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Abstract: This paper investigates the fatigue behavior of S135 high-strength drill pipe steel under
tension–torsion multiaxial loading. Based on the concept of critical plane during fatigue, the fatigue
model under the combined loading of tension–torsion is established. The proposed model is validated,
and the predicted results are in good agreement with the experimental testing results. The maximum
relative errors between the estimation and the experiment are mostly within the range of factor two
to three for proportional, and 90◦ non-proportional tension–torsion loading. Meanwhile, the failure
mechanism is also discussed through fracture analysis.

Keywords: fatigue; high-strength steel; prediction; multiaxial; tension–torsion

1. Introduction

Most of the components in engineering are subjected to multiaxial loads. Even if the
component itself works under a uniaxial load, notches or corrosion defects of the complex
lead to a multiaxial stress state in local area, which leads to fatigue failure [1–6]. Therefore,
the study of multiaxial fatigue is much closer to the engineering practice than that of uni-
axial fatigue, and how to prevent multiaxial fatigue failure becomes extremely important
in engineering practice [7,8]. Multiaxial fatigue refers to the fatigue under the action of
multiple stresses or strains. Multiaxial fatigue damage occurs under multiaxial cyclic load-
ing, during which two or three components of stress (or strain) change independently with
time. The changes of these stress (strain) components may be in phase and proportional, or
out of phase and non-proportional [9–11].

As an important structure in petroleum, natural gas and geological exploration, the
drill pipe is mainly subjected to tension, compression, bending, twisting, and vibration
loads, and also bears internal and external pressure, rotating centrifugal force, and other
additional loadings [12–15]. The working conditions of a drill pipe are severe, and fatigue
failure is inevitable. In addition, due to the bending of the well bore, “dogleg” or horizontal
drilling, the drill pipe is bent through the “dogleg” during rotation (see Figure 1), and
is not only subjected to tension–compression loading but also torque, thus, resulting in
severe fatigue damage [16–18]. Failure analysis shows that the macroscopic fracture of
the drill pipe presents a stepped shape, and then propagation deviates from the vertical
direction of the drill pipe axis. Path I is an proportional loading path, where the axial and
torsional loads are increased and decreased proportionally during a loading cycle. Path III
is a circular-shaped, non-proportional loading path typically used in the study of multiaxial
fatigue. Path III is often referred to as the 90◦ out-of-phase loading. Hence, for most cases,
the fatigue failure of the drill pipe is considered to be caused by the I–III combined axial
torsional loading [19,20].

Coatings 2022, 12, 1222. https://doi.org/10.3390/coatings12081222 https://www.mdpi.com/journal/coatings

https://doi.org/10.3390/coatings12081222
https://doi.org/10.3390/coatings12081222
https://creativecommons.org/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://www.mdpi.com/journal/coatings
https://www.mdpi.com
https://orcid.org/0000-0002-3050-3173
https://orcid.org/0000-0002-3863-0871
https://doi.org/10.3390/coatings12081222
https://www.mdpi.com/journal/coatings
https://www.mdpi.com/article/10.3390/coatings12081222?type=check_update&version=2


Coatings 2022, 12, 1222 2 of 17

Coatings 2022, 12, x FOR PEER REVIEW 2 of 18 
 

 

Hence, for most cases, the fatigue failure of the drill pipe is considered to be caused by the 
I–Ⅲ combined axial torsional loading [19,20]. 

 
Figure 1. Schematic illustration of dogleg. 

In our previous work, we studied the uniaxial fatigue behaviors of S135 drill pipe 
steel in various conditions [21–23]. The results show that the fatigue limit of torsional 
fatigue compared to that of tension–compression fatigue is reduced by 31.84%. 
Meanwhile, the fracture analysis shows torsional fatigue produces more fatigue damage 
at the same stress level. In this paper, the fatigue lives of S135 steel were tested under 
proportional and 90° non-proportional tension–torsion multiaxial loadings. The 
expression of fatigue life was obtained, the fracture mechanism was analyzed, and the 
prediction model was established. The model proposed in this paper could be used to 
predict the fatigue life of drill pipe steel. Also, the results could provide theoretical 
support for the study of multiaxial fatigue, and technical support for the selection of drill 
pipe steels. 

2. Experimental Section 
2.1. Materials 

The experimental material was S135 high-strength drill pipe steel. The chemical 
compositions (in % by mass) determined by analytical analysis are 0.20 C, 0.24 Si, 0.54 Mn, 
0.007 P, 0.0035 S, 0.403 Ni, 0.861 Cr, 0.858 Mo, 0.007 Ti, 0.06 Cu, and any remaining 
percentage is Fe. The fatigue specimens were along the vertical of drill pipe, and then were 
machined into round rods with a diameter Φ = 5 mm base on the Chinese standard GB/T 
3075, as shown in Figure 2. All specimens were polished from grit 200 to 2000 step by step 
with SiC sandpaper prior to the experiment. 

 
Figure 2. Schematic illustration of fatigue specimen (all units in mm). 

The tensile test was performed on a WDS-100 electronic universal testing machine 
(Guan Jing Electric Instrument Equipment Co., LTD, Beijing, China) with a loading rate 
of 0.2 mm/min and a strain rate of 10−3/s corresponding to sample spacing. 

  

Figure 1. Schematic illustration of dogleg.

In our previous work, we studied the uniaxial fatigue behaviors of S135 drill pipe steel
in various conditions [21–23]. The results show that the fatigue limit of torsional fatigue
compared to that of tension–compression fatigue is reduced by 31.84%. Meanwhile, the
fracture analysis shows torsional fatigue produces more fatigue damage at the same stress
level. In this paper, the fatigue lives of S135 steel were tested under proportional and 90◦

non-proportional tension–torsion multiaxial loadings. The expression of fatigue life was
obtained, the fracture mechanism was analyzed, and the prediction model was established.
The model proposed in this paper could be used to predict the fatigue life of drill pipe steel.
Also, the results could provide theoretical support for the study of multiaxial fatigue, and
technical support for the selection of drill pipe steels.

2. Experimental Section
2.1. Materials

The experimental material was S135 high-strength drill pipe steel. The chemical com-
positions (in % by mass) determined by analytical analysis are 0.20 C, 0.24 Si, 0.54 Mn,
0.007 P, 0.0035 S, 0.403 Ni, 0.861 Cr, 0.858 Mo, 0.007 Ti, 0.06 Cu, and any remaining per-
centage is Fe. The fatigue specimens were along the vertical of drill pipe, and then were
machined into round rods with a diameter Φ = 5 mm base on the Chinese standard GB/T
3075, as shown in Figure 2. All specimens were polished from grit 200 to 2000 step by step
with SiC sandpaper prior to the experiment.
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Figure 2. Schematic illustration of fatigue specimen (all units in mm).

The tensile test was performed on a WDS-100 electronic universal testing machine
(Guan Jing Electric Instrument Equipment Co., Ltd., Beijing, China) with a loading rate of
0.2 mm/min and a strain rate of 10−3/s corresponding to sample spacing.

2.2. Fatigue Test

The tension–torsion fatigue tests were carried out on a PLD-50KN-250NM electro-
hydraulic servo fatigue test machine (Lichuang Material Testing Technology Co., Ltd., Xi’an,
China), which can control both axial and radial direction so multiaxial fatigue loading
can be achieved. Symmetrical loading was adopted, i.e., the loading tension stress ratio
Rσ = σmin/σmax was −1, the loading shear stress ratio Rτ = τmin/τmax was −1, the τa/σeq
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was 0.7, the loading was in-phase proportional, and the phase angle was 0◦ and 90◦,
respectively. Figure 3 shows the proportional loading path and 90◦ out-of-phase loading
path. During the actual drilling process, the speed of a drill pipe is usually between
120~180 r/min (2~3 Hz), so the loading frequency was 3 Hz, and triangular waves were
adopted. Three tests were performed at each stress level. The fracture surfaces of the
specimens were observed by JSM-6390A scanning electron microscope (SEM, Kabuskiki
kaisha, Tokyo, Japan), and the accelerating voltage was 20 kV. All the experiments were
carried out in the air.
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Figure 3. The load path of tension–torsion corrosion fatigue (stress control). (a) proportional loading
and (b) 90◦ out-of-phase loading.

3. Results and Discussion
3.1. Stress–Strain Curve

The tested stress–strain curve of S135 steel is shown in Figure 4. It can be seen that
the steel is a continuously strain-hardening material, with an obvious physical yielding
phenomenon, and the stress–strain curve becomes flat after yielding. The yield strength
and tensile strength are 935 and 1058 MPa, respectively.
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Figure 4. Stress–strain curve of S135 steel.

3.2. Proportional Tension–Torsion Loading
3.2.1. Fatigue Life and S-N Curve

Table 1 shows the fatigue life of S135 drill pipe steel under the proportional tension–
torsion loading. Fatigue limit refers to the stress of material without fracture after infinite
cycles. Generally, it is considered that the stress value corresponds to 107 cycles without
fracture for carbon steel. In Table 1, when the equivalent stress is 509.6 MPa, the maximum
number of cycles is 5.90 × 106, which is close to 107 cycles, indicating that the stress is close
to the tensile–torsion fatigue limit of the material.
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Table 1. Fatigue test results of proportional tension–torsion loading.

No. Pmax/kN Seq/MPa Mmax/N·m τa/MPa Nf/Cycles

1 15 763.0 13.125 535.03 4785
2 15 763.0 13.125 535.03 5673
3 15 763.0 13.125 535.03 8974
4 14 713.3 12.25 499.4 8705
5 14 713.3 12.25 499.4 17,250
6 14 713.3 12.25 499.4 10,456
7 12 611.5 10.5 428.0 83,155
8 12 611.5 10.5 428.0 49,646
9 12 611.5 10.5 428.0 31,087
10 11 560.5 9.625 392.3 163,603
11 11 560.5 9.625 392.3 109,413
12 11 560.5 9.625 392.3 201,298
13 10.5 535.0 9.1875 375.0 261,066
14 10.5 535.0 9.1875 375.0 180,658
15 10.5 535.0 9.1875 375.0 461,559
16 10 509.6 8.75 356.7 2.65 × 106, fracture
17 10 509.6 8.75 356.7 5.21 × 106, fracture
18 10 509.6 8.75 356.7 5.90 × 106, fracture

Figure 5 shows the relationship between the fatigue life of S135 steel and the amplitude
of tensile and compressive stress under proportional tension–torsion loading. The fatigue
life exceeds 105 cycles when the tensile and compressive stress amplitude decrease to
about 550 MPa. With the decrease in the tensile and compressive stress amplitude level,
the fatigue life is significantly prolonged, showing obvious characteristics of fatigue limit.
Based on our previous study [15], the strength corresponding to the 10 million cycles of
S135 steel is about 510 MPa. Since the stress state of the tension–torsion loading is more
complex than that of the uniaxial loading, its fatigue limit is completely reduced. The
fatigue life in this study is very close to 107 when the Seq is 509.6 Mpa, so the experiment
under lower stress was not carried out. The fatigue life is close to 107 cycles, and tends
to be infinite when the amplitude of the tensile and compressive stress is reduced below
500 MPa.
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Based on the equation of symmetrical cyclic stress fatigue life in the whole life
range [24], the effective stress Sa is the main factor that controls the fatigue life in the
tension–torsion loading. Thus, the equivalent stress Seq and the fatigue limit (Seq)c can
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be reasonably used to replace the Sa and Sc, respectively. The fatigue life equation under
tension–torsion loading can be obtained as follow [24,25]:

Nf = A′′ [Seq − (Seq)c]
−2 (1)

where A′′ is the fatigue resistance coefficient and (Seq)c is the theoretical fatigue limit.
The fatigue life is finite when Seq > (Seq

)
c, the fatigue life tends to be infinite when

Seq ≤ (Seq
)

c.
The equivalent stress amplitude can be obtained [12]:

Seq =

√
1

2(1− R)
∆σ =

√
1

2(1− R)
σmax(1− R) (2)

where ∆σ, σmax, and R are the stress range, maximum stress, and stress ratio, respectively.
During the fatigue test, the yield strength of 0.65 times was chosen for the test, and it is
found that fatigue life is in the 104 cycles range; in order to obtain the data from 103 or so,
stress higher than the initial value 100 MPa was used. Then, the initial down load was
50 MPa below the 0.65 times yield strength. The load was constantly adjusted during the
experiment, in order to obtain a complete fatigue life curve.

Taking the logarithm on both sides of Equation (1):

lgNf = lgA′′ − 2lg[Seq − (Seq)c] (3)

Equation (3) represents a straight line with a slope of −2 in the double logarithmic co-
ordinate of lgNf− lg[Seq− (Seq)c], and then the fatigue life of S135 steel under proportional
loading can be obtained by regression analysis using the tail difference method:

Nf = 4.40× 108(Seq − 499.0)−2 (4)

The fitting curve is in good agreement with the experimental results, as shown in
Figure 5. The linear correlation coefficient |r| is 0.9773, which is greater than the minimum
value of 0.798, corresponding to 99% confidence. Therefore, Equation (1) can be well-used
to describe the general rule of fatigue life of S135 steel under proportional tension–torsion
loading. Thus, Equation (4) can be used to predict the fatigue damage of components, as
long as the external force is determined. In addition, the above equation can also be applied
to Al and its alloys [24–26], although the specific parameters may be different. We have
added those examples from the literature to the references section.

3.2.2. Fatigue Fracture Mechanisms

Figure 6 shows the macroscopic morphologies of the fatigue fracture specimen under
proportional tension–torsion loading with different stress amplitudes. The fatigue initiation
zone appears gray–black due to the repeated tension–compression and torsion loading. The
proportion of each area changes with the different stress amplitudes. Under the loading of
tension–torsion, the specimen shows a brittle fracture with no obvious plastic deformation,
because the fracture is uneven. Under the shear stress of the torque, the cross-section and
the axial direction of the specimen are approximately 45◦, the fatigue crack is formed from
the surface and propagates to the interior of the specimen, and multiple fatigue initiations
are observed. Then, the so-called “roof ridge” feature is formed by the connection of
different fatigue initiations and the action of composite loading.

Figure 7 shows the morphologies of the crack source zone of the steel under the
proportional tension–torsion loading with different stress amplitudes. It can be seen that
the fatigue crack initiates on, or near the surface of, the steel. Due to the repeat opening
and closing, the fracture surface in the fatigue initiation zone is smoother. The cracks start
from the initiation point and propagate forward in a fluvial pattern, then deviate from the
propagation direction due to different resistance. After that, the cracks begin to expand on
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their own planes to form steps, which form radial rays on the fracture surface. With the
increase in stress amplitudes, the river pattern decreases, and scratch marks are detected.
No obvious fatigue striations are observed in this zone, and the larger the stress amplitudes,
the smaller the area of this zone.
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Figure 8 shows the morphologies of the crack propagation zone of the fatigue fracture
specimen under the proportional tension–torsion loading with different stress amplitudes.
It can be seen that a transgranular fracture is the main feature. The fatigue striations are
perpendicular to the crack propagation direction, and the secondary cracks are at a certain
angle to the main crack when the tensile stress amplitude Seq is 560.5 MPa. The fracture
surface is composed of some parallel stripes, which are mainly perpendicular to the crack
propagation direction and are not as sharp as the fatigue striations, showing an obvious
ripple pattern. No obvious fatigue striations are observed on the fracture surface when the
tensile stress amplitude Seq is 611.5 MPa. The size of the ripple pattern area is related to
the stress amplitude level. With the increase in the half stress amplitude, the ripple pattern
area increases.

3.3. Non-Proportional Tension–Torsion Loading
3.3.1. Fatigue Life and S–N Curve

Table 2 shows the fatigue life of S135 steel under 90◦ non-proportional tension–torsion
loading. It can be seen that with the decrease in stress amplitude, the tension–torsion fatigue
life of the material is prolonged. The fatigue life of the sample reaches 2.65 × 106 cycles
when the tensile and compressive stress amplitude is reduced to 458.6 MPa, indicating that
the stress is close to the tension–torsion fatigue limit of the material.
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Coatings 2022, 12, 1222 8 of 17

Table 2. Fatigue test results under 90◦ non-proportional tension–torsion loading.

No. Pmax/kN Seq/MPa Mmax/N·m τa/MPa Nf/Cycles

1 14 713.3 12.25 499.4 5230
2 14 713.3 12.25 499.4 3972
3 14 713.3 12.25 499.4 2685
4 13 662.4 11.375 467.3 4138
5 13 662.4 11.375 467.3 16,230
6 13 662.4 11.375 467.3 7835
7 11 560.5 9.625 392.3 36,720
8 11 560.5 9.625 392.3 26,478
9 11 560.5 9.625 392.3 52,467
10 10 509.6 8.75 356.7 143,852
11 10 509.6 8.75 356.7 199,838
12 10 509.6 8.75 356.7 394,570
13 9.5 486 8.3125 338.9 1.58×106

14 9.5 486 8.3125 338.9 524,780
15 9.5 486 8.3125 338.9 981,740
16 9 458.6 7.875 321.0 1.52 × 106, fracture
17 9 458.6 7.875 321.0 6.23 × 106, fracture
18 9 458.6 7.875 321.0 6.48 × 106, fracture

Figure 9 shows the relationship between the fatigue life of 90◦ non-proportional
tension–torsion loading and the amplitude of tension–compression when the τa/Seq is 0.7.
When the tensile and compressive stress amplitude decreases to about 500 MPa, the fatigue
life exceeds 105 cycles. When the amplitude of the tensile and compressive stress decreases
below 450 Mpa, the fatigue life is close to 107 cycles, and tends to have infinite life.
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Figure 9. Testing results and fitting curve of tension–torsion fatigue lives under 90◦ non-proportional
loading.

The fatigue life of S135 steel under 90◦ non-proportional loading can be fitted by
Equation (1):

Nf = 4.36× 108(Seq − 449.2)−2 (5)

It can be seen from Figure 9 that the fitting curve is in good agreement with the
experimental results. The linear correlation coefficient |r| is 0.9474, which is greater than
the minimum value of 0.605, corresponding to 99% confidence. Therefore, Equation (1)
can be well-used to describe the general rule of fatigue life of S135 steel under 90◦ non-
proportional tension–torsion loading.

Under non-proportional loading, the strain principal axis rotates in the cyclic process
because of the phase difference of the applied tension–torsion strain components [27].
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This rotation means both the shear strain and the normal strain on the maximum shear
plane cannot reach the maximum at the same time. Moreover, because of the phase
difference between the two, they interact with each other to produce an additional hard-
ening phenomenon [28,29]. The 90◦ non-proportional circular paths have the greatest
additional enhancement.

3.3.2. Fatigue Fracture Mechanisms

The macro morphologies of 90◦ non-proportional tension–torsion loading fatigue
fracture specimens under different stress amplitudes are displayed in Figure 10. It can be
seen that fatigue crack presents as multiple sources that originate from the surface of the
maximum equivalent stress. After the fatigue crack initiation, the crack propagates into the
interior of the material until it is unstable. The crack propagation section is at a certain angle
to the loading direction, and the fracture surface of the horizontal specimen is perpendicular
to the loading direction under lower normal stress. The fractured specimen has no obvious
plastic deformation, and typical fatigue fracture characteristics are observed. With the
increase in tensile stress amplitude, the proportion of the crack source zone decreases. An
obvious crack source zone can be seen on the fracture surface when the stress amplitude Seq
is 458.6 MPa. However, when the tensile stress amplitude Seq increases to 662.4 MPa, no
distinct macroscopic crack source zone can be seen, and the proportion of the instantaneous
fracture zone increases.
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‘A’ represents fatigue initiation zone and ‘B’ represents fatigue crack propagation zone.

The microfracture morphologies of the 90◦ non-proportional tension–torsion fatigue
crack source zone under different stress amplitudes are shown in Figure 11. It can be
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seen that the crack source zone is mainly characterized as a cleavage fracture. With the
increase in stress amplitude, the proportion of cleavage surface increases and scratch marks
are observed. The fracture is dominated by tearing edge and cleavage plane when σeq is
458.6 MPa; there are a few river patterns and a lot of scratch marks when σeq is 662.4 MPa.
The fatigue cracks originate on, or near the surface of, the material, and the area of the
fatigue initiation zone is also the smallest. After crack initiation, it propagates outward in
the form of radiation. Later, with the increase in crack propagation rate, the convergence
degree of radiation decreases. The crack source formation point is about 500 µm × 450 µm
and 200 µm × 170 µm when the σeq is 458.6 and 509.6 MPa respectively. When the σeq is
622.4 MPa, the area of crack source area is much smaller. Lots of scratch marks are observed
because of the repeated axial and torsional stresses.
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Figure 11. Fracture morphologies of fatigue crack initiation region under 90◦ non-proportional
tension–torsion loading at different stress amplitudes. (a) Seq = 458.6 MPa, (b) Seq = 509.6 MPa,
(c) Seq = 622.4 MPa. ‘A’ represents fatigue initiation zone and ‘FR’ represents fatigue radiation.

Figure 12 shows the microfracture morphologies of the crack propagation zone under
90◦ non-proportional tension–torsion loading under different stress amplitudes. The
fatigue crack propagation zone is mainly characterized as the tearing edges formed by the
connection between different fracture surfaces, a relatively flat cleavage plane is formed
between the tearing edges. Regular fine steps are formed in the direction perpendicular to
the tearing edge, which is caused by cyclic shear stresses. A small number of steps, similar to
the fatigue striations, are observed in the fatigue crack propagation zone when the loading
is lower. There are small steps between the tearing edges that are regularly and densely
arranged around the tearing edges when the loading Seq is 458.6 MPa; with the increase in
the loading stress amplitude Seq, the spacing between the fine steps and the tearing edges
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increases, and a small number of secondary cracks are observed (see Figure 12b); large-scale
transgranular cracks are seen when the loading stress Seq is 622.4 MPa (see Figure 10c).
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(c) Seq = 622.4 MPa.

3.4. Fatigue Quantitative Model
3.4.1. Basic Assumptions

There have been plenty of attempts in the field of multiaxial fatigue modeling [30,31],
and here, we also propose a model to predict the multiaxial fatigue behavior of drill pipe
steel. Since the crack in the persistent slip band is the result of the sliding of the micro-zone
along the metal slip surface under the action of external forces, the slip of the micro-zone
depends on the orientation of the grain and the loading mode. During tension–compression
fatigue loading, the direction of the maximum shear stress to the loading axis is 45◦ [32].
After cracking in the slip zone, the crack expands in stage I to form the initial macroscopic
crack, and then enters stage II to expand. However, under the torsion loads, the direction of
the maximum shear stress and the resident slip is perpendicular to the axis of the specimen
and longitudinal. After cracking in the slip zone, the crack expands within stage I to form
the initial macroscopic crack, and then enters stage II to expand. The crack propagation
in both sections is perpendicular to the axis of the sample. Therefore, it can be reasonably
assumed that the fatigue crack is formed in the persistent slip band on the surface of the
sample, and then cracks along the slip surface of the grain. The fatigue crack propagation
in stage I with crystallographic characteristics accounts for most of the fatigue life.
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3.4.2. Fatigue Critical Plane

The critical plane method considers that the fatigue failure occurs in a specific plane,
where the accumulation of fatigue damage and the estimation of fatigue life are carried
out. This method is based on the fracture model and crack initiation mechanism. Figure 13
summarizes the critical surfaces of tension–compression, torsion, and tension–torsion
fatigues. Theoretically, the angle θ between the critical surface of tension–compression and
torsion fatigue is 45◦, so the critical surface of tension–torsion fatigue should be located
between them, which is the direction of the maximum shear stress.
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From the microscopic point of view, the fatigue limit can be considered as the point
of whether the dislocation on the critical plane or the slip plane produces alternating slip.
The slip of dislocation on the critical plane is caused by shear stress, the critical shear stress
for dislocation alternating slip should be the same regardless of the critical plane, and the
critical shear stress should be equal to the fatigue limit expressed by shear stress. Therefore,
the fatigue limit obtained under different loading modes is equivalent. The θ in Figure 13
under proportional loading is π/4. The normal stress under tension–compression loading
is equivalent to the maximum stress; thus, the fatigue life can be obtained by substituting
Seqv = τa cos π/4 in Nf = 4.64× 108(Seqv − 577.9)−2:

Nf = 3.28× 108(τa − 408.6)−2 (6)

Comparing Equation (6) to the torsion fatigue experiment results Nf = 1.66× 108

(τa − 393.9)−2 [33], the maximum relative error of the fatigue limit is only 3.73%, and the
maximum relative error of the fatigue resistance coefficient is 39.8%. Therefore, the S135
steel belongs to the sliding surface cracking, and the equations of symmetric tension fatigue
life are equivalent to that of torsion.

Under multiaxial fatigue, the bearing of the critical plane is related to the direction
of the average principal stress, which refers to the angle between the average direction of
the maximum principal stress and the critical plane. It can be estimated by the following
empirical equation [34]:

δ =
3π

8
[1− (

ta f ,−1

Sa f ,−1
)

2
] (7)

where ta f ,−1 and Sa f ,−1 are the torsional and tension–compression fatigue strength for a
given number of cycles, respectively. For extremely hard, brittle materials, ta f ,−1 = Sa f ,−1,
δ = 0; for materials with good toughness,

√
3ta f ,−1 = Sa f ,−1, δ = 45. For medium carbon
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S135 steel, the orientation of the average critical surface δ = 36.14◦, which can be obtained
by substituting torsion and tensile fatigue strength into Equation (7).

3.4.3. Proportional Fatigue Life Equation

Under tensile–torsional fatigue loading, the fatigue crack forms on the critical surface,
which is the slip surface of the crystal, while the fatigue crack forms along the slip surface.
The fatigue cracking of S135 steel has crystallographic characteristics, and conforms to the
basic characteristics of the fracture in the fatigue initiation zone.

Findley and Matake proposed the linear combination of shear stress amplitude and
normal stress amplitude on the critical surface as the stress criterion for multiaxial fa-
tigue [35,36]:

τns,a + kSn,a = q (8)

where τns,a and Sn,a are the allowable alternating stress and maximum normal stress,
respectively; k and q are the material constants, k is relatively small for ductile materials
and larger for brittle material, and q can be determined by shear cracking [37]:

q = τc(
Nτ

Nf
)

1/mτ

(9)

where Nτ and Nf are the cycles corresponding to the symmetric torsion fatigue limit τc and
the fatigue cycles of the S–N curve respectively, and mτ is the exponent (τa = CNf

1/mτ ) of
the symmetric torsion fatigue S–N curve. Therefore, q specifies the fatigue strength of cycle
times Nf under multiaxial loading, and τns,a + kSn,a is the effective shear stress amplitude
of the critical surface under multiaxial fatigue.

Substituting τns,a + kSn,a into the torsion fatigue life equation Nf = A/(τa − τc)
−2,

then the fatigue life equation under tension–torsion loading can be obtained:

Nf = A/(τa + kSa − τc)
−2 (10)

The value of k can be determined by the experimental results. τa is the fatigue limit
under tension–torsion loading (τa/Sa = 0.7) when Nf → ∞ , the fatigue limit expressed
in shear stress amplitude τt−t,c (the fatigue limit in of Nf = 3.09× 108(τa − 347.8)−2) can
be obtained:

k = (τc − τt−t,c)/St−t,c = (393.9− 347.8)/499 = 0.092 (11)

Substituting A/, k, and τC into Equation (10), the specific expression of tension–torsion
fatigue life of S135 steel can be obtained:

Nf = 1.66× 108(τa + 0.092Sa − 393.9)−2 (12)

Then the specific criterion for fatigue failure of S135 steel under tension–torsion
loading can be obtained:

τa + 0.092Sa = 393.9 + 1.29× 104/Nf
0.5 (13)

3.4.4. Non-Proportional Fatigue Life Equation

For non-proportional loading, non-proportional factors are usually induced to reflect
the influence of the loading path on fatigue life [38]:

Dnp = D(1 + αφ) (14)

where Dnp and D are the fatigue damage parameters of non-proportional loading and
proportional loading, respectively; α is the material sensitive constants of non-proportional
loading; φ is the non-proportional factors, which can be determined by the ratio of the short
axis to the long axis of the strain channel ellipse, when τa/Sa is 0.7, φ equals 0.404.
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Taking Dnp as the shear stress amplitude, the fatigue life under non-proportional
loading can be obtained by substituting Equation (14) into Equation (10):

Nf = A/[(τa + kSa)(1 + αφ)− τc)
−2 (15)

The value of α can be determined by the experiment testing. Under tension–torsion fa-
tigue (τa/Sa = 0.7), τa is the fatigue limit under non-proportional loading when Nf → ∞ , then
the fatigue limit τt−t,np,c expressed in shear stress amplitude (Nf = 3.05× 108(τa − 314.7)−2)
can be obtained:

α = [τc/(τt−t,np,c + kSt−t.np,c)− 1]/φ = −[1− 393.9/(317 + 0.092× 449.2)]/0.404 = 0.263 (16)

Substituting A/, k, τC, α, and φ into Equation (15), the specific expression of fatigue
life of S135 steel under 90◦ non-proportional tension–torsion loading can be obtained:

Nf = 1.66× 108[1.106× (τa + 0.092Sa)− 393.9]−2 (17)

Hence, the specific fatigue failure criterion of S135 steel under 90◦ non-proportional
tension–torsion loading can be obtained:

τa + 0.092Sa[393.9 + 1.29× 104/Nf
0.5]/1.106 (18)

3.4.5. Contrastive Analysis

The fatigue life under the condition of τa/Sa = 0.7 is predicted by Equation (13), and
the comparison with the experimental results is shown in Figure 14a. It is seen that the
maximum relative errors between the estimation and the experiment are mostly within the
range of two factors (with one exception); thus, Equation (13) can be well-used to estimate
the fatigue life of S135 steel under the proportional tension–torsion loading.
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Equation (18) is applied to predict the fatigue life under 90◦ non-proportional tension–
torsion loading, and the predicted and the experimental results are shown in Figure 14b. It
is seen that the errors between the predicted and the testing results are in the range of three
factor for most the experimental tests. Therefore, Equation (18) can also be well-used to
estimate the fatigue life of S135 steel under 90◦ non-proportional tension–torsion loading.
Based on the predicted results in Figure 14, most of the predicted results are smaller than
the experimental results, indicating that the predicted results of Equations (13) and (18)
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are conservative, which means the developed mode could be used in engineering practice.
Our next work is to develop a general equation to describe multiaxial fatigue.

4. Conclusions

The fatigue behavior of S135 high-strength drill pipe steel under the condition of
tension–torsion loading was studied. Based on the fatigue critical plane, the fatigue model
was established, and the fatigue fracture mechanism was analyzed. The main conclusions
are as follows:

(1) The fatigue model of the S135 steel under the combined loading of tension–torsion
is established: Nf = A/[(τa + kSa)(1 + αφ)− τc]

−2, and the method to determine the
weight k and the non-proportional sensitivity coefficient α is given. The specific expres-
sions are Nf = 1.66× 108(τa + 0.092Sa − 393.9)−2 for proportional tension–torsion
loading, and Nf = 1.66× 108[1.106× (τa + 0.092Sa)− 393.9]−2 for non-proportional
tension–torsion loading;

(2) Under the proportional tension–torsion loading, the fatigue crack initiates on the
surface of the specimen and propagates to the interior, which is often caused by
multiple fatigue initiations that connect to form the so-called “ridge” feature; Under
the condition of 90◦ non-proportional tension–torsion loading, the fatigue crack
initiates at the maximum equivalent stress site of the specimen surface, and the
fatigue crack often appears from multiple sources;

(3) The fracture source area of the proportional tension–torsion loading is characterized as
an obvious fluvial pattern, and the crack propagation zone is characterized as fatigue
striations and ripple patterns; the fracture source area of the 90◦ non-proportional
tension–torsion loading is characterized as cleavage, the stable growth area is charac-
terized as the tear edges formed by the connection between different fracture surfaces,
and the tear edges are relatively flat.
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