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Non-local dielectric function of layered structure

The matrix elements of the electron-hole (e-h) direct Coulomb interaction in the Bethe-
Salpeter equation (BSE) represent the amplitudes of the Coulomb scattering between the
charge pair densities via the screened Coulomb interaction. The screened Coulomb inter-
action is essentially the Green’s function that describes the interaction between two point

charges. With the dielectric screening of media, the screened Coulomb interaction W at r;



with a point charge located 75 obeys the Poisson’s equation'™
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where ¢(ry,7’) is the dielectric function. Due to the lattice translational symmetries of the
screened Coulomb interaction and the dielectric function in 2D plane, we can expand the
screened Coulomb interaction and the dielectric function by the in-plane Fourier series which

is defined as
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where G is the reciprocal lattice vector and p = (x,y) is the in-plane coordinate. By using

the Fourier series, the Poisson’s equation is reformulated as
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Since the e-h direct Coulomb interaction is dominated by the long-range component, '

we take the long-range approximation (G; = Gy = G' = 0) for the Poisson’s equation

Eq. (S3), and assume that the dielectric function is local in z-direction,!™
g00(q; 21, 2") ~ 00(q; 21)0(21 — 2') . (54)

For simplification of the notations, hereafter we omit the indices of reciprocal lattice vector
G, and the notations are changed as €4(21) = €o0(q; 21) and W(q; z1, 22) = Woo(q; 21, 22).

Accordingly, the screened Coulomb interaction in the momentum space can be obtained by
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Figure S1: The schematics of the five-layer structure with TMD embedded in the middle,
which gives rise to the piece-wise dielectric function of Eq. (S6). The ¢-dependent bulk
dielectric function of TMD, eryp(q), is adopted for the layer of TMD-ML. g, €,,,, €. and &
are the dielectric constants of the environmental media. d,, and d, are the thicknesses of the
middle substrate and the middle capping layer, respectively.

solving the Poisson equation
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Following the approach of Refs.] 1-3], the dielectric function is assumed to be isotropic in
2D plane and is taken as the piece-wise function in z-direction with the values depending
on the positions of TMD-ML, substrates and capping layers (see Fig. S1). For the 5-layer

structure, £4(21) is given by
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where ¢ = |q|, &, €., €m and g, are the dielectric constants of layers surrounding TMD-ML,



Table S1: Dielectric constants of environmental materials in this work.

Material Si0,? hBN!'I - ALO5™2  HfO,!®
Dielectric constant 3.9 4.5 9.2 15

d is the thickness of TMD-ML layer, d. and d,, are the thickness of the middle capping
layer and middle substrate with dielectric constant €. and ¢,,, respectively. For the layer of
TMD-ML, we adopt the ¢g-dependent dielectric function of bulk TMD in the random-phase

approximation ”®
1
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where ep is the in-plane dielectric constant of the bulk TMD, E,,; is the plasma peak energy,
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a = 1.558% is the fitting parameter and ¢rp = \/ c*mq (——==—2)1/? is the Thomas-Fermi

m2eqh?

wave vector. 8

Based on the piece-wise dielectric function in z-direction and the vanished potential at
infinities (2 — £00), the solution of the screened Coulomb interaction with the source charge

located in the layer of TMD-ML, i.e., —g <29 < g, has the form
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The coefficients C; can be found out by the electrostatic boundary conditions 34
W(g; 21 = df,z0) = W(q; 21 = dy , 20) (S9)
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where d; denotes the the positions of the interfaces in the z-coordinate. After deriving
W(q; z1, z2), the effective dielectric function is defined as the ratio of the z-averaged un-

screened Coulomb interaction to the screened one

e(q) =V(g)/W(q), (S11)
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The dielectric function of the 5-layer structure is given by

(@) = ) (s14)



where
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For the parameters in the bulk dielectric function eryp(gq) of WSeo-ML, we adopt o =
1.55,% the thickness d = 6.72 A, the in-plane dielectric constant eop = 13.8,'% and the
plasma peak energy E, = 22.6 eV.!" The used dielectric constants of capping layers and
substrates in this work are listed in Table. S1.

After deriving the dielectric function and the screened Coulomb interaction of TMD-ML,
the matrix elements of the e-h direct Coulomb interaction in the Bethe-Salpeter equation
can be calculated. The methodology of calculating the matrix elements of the electron-hole

Coulomb interaction are detailed in the supporting information of our previous publication



Table S2: Summary of the measured fine structure splittings between BX and SFDX states
of WSey monolayers embedded in different dielectric structures by the existing experiments.
The superscript * marks the calculated splittings by this work.

Dielectric structure Measured A% ¢ (meV) References
Air/WSey/SiOq 51.2* Our BSE calculation
Air/WSes/SiO, 47 | 19]
Air/WSey /hBN 49.9* Our BSE calculation
Air/WSe, /hBN 43 | 20]
hBN/WSe,/SiOq 43.7* Our BSE calculation
hBN/WSe,/SiO, 46 | 20]
hBN/WSe,/hBN 42.7* Our BSE calculation
hBN/WSe,/hBN 41.8 Our experiment work
hBN /WSe,/hBN 38 [ 21]
hBN/WSe, /hBN 40 | 22]
hBN/WSe, /hBN 10 | 23-25]
hBN/WSe, /hBN 41 | 26-28]
hBN /WSe,/hBN 41 | 2]
hBN /WSe, /hBN 42 | 30]
hBN/WSe, /hBN 42 | 31]
LBN/WSe, /hBN 42 | 32]
hBN/WSe, /hBN 43 [ 33]
hBN/WSe,/hBN 43 | 34]
hBN /WSe,/hBN 43 | 35]
hBN/WSe, /hBN 43 | 36,37]
hBN/WSe, /hBN 14 [ 20]

Ref.| 5.

Comparison of the BSE theoretical simulation and exper-
imental observations in the literature

We make the comparison of the BSE-calculated and experimentally measured BX-SFDX
splittings of WSey-ML in the dielectric structures of air/WSey /SiOs, air/WSey /hBN, hBN/WSe, /SiOq
and hBN/WSe, /hBN, as summarized by Table. S2.,'837 Basically, the BSE-calculated split-
tings are in fairly good agreement with the measured ones. From the data of Table. S2, one

can note that the magnitudes of the fine structure splittings of WSey,-ML in the different



dielectric structures are weakly environment-dependent.

The effective dielectric constant

In the extended hydrogen model, we estimate the effective dielectric constant of S-state

exciton by averaging the dielectric function in g-space within the circle |q| < 2/a3 3
X\ 2 r2/a¥
as
Eeff,s R 2 (7) / dq ge(q) (516)
0
where af = ‘”Z—SEQ% is the exciton Bohr radius, and g is the reduced mass of the exciton.

Eq. (S16) is essentially a self-consistent equation.

For simplicity, we consider the cases of the the TMD-ML encapsulated by two semi-
infinite dielectrics by employing €, = €. = €, = € = €enp in the model calculations for Fig.4
of the main article. In addition, because the dielectric function of bulk TMD weakly depends
on ¢ when ¢ is small, we approximate eryp(q) ~ eap = 13.8 for WSes. By expanding £(q)
in the Taylor series with respect to ¢ up to the first- or second-order terms, .fs s is solvable

according to Eq. (516).

First-order approximation

In the first-order approximation, we take (q) ~ c¢o + ¢1q and, from Eq. (S16), derive

PR, (S17)
Ee =c e .
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Accordingly, we solve
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Defining Ae = €.¢¢.p — €cff,B, OnE can show

1 4e2cy 1 4e2cy
Ae = —/|c? — =4/ . S19
c 2\/c0 Tl 2\/0O T ol (519)
in the first-order approximation for the Taylor-expanded (q) with respect to q.

Second-order approximation

For the better quantitative evaluation of e.s¢ g, one can take the second-order approximation

of £(q) to solve Eq. (S16), which gives rise to

C (. ) p
Eeffs =C+-—5—-C +2 Co. S20

Because the range of the integration of Eq. (S16) is not far from ¢ = 0, the magnitude of
the third term in RHS of Eq. (S20), which comes from the g¢*-term of £(q), is small. To
avoid the complicate solution of the cubic equation, instead, we treat the third term in RHS
of Eq. (S20) as a small correction factor and approximate the e.rrs in RHS of Eq. (S20)
as the solution derived from the first-order approximation. (If one ignored the last term
of Eq. (520), the solution of the second-order approximation would just return to that of
the first-order approximation.) Therefore, the solution of the second-order approximation is

given by
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Extended 2D-hydrogen model with the non-local dielectric
screening

The energy splitting between the bright exciton (BX) and dark excitons (DX) is determined
by

AgD—A +ABD+ABD, (S22)

where the conduction band splitting A, = 19.6 meV from the DFT calculation, Ag(g) is the
direct-interaction-induced binding energy difference between BX and DX and Aj (<) is the
difference of the exchange energy between BX and DX. According to the discussion of the
previous section, DX experiences the larger effective dielectric constant due to its heavier

mass, i.e., €qrrp = €eff + Ace, where .5y = €.5,p. In the 2D-hydrogen model, the binding

energy difference of BX and DX is given by

X(d
AB,(D) = E?) - E%

| ,UD/mo MB/mo
= 4Ry +
(geff + Aeg)? €241 ]
~ ARy A“D—B/mo —2A¢ “D/ ] , (S23)
eff eff

where Aupg = up — pup is the difference of the reduced mass between BX and DX. In
Eq. (S23), we take the first-order term of Ae to carry out the influence of the Ae on the
BX-DX splitting.

The third term in Eq. (526) is evaluated by A% , = V5 — V5, where V¢ is the exchange
energy of exciton state S. For the dipole-forbidden SFDX, V3 = 0 is vanishing. Hence,
AX (o)

B.p s contributed solely from the exchange energy of BX. The exchange energy of an

exciton state S is evaluated by

Z Z A (vck)Vy (vck, V'R AS L ('K, (S24)

vck v c’k/
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where Ag%w (vck) is the amplitude of the e-h configuration of the exchange-free exciton state,
Vii (vck,v'¢k') is the kernel of the e-h exchange Coulomb interaction, and A is the area of
TMD-ML. Similar to the way to evaluate the effective dielectric constant in Eq. (S16), we
consider the exciton wavefunction AgOLT (vck) to be localized around the K or K’ valley and
simplified to be a constant as |k — K| < 2/a¥. Under the simplification, the difference of

exchange energies between BX and DX can be estimated by
e mg)® 1
ARG WEIM L gy, (525

where ay = 0.53 A is the Bohr radius in the hydrogen atom, 7%(q,) = AVZ (veK +q,, veK +
qo) and g, are the characteristic wave vectors for a BX with the magnitude ¢y = 1/ay.

In Eq. (S23), the second term with Ae arises from the non-local dielectric screening and
makes a negative ggff—contribution to the BX-DX splitting. Thus, one can rewrite Eq. (S22)

in terms of the parts respectively arising from the local and non-local screenings
X (local X (non—loc.
Afp = Apy ™+ ARE" T, (526)
where the part contributed from the effective local screening is defined as

AX(local) — A fe—2 A R (/LB/mo)Q T §27
Bp = Ac+des; |(Aups/mo) Q+W0 (20) ] ; (527)

and the part contributed from the non-local screening is defined as

Af,ffgf’”*l“') = —8¢_ 7 Ae(pup/mo) Ry. (S28)

Eqs. (526) - (S28) constitute the extended exciton model with the consideration of non-

local screening used for Fig.4 in the main article.

11
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Figure S2: Convergence of total energy of the system with respect to the vacuum height in
the DF'T calculations with the use of the PBE exchange-correlation functional and the fixed
cut-off energy 500 eV and the 9 x 9 x 1 k-grids. The vacuum height 29.78 A used for the
simulations in the main article is marked by the red circle.

Convergence test of DFT calculation

Since the conduction band splitting A, ~ 20 meV is crucial to the exciton fine structure
splitting of WSes-ML, we perform the convergences tests with respect to the cut-off energy,
vacuum height and density of k-grids to verify the validity of the DFT calculations. Firstly,
we perform the convergence of the total energy of the system with respect to the vacuum
height in the exchange-correlation functional of Perdew-Burke-Ernzerhof (PBE)3? general-
ized gradient approximation. As shown by Figure S2, with increasing the vacuum height
from 4.4 A to 36.6 A, the total energy varies between -21.87 eV and -21.86 eV and quickly
converges to -21.872 eV as the vacuum height exceeds 10.6 A. The difference between the
total energies of the system at vacuum height 10.6 A and 36.6 A is only 0.8 meV. This
justifies that the vacuum height 29.78 A used in our work is sufficiently long to guarantee
the convergence of the total energy.

Next, we perform the tests of convergences of the total energy and the conduction band
splitting A, with respect to the cut-off energy with the use of the HSE06 exchange-correlation
functional. As shown by Figure S3, the variation of the total energy of the system is less

than 1 meV and that of A, is 0.1 meV with varying the cut-off energy from 400 ~ 700 €V.

12
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Figure S3: Convergences of (a) the total energy of the system and (b) the conduction band
splitting with respect to the cut-off energy in the DF'T calculations with the use of the HSE06
exchange-correlation functional. The vacuum height is fixed at 29.78 A and k-grid is fixed
at 9 x 9 x 1 for the convergence test with varied cut-off energy. The cut-off energy 500 eV
used for the simulations presented in the main article are marked by the red circles.
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Figure S4: Convergence of the conduction band splitting energy with respect to the number
of k-grids in DFT calculations with the use of the HSE06 exchange-correlation functional.
The vacuum height is fixed at 29.78 A and the cut-off energy is fixed at 500 ¢V. The k-grids
9 x 9 x 1 used for the simulations presented in the main article is marked by the red circle.

Accordingly, the both total energy and A, are justified to well converge as the cut-off energy
is set to be 500 eV.

Based on the verified vacuum height and cut-off energy, we perform the convergence of
A. with respect to the number of k-grids in the DFT-HSEO06 calculations, which is shown in

Figure S4. With increasing the number of k-girds from 3 x 3 x 1 to 21 x 21 x 1, the calculated

conduction band splitting is nearly unchanged and converge to the value of A, ~ 20 meV as

13
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Figure S5: (a) Comparison of the band structures of WSey-ML calculated by DFT (black
sphere) and Wannier90 TB (red line). (b) |(¢)|] The close-up of the conduction |valence]
bands around K valley.

Table S3: The conduction band splitting A, and the valence band splitting A, at K point
in DFT-HSE06 and Wannier90 TB model.

DEFT-HSE06 Wannier90 TB Difference
A, 19.303 meV 19.635 meV 0.332 meV
A, 604.066 meV  603.811 meV  0.255 meV

the number of k-grids exceeds 9 x 9 x 1, which is taken in our DFT calculations throughout
this work. To save the computational cost, we choose the number of k-grids 9 x 9 x 1 in the

DF'T calculation for the studies of the exciton fine structure splittings throughout this work.

The validity of Wannier tight-binding model

Figure S5 presents the comparison of the band structures of WSe,-ML calculated by DFT-
HSEO06 and Wannier90 tight-binding (TB) model. Overall, the calculated energy dispersions
by Wannier90 TB model are in a highly agreement with those by DFT. Additionally, Table S3
shows the energy splittings of conduction and valence bands at K point in DFT-HSE06 and

Wannier90 TB model. The conduction band splitting A. calculated by using DFT and

14



Table S4: The MAEs in the least square fitting of the effective masses for the conduction
and valence band edges at the high symmetry points kg = K and @

My, K Mey K Mey K Mey,Q
mean absolute error (MAE) 0.56 meV  0.44 meV  1.04 meV  0.84 meV

(a) (b) 1.95 (c)
0.00 . 1.80
Conduction bands around Conduction bands around
K valley
g\ g\ 190t /:; Q valley
8_0'05 < < 1.75
> > P
) ) o0
g Valence bands around 5} 185" )
=1 = =i
/@ -0.10 K valley = mQ 1.70
. 1
® Wannier90 TB
Fitting by effective mass 1.80 C1
-0.15 . . . : : . . . 1.65 . . . .
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-1 —1 -1
K-T (A ) K-T (A ) Q; ~K (A )

Figure S6: Comparisons of the DFT-calculated band dispersions and the ideally parabolic
dispersions with the fitted effective masses of (a) valence bands around K valley, (b) con-
duction bands around K valley and (c¢) conduction bands around @ valley.

Wannier TB are 19.303 meV and 19.635 meV, respectively, and differ by 0.332 meV, which

is negligible as compared with the magnitude of A..

Determination of the effective masses

The effective mass of the n-th quasi-particle band dispersion is obtained by means of least

h2|k—ko|?
2, kg ’

square fitting, which fits the parabolic band, €, x ~ €, k,+ with well-defined effective
mass My, k, to the DFT-calculated band dispersion over the k-range 0 < |k — ko| < 0.147"
with the least mean absolute error (MAE). The k-range over which the least square fitting is
carried out is determined according to the extent of the k-space wavefunction of the exciton.

The mean absolute error measures the average error of each fitting point and is defined by

MAE = % Zf\il ‘En»kz — Enk;

, where N = 150 is the number of k-grids. The MAEs in the
least square fitting of the effective masses for the conduction and valence band edges at the
high symmetry points kg = K and @), are summarized in the Table S4. In all the cases, the

MAE:s is less than or comparable to one meV only, which is extremely small as compared

15



with the energy scale of the band dispersion over the range 0 < |k — ko| < 0.1A~" which is
about 100 meV (See Figure S6). The comparisons of the DFT-calculated band dispersions
with the parabolic bands with the fitted effective masses by the least square method are

presented in the Figure S6, showing an excellent agreement.

16
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