIAL EQUATIONS N DIFFERENTIAL EQUATIONS

Figure 3. The version of the SEsM based on the use of composite functions. The composite function
allows us to unify Steps 2—4 from Figure 2 into Step 2 here. In addition, Steps 5 and 6 from Figure 2
are unified into Step 3 here. Thus, the methodology becomes clearer. Instead of 7 steps, the new
version of the SEsM consists of 4 steps.

We considered a system of nonlinear partial differential equations:

Bilui(x,...,t),...,un(x,...,1)] =0, i=1,...,n. (1)
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In Equation (1), Bjui(x,...,t),..., un(x,...,t),...] depend on the functions

uy(x,...,t),..., uy(x,...,t) and some of their derivatives (u; can be a function of several
spatial coordinates). We performed four steps:

@

@)

®)

We applied transformations:
ui(x, ey t) = Ti[Fi(x, e, t), Gi(x, eee, t), . ] (2)

T;(F;, G;,...) is a function of other functions F;, G;,.... F(x,...,t), Gi(x,...,t), ...
are functions of several spatial variables, as well as of time. The transformations T;
have two goals:

(a) They can remove some nonlinearities if possible (an example is the Hopf-Cole
transformation, which leads to the linearization of the Burgers equation [20,21]);

(b)  They can transform the nonlinearity of the solved differential equations to a
more treatable kind of nonlinearity (e.g., to polynomial nonlinearity).

In the case of one solved equation, the transformation T(F,G,...) can be: the
Painleve expansion; u(x, t) = 4 tan~![F(x, t)] in the case of the sine-Gordon equation;

u(x,t) = 4tanh '[F(x,t)] in the case of sh-Gordon (Poisson-Boltzmann equation)
F(x,t) .
G(xt)”

(for applications of the last two transformations, see, e.g., [52-54]); u(x,t) =

T alF(h)

u(x,t) = 5%———; or another transformation.

Eo bi[G(x b))

In numerous cases, one may skip this step (then, we have u;(x,...,t) = Fi(x,...,t)).

In many other cases, the transformation is needed to obtain a solution of the studied

nonlinear PDE. The application of Equation (2) to Equation (1) leads to a nonlinear

differential equations for the functions F;, G;, . . ..

No general form is known for the transformations T;. The reason is that the nonlin-

earities in the solved equations can be of different kinds. The most studied cases of

transformations are transformations that result in differential equations containing
polynomial nonlinearities;

This step is based on the use of composite functions. It unifies Steps 2—4 from the

version of the SEsM from [47]. In this step, the functions Fi(x,...,t), Gi(x,...,t),

. are chosen as composite functions of the functions f1, ..., fiN, Li1,---,§iM, -+ -~
which are solutions of simpler differential equations (Step 2 in Figure 3). There are
two possibilities:

(a) The construction relationship for the composite function is not fixed. Then,
we have to use the Faa di Bruno relationship for the derivatives of a compos-
ite function;

(b)  The construction relationship for the composite function is fixed. For example,
for the case of one solved equation and one function F, the construction
relationship can be chosen to be:

N N N N N
F=a+ Z IBilfil + Z Z ’YilrizfilfiZ + Z Z Uil/---fiNfil "‘fiN‘ ®)
i=1 =1 i

i1:1 i2:1 ZN:1

Then, one can directly calculate the corresponding derivatives from the solved
differential equation;

In this step, we have to select the simple equations for the functions fi,..., fin,
Si1,---,8iM, - - .. In addition, if we are in the hypothesis of Point (a) of Step 2, we
have to fix the relationship between the composite functions Fi(x, ..., t), Gi(x,...,t),
..., and the functions fj1, ..., fin, §i1,---,8iM/ - - .- We note that the fixation of the
simple equations and the fixation of the relationships for the composite functions
are connected. The fixations transform the left-hand sides of Equation (1). The
result of this transformation can be functions that are the sum of terms. Each of
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these terms contains some function multiplied by a coefficient. This coefficient is a
relationship containing some of the parameters of the solved equations and some of
the parameters of the solutions of the simple equations used. The fixation mentioned
above is performed by a balance procedure that ensures that the relationships for the
coefficients contain more than one term. This balance procedure leads to one or more
additional relationships among the parameters of the solved equation and parameters
of the solutions of the simple equations used. These additional relationships are
known as balance equations;

(4) We may obtain a nontrivial solution of Equation (1) if all coefficients mentioned in
Step 3 are set to zero. This condition usually leads to a system of nonlinear algebraic
equations. The unknown variables in these equations are the coefficients of the solved
nonlinear differential equation and the coefficients of the solutions of the simple
equations. Any nontrivial solution of this algebraic system leads to a solution of the
studied nonlinear partial differential equation.

From the system of algebraic equations, we determined the relationships for the
parameters of the solution. Two possibilities exist:

(@) The number, which is the sum of the number of parameters of the solution and
the number of parameters of the equation, is larger than the number of algebraic
equations or equal to the number of algebraic equations. Then, the system usually
(but not in all of the cases) has a nontrivial solution (or solutions). Independent
parameters may be presented in this solution. The other parameters of the solution
are functions of the independent parameters;

(b) The number, which is the sum of the number of parameters of the solution and
the number of parameters of the equation, is smaller than the number of algebraic
equations. Then, the system of algebraic equations usually does not have a nontrivial
solution. However, there can be exceptions in this case. An exception occurs when
the number of equations of the algebraic system can be reduced and this number
becomes less than or equal to the number of available parameters. Then, Case (b) is
reduced to Case (a), and a nontrivial solution is possible.

3.2. Faa di Bruno Relationship for Derivatives of a Composite Function

The composite functions play an important role in the amended version of the SEsM.
Below, we provide information about the derivatives of the composite functions. These
derivatives were used in the process of the application of the SEsM.

3.3. The General Case: Composite Function of Many Functions of Many Independent Variables

Let us consider the function h(xy,...,x,;). Itis a function of d independent variables
x1,...,X3. We assumed that the function % is a composite function of m other functions

g%l),...,g(m):
h(xi,...,xq) = fIgV (en oo xa), o, 8 (2, xg)]-

We introduce the following notations:

1. vV =(v,...,v4)isad-dimensional index containing the integer non-negative numbers

Vi,.--,V4,;
2. Z=(zy,...,2z4) is a d-dimensional object containing the real numbers z1, . .., z4;
d
3. |7 |= ¥ v;is the sum of the elements of the d-dimensional index ¥/;
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6. DJV; = %, | 7 |> 01is the V-th derivative with respect to the multicomponent
xl xd

variable X¥. We note that in this notation, Dg is the identity operator;

7. || Z||= max | z; | is the maximum value component of the multicomponent vari-
1<i<d

able Z;
8.  For the d-dimensional index | = (Ii,...,13) (I, ..., 1 are integers), we have T <
when [; <v;,i=1,...,d. Then, we define:

= d . 71
v vi) _ V! ]
<l> q<l> oY

9.  Ordering of vector indexes: For two vector indexes ji = (yy,..., ) and V =
(v1,...,v4), we have ji < 7 when one of the following holds:
@) <[ 7;

| A
b) J#|=|V]|and py < vy;
(c) | i |=|V |,y =v1,... uyp =vgand pyq < vy forsome 1 <k < d.

Below, we also use the notation:

h(l-;) = DZh, f—* =

X

Then, the Faa di Bruno relationship for the composite derivative of a function contain-
ing functions of many variables is [73]:

(4)

In addition:

ki=0; [=0, 1<i<n—s,|k|>0, n—s+1<i<n.

- - n o, - .o
Finally, 0 < [,_s41--- < I, are such that }_ k; = A;and Y | k; | [; = V. Then,
i=1 i=1

Equation (4) can be written as:

Q)
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Several Specific Cases of the General Relationship

We discuss below the specific case when the composite function # is a function of two
independent variables x and x;. In this case:

h(x,x2) = flgM (x1,%2), .., 81" (31, %2)]

Then, from Equation (4), the Faa di Bruno formula for the composite function contain-
ing functions of two variables is:

vty aA1+---+A,nf { V141,
hipy = ——— = (r1!p!) X
v axll/laxgz 1§(/\1+'~-+Z/\m)§1/1+1/2 ag(l)Al .. 'ag(m)/\m ; Ps(Zﬁ:X)

s 1 m [ glatla f"”

(i)
[] ——— 11 —7—8 - (6
i1 [(kj,ll--'kj,m!)(lj,l! + Lyt e 25 (ax’;'laxlzf'z

The version of the formula that arises from Equation (5) is:

Y (nhn!) x

@A)

ovitv2j a/\1+"'+AW’f
h
p

)7 a2 MM gg(mtn

kji
n 1 m oliatliz . ]/] }
(i)
[] —— 11 —7-8 : @)
=1 [(kj,l!---kj,m!)(lj,l! Jrlj,z!)kf’1+ i 11 (axl{’léxlz”2 )

Let us consider the case of the composite function containing three functions of two
independent variables. In this case:

1< (A1 +Am) <vi+vs 0F

h(x1,x2) = flgW (x1,%2), 8P (x1,%2), 83 (31, 2)]

Then, from Equation (4), the Faa di Bruno formula for a composite function containing
three functions of two independent variables is:

aV1 +V2h a)Ll +/\2+/\3f V1+v2
3)%s

@~ ax?ax? a 1<(A+A24+A3)<v 412 ag(l))‘lag(z)/\zag(
s

k
3 L+ "

1| s () [ e

j=1 L (kjatkj 2tk (Lia! 4 2) 5527502 5\ g 0x)?

The version of Equation (8) arising from Equation (5) is:

vitiay M tA+As f

ook (v11n!) x
W axaxg: 1< (A TAs) < vy 011092 29(3)% { p(7.1)

3 lir+; e
ﬁ[ e T e H ©)
j=1 L (kjatkjathst) (Lia! =+ L) 527053 g \ g 0x)?

Next, we considered the case of the composite function containing two functions
of two independent variables. In this case, the composite function is a function of the
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functions gV (x1, x2) and ¢(®) (1, x2). The Faa di Bruno formula for the composite function
containing two functions that are functions of two variables is:

vitray aAl +)\2f 1+V2
Y. o am { Z

P v ORI PO L PG
S

@) = oxloxy?
2 L1+ Ji

H[ 1 +k H i g ]} 1o

i1 | (ejatkio!) (Lt + 1oty Nn iz g axlla i%

The version of Equation (10) arising from Equation (5) is

uitrep MtA2 f

h SViav: 2 { (r!wp!) x
(V) axllaxzz 1§(/\1+)\2)§1/1+1/2 ag(l)/\l ag(z))\2 p(17,7\)

kji
n 1 2 al]',1+l]',2 . K
(i
]11 [ ) ]l+k]2 1:!: I; —8 ) ' (11)

(kiatkiah) (Lja! + 12 ax{’laxlz”z

Finally, we considered the case of a composite function containing one function of
one variable. For the case of one function of one variable & = f[g(x)], the Faa di Bruno
formula is:

“Y o ¥l L7 A. 1. (12)

k=1 plkn) i=
In Equation (12):

. h( n) = d I is the n-th derivative of the function ;

* fw= flgj,: is the k-th derivative of the function f;

* gH= £2 is the i-th derivative of the function %
e p(n, ) = {)\1, A2, ..., An}: the set of numbers such that:

3.4. Several Results Relevant for Applications of the SEsM

Here, we present two theorems. They are for some features of the SEsM connected
to the use of composite functions by this methodology. Theorem 1 is for the case of a
differential equation containing polynomial nonlinearities where the unknown function
h depends on two independent variables. The theorem states that for the case when the
unknown function is a composite function, constructed by exponential functions, the solved
equation can be reduced to a system of nonlinear algebraic equations. The theorem ensures
that the SEsM is applicable in this case. The theorem is connected to the solutions of (1 + 1)-
dimensional equations constructed on the basis of exponential functions. Many equations
that have multisoliton solutions are of this class. The applicability of the discussed version
of the SEsM to such equations is shown on the basis of a classic example—the Korteweg-de
Vries equation. Another application is connected to obtaining standing wave solutions of
differential equations for the case when these solutions are constructed by trigonometric
and hyperbolic functions.

Theorem 2 shows that the SEsM can be applied also when the composite function is
constructed by a function of a single variable and this function of a single variable satisfies
the differential equation containing polynomial nonlinearities. We discuss a consequence of
this theorem for the case when the simple equation used contains the equations of Bernoulli
and Riccati as specific cases. This case ensures that the SEsM can be applied for the solution



Computation 2021, 9, 104

10 of 28

of differential equations containing polynomial nonlinearities for the cases when the simple
equations used are the equations of Bernoulli, Riccati, Jacobi elliptic functions, etc. In such
a way, we show why a large number of methods for obtaining exact solutions of nonlinear
differential equations can be treated as specific cases of the SEsM.

Theorem 1. Let us consider a nonlinear partial differential equation that contains a polynomial P
of the function h(x1, x3) and its derivatives. The relationship for this equation is:

P(h,hy,, ..., hy,) = 0. (13)

Above, N can be any natural number. We searched for the solution of the above equation in
the form:

h(x1,x2) = flgW (x1,%2), ..., g™ (x1, x2)]

where h is the polynomial of the functions g (x1,x2),...,8" (x1,x3). Let each function
¢ (x1, x7) satisfy the simple equation:

8oy = g (14)

where w; j is a constant parameter. Then, the solved nonlinear partial differential equation is reduced
to a polynomial of the functions gV (x1,x2),...,¢" (x1,x7).

Proof. Let us consider Equation (7). We substituted Equation (2) in (7). The result is:

. ax?ax? - 1A +++Am) Svi 41, 38(1))\1 ...9gtm)

([E

(kj,l! . k]',m!)(l]‘,ll + l]‘,zl)kj’l—"_"'—"_kj’”’

Y. (nhn!) x

(C28)

al/l-‘rl/zh aA1+...+Amf
hw X p
4

=1
L:qk; Liqkim Lok Lok ki k;
7151 j1Kim ti2K1 7.2%5,m (]) j1 (m) jm

I ERY . S RS P PRY o ... . (15)

We looked at Equation (15). The term:

)3 (Vllvzl)ﬁ l(k ! hikin

n
Kipttkiy 11
p(7A) =1 L (ki Ky (Lt L t) o

Livkim Lok 1 5k; k; k;
o fm  Fi2kj1 325jm o (1)%i (m)"jm
L R S IR L S ...8 ,

is a polynomial of g(l), ... ,g('”). It is multiplied by another polynomial of g(l), - ,g(m),
namely by % Thus, h is a polynomial of ¢M,...,¢™. Then, any of
ag(]) l“_ag(m) m

hy,, ..., hy, is a polynomial of g(l), .. ,g('"). This means that P(h, hy -, th) is a polyno-

mial of g(,...,¢(". O

We note that the resulting polynomial P(h, hy,, . .., hy, ) contains monomials multi-
plied by coefficients that are nonlinear algebraic relationships between the parameters of
the solved nonlinear partial differential equation and parameters «; ;. We can set these
coefficients to zero and obtain a system of nonlinear algebraic equations. Any nontriv-
ial solution of this algebraic system (if such a solution exists) leads to a solution of the
solved nonlinear partial differential Equation (13). Thus, Theorem 1 ensures that we can
reduce to a nonlinear algebraic system any nonlinear differential equation that depends
on two independent variables and has polynomial nonlinearities. In order to do this, we



Computation 2021, 9, 104

11 of 28

have to search for the solution as a composite function containing exponential functions.
Theorem 1 is an indication of how to apply the SEsM in such cases. The class of equations
concerned is a large one. Many important equations are in this class (e.g., many equations
that have multisoliton solutions). For the convenience of the reader, we write the form
of the derivatives of the composite function constructed by the exponential function for
two cases. For the case of a composite function containing three exponential functions that
are functions of two independent variables, we considered Equation (9) and substituted
Equation (2) in (9). The result is:

g 20 st {5
7) = = V1:V2:) X
v axllax? 1< (M +A24+A3) <vi 412 ag(l)’\l ag(z)Azag(3)A3 p(A)
II 1 .
=1 [ (Kjatkjatkia!) (1ia! 4 1oty sin Tiathis

Litkin Liikio Liikis Liokip Liokio Lok ki k ki
JA%j1 /1]2 11]3 /211 1212 1213 1)%1 _(2)%i2 _(3)%i3
App g() g() 8() ]}

For the case of a composite function containing two exponential functions that are
functions of two independent variables, we considered Equation (11). We substituted
Equation (2) in (11). The result is:

Qvitiay MtA2
hw) = W = f{ (r1tva!) x
(

1< +Ag) < v, gD 1922 p(¥,1)

n 1 ljlkj1 lirkjn o
ayy
=1 [ (kjatkiat) (gt + 12t Kiathiz

Lokiq 1ok k; k;
J2%i1 ti2Ri2 (1)%1 (2)%)2
Xip &55 g( ) 8( ) 1 }

We can use simple equations that are more complicated than the equation for the
exponential function (Equation (2)) in the SEsM. Let us consider the case of the composite
function of one function, which depends on a single independent variable. Let us consider
a nonlinear partial differential equation with nonlinearities that are polynomials of the
unknown function h(x, f) and its derivatives. We searched for a solution of the kind:

h(x,t) = h(&); & = ux+vt,

where y and v are parameters. The basis of our search is a solution () of a certain simplest
equation. Hence:

h=flg(®)] (16)

h from Equation (16) is a composite function. For the n-th derivative of &, we have the Faa
di Bruno formula (12). Let us assume that f is a polynomial of g. Then:

q
f=Y by (17)
r=0

We used the following simple equation:

gl(k) (dgk) Zajg] (18)
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In Equation (18), k,I,m are integers. The nonlinearity in Equation (18) is of the
polynomial kind. As mentioned above, this simple equation is more complicated than
Equation (2). The solution of Equation (18) defines the function Vg 4,,....4,, (¢; k, I, m) where:

e k: order of the derivative of g;
¢ [: degree of the derivative in the defining ODE;
e m: highest degree of the polynomial of g in the defining ODE.

This function V has interesting properties. Its specific cases are trigonometric, hy-
perbolic, elliptic functions of Jacobi, etc. Below, we used the function V, 4,,...a, (¢; 1,2, m),
which is the solution of the simple equation:

dg\* o .

gy = (dér> =) a8 (19)
j=0

We have proven the following theorem [66].

Theorem 2. If g%l) is given by Equation (19) and f is a polynomial of g given by Equation (17),
then for h[f(g)], the following relationship holds:

iy = Ku(q,m)(8) + 8(1)Zn(q,m)(8)
where Ky, (q,m)(g) and Z,,(q,m)(g) are polynomials of the function g(¢).
The polynomials K, (g, m)(g) and Z,(q, m)(g) can be calculated as follows.
q
KO = Z brgr
r=0
Zy = 0 (20)

Then, starting from Equation (20), we obtain:

Zn & az, & ;
Kpy1 = 7;1 Z]ajg] L F . Z”jg]
j=0 § j=0
dKn
Zpy1 = iz (21)

Several of the polynomials K;, and Z,, from Equation (21) are calculated in Appendix A.

Theorem 2 can explain why many methods for obtaining exact traveling wave so-
lutions of nonlinear partial differential equations that contain polynomial nonlinearities
are specific cases of the SEsM. Many of these methods use simple equations, which are
the equation of Bernoulli or the equation of Riccati. These equations are specific cases of
Equation (19). This can be proven as follows. The equations of Bernoulli and Riccati are
specific cases of the simple equation:

gy =y o8- (22)
j=0

In Equation (22), n and ¢; are constant parameters. However, Equation (22) is a specific
case of (19). We prove this as follows. The idea is that Equation (19) contains all cases of
(22). From Equation (22):

n

n . n . n PR 2n
gy = (L ag) (X ce) = Y Y cicig™ = Y agt. (23)
i=0 =0 k=0

i=0j=0
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In Equation (23), a; are appropriate combinations of the coefficients c;. Equation (23)

is of the kind (19). Then, Equation (19) contains all possible relationships of the kind (22).

However, Equation (19) contains more than this. For example, Equation (19) contains
the case:

g%l) =a9+mg. (24)

Equation (24) cannot be reduced to a relationship of the kind (22). Then, Equation (22)
is a specific case of (19).

Thus, the methods based on the use of the equations of Bernoulli and Riccati for the
construction of solutions of nonlinear differential equations with polynomial nonlinearities
are specific cases of the SEsM where the composite function can be represented according
to Theorem 2. The discussed consequence of Theorem 2 shows, for example, that the
homogeneous balance method [74] and tanh method [75] are specific cases of the SEsM.

The direct application of Theorem 2 is convenient when, for example, the simple
equation is an equation for a Jacobi elliptic function. Theorem 2 shows that, for example,
the Jacobi elliptic function expansion method [76] and the F-expansion method [77] are
specific cases of the SEsM.

For the case when the simple equation has the specific form of Equation (22), we have
a simpler situation. Instead of the two kinds of polynomials Z, and K;;, we have a single
kind of polynomial L,. In other words, for the case when the simple equation is of the kind
(Equation (22)), h(,,) is a polynomial of g: hi(,,;) = Ly (g). These polynomials can be calculated
as follows. We start from:

9
LO = Z brgr.
r=0

Then, we use the recurrence relationship:
dL; .
Lisi = 2t ¢ (25)
8 =
j=0

Several of the polynomials L; are calculated in Appendix B. In addition, we present in
Appendix C several derivatives of a composite function that is function of two functions of
two independent variables. In Appendix D, we present several derivatives of a composite
function that is function of three functions of two independent variables. The information
from these appendices are used in the examples below.

3.5. lllustrative Examples

The goal of the discussion below is to show how the methodology of the SEsM works.
For an example, multisoliton solutions can be obtained. We show this for the Korteweg-de
Vries equation. In addition, we show that the methodology can lead to specific solutions of
nonlinear partial differential equations that are not integrable.

Below, we used the composite functions in the SEsM as follows. We used Equation (3)
to fix the relationship for the composite function. On the basis of Equation (3), / can be
written as:

h=Ty+ T+ - -+ Tn. (26)
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N can be any natural number. Note that the value of N can also be equal to co. The
relationships for T; are:

Ty = «a = const
N .
Tl — Z ﬁilg(ll)
i=1
N N ) )
T, = 2 2 %l,z'zg(”)g(”)
i=1i=1
N N N ) ) )
I = Z Z Z 5i1,i2,i3g(ll)g(12)g(13)
i1=1iy=1i3=1
. N N N ) ) )
TN — Z Z e Z U'il,iz,..-,i]\]g(ll)g(l2> - .g(lN) (27)

ii=1lip=1  iy=1

We note that the functions g(i”) are the solutions of the corresponding simple equations.
For the cases considered below, we used the following specific forms of Equations (26)
and (27). For the case of the composite function of a function of one variable 1 = f[g(1)(&)]:

N :
h=Y pigV. (28)
i=0

In Equation (28), N is a parameter, which is fixed by means of balance equation.
For the case of the composite function of a function of two variables i = f[g(V) (x, ),
¢ (x,t)], we used the simple relationship:

2 2
h=a+ pig" + pag® + g + 1287+ 139 We?. (29)

For the case of the composite function of a function of three variables i = f[gV) (x,t),
¢ (x,1),8%) (x,1)], we used the simple relationship:

3 ) 3 3 o 3 3 3 N .
h=a+ Y Big™+ Y Y 78080 + YV Y 648 0g gt (30)

i=1 i=1j=1 i=1j=1k=1

Equations (28) and (29) were obtained by selecting only several terms from the large
number of possible terms in Equation (26).

Next, we considered illustrative examples for the case of the composite function that
is a function of one function of one variable. First of all, we considered the Korteweg—de
Vries equation:

ou ou  u

§+6u£+$:0. (31)

Following the steps of the SEsM, we applied the transformation:

2
2 ph _ (oh
w(x, ) = 22 [inh(x, £)] = 2 “hz(a)

522 (32)

This is Step 1 of the SEsM. The Korteweg—de Vries Equation (31) was transformed to:

(33)

9%h oh oh o*h oh 9%h 0%h 2
—— ——+h— —4——+3— | =0.
oxot  Ox ot x4 ox 9x3 ox2
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Next, we considered & as a composite function of one function of one variable § = Ax +
wt+ 0. A, w, and o are parameters (Step 2 of the SEsM). Equation (33) was transformed to:

d*h dh 4, d*h 4dh dh o[ @h
_ e 4 =0. 4
M’hd@ /\w(d€> + A hd§4 A d§d§3 +3A (d(fz) =0 (34)

In Step 3 of the SEsM, we used Equation (28) as the relationship for the composite
function i. We set N = 1 in (28). In addition, the simple function g()(&) was assumed to
satisfy the simple Equation (22) for the case n = 1 and ¢y = 0. Then, the derivatives f,) of
the composite function & are given by the polynomials L; discussed above in the text (the
relationships for L; are given in Appendix D).

In such a way, the Korteweg—de Vries Equation (34) was reduced to a polynomial that
has to be equal to zero. This was achieved by setting the coefficients of the terms of the
polynomial to zero. The result is a system of algebraic equations (Step 4 of the SEsM). This
system of algebraic equations contains one equation:

w+ A2 =0, (35)

in addition to By = 1. Equation (35) can be solved for w, for example. The solution is
nontrivial. This, nontrivial solution leads to the one-soliton solution of the Korteweg-de
Vries equation.

Another example is for the equation of the class:

oh ?h 9?h 3h
F’la"‘mha o +P3ha 5 -l-P4a 3 + psh® 4 pgh® + py + pg = 0. (36)

In Equation (36), p1, p2, P3, P4, P5, Pe, P7, ps are parameters. We skipped Step 1 of the
SEsM (no transformation of the nonlinearity). In Step 2 of the SEsM, we used Equation (28)
as the relationship for the composite function h. In Step 3 of the SEsM, we fixed the value
of N. The form of the composite function 1[g(1) ()] (& = ayx + azt) becomes:

2
= BogM” + p1g™ + Bo. (37)

At the same time, the form of the simple equation for g(!) was fixed by means of a
balance equation:
d g(l)
dg
By means of Equations (37) and (38), Equation (36) was reduced to a system of seven
nonlinear algebraic equations (Step 4 of the SEsM). One nontrivial solution of this system is:

= ucg(l) ocg(l). (38)
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5B% + 11B2p1 + 62

Bo = 26> ,
A = 558341088281 + 5483,
B = 5B3+ 118,51 + 683,
25
C = 2585+ (Bt P1)B +64B3p1 + 44257 + 657,
_ pspiA
P 3aa, BC’
D = 9583+ 12683 + 317B3p1 + 34827 — 30(B2 + P1)B,
4
4B 1 e
b2 a2y 0
o _ 5psp5(Ba+ B1)A
! 3a3%3BCD '
_ 2ApsprA
ps BCD '
_ 2psP5(97B5 + 198Bap1 +99B7) A
Po = BCD ’

psP2(1783 + 36B2B1 + 1863)
(582 + 6p1)(175p3 + 52865 B1 + 513427 + 162p7)

p7 = —60

The solution of the simple Equation (38) is:

1

(1) - -
§(@) = 1+exp(ag)’

Then, a particular exact solution of the equation:

4 A
psB3A b A5ER + psalad 3h 0%h  Spspi(Ba+ p1)APh | 24pgBIA

3an1BC dx
2psB3(97p3 + 198B2p1 +99p%) A

Wt on e
a2nq 0y oxot s ox?2 3a3a3BCD 93 + BCD

psP2(17B% + 36B2B1 + 18p62)

2 _
ST 6B1) (17563 + 5286381 + 51323 + 16257
ps =0,
is:
() — 1 2 1 565 + 11Bap1 + 657
©=brropw) P iTesed %

where:
¢ = wx + at.

Next, we present examples for the case of the composite function that is a function of
two functions of two variables. First, we considered again the Korteweg—de Vries equation.
In this case, we applied the SEsM as follows. We used the transformation (32) and ob-
tained Equation (33) from (31) (Step 1 of the SEsM). Then, we considered / as a composite
functions of two functions of two variables. We used the relationship (29) (Step 2 of the
SEsM). In addition, the simple functions ¢(!) (1) and g?) (1, ) satisfy simple equations of
the kind (22) for the case n = 1 and ¢y = 0 (Step 3 of the SEsM) #; = Ajx + w;t +0;,i =1,2.
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The further application of the methodology (Step 4 of the SEsM) led to y; = 7, = 0 and
reduced the Korteweg—de Vries equation to the system of two algebraic equations:

wi+A3=0,i=1,2, (39)

in addition to & = 1; B1 = Bo = B, 73 = B*1, where u is a parameter. Equation (39) can be
solved for w;, i = 1,2, for example. The solutions are nontrivial. These nontrivial solutions
lead to the two-soliton solution of the Korteweg—de Vries equation.

Another example is connected to the equation:

o [(Ph 3%h an\*  [on\?| _
(1+h)(axz—at2>—2h (E)x) _<8t) = h(1—K?). (40)

We applied the SEsM and skipped Step 1 (no transformation of the nonlinearity). The
composite function / is of the kind (29) wherea« =0, f1 = B2 =0, 71 = 72 = 0 (Step 2
of the SEsM). In addition, g!) does not depend on t and g(?) does not depend on x. Let
73 = A. The composite function becomes:

hx,t) = AgW (ax)g?) (691), 6= +1. (41)

We note that the composite function (41) allows for complicated simple equations for
g1 and ¢®). These equations can be of the kind of equations for the elliptic functions of
Jacobi (Step 3 of the SEsM):

dg)’ W4 g 1)
= a(ag +big +c1)

dx

2\?
(dix ) - 5(”28(2)4 + bzg(z)Z +c2). (42)

In Step 4 of the SEsM, Equation (40) is reduced to a system of algebraic equations:

0(2171 — ’)/zbz
w?a; +9*A% = 0
Y2ay +a?A%c; = 0. (43)

Equation (43) has various nontrivial solutions. For example, one of these solutions is

. 2_
when a2 — 42 < 1. We can consider A as a free parameter. Then, a> = 7% + 22 é. Thus,

A%[a?(A%4+1) +1 A2[y?(A%+1) -1
h(x, t) = Acn{ocx; [wziAz_—:il;;— ]}cn{&yt; [r':ziAzj_-l))z ]} (44)

In Equation (44), en(ax; k1) and en(yt; k) are the corresponding Jacobi elliptic func-
tions of modulus 0 < k; < 1and 0 < ky < 1, respectively.

Equation (43) has an interesting specific case when k; = 1 and k; = 0. In this case,
en(ax; ki) = sech(ax) and en(éyt) = cos(8+yt). Then,

COs

6
(A2+1)1/2]t
1/2

X

h(x, t) =

(45)
AZ

cosh A1
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Equation (45) can also be obtained straightforwardly on the basis of the composite
function (41) if one takes for ¢g(1) and g(? the corresponding simple equations for the
trigonometric and hyperbolic functions, respectively.

Finally, we discuss an example use case of the composite function that is a func-
tion of three functions of two variables. This led us to the three-soliton solution of the
Korteweg—de Vries equation. In this case, we applied the SEsM as follows. We used the
transformation (32) and obtained Equation (33) from (31). Then, we considered h as the
composite function of three functions of two variables. We used the relationship (30). In
addition, the simple functions gV (171), §?) (172), and g®) (173 satisfy simple equations of
the kind of Equation (22) for the casen =land ¢y = 0. i7; = Ajx + wit + 05,1 = 1,2,3. The
application of the SEsM led to ;1 = 7 = 0 and reduced the Korteweg—de Vries equation
to the system of three algebraic equations:

wi+A=0,i=1,23, (46)
in additiontoa = 1; f1 = B2 = B3 = B, 7ii = 0, §;jx = 0 except for é123. Moreover,
Ai—ADE L. .
VYij = ,3611"]' where ai; = ﬁ, 1,] = 1,2,3,i < JE Fmally, (51/2,3 = ‘3611,2611,3012,3.

Equation (46) can be solved for w;, i = 1,2,3, for example. The solutions are non-
trivial. These nontrivial solutions led to the three-soliton solution of the Korteweg-de
Vries equation.

4. Concluding Remarks

This article was devoted to a discussion of the methodology called the Simple Equa-
tions Method (SEsM) and several results connected to this methodology. The new results
were as follows:

1.  We presented an amended version of the SEsM in comparison to the version from
[47]. The amended version was based on the use of composite functions and their
derivatives. In such a way, the number of steps of the SEsM was reduced from
seven to four. In the amended version of the SEsM, we determined the form of the
composite functions used. This increased the amount of computations with respect
to the amount of computations for the version of the SEsM with seven steps. In the
last version, we made assumptions about the form of the relationships among the
solutions of the solved equations and the solutions of the simple equations. This led
to the intermediate steps, but decreased the amount of computation. However, if the
assumptions are not appropriate, we may miss the solutions of the solved equations;

2. We discussed a theorem that states that under certain conditions, a nonlinear dif-
ferential equation with polynomials nonlinearities can be reduced to a polynomial
containing monomials consisting of exponential functions. This theorem justified
the application of the SEsM as the setting of the coefficients of the obtained polyno-
mial to zero led to a system of nonlinear algebraic equation, which led exactly to
Step 4 of the SEsM. We note that in such a way, the SEsM can lead to multisoliton
solutions of a large class of equations. An illustrative example for the Korteweg—de
Vries equation was given;

3. A consequence of a theorem proven in [66] was used in order to show that the simple
equation of the SEsM can contain polynomial nonlinearities of large power for the
case when the composite function used in the SEsM is a function of one independent
variable. This consequence showed that many methods that search for exact traveling
wave solutions of nonlinear differential equations on the basis, for example, of the
equations of Riccati and Bernoulli are specific cases of the SEsM;

4. We presented many illustrative examples for the application of the amended version
of the SEsM.

Finally, we want to stress that the SEsM is an interesting methodology for obtaining
exact solutions of nonlinear differential equations. We showed already that the SEsM is
connected to the inverse scattering transform method and to the method of Hirota [47]. The
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SEsM can lead to specific solutions also of nonintegrable differential equations. The use
of composite functions in the methodology of the SEsM opens possibilities for obtaining
additional results on the methodology, as well as specific solutions of many nonlinear
differential equations. In addition, the kinds of nonlinearities different from polynomial
ones can be treated. This will be one of the goals of our future research.
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Appendix A. Several Polynomials K,, and Z,

The derivatives h(l), h(z), h(3), h(4), h(5), h(6), and h(7) are often used in the model
nonlinear partial differential equations. Below, we calculated the polynomials K;, and Z,
connected to these derivatives. We start from:

r

q
KO — Z brgr
=0
0

Zy = (A1)
From Equation (21), we obtain:
q
Ky =0; Zy =Y rbg? (A2)
r=0
Then:
SRLIpY j+7r—2
K = Y ) ST+ r(r—1)|ajbrg!
r=0 j=0
Z, = 0. (A3)
K3 = 0;
12071, ) 3
Zy = Z 2 {2]1’ +r(r— 1)} (j+r— 2)ajbrg]”*
r=0j=0

(A4)
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9 m m 1 1 ‘
Ky = 2 2 Z {(2]'1’—1—1’(1’— 1)> (j+r—2) (2u +]'+1’—3>:|u]'brﬂug]+r+u4
r=0j=0u=0
Zy = 0. A5
Ks = 0
9 m m 1
Zs = ZZZK ]r+rr—1)>(j+r—2)<u+]‘+r_3>}(]-+
r=0j=0u=0 2
r+u—4 ajbraug]'+7+u—5 (A6)

q9 m m

Ke = Y. ) iszr%—rr—1)>(j+r—2)(;u+j+r—3)(j+

r=0j=0u=00v=0

r4+u— 4)] %U +j+r+u— 5) ajbrauavgj+r+u+vfe
Ze = 0. (A7)
Kz = 0
9 m m m 1
z = LYY (Gt -0)Ger-2(guri+r-3)+
r=0j=0u=00v=0
r4+u— 4)] %v +j+r4+u— 5) (j+r+u+ov— 6)ajb,auavgj+r+u+v—7,
(A8)
etc.
Appendix B. Polynomials L;
We write below several of the polynomials L; for the case (22) We start from:
q
LO = Z brgr. (A9)
r=0
The application of the recurrence relationship (25) leads to the following relationships
for L1,L2, RPN
9 m .
Ly =YY brejg it (A10)
r=0j=0
q9 m m .
L, = Z Z Z byr(r+j— 1)cjckgr+]+k*2. (A11)
r=0j=0k=0
m o m m )
Li=Y Y Y Y br(r+j—1)(r+j+k—2)cjcper g 3, (A12)

r=0j=0k=0

—

0

1=
NgE

N

r=0j=0k=01

br(r+j—1)(r+j+k—=2)(r+j+k+1-3)cjckcicn X
0

0n
gr+]'+k+l+n—4_ (A13)
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Ls = iZZfI f fbrr<r+]‘—1><r+f+k—z>(r+j+k+z—3) X

r=0j=0k=01=0n=0 p=0
(r+j+k+1+n—4)cjcpeicncyg TIPS (A14)

Lg = iiiii i ibrr(r+j—1)(r+j+k—2)(r+j+k+l—3)><

r4jtk+l+n—4)(r+j+k+1+n+p—5)cickcicncpe,g THHTIIPTITE - (A]5)
] ] P pCu8

m m

q9 m m m m m
LyzzzzzzZZZb,rr—i—]—l)(r—l—]—i—k 2)(r+j+k+1-3)x
r=0j=0k=01=0n=0p=0u=0v
(r+j+k+l4+n—4)r+j+k+l+n+p—-5(r+j+k+l+n+p+u—6)x
C]CkclCncpcuCvgr+]+k+l+n+p+u+v—7_

(A16)

Appendix C. Several Derivatives for the Case of a Function That Is a Composite
Function of Two Functions of Two Independent Variables

In this case, i = f[g()(x,t),§® (x,t)]. The derivatives up to order three are as follows:

on  af ag)  af ag®@

ax ~ g0 ox | ag® ax ’ (A17)
(1) 2)
on_ of og 7, 9f 987 (A18)
ot 9g(l ot  9g(@ ot
2
02 3*f [ogW 2f  agMag®  af a2l
2 2 +2 T 2
ox g dx 0¢gMog® ox  ox og) ox
2
a2f ag(2) af a2g(2)
ag<2>2< ox +ag(z) oxZ (AL9)
2 3*f [oagM 2f  agWMag®  aF 92
- = +2
oM g2\ ot ogMag@ ot ot 9g(1) ot
2
P f <ag(2)> af 092
+ : (A20)
ag(z)z ot 0g2)  ot?
n  9*f gl Bg()+ 2f  agMag®  aF a2l
Mt ge(m2 dx 9 agMagl? ox ot ag() oxt
2 (1) 9o(2) 2 2
*f ogWag® = f 9g®ag® - of % (A21)

0gMag® ot ox ag(z)2 dx ot 0g@ axat
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We considered the specific case:

agh
ax; = w8V, (A26)
where x; = x and x; = t. For this case, the above relationships are as follows:
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Appendix D. Several Derivatives for the Case of a Function That Is a Composite
Function of Three Functions of Two Independent Variables

In this case, h = f[g(x,t),§?)(x,t),45(x, t)]. The derivatives up to order two are
as follows:
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We considered the specific case:
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where x; = x and x, = t. For this case, the above relationships are as follows:
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