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Abstract: The Miiller-Wichards model (MW) is an algebraic method that quantitatively estimates
the performance of sequential and/or parallel computer applications. Because of category theory’s
expressive power and mathematical precision, a category theoretic reformulation of MW, i.e., CMW,
is presented in this paper. The CMW is effectively numerically equivalent to MW and can be used to
estimate the performance of any system that can be represented as numerical sequences of arithmetic,
data movement, and delay processes. The CMW fundamental symmetry group is introduced and
CMW's category theoretic formalism is used to facilitate the identification of associated model
invariants. The formalism also yields a natural approach to dividing systems into subsystems in
a manner that preserves performance. Closed form models are developed and studied statistically,
and special case closed form models are used to abstractly quantify the effect of parallelization upon
processing time vs. loading, as well as to establish a system performance stationary action principle.

Keywords: system performance modelling; categorification; performance functor; symmetries;
invariants; effect of parallelization; system performance stationary action principle

1. Introduction

In the late 1980s, D. Miiller-Wichards proposed a concise novel approach for estimating the total
performance of computer-based (but machine independent) applications by algebraically combining
the known performance estimates of the individual arithmetic, data movement, and delay elements
that comprise the applications in a manner that also accounts for various degrees of parallelism
that can occur during processing [1]. The essence of the mathematical framework upon which the
Miiller-Wichards model (MW) is based is abstracted by the expression ¢ : H — P, where H is a monoid
(i.e., a semigroup with identity) representation of the application, P is the Miiller-Wichards performance
algebra (also a monoid), and ¢ is a monoid homomorphism. The image ¢ (%) in P of a single application
element / in H provides a numerical performance measure for /. The total numerical performance
estimate for the application results naturally from the associative binary operations in H and P and
the homomorphism property of ¢, which algebraically combines the performance estimates for each
application element in H.

Every area of mathematics (e.g., group theory, topology) is described by numerous definitions,
theorems, and constructions. However, many common mathematical concepts occur naturally with
only slight variation in the various areas of mathematics. Category theory is that branch of mathematics
which identifies and studies these common concepts and provides formal mechanisms for mapping
them from one area of mathematics to another. More specifically, a category (e.g., the category of sets)
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consists of a class of objects (e.g., sets), morphisms between objects (e.g., maps between sets), an identity
morphism for each object (e.g., the set identity map), and a rule for associatively composing morphisms
(e.g., composition of maps). Functors provide formal maps between categories (e.g., from the category
of groups to the category of sets) by associating objects and morphisms in different categories subject
to the constraints that morphism composition and object identities are preserved.

Because of its generality category, theory has found application in recent years in such diverse
areas as physics (e.g., [2-5]), design specification (e.g., [6,7]), data fusion (e.g., [8]), computer
science (e.g., [9]), computer security (e.g., [10,11]), systems engineering (e.g., [12]), manufacturing
(e.g., [13]), theoretical biology (e.g., [14-16]), network theory (e.g., [17]), multi-agent systems models
(e.g., [18]), concurrent system design verification (e.g., [19]), emergence (e.g., [20]), and artificial general
intelligence (e.g., [21]). Motivated by category theory’s mathematical precision and expressive power,
this paper introduces a new category theoretic application useful for numerical systems engineering
modelling and analysis via a very simple straightforward categorification of MW for the case that the
application monoid H is a free monoid generated by a finite set of basis processes, i.e., H is the set of
all finite sequences of basis processes, including the empty sequence-where each sequence represents
a system and each basis process corresponds to either an arithmetic process, a data movement process,
or a delay process-and catenation of systems serves as the associative binary operation. The categorified
MW-denoted by CMW-is comprised of three components: a single object category of systems that is
specified by H and has elements of H as its set of morphisms; a single object performance category that is
specified by P and has the elements of P as its set of morphisms; and a performance functor specified
by ¢ with the category of systems as its domain and the performance category as its codomain.

CMW is effectively numerically equivalent to MW with the added benefit that the formalism
introduced by categorification provides a precise vocabulary useful for identifying and discussing
certain fundamental properties of both the model and the systems modelled by it. In particular,
the CMW fundamental symmetry group is introduced and the category theoretic formalism is used
to facilitate the identification of associated symmetry invariants found in the model. In addition,
the formalism provides a natural approach to system factorization-i.e., dividing a system into subsystems
in a manner that maintains its integrity-i.e., preserves the performance of the undivided system.

As indicated above, the objective of this paper is to provide a categorified version of the MW
model and exploit the associated category theoretic vocabulary to provide additional insights into
properties of the MW model, as well as the systems modelled by it. In order to make this paper
reasonably self-contained, relevant definitions, terminology, and preliminary lemmas are summarized
in the next section (for additional depth and clarification the reader is invited to consult such references
as [22-24]). The remainder of this paper is organized as follows: The Miiller-Wichards performance
categories are defined, and their category theoretic properties discussed in Section 3. The category
of systems and the Miiller-Wichards performance functors are introduced in Section 4. The CMW
fundamental symmetry group is defined and its associated model invariants are identified in Section 5.
System factorization and a “product of categories” performance model are discussed in Section 6.
Closed form models are developed in Section 7 and several aspects of closed form models are studied
statistically in Section 8. Special case closed form models are developed in Section 9. These special case
closed form models are applied in Section 10 to abstractly demonstrate the effect of parallelization on
system processing time vs. loading and to obtain a stationary action principle for system performance.
Concluding remarks comprise the final section of this paper. To avoid disrupting the flow of the text,
proofs for all theorems (including those for the special case closed form models) are consigned to
Appendix A.
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2. Definitions, Terminology, and Preliminary Lemmas

2.1. Categories and Morphisms
A category C consists of a collection Obj¢ of objects such that ([22], p. 2)

1. For every pair of objects X,Y € Objc there is a (possibly empty) set Mor¢ (X,Y) of morphisms
from XtoY;
2. Forany X,Y,Z € Objc there is a composition “o” of morphisms

o : More(X,Y) x Morc(Y,Z) — Morc(X, Z) 1)

given by (f,g) — g o f with the properties:

3. For every X € Objc there is an identity morphism 1x € Morc(X,X) such that for
f € More(X,Y)and g € Morc(Y,X), folx =fand1lxog=g;

4. When defined, composition of morphisms is associative, i.e., (fo g) oh = fo (goh).

To illustrate this definition, consider the following canonical examples of categories:

o  The category Set where Objgs,; is the collection of all sets, the morphisms are the ordinary
mappings between sets, and o is the usual composition of maps.

e  The category Grp where Objg,, is the collection of all groups, the morphisms are the ordinary
group homomorphisms, and o is the usual composition of homomorphisms.

It is easily verified that Set and Grp satisfy items 3 and 4 above.

A category C is a subcategory of a category D if ([22], p. 7): every object of C is an object of D;
for all objects X, Y of C, Morc(X,Y) C Morp(X,Y); the composition of two morphisms in C is the
same as their composition in D; and for all objects X of C, 1x is the same in D as it is in C. If Obj¢
is a set, then C is a small category ([22], p. 6) and if Mor¢(X,Y) # @ for all X,Y € Objc, then C is
a connected category ([22], p. 19).

Morphisms are classified in a variety of ways according to their composition properties. Of interest
here are monic and epic morphisms. A morphism f is monic ([22], p. 11)if f o g = fohimplies g = h
and it is epic ([22], p. 12) if go f = h o f implies ¢ = h. For example, in the category Set injective maps
are monic morphisms and surjective maps are epic morphisms. A morphism that is both monic and
epic is a bimorphism ([22], p. 15). A morphism F is factorizable ([22], p. 43) if h = f o g, where f is monic
and g is epic.

Another useful notion involving morphisms is the sieve ([25], p. 206) on an object. For some
X € Objc consider the set of morphisms ¥x = {f: f € Mor¢(X,Y) forall Y € Objc} and observe
that ¥ is closed under left composition, i.e.,, go f € ¥x when f € ¥x and ¢ € Mor¢(Y, Z) for any
Z € Objc. An X—sieve is the subset ¥ C ¥ that is closed under left composition, i.e., go f € ¥ when
f € Y. Note that there are at least two sieves for every X € Objc, namely ¥Yx and the empty sieve &.

2.2. Functors

Functors can be regarded as morphisms between categories and-in a sense-they provide a “picture”
of what one category looks like in another. If F is a covariant functor-or simply a functor (contravariant
functors are not used here) ([22], p. 73)-from category C to category D (denoted F : C — D), then it
assigns to every X € Objc an FX € Objp and to every f € Morc(X,Y) an Ff € Morp(FX,FY)
such that:

1. Flx = 1px for every X € Obj¢; and
2. When fog=hisdefinedin C, then Ff o Fg = Fhis definedinD and Ff o Fg = F(f o g) = Fh.

Fis full ([22], p. 97) if for all X,Y € Objc the mapping Morc(X,Y) — Morp(FX,FY) defined
by f — Ff is surjective, and is faithful ([22], p. 97) if this mapping is injective. Simple examples of
functors include:
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e  The identity functor 1¢ : C — C which makes the assignments 1¢X = X for every X € Objc and
1cf = f forevery f € Morc(X,Y).

e  The forgetful functor U : Grp — Set which assigns to every group G € Objg,y its underlying set
UG € Objs,t and to each homomorphism f € Morg,, (G, H) the set map Uf € Mors,;(UG,UH)
(i.e., U forgets group structure going from Grp to Set).

It can be determined by inspection that these functors satisfy the required properties given above
by items 1 and 2.

Preservation and reflection are two important features of functors. A functor F : C — D preserves
a categorical property ([22], p. 97) 7 if-whenever an object, morphism, or diagram has property 7
in C, then the image under F of that object, morphism, or diagram has property 7 in D. Similarly,
F reflects property ([22], p. 97) 7t if-whenever the image under F of an object, morphism, or diagram
has property 7t in D, then that object, morphism, or diagram has property 7t in C.

It is readily deduced from item (2) that, in general, functors preserve commutative triangles of
morphisms. For example, if Figure 1 is the commutative triangle for f o ¢ = h in C, then it must be

x sy

N

7

Figure 1. The commutative triangle for f o g = hin C.

the case that the commutative triangle in Figure 2 is the preserved image of Figure 1 under
the functor:

Fg
FX —=>FY

N{

FZ
Figure 2. The preserved image of Figure 1 under F in D.
F in D. Note that Figure 1 is a factorization of & when f is monic and g is epic.

2.3. Preliminary Lemmas

The following lemmas are needed to prove and discuss the main results of this paper. They have
been established elsewhere and are stated here without proof for the reader’s convenience.

Lemma 1 [9]. Any monoid M specifies a category M with M as its only object, the elements of M as its only
set of morphisms, and the binary operation on M as its composition of morphisms.

Lemma 2 [9]. Each monoid homomorphism f : M — N specifies a functor F : M — N with FM = N and
Fxe Morn(N,N) = N for x € Morpy(M, M) = M such that Fx o Fy = Fz in N when x oy = z in M.

Lemma 3 [24]. Let Fx be the free monoid on a set X and S be any monoid. If ¢q is any mapping of X into S,
then @g can be extended in one and only one way to a homomorphism ¢ of Fx into S as ¢(x1xp -+ - Xp) =

Po(x1)@o(x2) - - - @o(xn).

Lemma 4 [22]. Every faithful functor reflects monics, epics, and commutative triangles.
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Lemma 5 [24]. A free monoid F is cancellative (i.e., uv = uw and vu = wu implies v = w for u,v,w € Fx)
and equidivisible (i.e., uv = wz implies there exists an x such that either u = wx and z = xv or W = ux
and v = xz for u,v,w, x,z € Fx).

As an example of equidivisibility, suppose uv = wz is a commutative square in a free monoid
with u = ajaxasagas, v = agarasay, w = aiap, and z = azagasagarasay. Then there exists an x = azayas
such that u = wx and z = xv.

3. The Miiller-Wichards Performance Categories

As mentioned in the introduction, in 1988 Dieter Miiller-Wichards posited a (computing)
machine independent “performance algebra” designed to estimate the total performance of a specific
implementation of an application on a machine using the (known) performance characteristics of
its individual building blocks. This approach enabled trade-off studies and analyses of applications
using its various decompositions and implementations [1]. As indicated above, similar studies and
analyses can be performed using CMW to estimate the numerical performance of any system that can
be represented as sequences of arithmetic, data movement, and delay processes.

The Miiller-Wichards performance algebra consists of a set whose elements are ordered in triples
along with an associative binary operation, which defines how the elements of the set are to be
multiplied. These elements are partitioned into three distinct subsets depending upon whether they
are arithmetic, data movement, or delay elements. The first and second entries in each triple correspond
to a performance value (e.g., a processing or data movement rate) and a weight value (e.g., the number
of operations to be performed or the amount of data to be moved), respectively (delay elements are
a special case—see below). The third entry is either a 0-which defines the element as a data movement
or delay element-or a 1-which defines the element as an arithmetic element. Multiplication of an
arithmetic element by any element produces another arithmetic element, whereas the product of a data
movement element with a data movement element or a delay element is a data movement element.
The set of delay elements is closed under this multiplication.

Multiplication is defined in terms of a positive real valued parameter g, which provides a family
of (“skewed” time) results that interpolate between completely sequential and completely parallel
execution of the associated application. The value of this parameter can be selected to account for
execution time “speedup” or for degrees of machine and application parallelism.

The sets that define the Miiller-Wichards performance algebra are:

R = the set of positive real numbers, 2)
C =Ry xRy x {1} = the set of arithmetic elements, (©)]
D =R x Ry x {0} = the set of data movement elements, 4)
V = (Ry U{oo}) x {i} x {0} = the set of delay elements, ®)

wherei = +/—1,
p=CuUDUYV, (6)

and

o =CuD. ?)

Each element in C, D, and V is a triple ¢ = (r, w, u), where r is a performance value, w is a weight
value, and u € {0,1} determines the element type (i.e., C, D, or V).
Let 1 < g < o0, and define the operation ®7 as follows:

1. Ifg = (r,wy,uy) € pand g = (12, wo, up) € ¢, then g1 @7 ¢> = (r,w, u), where

u=1uV iy, 8)
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w = Re[ujwy + upwy + —~u(wy + wy)], ©)
and o]
w
[(lzm)q <|wz|>qyw q< 00
)+
— ! 2
F T "
maxpwl‘,‘wzq
5] n

2. If g1, € V, then g3 ®1 g = (r,i,u), where u and r are given by Equations (8) and
(10), respectively.

The elements g1, g, are comparable if g1,¢> € Cor gy,g € Dor g, € V. If g1, € o,

then g1 < g» when g1, g» are comparable and either % < % or % = % and rp > rq.

Theorem 1. (p, ®7) is a commutative monoid M, with identity e = (o, 1,0).

Since (g, ®7) is the monoid My, then (p, ®7) specifies a category according to the prescription
given by the next theorem.

Theorem 2. (p,®17) specifies the Miiller-Wichards performance category ¢, with Mgy as its only
object, Mor, (Mg, My) = g as its only morphism set, and composition of morphisms defined by ®1.

In order to identify additional categorical properties derived from the algebraic structure of
(0, @7),let ¢ =CU {e}, pP = DU {e}, p°P = ¢’ U {e},and pV = V.

Theorem 3. (pff, ®’4), X € {C,D,CD, V}, are submonoids of (p, ®1).

This leads to the following result:

Theorem 4. If X € {C,D,CD, V}, then (pX,®17) specifies the Miiller-Wichards performance category pff

with Mg( as its only object, Morp;q( (Mé(, Mg( ) = X as its only morphism set, and composition of morphisms
defined by ®1.

Note that although Morg)gf (M?, M,;() CMory, (Mg, M), pff is not a subcategory of p, because
M # M.

Theorem 5. Each of the categories o, and are small and connected.
Theorem 6. Every morphism in pif, X € {C,D, V},is a bimorphism.

The following result is included for completeness and is a category theoretic statement of the fact
that multiplication in the performance algebra is biased towards arithmetic elements, i.e., the product
of any element in set ¢ = C U D U V with an element in set C is an element in C.

Theorem 7. The set C is an M, - sieve in category ©,.

4. The Category of Systems and the Miiller-Wichards Performance Functors

In this section, the category of systems is obtained from the free monoid Z4 generated by a finite
set A of basis processes. Although this approach is similar to that employed in [1] to define H,
for simplicity the catenation operation in 74 is used here instead of the two operations @ and @ used in
H to distinguish between portions of an application that have sequential and parallel implementations.
A product of categories construction will be introduced for this purpose in Section 6.
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Recall from Section 1 that Z4 consists of all finite sequences of basis processes of A called systems.
The catenation of systems u,v € Z4 is the system w = uv € Z4 and u and v are subsystems of w.
The empty system € € 74 is the system with no basis processes and serves as the identity element for
ZLa with eu = ue = u.

The category of systems 4 associated with a basis process set A is obtained from 74, as prescribed
in the following theorem.

Theorem 8. 7, specifies the category of systems I with F 4 as its only object, Mors, (Fa, Fa) = Ia as its
only morphism set, and composition of morphisms defined by catenation of systems.

Thus, a morphism in 34 is a system and composition of morphisms in 34 is catenation of systems.
Theorem 9. 34 is a small connected category.
Theorem 10. Every morphism in 34 is a bimorphism.

Any functor from J4 into g OF pff, X € {C,D,CD, V}, is referred to here as a Miiller-Wichards
performance functor for 34 and the performance for any system in 4 is its image under
a Miiller-Wichards performance functor in g OF pf;, X € {C,D,CD, V}. These functors are defined
by unique extensions of gauge maps from the set of basis processes into the associated Miiller-Wichards
performance monoids as described by the following theorem (here “gauge” emphasizes the fact that
these maps set the performance gauge for each basis process).

Theorem 11. For any gauge map ¢o: A — (p,®1) [¢g: A = (p%,®7),X € {C,D,CD, V}] there is a
unique Miiller-Wichards performance functor Fg, : Sa — @, [F(ffo 1G4 — pﬂ such that

Fyoaray - - - ay = @o(a1) @7 @o(az) @7 --- @7 ¢o(an) (11)

[ Fpoaaz - an = go(a1) @7 go(az) @7 - - - @7 go(an) | (12)

where ajay - - - a, € MorsA(}_A, Fa).

5. The CMW Fundamental Symmetry Group and Associated Invariants

Based upon the discussion above, it is clear that CMW can be abstracted by the functor expressions
Fpy: Sa — ©q and Fgo 1S4 — p;(, X e {C,D,CD,V}. In this section, the CMW fundamental
symmetry group is introduced and associated model invariants (which at an abstract level can be
viewed as invariants of the modelled system) are identified. Recall that, in general, a symmetry
associated with a “situation” is related to an “immunity to change” for some aspect of the “situation”.
In order for a “situation” to have a symmetry: (i) the aspect of the “situation” remains unchanged
or invariant, when a change or symmetry transformation acts upon the “situation”; and (if) it must
be possible to perform the change, although the change does not actually have to be performed [26].
Here, symmetry and symmetry transformation are used interchangeably.

An automorphism of 34 is a bijection & : Morg, (Fa, Fa) — Morg, (Fa, Fa), which preserves the
catenation operation in 7. Since Morg, (F 4, F 4) remains unchanged under « and it is possible-but
not necessary-to apply &, then items (i) and (if) above are satisfied and « is a $4 symmetry. The set of
all such symmetries under the operation composition of bijections forms the automorphism group
Aut(34). This group is the CMW fundamental symmetry group.
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Theorem 12. The CMW fundamental symmetry group is isomorphic to the group of permutations of the set A
of basis processes.

The following corollary is obvious and is stated without proof.
Corollary 1. |Aut(34)| = |A!

A CMW invariant is a CMW property that remains unchanged after every symmetry in the CMW
fundamental symmetry group has been applied to Mors, (Fa, Fa)-

Theorem 13. The images of Sa in g, and p;( under the Miiller-Wichards performance functors Fyp,
and Fq))% , X € {C,D,CD, V}, respectively, are CMW invariants.

Theorem 14. If A is a commutative triangle in 4 , then A and its image under Miiller-Wichards performance
functors are CMW invariants.

6. System Factorization and Product Performance Models

Recall from Section 2 that a morphism  is factorizable if h = f o g, where f is a monic morphism
and g is an epic morphism. In the category of systems, this means that when a system w is factorizable
as w = uv, then w can be divided into the two subsystems u and v without affecting the order and
content of the base processes in w. The integrity of a factorization is maintained if the performance of w is
identical to that of uv.

Theorem 15. Every commutative triangle in 34 corresponds to a system factorization, which maintains its
integrity.

A commutative square in 4 corresponds to an equation uv = wz, where u,v,w,z €
Morg, (Fa, Fa)-

Theorem 16. For every commutative square in 34 there are two systems in the square, which have factorizations
that maintain their integrity.

Corollary 2. Whenever uv = wz is a commutative square in 34 , then either F;fou and F(f,%z or F;f()w and Fﬁ)v
are factorizable in gy, X € {C,D, V}.

Corollary 3. If Fyju = Fp v @1 Fp w , thenu is factorizable in 34 and maintains its integrity when Fyp, is
faithful.

Results similar to Corollary 3 also apply for Fx, X € {C,D,CD, V}.

Additional modelling flexibility can be obtained using products of categories when a system
is comprised of subsystems that have different sequential and/or parallel characteristics. Here,
two basis sets A and B of processes and two morphism compositions ®7 and ®” form the product
category of systems Sap = 4 X Ip and the associated Miiller-Wichards product performance category
Pgp = ©q X ©p, respectively. For the product category Sap the single object is the pair Objg,, =
Objg, x Objs, = {(Fa,FB)} = {Fan}, the set of morphisms are ordered pairs Morg, ,(Fap, FAB) =
MOTgA (J:A/]:A) X MOVS'B(]:B/ Fg) such that for (fA/fB) S MOTQ;AB (]:AB/]:AB)/ fa:Fa— Fy and
fg: Fp — Fp with composition performed component wise. Similarly, for the product category ©,,
the object is the pair Obji, , = Objg,, x Obj,, = { (Mg, Mp) } = {Myp}, the set of morphisms are
ordered pairs Mor, | (Mgp, Mgp) = Morg, (Mg, My) x Morg, (Mp, M) such that for g5 = (g4,8p) €
Morg,, (Mgp, Mgp), and gp : Mp — M, with composition performed component wise. It is easily
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verified that S4p and g, are categories where 1x,, = (¢,¢) and 1p,, = ((e9,1,0), (0,7,0)) are the
object identities.

Now use the gauge maps ¢ : A — (p,®7) and 6 : B — (p, ®F) to define Fy g, : Sap — 04y
as Fy 0, = Fpy X Fg, = (Fgy, Fy,) such that Fy, o) Fap = (FpyFa, FoyFp) = (Mg, Mpy) = My, and
for f = (fa, f) € Morg,,(Fap, Fap), Fpoof = (FoofaFoofs) = (84:8p) = &qp- 1t is readily
seen that F, g, is a functor because Fy 0,17,, = (Fpoe, Foye) = ((00,1,0), (00,1,0)) = 1u,, and
for I’l,k = (hA,]’lB), (kA,kB) S MOYSAB(]:ABrfAB)/ if, then P§00,90f oh = quo,eo(fA OI’lA,fB OhB) =
(F(PofA oha, Fo,fp ohp) = (FfPOkA/ FeokB) = Fpya0k-

Thus:
Fpo 6001802 - - - @, b1by - - - by = (Fyoa1az - - - ay, Foyb1by - - - by)
= (po(a1) ®7 go(az) @1 - - @1 @o(am),00(b1) ®P Op(b2) @F - - - @F O (bn)) (13)
= (89,8p)

Of course, a similar construction can be made using products of a finite number of categories of
systems and Miiller-Wichards performance categories.

Thus, generally distinct performance triples g; = (rg, w,, 14) and g, = (rp, wp, 1) are obtained,
which yield separate performance estimates for systems comprised of A basis processes and for systems
comprised of B basis processes, respectively. Obviously, unless g = p, ¢; and g, cannot be properly
combined algebraically to obtain a single performance estimate for a process comprised of both A and
B basis processes. However, an inequality can be established by letting g1 = g4, §2 = (0,7,0) = g3,
and g4 = gp in Lemma 2.6 in [1]. These yields g, ®” ¢, > ¢, ®7 g, when1 < g < p < co. An alternative
approach is to estimate the combined processing time for systems composed of A processes and for

_ Jwl
rp'

systems composed of B processes from g, and g, using t g = t4 + tg, where t4 = % and tg
7. Closed Form Models

In this section, the above theory is used to develop general closed form system performance
estimation models where a system’s performance r and weight w are explicit functions of the
performances and weights of the processes that comprise the system. The next theorem provides
models for systems comprised entirely of a finite number of arithmetic processes or data movement
processes. In what follows, let N = {1,2,--- ,n}.

Theorem 17. Let ajay - - - ay € Morg, (Fa, Fa)-If ¢o(a;) € C, i € N,or ¢g(a;) € D, i € N, then

FXaa---ay = (r1,w1,x) @1 (ra, w2, %) @7+ -+ @7 (ry, wn, x) = (r,w,x), (14)

where x = 1 or 0 when X = C or D, respectively, w = Y ' | w;, and

w

f=——— (15)
K
()]
Now consider systems comprised entirely of a finite number of delay processes.
Theorem 18. Let aqay - - - a, € Morg, (Fa, Fa). If ¢o(a;) €V, i € N, then
F(‘P/Oalaz sty = (r1,1,0) @1 (r2,1,0) @7 - - - @7 (r4,1,0) = (,1,0), (16)
where .
r= (17)

=

e (3)']
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The last two theorems can be used to construct closed form models for systems comprised of
finite numbers of arithmetic, data movement, and delay processes.

Theorem 19. Suppose the system aqay - - - ay € Mors, (Fa, Fa) is comprised of nc arithmetic processes, np
data movement processes, and ny delay processes such that nc + np + ny = n. Then

F§00a1a2 ol = (VC, we, 1) ®q (VD, ZUD,O) ®q (TV, Z‘/ 0) - (7, wc, 1)/ (18)

where .
r= S , (19)

()" (s2)" ()T

with rc and we given by Theorem 17 when X = C and n = n¢; rp and wp given by Theorem 17 when X = D
and n = np; and ry given by Theorem 18 when n = ny.

8. Statistical Properties of r for Closed Form Models

Since system performance studies are often stochastic in nature, it is instructive to examine the
statistical characteristics of the system performance variable r for several cases using the closed form
models of Theorem 17 for arithmetic and data movement elements.

8.1. Fixed Rates and Independent Random Weights

Assume that for both element types each rate r; = r;, i € N, where r; is a fixed value, and each
weight w;, i € N, is an independent random variable described by the same Poisson distribution with
mean A. In this case-for a fixed g, 1, and A-Equation (15) can be written as:

(20)

Note that it necessarily follows that )" ; w; is also Poisson distributed with mean nA.

Using these assumptions, 10* trials were generated for each A and g combination, where A €
{10,20,40} and g € {15, 2, 2.5, 3, 4, co}, when n = 10 and r; = 1. A kernel estimator of the
probability density function (pdf) for the overall system rate r associated with each combination
is shown in Figure 3. Observe from Equation (20) that since this figure is generated using r; = 1,
the horizontal axes of this figure can be interpreted as the ratio r/r;. Thus, multiplying each pdf by
0 < r; # 1yields the pdf for the associated r;.

Inspection of Figure 3 quantifies-for a system comprised of a fixed number of basis processes
and a fixed processing rate-the intuitively pleasing facts that: (i) for a fixed g value, the peak value
of the pdf increases, the r value of the peak of the pdf effectively remains fixed, and the width of the
pdf narrows as the mean process weight A increases (i.e., the probability that the value of the overall
system rate r will be within a small fixed interval about the peak r value increases with increasing
mean process weight); and (ii) for a fixed mean process weight, the peak value of the pdf for r increases
and the width of the pdf broadens as g increases in value (i.e., the overall peak system rate r increases
and the probability that  will be within a small interval about the peak rate decreases with increasing
system “speedup” or parallelism).

Kernel estimator pdfs were also obtained for r using 10* trials and Equation (20) with r; = 1
forn € {2,4,8,10,16} and g € {1.5,2,2.5,3,4,00}. The weights for each trial were determined from
a Poisson distribution with A = 10. These results are presented in Figure 4 where-as expected from the
Figure 3 results-it is seen for each n that the peak r value increases, the distribution broadens, and the
value of the pdf peak decreases with increasing q. Also expected is the fact that-although the pdf peak
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values and distribution width effectively remain the same-the distributions shift to larger r values with
increasing q as n increases.

Density
40
L

q=13

Density
40

R i Q=2

Density
40
L

8 qQe25

o - _/\ __/\ i
L]
4

r

N

Figure 3. Probability density functions for r for various g values when r; = 1, n = 10, and A = 10, 20,40
(top to bottom).

8.2. Random Rates and Random Weights

Now consider trials where for each trial—in addition to having Poisson distributed random
weights as just described—the rates r; in Equation (15) are also randomly assigned using the
exponential distribution:
ye ¥, x>0

. 21
0, otherwise 1)

flor) = {

Using this methodology, kernel estimator pdfs for r were obtained using 10* trials per combination

for a range of 7y values and each q € {1.5,2,2.5,3,4,00} when A = 10 and n = 10. These results are

presented in Figure 5 for v € {2,10} and in Figure 6 when 4 is also unity and y € {1,2,3}. Each of the

pdfs in the two lower Figures in Figure 6 are scaled by their vy values, i.e., all of the resulting r values

are divided by their respective 7y values, so that the pdfs for all 7y values fit on the same horizontal axis
value range.
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Figure 4. Probability density functions for r whenr; =1, g € {1.5,2,25,3,4,c0},and 1 € {2,4,8,10,16}.
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Figure 5. Probability density functions for r when n = 10, A = 10, ¢ = 2 (top), v = 10 (bottom) and
g € {15,2,2.5,3,4, 00} (left to right).



Systems 2019, 7, 6 13 of 22

o q=1 rape-1

10

08

as
1

a4

-2
o rane=-2

o rafe=3

as o8
1 1

04

Figure 6. Probability density functions for r when n = 10, A = 10, v € {1,2,3}, and q €
{1,1.5,2,2.5,3,4,00}. Each r value for v € {2,3} has been divided by the associated value of +.

Observe from these figures that—when compared with the previous results for fixed r;—the
inclusion of random rates causes the g parameterized pdfs to be closer together and overlap.
The presence of randomness increases the variance associated with each r pdf and, interestingly,
tends to significantly decrease the sensitivity of the pdfs to the value of 4. This comparison is made
more clear in Figure 7 where the graphs of the pdfs for n = 10, A = 10, and g € {15,2,25,3,4} are
placed one above the other for the case where both the rates and weights are randomly selected as
above when ¢ = 10 (upper Figure) and the case where the rates all have unit value and only the
weights are Poisson distributed (lower Figure). Each of the pdfs in the upper Figure are scaled by the
associated oy = 10 value.
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Figure 7. Probability density functions for r whenn =10, A =10and g € {1.5,2,2.5,3,4}.

9. Special Case Closed Form Models

Here, Theorems 17-19 are used to produce several closed form models when the performance
values and the weight values are assumed to be equal for all processes in a system. Such processes are
equal processes and the associated system models are special case closed form models (SCCFMs).

SCCFM 1. If ajay---a, € Morg,(Fa,Fa) is a system such that go(a;) = (0,A,1) € C, i € N,

_1
then F%Oaluz -o-ay = (r,w,1), where w = nA and r = n'a p. The time required for the system to

1
complete its arithmetic operations is t;: =ni (%)

Since the next model is also a direct consequence of Theorem 17 and its proof follows that of the
previous model, it is stated without proof.

SCCFM 2. If ajap---a, € Morg,(Fa, Fa) is a system such that ¢o(a;) = (0,w,0) € D, i € N,
then F a4 - -ap = (r,w,0), where w = nw and r = i o. The time required for the system to
complete moving all of its data is t = ni (2).
SCCFM 3. If ajap---a, € Morg (.FA,.FA) is a system such that ¢g(a;) = (4,i,0) e V,j €N,
then FV Mz ay = (r,i,0), wherer =n 7 6. The time delay for this system is tV =na (%)

Note that: (i) when g = 1, the processing is sequential and as required, the time tX, X € {C,D,V},
for the systems to complete their processing is the sum of the n individual times required to complete

each process in the system; (ii) when 1 < g < oo, the processing time is “skewed” or “compressed”
and t;( <t

SCCFM 4. Suppose the system ajap---a, € Morg,(Fa, Fa) is comprised of nc equal
arithmetic processes, np equal data movement processes, and ny equal delay processes such that
nc +np +ny = n. Then:

Fq)oala2 clp = (Vc, we, 1) ®17 (T’D, wDrO) ®"7 (TV, i/ 0) = (rCDV/ Tch, 1)/ (22)

where rc and wc are given by SCCEM 1 when n = n¢; rp and wp are given by SCCEM 2 when n = np;
ry given by SCCFM 3 when n = ny; and:
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ch)\

[ne(3)"+no() v (3)]

rcpy = (23)

==

The time required for this system to complete its processing is:

o7 = (1) 4 (12)"+ (1)) 2

Again, note that when g = 1, #{PV is the sum of the system delays, the time required for the
system to complete processing its arithmetic operations, and the time required for the system to
complete its data movement operations.

10. Applications of Special Case Closed Form Models

Special case closed form models are useful for understanding and describing fundamental
properties and dynamics of CMW system performance models. The following subsections provide
several examples of this.

10.1. The Effect of q Upon the té( — nx Dependence, X € {C,D,V'}

It is easily seen from SCCFM1-SCCFM3 that the differential of té( (with respect to nx) can be
written as:

Lxdnx v (¢, D, v}, (25)

dtX =
1771 ny

Dividing both sides of this equation by té( yields:

dty
“q _ldng (26)
t3 q nx
which can be written as .
dint) = —dInny (27)
q
or as X
dInt 1
q
= —. 2
dlnnx ¢ (28)

It follows from this that for these SCCFMs, In t,? varies linearly with Innx with an associated
slope of g~1. This implies the intuitively pleasing result that for SCCFM1-SCCFM3, increasing the
system’s parallelization (i.e., increasing the g value) decreases the processing time t,? -regardless of the
number nx of basis processes that must be processed.

10.2. A Stationary Action Principle for SCCEM4 System Performance

Consider SCCFM4, assume for fixed g that [(t%)q + (t?)q + (t}{)q} = x(t) = x is time

dependent, and let the function:
14

1 1a
Ly=Ly(xx) = P (29)

where x = dd—)f, describe the system’s performance with time. Using Equation (29), it is found that:

o o,y _oc, I~
dt \ ox ox ’
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i.e., L, satisfies the Euler-Lagrange equation. Consequently, £, is the performance Lagrangian
for the system, Equation (30) is the associated equation of motion for the system’s performance,
and the integral

| /0 Lydt @31)

is stationary so that its first variation é vanishes (e.g., [27]). This has the following interpretation:
If )" is the configuration space x x t C Ry x R4 and processing begins at t = 0 and is completed at

t = 7, then the actual processing path followed by {(t%) ! + (tqD ) ! + (tl{) q} in ) during the fixed
processing interval [0, 7] is such that:

T
5 / Lodt =0 (32)
0
with respect to all path variations in ), which vanish at the end-points of the interval.

10.3. Invariance of the Equation of Motion

Note that for any arbitrary (twice differentiable) function ¢(x), the transformed
performance Lagrangian
Lh=Ly+¢ (33)

also describes the processing path followed by [(t?)q + (t,lf )q + (t}{)q} in ) during the fixed

processing interval [0, T] since:

T T T
5/ chat = 5/ Lodt + 5[] = 5/ Lodt =0. (34)
0 0 JO

Thus, although the performance Lagrangian is not unique, by extension, it can be concluded
that the equation of motion for the system’s performance is invariant under all transformations of the
performance Lagrangian of the form given by Equation (33).

11. Concluding Remarks

This paper has presented a category theoretic reformulation of the Miiller-Wichards system
performance model. The use of category theoretic terminology provides a precise and efficient
mathematical vocabulary for defining categories of systems, system performance, and system
performance functors. These functors were shown to be useful for discussing factorizing systems
without changing their performance and identifying model symmetries and invariants. Such formal
mathematical properties of models tend to characterize aspects of the real systems that the
models represent.

A practical feature of the model is that it can be implemented in a relatively straightforward
manner as a software package. A user can assign to each basis process—via a gauge map—its numerical
triple in the performance category. This defines for each basis process its type (arithmetic, data
movement, or delay element), rate, and weight. The associated performance functor then uses these
assignments to automatically generate a final performance triple for any system (string of basis
processes) in the category of systems defined by the process basis set. Several other useful features of
the model include using closed form performance models to provide “quick” performance estimates,
as well as to provide “sanity checks” for results obtained from software implementations of the model;
generating stochastic-based performance studies by treating rates and weights as random variables
(as illustrated in Section 8); and applying closed form models to abstractly characterize aspects of
system performance (as illustrated in Section 10).

Future research involves defining an appropriate metric d on Morg, (Fa, F4) that measures
the similarity between systems; and finding an approach for classifying subsets of interest in the
associated metric space (Morg. A(]—" A, F A),d) such that the systems within such a class are very
similar [28]. An implementation of this classification scheme in a software package, which also
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uses Fp, to automatically evaluate in o, the performance of the systems in such a class can be useful for
scheduling analysis, as well as for making informed high level system engineering design trade-offs.
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Appendix A
Proof of Theorem 1. This result was provenin [1]. [
Proof of Theorem 2. This follows directly from Lemma 1. [

Proof of Theorem 3. Let g1,92 € eX. Casei. f X = C,thenu; =1 = up. Sinceu = u; vV up =1,
then ¢ ®1 ¢ = (r,w,1) € ©C. Caseii. f X = D, thenu; =0 = up and u = uq V up = 0. Thus,
91 ®9 ¢, = (r,w,0) € pV. Case iii. Cases i-ii apply when g1 and g are both in C or in D. Now let
g1 €Cand gy € D. Thenuy V uy = 1so that g; ®1 g2 = (r,w,1) € C C p°P. Caseiv. If X = V, then
U =0=1up, wy =i=wp. Sinceu =u;V up =0and w = i, then g; ®7 ¢» = (r,i,0) € p". Clearly,
if either or both of g7 or g, are the identity element e for each of these cases, then g1 ®1 ¢» € p*X, X €
{C,D,CD, V}. Consequently, each (pX, ®‘7), X € {C,D,CD, V} is a submonoid of (p, ®1). O

Proof of Theorem 4. Each of these monoids determines an associated category in the manner
prescribed by Lemma 1. [

Proof of Theorem 5. Each category is small because Ob jW and Obj oK X € {C,D,CD, V}, are singleton
sets. They are connected because p, and pff, X € {C,D,CD,V}, have only one object and
Mory, (Mg, M) = p # @ # X = Morx (MX, MY). O

Proof of Theorem 6. It must be shown that any morphism g; € Morp‘;; (Mg(, M?) is both monic and
epic. First show that g7 is monic, i.e., g1 ®7 g2 = g1 ®7 g3 g2 = g3. Observe that g1 = e is monic and
assume that g1 ®7 ¢>» = ¢1 ®1 g3 with g1 # e # .

Casei f X =Cand1 < g < oo, thenu; =up =u3 =1=uyVup =uy3Vuz =1 =
Re[wq + wy] = Re[wy + w3] = wy = w3 =

w1 + wy . w1 + w3 _ w1 + Wy
77 1/ 1
() ()" () (=) () ()"

= 1y =13 = g» = g3 = &1 is monic. Similarly for g = cc.

Caseii. f X =Dand1 < g < oo, thenuy = up =u3 =0=>uyyVuy =uyyVuz =0 =
Re[wy + wy] = Rewy + w3]wy = w3 =

w1 + wp w1 + w3 _ w1 + wy (A2)

CEORCECIR GG

=1y =13 = g2 = g3 = &1 is monic. Similarly for g = cc.
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Caseiii. f X=Vand1<g<oo, thenuy =upy=uz=0and wi =wp =w3 =i =
1 B 1
1/, 1
()N ()@

=1y =13 = g = g3 = &1 is monic. Similarly, for g = co.

(A3)

To show that morphism g; is epic it must be demonstrated that go ®7 g1 = g3 ®7¢1 = 2 = g3.
Note that g = ¢ is epic and observe that since ®7 is commutative, then the Case i—iii arguments above
still apply so that go ®1¢1 = g3 ®7¢1 = g2 = g3 = g1 isepic. [

Proof of Theorem 7. Consider p ®7C. Let g1 = (r1,w1,1) € C C pand g = (rp,wp, 1) € C.
Then g1 ®7 ¢, € C because u1 V up = 1 and wy and w; are real valued. If g1 = (r1,w1,0) € D C g,
then it is also the case that g1 ®7 ¢, € C because u; V up; = 1 and w; and w, are real valued.
If g = (r1,1,0) € V C g, then u; V up = 1, the resulting weight w is real valued, and the resulting
rate r is real valued so that g1 ®7 ¢, € C. O

Proof of Theorem 8. This follows directly from Lemma 1. [

Proof of Theorem 9. 34 is a small category because Objg, is the singleton set { F4 }. 34 is a connected
category because it has only one object and Morg, (Fa, Fa) # @. O

Proof of Theorem 10. This is a direct consequence of the fact that 74 is cancellative (Lemma 5).
In particular, uv = uw = v = w = u is monic and vu = wu = v = w = u isepic. U

Proof of Theorem 11. From Lemma 3 a homomorphism ¢ : Z4 — (g, ®7) is established by extending
any gauge map ¢ : A — (p, ®7) to a unique monoid homomorphism ¢ : 74, — (p, ®7) according to:

@(araz -+ an) = @o(a1) @7 po(az) @7 -+ @7 (an) . (Ad)

From Lemma 2, this homomorphism corresponds to the performance functor Fy, : 34 — g,
such that F, 74 = M and:

Fpoaiaz - - - an = @o(a1) @7 go(az) @7 -+ &7 @o(an) (A5)
Similarly, for the functors F(ffo 1 8a — p),f, Xe{C,D,CcD,V}. O

Proof of Theorem 12. Since Morg, (Fa,Fa) = In, it is clear that a:Zy — I, is also
an automorphism of Z4 in which case Aut(34) = Aut(Z,). The theorem follows from the well-known
fact that Aut(Z,) is isomorphic to the group of permutations of the elements of set A [24]. O

Proof of Theorem 13. For every a € Aut(Sa), a(Morg,(Fa, Fa)) = Morg,(Fa, Fa). Thus,
if w € Morg,(Fa, Fa), then w € a(Morg,(Fa, Fa)). Because gy is fixed, Fy,w and F;(O w, X €
{C,D,CD, V}, have the same images in (, and qu, respectively, after the application of every « as

they did before their application. [

Proof of Theorem 14. The existence of a commutative triangle A in §4 means that A exists in
Morg, (Fa, Fa). Since a(Morg, (Fa, Fa)) = Morg,(Fa, Fa) for every a € Aut(Sa), then A also
exists in a (Morg, (Fa, Fa)) forevery a € Aut(34)and isa CMW invariant. That the Miiller-Wichards
performance functor images of A are also CMW invariants follows from the facts that (i) the images of

these functors are CMW invariants (Theorem 13) and (ii) all functors preserve commutative triangles.
O
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Proof of Theorem 15. Let w = uv be a commutative triangle in J4. It follows from Theorem 10
that u and v are bimorphisms in which case u is monic and v is epic and w = uwv is a factorization
of w. Since functors preserve commutative triangles, then Fy,w = Fp u ®7 F, v is the associated
commutative triangle in p,. It is clear that the integrity of the factorization of w is maintained because
Fp,w = Fyyuv = Fp u @1 Fy 0. Similarly for the functors F(ffo, Xe{C,D,CD,V}. O

Proof of Theorem 16. If uv = wz is a commutative square in 34, then, because Z 4 is equidivisible
(Lemma 5), there exists an x € Morg, (Fa,Fa) = Za such that (i) u = wx and z = xv, or (i) w = ux
and v = xz. These are factorizations because every morphism in 34 is a bimorphism (Theorem 10)
so that in (i) w and x are monic and x and v are epic, or in (ii) # and x are monic and x and z are epic.
Because each of these factorizations corresponds to a commutative triangle in 34, it follows from
Theorem 15 that they maintain their integrity. [

Proof of Corollary 2. If uv = wz in Morg, (Fa,F4), then it must be the case that there is an x €
Morg, (Fa, Fa) = La such that u = wx and z = xv or w = ux and v = xz (Lemma 5). Since u = wx,
z = xv, w = ux, and v = xz are commutative triangles in 34, they are preserved by Fq),% in p;(,

X € {C,D,V}, so that P;fou = P;,%w ®1 Péf)x and P;,f)z = F(f,f]x ®1 P;,%v or P;,%w = Pé%u ®1 F(;gx and

F(i(ov = F(ffox ®1 F(;(Oz. The result follows from the fact that every morphism in the image of Fgo in pff,
X € {C,D, V},is abimorphism so that F(ffow and Fgox are monic and Fqi(ox and F;f v are epic, or Fqi(ou
and F;,%x are monic and ijox and Fq),%

0
z are epic. U

Proof of Corollary 3. If Fy, is faithful, then the commutative triangle F,1u = Fy,v ®7 Fp,w in o, reflects
to the commutative triangle # = vw in 34 (Lemma 4). Since every morphism in 34 is a bimorphism
(Theorem 10), then u is factorizable because v is monic and w is epic. Since Fyu = Fp v @1 Fpw,
the factorization of # maintains its integrity. [J

Proof of Theorem 17. That the action of the functor on aja; - - - a, is as stated in the consequence
of the theorem follows from Theorem 11 and the fact that ¢o(a;) = (rj, w;,x), i € N, where x =1
or 0 when X = C or D, respectively. The remainder of the proof is by induction. (i) For = 0,1,
w = w1y = Re[xwy + xwy + —(xVx) (w1 + wy)| = xwy + xwy + ~x(wy + wy) = wy + wy; w = wipz =
Re[xwlz + xws + x(wyp + ZU3)] = wyp + w3 = w1 + wyr + wz. Now assume that w = wqy..., = w1 +
Wy + -+ wy. Since w = wyp...(y41) = Re[xwip..n + XWp 11 + ~(W12.n + Wyy1)] = Wi.p + Wy =
w1 +wy + - -+ + Wy, it follows that w = wy + wy + - - - + wy. (i7) Since each weight is real valued,

w1+ wp
r =T = . p 7 (A6)

w w

)+ ()]
and increasing by one yields:
r=ns= wlzw‘;ZHZZ 0T W1+WZ+W34 Va
((2) ()] )
w1 +w w;
ﬁfwgl/ +<733) (A7)
w i
)"+ ()]

w1 +wWy+ws3
wy \17 wy \ 1 w3 \ 1 Ug*
() +(2)+(52)]
w1 twy+---+wy

(GO s T

Now assume ¥ = r1p..., =
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Since
W12...n T Wit 1

12---(n+1) Kwumn)qu(wnH)q}l/q
12... 41
wTerer“Iquw,,H

B L K (A8)

Wy +wp+-Fwpy n wWy1\17
wqFwp+--+wn T+

()Y ()]

Then
wyt+wy+ -+ Wy

q q q11/4
wy wy Wnt1
()7 () e (52)]

(A9)

and the theorem is proved. [

Proof of Theorem 18. The action of the functor on aja; - - - a, as stated in the consequence of the
theorem follows from Theorem 11 and the fact that ¢o(a;) = (7;,1,0), i € N. Itis also clear from item
2 in Section 4 that regardless of how many triples in set V are combined under &7, the weight of the
resultant triple is i. The remainder of the proof is by induction. Since |i| =1,

r =" = p . % (AlO)
() +(3)]
and
P T T
[(z) + (%) } +(%)q
DR o
_ 1 1 2
= T
(G +2)" )
Now assume that:
Y ="712...p = . ql . % (A12)
B &) e (3
Then ’
F'=To..(m1) = T
[ESHESTL
1 (ﬁ)@ (A13)

and the theorem is proved. [

Proof of Theorem 19. Since ®1 is commutative, Fp aqa; - - - a, can be rearranged and written as
Fypoaraz - --ay = (rc,wc,1) ®1 (rp, wp,0) ®1(ry,1,0), where rc and wc are given by Theorem 17 when
X = Cand n = n¢; rp and wp are given by Theorem 17 when X = D and n = np; and ry is given
by Theorem 18 when n = ny. Because ®1 is associative, this product can be evaluated in any order.
Consider first the product (r¢c,wc, 1) ®1 (rp,wp,0). The weight wep resulting from this product is
wep = 1-we 4+ 0-wp + —~(1V0) (we + wp) = we so that:
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wc
- .
we |1 wp \1] 7
() + (55
For the product (¢, wc,1) ®1 (rp, wp,0) @1 (ry,i,0), combining wcp = we with the weight

of the third triple gives a final combined weight of wcpy = Re[l-wcp + 0-i + =(1V0)(wep +1)] =
wep = wc so that:

rcp = (A14)

Y =7Tcpy = - qwc p % = Wc ; %
C28) (3] |
we (r
ﬁ ( v ) (A15)
(&)™ (78)"]"
_ wc
- 1
we \1 wp \1 99
)+ () +(F)T
O
Proof of SCCFM1. The results for w and r follow from Theorem 17 since w = }! ;A = nA and
1
r= uz — — A — 474 p. The processing time follows from the ratio G =2 = 1”7)‘1

BT T
nﬁ(%). O

Proof of SCCFM3. The results for the weight and r follows from Theorem 18. In particular, the weight

1
is i because F(}]/Oalaz -+ -ay is a delay process and r = L = L =n" 1 4. The delay time
n 1\9] 9 1\9]79
{ i:l(&)] [”(5)}
i 1
follows from the ratio t}{ = |ir‘ =1 =i (%) O
)

Proof of SCCFM4. Substituting the results from SCCFM 1—SCCEM 3 into the r of Theorem 19 gives
the desired result for rcpy. The time to complete processing is obtained by substituting this rcpy into

the ratio t;:D V= r’é%)“/ , simplifying the resulting expression, and identifying the terms in the sum with

processing times for SCCFM 1-SCCFM 3. [
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