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Abstract: This work studies a hybrid manufacturing–remanufacturing system with a sorting line and
disposal. In particular, it models a company that collects used product, remanufactures returned
products that have been evaluated as suitable to be recovered, and manufactures new products
to satisfy customer demand. Specifically, the system is modeled as a multilevel inventory system,
with three types of stock (used products inventory, recoverable inventory, and serviceable inventory),
each characterized by an inventory holding cost, and three limited capacity resources: a sorting line,
which enables the company to distinguish those returns that are remanufacturable from those that
are not; a remanufacturing line to carry out operations on sorted remanufacturable returns; and a
manufacturing line to produce new products in order to satisfy customer demand. Each resource
is characterized by a setup cost, as well as a constant production rate, while each type of stock
is associated with an inventory holding cost. The aim of the paper is to develop a model for the
considered production system in order to minimize the setup and inventory holding costs. In particular,
the objective is to evaluate the behavior of a controllable disposal rate with the minimization of the
total cost function, by considering the effect on the remanufacturing and manufacturing lines.

Keywords: ELSP; returns; sorting; manufacturing/remanufacturing; disposal

1. Introduction

In recent years, the reuse of products and materials has been given increasing attention due to
(1) the increasing environmental sensibilization of producers and consumers, (2) the development of
specific environmental legislation based on the reuse of products and materials at the end of their life
cycle, (3) the possibility of making a profit from the management of the reverse flow in the supply
chain. In this last case, the profitability is based on the possibility of making the reused products or
materials as good as new. This situation introduces remanufacturing systems and the production and
inventory problems connected to the management of manufacturing and remanufacturing resources.
In fact, the demand for final products typically outweighs returns, so it is necessary to use both types
of resources.

In this system it is possible to include a disposal option, whereby the reused products are
controlled and eventually discarded before starting the remanufacturing process. The disposal option
makes the system more difficult to control and analyze, but may lead to a cost reduction [1]. In fact,
the disposal option will lead to a reduction in the number of returned products because many will
not be of the quality necessary to obtain a good-as-new product [2] after the remanufacturing process.
In general, in this kind of system the disposal options are executed in a sorting line, which enables the
company to distinguish those returns that are remanufacturable from those that are not. Obviously, it is
necessary to consider the costs related to the sorting line and the effect on the total costs of the system
of the disposal options. The objective of this research is to consider the sorting line in the hybrid
manufacturing–remanufacturing schema in order to optimize the lot sizing of the different operations by
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minimizing the production costs (setup and inventory). In particular, to minimize the total production
costs, it is important to evaluate the effects of the disposal percentage (i.e., the percentage of returned
products that are disposed of and thus do not proceed through the remanufacturing process) with
respect to the utilization of the limited c resources involved in the system.

The economic lot scheduling problem with returns (ELSPR), introduced by [3], arises from
the need to accommodate several items in production at once by undertaking manufacturing and
remanufacturing operations on returned items on a single line, with the goal of minimizing the total
setup and holding costs.

The ELSPR model is based on the ELSP model developed by [4], who identified the need for
scheduling items at a single production center in order to minimize the total setup and holding
costs by defining their Economic Lot Quantity (ELQ). Ref. [5] described a system wherein EOQ-type
formulations (Economic Order Quantity) were used for controlling repairable inventories, which has
to do with what was later defined as the ELSP problem “with returns”.

Ref. [6] proposed an EOQ-type formula for this kind of problem, presuming a fixed cost for
manufacturing and remanufacturing lots, as well as inventory holding costs for repairable and newly
manufactured products. Ref. [7–9] presented EOQ repair and waste disposal models with variable
setup numbers n and m for production and repair, respectively. A share of the used products is collected
and later repaired; the other products are disposed of. Meanwhile, some collection time intervals
are considered. The goal is the minimization of the total cost function. Ref. [10,11] investigated
a production–recycling system. A constant demand can be satisfied by production and recycling.
The used items are bought back and then recycled. The nonrecycled products are disposed of. Two types
of models have been analyzed. The first model examines the EOQ-related costs and minimizes the
relevant costs. The second model generalizes the first model with the introduction of the cost function
with linear waste disposal, recycling, production, and buyback costs.

Ref. [12] studied a deterministic EOQ model of an inventory system with items that can be recovered
(repaired/refurbished/remanufactured). He used different holding cost rates for manufactured and
recovered items and included disposal. He derived simple square root EOQ formulas for both the
manufacturing batch quantity and the recovery batch quantity. Then, ref. [13] analyzed inventory
systems with product recovery. Recovered items are as good as new and satisfy the same demands as
new items. The demand rate and return fraction are deterministic. The relevant costs are those for
ordering recovery lots, for ordering production lots, for holding recoverable items in stock, and for
holding new/recovered items in stock. He derived simple formulae that determine the optimal lot sizes
for the production/procurement of new items and for the recovery of returned items. These formulae
are valid for finite and infinite production and recovery rates.

Ref. [1] studied a single item hybrid production system with manufacturing and remanufacturing.
They assumed that remanufacturing is profitable and that, on average, there is more demand than there
are returns. They investigated, using a simulation, how the cost changes when having a disposal option
for returned items. Ref. [14] modeled a hybrid system whereby the remanufactured and manufactured
items are managed separately at the serviceable inventory level and the component inventory control
decisions are coordinated; in their model, the control of the remanufacturable and new component
inventories is through the control of disposal and new component order: such decisions are based on
the total system costs. Also, ref. [15] suggested that returned products from customers could be kept in
remanufacturable inventory, but only a portion of them will be remanufactured and the rest will be
disposed of. Ref. [16] observed that, when the conditions of the collected used products are variable,
remanufacturing them could be more expensive than disposing of them: this implies that the number
of used products acquired should be greater than the number of remanufactured products required.
The result is a remanufacturing “yield,” defined as the percentage of the used products acquired
that are actually remanufactured; the firm acknowledges that increasing selectivity in its sorting
(i.e., accepting fewer products for remanufacturing) will have two effects: (1) yield will decrease,
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requiring the acquisition of more used products to meet the demand, and (2) the remanufacturing cost
will decrease since the used products sorted for remanufacturing will be, on average, in better condition.

Ref. [17] proposed two procedures to find the optimal lot sizing solution in a deterministic scenario
remanufacturing system, and three solution procedures for the related stochastic scenario environment.
One of the main goals of their work was to determine the optimal solution assessment of manufacturing
and remanufacturing lots, where a constant demand of components has to be satisfied over an infinite
planning horizon in a cyclic pattern.

Ref. [18] proposed a mathematical model for the ELSP with reworks using the common cycle
approach in which only one manufacturing lot and only one rework lot for each product exist during
a common cycle. In order to solve this problem, they proposed two heuristics that not only search
for the optimal cycle time and an optimal production sequence, but also utilize a simple scheduling
heuristic to schedule the starting time of all the manufacturing and rework lots so as to minimize the
average total cost. In [19], production, remanufacture, and waste disposal EPQ (economic production
quantity) type models are developed and analyzed, where a manufacturer serves a stationary demand
by producing new items as well as remanufacturing collected used/returned items. Regarding disposal
operations related to production/remanufacturing systems, ref. [20,21] proposed a model considering
production, remanufacturing, and disposal operations; they showed when and why systems with
planned disposal (disposal of items that are in principle remanufacturable) are economically more
efficient than systems in which no planned disposal occurs.

Ref. [3] minimized the average total cost by optimizing the acquisition lot size and
scheduling the remanufacturing sequence. First, they scheduled the remanufacturing sequence
for an independent remanufacturing system, and subsequently extended the model to a hybrid
manufacturing–remanufacturing system. The benefit of scheduling the remanufacturing sequence is
the low holding cost for storing returns and postponing the remanufacturing process to when they
are needed.

Ref. [22], by relaxing the constraint of common cycle time and a single (re)manufacturing lot for
each item in each cycle, proposed a simple, easy-to-implement algorithm, based on [23], to solve the
model using a basic period policy.

Ref. [24] modeled the Economic Lot Scheduling problem with returns (ELSPR) under the basic
period (BP) policy with power-of-two (PoT) multipliers, and solved it with a discrete artificial bee
colony (DABC) algorithm. The numerical study suggests that the proposed algorithm performs well
under the BP–PoT policy and has the potential of improving the best-known solutions when we relax
BP, PoT, and independently managed serviceable inventory restrictions in the future.

In this work the role of controllable disposal is investigated, extending the work of [21] to the ELSPR
problem. Moreover, as presented in [16], the number of used products acquired should be greater than
the number of remanufactured products required: this result is a remanufacturing “yield,” defined as the
percentage of the used products acquired that are actually remanufactured. The problem is formulated
as a multi-item ELSPR problem, with multiple limited-capacity manufacturing/remanufacturing
resources, as proposed by [25,26], and also an inspection/sorting process on a further limited capacity
resource, extending the work of [27]. Table 1 summarizes the main assumptions of the present work,
indicating the previous contributions. In our opinion, the literature offers only partial solutions to the
problem addressed in this work, which also proposes the extension of the ELSPR methodology to a
hybrid manufacturing–remanufacturing system with a sorting line and disposal option.

Table 1. The existing literature on the addressed model features.

Manufacturing
Option

Remanufacturing
Option

EOQ
Approach

Basic Period
Approach

Common Cycle
Approach

Sorting Line and
Disposal Option

Teunter et al. 2008 x x x
Konstantaras et al. 2010 x x x

Zanoni et al. 2012 x x x
This work x x x x
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The remainder of the paper is organized as follows. Section 2 presents the problem and the main
assumptions. The developed model is presented in Section 3, while Section 4 presents a numerical
analysis. Finally, in Section 5 some conclusions are proposed, as well as future research opportunities.

2. Problem Definition

A company that collects used product, remanufactures returned products that have been evaluated
as suitable to be recovered, and manufactures new products to satisfy customer demand is the
background for the problem setting. The system is modeled as a multilevel inventory system,
with three stages (Returned products inventory—U, Recoverable inventory—R, Serviceable inventory—S)
and three limited capacity resources (Sorting Line—SL, Remanufacturing Line—RL, Manufacturing
Line—ML).

The focus is on a certain number of items, which are collected in the first stock, named the
Returned products inventory (U); then all products are sorted in the first system resource, the Sorting
Line (SL), to distinguish “remanufacturable” returns from those that are not; these are then sent
to the disposal system, while the others are first stocked by the Recoverable inventory (R) and then
remanufactured on what we name the Remanufacturing Line (RL); after remanufacturing operations,
remanufactured products are stored by the Serviceable inventory (S), together with newly manufactured
products made on the Manufacturing Line (ML), before being sold on the market. Remanufacturing
operations make remanufactured returns “as good as new.” Figure 1 shows the system main flows.
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Figure 1. The manufacturing–remanufacturing system with sorting.

The customer demand for final products is assumed to be constant and depletes the finished
goods inventory (S) continuously by a constant rate of Di units per time unit (index i denotes item i).
In order to satisfy that demand, the company manufactures the final product.

When a customer has no further use for an item or product, s/he has the opportunity to return
it to the company: as the return rate βi depends on the customer’s decision to give back the useless
item to the company, the fraction βiDi of the products in the market usually is not constant over time,
even if we can say that it depends on the demand rate Di, which is supposed to be constant over time;
thus, we assume that both βi and Di are deterministic and constant over time.

After their arrival at the Returned products inventory (U), which is continuously filled by a returned
rate βiDi of products, returns have to be examined, in order to verify the possibility of remanufacturing
them. These operations are performed by the Sorting line (SL) resource: non remanufacturable returns
are sent to the disposal system; otherwise, they fill the Recoverable inventory (R) after a sorting process
time, which depends on the return rate βiDi and the sorting rate (psi) of the resource, for the considered
item i. The remanufacturable returns percentage is denoted λi, so that the flow of items reaching
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the Recoverable inventory can be denoted λiβiDi; accordingly, (1λi)βiDi represents the disposal rate.
The Remanufacturing line (RL) empties the Recoverable inventory and, after a remanufacturing process
time, fills the Serviceable inventory (S). In order to satisfy customer demand, it is necessary that the
Serviceable inventory “emptying rate” equals the demand rate Di: this means that the Manufacturing line
(ML) fills the Serviceable inventory at a rate of (1 − λiβi)Di, which is the disposal rate increased by the
“nonreturn” rate (1 − βi)Di, as reported in the following:

1. Disposal rate: (1 − λi)βiDi (for all i).
2. “Nonreturn” rate: (1 − βi)Di (for all i).
3. (1 − λi)βiDi + (1 − βi)Di = (1 − λiβi)Di (for all i).

All sorting, manufacturing, and remanufacturing operations should be scheduled during the
cycle time T, which is common for all the production lines (SL, ML, and RL).

The flow of items reaching the Recoverable inventory, denoted as λiβiDi, usually involves a certain
utilization of the Remanufacturing line RL, and consequently of the Manufacturing line ML: one of the
objectives of this work is to consider a controllable disposal rate that can allow the minimization of the
total cost of the whole production system. That means that the value of the parameter λi is the one
allowing such a cost minimization. In fact, remanufacturing all the items that have been evaluated as
suitable for that kind of operation is usually less profitable than disposing of a certain amount of them
and producing a new product on the ML; the choice of how much to dispose of (and so how much to
manufacture and remanufacture) influences the utilization of the two production lines. The amount
of returns that have been evaluated as suitable for remanufacturing operations is usually quite high
(as the collection of returns itself involves a selection of items), so it should be possible to decide to
dispose of a certain quantity of returns and accept for remanufacturing operations only a lower rate
λiβiDi (which will flow into the Recoverable inventory), where λi has to be determined with the aim of
minimizing the total cost of the whole system, also considering the costs related to the production of
new products on ML.

As it is proven that more value is added to the components on each inventory level, holding
costs are connected by the following inequality, when considering a three-level inventory system:
holding costfirst_level < holding costsecond_level < holding costthird_level, which means that for the considered
system we assume that hui < hri < hsi (for all item i). A detailed discussion of how to set holding cost
parameters can be found in [28].

In order to improve the system performance in terms of holding costs, we should assume that the
Serviceable inventory (S), related to item i, is filled only by one production line (RL or ML) at a time:
this can avoid extra holding costs related to filling the Serviceable inventory with a lot of item i worked
out by RL (or ML) when its inventory level is not zero.

In order to configure a system based on the optimality of related costs, the following assumptions
should be considered:

1. If the Remanufacturing Line (RL) is performing operations on item i, the Manufacturing Line (ML)
is performing operations on a different item j, in order to fill the Serviceable inventory (S) only
with lots of item i worked out by RL or by ML (not from both lines simultaneously). It should
also be specified that it is not necessary that at any time some items i should come to S: it is only
requested that during the cycle time T, demand Di is satisfied for all items at any time.

2. When the production of item i is scheduled on RL and ML, it should be considered that the time
spent for operations on RL and ML, together with the time spent for consuming the produced
quantity (emptying the Serviceable inventory), should be equal to cycle time T.

Fixed and holding costs can be balanced by applying an average cost approach to the model.
This is common for one-level as well as multilevel inventory systems, adopting the well-known
EOQ-model formulation and respecting its assumptions (infinite planning horizon with constant costs
over time). As a result, an optimal cyclic pattern can be obtained by minimizing the average cost per
time unit.
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In order to control the system, a certain number of decision variables are required for each item
kind, including frequency values on the three production lines, and, most important, the cycle length T
value must be determined as a common value for the three lines for all items.

3. Model Formulation

In this section, a model that allows for the evaluation of the optimal time dedicated to sorting,
remanufacturing, and manufacturing operations during a cycle time T is introduced.

3.1. Notation

The following notation is used throughout the paper:

N number of items
i item index
Di demand rate for item i in units per unit time (production days)
βi return rate of item i (percentage)
(1 − λi) controllable disposal rate of item i (λi is the percentage of returned products that are selected for

remanufacturing operations)
psi production rate of item i on the Sorting Line (SL)
pri production rate of item i on the Remanufacturing Line (RL)
pmi production rate of item i on the Manufacturing Line (ML)
s setup time (time units) for any production lines, for any item lot
hui inventory holding cost of item i for Returned products inventory (U) per unit and time unit
hri inventory holding cost of item i for Recoverable inventory (R) per unit and time unit
hsi inventory holding cost of item i for Serviceable inventory (S) per unit and time unit
Ai setup cost for any production lines, for each lot of item i
T cycle time length (in time units)
fiSL production frequency of item i on Sorting Line (number of lots of item i worked out by SL)
fiRL production frequency of item i on Remanufacturing Line (number of lots of item i worked out by RL)
fiML production frequency of item i on Manufacturing Line (number of lots of item i worked out by ML).

Moreover, the following main assumptions are adopted for the development of the model:(
tRi + tRc

i + tMi + tMc
i

)
= T (1)(

tRi + tRc
i + tMi + tMc

i

)
= T for all i. (2)

tRc
i / f RL

i ≥ s for all i. (3)

tMc
i / f ML

i ≥ s for all i. (4)

tRi =
λβDT

pri
for all i. (5)

tRc
i =

(pri −D)λβT
pri

for all i. (6)

tMi =
D(1− λβ)T

pmi
for all i. (7)

tMc
i =

(pmi −D)(1− λβ)T
pmi

for all i. (8)

tSi =
βDT
psi

for all i. (9)

tSc
i =

(psi − βD)tSi

βD
for all i. (10)
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Equation (1) assures that the Serviceable inventory (S) follows the typical saw-tooth pattern, as it
will be detailed in the next paragraph, while Equations (2)–(4) ensure that setup times do not interfere
with any production activities. Equations (5)–(10) define the time slots.

3.2. The Total Cost Function

Returned products inventory (U) and Sorting Line (SL)
The Returned products inventory (U) is continuously filled by returned products at rate βiDi and

emptied by the only action of SL at a rate (psi − βiDi), where psi is the production rate of the Sorting
Line SL on item i.

The inventory holding cost related to the Retuned products inventory (U) is the following:

CHRETURNED
i =

hui ·

 (psi − βiDi) · tSi

f SL
i

+ βiDi · (T − tSi)

f SL
i

 · 12
 · 1

T
for all i, (11)

while the total setup cost related to SL is:

CSSL
i =

(
Ai · f SL

i

)
·

1
T

for all i, (12)

where tSi represents the time interval during which sorting activities are performed on lot(s) of item i,
and fiSL is the number of lots of item i worked out on SL.

Recoverable inventory (R)
The behavior of the Recoverable inventory (R) is determined by the simultaneously working of the

Sorting Line SL and the Remanufacturing Line RL. One can distinguish between four different situations:

1. sorting activities are performed on a certain lot of item i, and no remanufacturing operations on
the same lot are performed; the Recoverable inventory (R) is filled at a rate λipsi;

2. remanufacturing activities are performed on a certain lot of item i, and no sorting activities are
carried out on the same lot; the Recoverable inventory (R) is emptied at a rate of pri, which is the
remanufacturing rate of item i on RL;

3. no sorting activities, as well as no remanufacturing operations are carried out on a certain lot of
item I; the Recoverable inventory (R) level does not change until SL and/or RL starts operation on
the same item i;

4. both SL and RL carry out operations simultaneously on a certain lot of item i; Recoverable inventory
(R) is filled or emptied depending on the relationship betweenλipsi and pri (i.e., whetherλipsi > pri
or λipsi < pri).

It can be demonstrated that the minimum Recoverable inventory holding costs can be found only if
fiRL = fiSL: for this reason, decision variables fiRSL are introduced, representing the production frequency
of item i, on both SL and RL. As a consequence, Equations (11) and (12) can be corrected as follows:

CHRETURNED
i =

hui ·

 (psi − βiDi) · tSi

f RSL
i

+ βiDi · (T − tSi)

f RSL
i

 · 12
 · 1

T
for all i, (13)

CSSL
i =

(
Ai · f RSL

i

)
·

1
T

for all i. (14)

The expressions for the Recoverable inventory holding costs computation (item i) are the following:

1. for all i, if λi,psi = pri

CHRECOV.
i = 0; (15)
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2. for all i, if λi,psi > pri

CHRECOV.
i =

hri ·

 (λipsi − pri) · tSi

f RSL
i

+ pri · (tRi − tSi)

f RSL
i

 · 12
 · 1

T
; (16)

3. for all i, if λi,psi < pri

CHRECOV.
i =

hri ·

λipsi · (tSi − tRi)

f RSL
i

+  (pri − λipsi) · tRi

f RSL
i

 · 12
 · 1

T
. (17)

Manufacturing line (ML), Remanufacturing line (RL) and Serviceable inventory (S)
The Manufacturing line ML receives two different input flows: the first flow (1 − λi)βiDi represents

the flow of item i necessary to substitute the returns that have been sent to the disposal system by
the previous action of SL, while the second flow (1 − βi)Di represents the flow of item i necessary to
substitute the nonreturned products.

As stated at the beginning of this section, as a multi-item system model is developed, it is necessary
that a single manufacturing/remanufacturing resource performs operations only one item at a time,
so that during (re)manufacturing time of item i lot(s), the other resource is performing operations on
item j lot(s). In other words, item i lot(s) could not be worked out on both ML and RL simultaneously,
or similarly, ML and RL are performing operations on different items during the same time interval.

The costs involved in this third subsystem are expressed by the following equations:

CHSERV
i =


hsi ·

(
tMi + tMc

i

)
·

 tMi

f ML
i

 · (pmi −Di)

2

+ hsi ·
(
tRi + tRc

i

)
·

 tRi

f RSL
i

 · (pri −Di)

2


 · 1

T
(18)

CSRL
i =

(
Ai · f RSL

i

)
·

1
T

for all i. (19)

CSML
i =

(
Ai · f ML

i

)
·

1
T

for all i. (20)

Equation (18) represents inventory holding cost for the Serviceable inventory, while
Equations (19) and (20) represent the setup cost on RL and ML, respectively, considering the production
(remanufacturing) frequencies fiRSL (fiML).

3.3. Feasibility Conditions

Given an instance, characterized by a list of given instance parameter values (and under the
assumptions expressed in the previous paragraphs), a feasible solution exists only if the two following
conditions are both satisfied.

1. Capacity utilization must not exceed 100% on any production line, which means:

Max
{
CUSL; CURL; CUML

}
≤ 1, (21)

where

CUSL =

N∑
i=1

(
s· f RSL

i
T

)
[
1−

N∑
i=1

( βiDi
psi

)] (22)



Systems 2020, 8, 16 9 of 20

CURL =

N∑
i=1

(
s· f RSL

i
T

)
[
1−

N∑
i=1

(λiβiDi
pri

)] (23)

CUML =

N∑
i=1

(
s· f ML

i
T

)
[
1−

N∑
i=1

(
(1−λiβi)Di

pmi

)] , (24)

where CU[X]L represents the capacity utilization of the specified production line [X].

Moreover, when N (number of items) is greater than 2 (N > 2), some “interferences” could arise
on the operations (sorting/production/remanufacturing) scheduling, and so a further condition has to
be verified in order to declare the feasibility of the considered solution.

2. NO interference on any production line (for all items) has to arise.

E.g., given the following numerical example, the following situation arises (Figure 2).Systems 2020, 8, x FOR PEER REVIEW 10 of 21 
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Figure 2. Production lines’ activation scheduling.

As can be seen, there is interference on ML involving the second lot of item 2 and the lot of
item 3: this is what we call an “interfered” solution, which is unfeasible. In fact, looking at Figure 3,
showing the Serviceable inventory of the three items (only lots worked out by ML) and the required
manufacturing process times, one can see that ML should start operations on the second lot of item 2 at
t6 as its Serviceable inventory level has reached zero, but unfortunately ML has not finished operations
on the lot of item 3, which started at t5 and continue until t8.
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3.4. Lot Sizing and Scheduling

The standard ELSP problem can be divided into two main subproblems: the first is related to the
lot sizing and the second one is related to the production scheduling.

Considering the lot sizing problem, its objective is to minimize the total cost, computed as the
sum of setup and inventory holding costs experienced by the overall system. In order to reach this
objective, a certain number of lots related to the same item could be worked out on a production line,
in order to balance the two main cost components involved into the total cost function: in fact, it is
proven that the minimum cost is reached when the setup and inventory holding costs are equal.

The scheduling problem refers to the problem of deciding the sequence of items on the considered
production line: if setup times and costs are sequence-independent, the scheduling does not affect the
minimum cost determination, but it could affect the feasibility of the solution, as some interferences
may arise.

So, in order to compute the minimum cost, we have to solve the lot sizing problem, and then,
after determining its related production scheduling on all production lines, in case a solution is not
feasible as there are some interferences, some modifications in the scheduling should be implemented
so as to seek for feasible solutions.

As it is proven that ELSP is NP-hard, to find optimal solutions in terms of lot sizing and scheduling,
it is not convenient to compute the global optimum considering all the possible sets {f } and all the
possible scheduling solutions when the number of items involved is more than two or three. A more
efficient procedure is to search for production frequencies capable of balancing the setup and inventory
holding costs related to each item (see [23]).

3.4.1. Production Frequencies’ Determination

In order to determine the optimal or near-optimal set of production frequencies {f }, a simple rule
that involves the balancing of setup and holding costs related to the considered system is introduced.
In fact, based on the EOQ formulation, it can be proven that the minimum cost is reached when the
setup and holding costs are equal.

Once the best set of production frequencies is determined by the balancing of setup and holding
costs, the feasibility of the solution has to be satisfied, verifying both conditions as explained in
Section 3.3, and briefly listed here:

1. capacity utilization of production lines has to be less than 100%;
2. no interferences (see Section 3.3) of production times have to arise on any production lines.

If at least one of the feasibility conditions is not satisfied, it is necessary to modify the best (but not
feasible) found set {f } starting from such a set.



Systems 2020, 8, 16 11 of 20

3.4.2. Optimal Cycle Time Length T Determination

Given the set {f } (the set of all fiRSL and fiML, for all items), we can adopt an analytic expression to
determine the optimal cycle time length T. By the first-order derivative of the total cost (TC) function,
it is possible to determine optimal T (as the total cost function is strictly convex in T, as proven in many
EOQ-type formulation models in the literature).

Total cost (TC) is given by the sum of different cost components, listed in Table 2.

Table 2. Cost components.

Costs Equation

Setup Costs of SL Equation (14)
Setup Costs of RL Equation (19)
Setup Costs of ML Equation (20)

Inventory Holding Costs of Returned Products Inventory Equation (13)
Inventory Holding Costs of Recoverable Inventory λipsi = pri Equation (15)
Inventory Holding Costs of Recoverable Inventory λipsi > pri Equation (16)
Inventory Holding Costs of Recoverable Inventory λpsi < pri Equation (17)

Inventory Holding Costs of Serviceable Inventory Equation (18)

The expressions listed above can be rewritten in order to declare the T-dependence of the different
cost components involved in TC:

B =
N∑

i=1

hsi ·
(λiβi)

2Di(pri −Di)

2pri f RSL
i

+ N∑
i=1

hsi ·
(1− λiβi)

2Di(pmi −Di)

2pmi f ML
i

 (25)

K =
N∑

i=1

[
Ai · f RSL

i

]
+

N∑
i=1

[
Ai · f RSL

i

]
+

N∑
i=1

[
Ai · f ML

i

]
(26)

TC = B · T + K/T (27)

T∗ =
√

K/B. (28)

4. Numerical Analysis

Using an adaptation of the numerical example proposed by [25] related to an auto parts company,
in this section we present the main results of a numerical analysis performed.

Table 3 shows data for the considered case study, involving three identical items (N = 3).

Table 3. Numerical analysis: data (N = 3).

Item 1 Item 2 Item 3

Di 50 50 50
pmi 400 400 400
pri 200 200 200
psi 500 500 500
hsi 0.02 0.02 0.02
hri 0.014 0.014 0.014
hui 0.0098 0.0098 0.0098
Ai 50 50 50
si 1 1 1
βi 0.8 0.8 0.8

As reported in Table 3, all items involve the same parameter values; they have been chosen for the
sake of simplicity without a loss of generality.
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In order to evaluate the influence of the controllable disposal rate (1 − λi) for all items, a numerical
analysis has been carried out, the goal of which was to determine all the λi values that minimize the
total cost TC.

First of all, given the values of λi for all i, the best production frequencies have been determined
according to the feasibility conditions given in Section 3.3; for each feasible set of frequencies, the total
cost TC has been computed, and so the set of frequencies that minimizes TC has been selected as best
set {f }. By comparing the best TC values obtained for different λi values, it is possible to choose the
values that correspond to the minimum possible TC.

R (remanufacturing flow) represents the sum of cost components related inventory holding cost of
Returned products inventory, Recoverable inventory, and Serviceable inventory filled by RL, as well as setup
costs on SL and RL. M (manufacturing flow) represents the inventory holding cost of Serviceable inventory
filled by ML, plus ML setup costs (see Figure 4).Systems 2020, 8, x FOR PEER REVIEW 13 of 21 
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In Figure 5, the two main flows’ cost components (R and M) are presented for different λ values
(where λ1 = λ2 = λ3 = λ, without a loss of generality, as all parameter values have been made equal for
the three items).
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As shown in Figure 5, the cost related to the remanufacturing flow R increases for increasing
values of λ, while for the behavior of the manufacturing flow M related cost the relationship is the
opposite (it decreases for increasing values of λ). This is mainly due to the utilization of resources on
the two flows. When the λ value is small, a few products are remanufactured, while almost all the
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demand is satisfied by new products, manufactured on ML. By increasing values of λ, the utilization
of the remanufacturing flow increases, and also its related costs, while the cost associated with the
manufacturing flow decreases, together with its utilization. This is presented in Figure 6.Systems 2020, 8, x FOR PEER REVIEW 14 of 21 
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Figure 6. RL and ML utilization values (pri = 200, ∀i).

The results suggest that there is a value λ*, which is the value of disposal rate that minimizes
total system cost TC. When the amount of returns that have been deemed suitable for remanufacturing
operations is greater than λi

*βiDi, it is more convenient to dispose of the excess quantity and to pay for
the production of new products.

In Figure 7, the different cost components solutions obtained for the minimum, best, and maximum
values of λ are illustrated. Solutions presented as λ = 0.2 and λ = 1.0 seem to be not so balanced as the
best solution found for λ* = 0.7, as presented in Figure 7.
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In fact, starting from the setup costs, in the solution that involves λ* = 0.7 they are all equal
on the three production lines, while they are not balanced in the solutions (the lowest and the
highest value of λ, respectively). Looking at inventory holding cost (excluding Returned products
and Recoverable inventories, whose holding costs are almost negligible in all presented solutions),
the Serviceable inventory part filled by RL and ML is more balanced for λ* = 0.7 than for the other two
proposed solutions. In order to confirm the balancing of costs, we must determine the best production
frequencies (which allows for cost minimization) because it enables the determination of the best
disposal rate to implement in the system, with the aim of minimizing TC.
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Moreover, in order to understand how the production rate (or, as in this case, the remanufacturing
rate) influences the total system cost, a sensitivity analysis on the production rate on RL is proposed.

In Figure 8 the behavior of TC for different values of pr and λ is presented. For the case pr = 100,
no feasible solutions have been found for values of λ greater than 0.7, due to the high values of RL
utilization that can be detected.
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For pr = 200 and pr = 400, such high values of RL utilization do not appear, and so the maximum
value of λ that can be considered is 1 (100% of returned products are selected to be remanufactured).
The value λ* = 0.7 has been found to be the best for the three considered cases, and the different cost
components associated with such solutions are presented in Figure 9.
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Figure 9. Total cost components for different values of pr (λ* = 0.7).

Once again, from Figures 9–11, and considering that Figure 9 presents the best solution, related
to λ* = 0.7, the better balancing of the two components of the Serviceable inventory holding cost
(one related to the part filled by RL, and the other filled by ML), allows for a better solution, i.e., a smaller
TC value. (In Figure 11 the case pr = 100 is absent, as this value does not generate feasible solutions for
λ > 0.7). Utilization values for pr = 100 and 400 pr = 400 are illustrated in Figures 12 and 13, respectively.
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In all presented results and figures, TC and its components are considered for the discussion of the
influence of λ and pr values, considering the sum of costs related to all items. The same conclusions on
the effects of λ and pr are also valid for single items; the analysis presented in Appendix A is the proof.

5. Conclusions and Future Research

When sorting activities and manufacturing–remanufacturing operations are performed in a
multi-item production system, adopting an optimized lot sizing policy determined by the best values
of production frequencies on all production lines involved in the system could be very useful instead
of implementing what is named the Common Cycle policy, which only allows the production of one
lot of each item on each production line.

Using an adaptation of the data presented by [25] related to a real auto parts company, a model
with three different production lines and a three-level inventory system has been developed.

For the specific case study, the optimal production frequencies of all items were determined for
all production lines, on the basis of the balancing of setup and inventory holding costs related to the
overall system and according to two fundamental feasibility conditions, i.e., the maximum allowed
capacity utilization of resources (production lines) and the absence of production interference among
lots of different items for each resource.

In this model, return rates and disposal percentage have been considered, and the effects of the
disposal percentage λ has been studied on the utilization of the limited capacity of the resources
involved in the system. The results show that there is always a best value of λ that minimizes the
total cost of the manufacturing–remanufacturing system. Moreover, such results are valid for both a
single-item system and a multi-item one, considering different remanufacturing rates; in fact, it has
been found that in all performed numerical analyses, when increasing the disposal rate the utilization
of RL increases, together with the costs associated with the so-called Remanufacturing flow (R) of the
system, while the costs related to ML and Manufacturing flow decrease.

A possible direction for further studies could be represented by considering variable production
rates on manufacturing and remanufacturing production lines, whose values will be assumed as
decision variables of the model. The objective function that must be minimized is the system total cost;
such an issue could also be related to the energy consumption reduction area (see [29–32]), which is
involved in the energy efficiency management framework. Another possible research direction could
be to consider the shortage cost component in total cost function for the different stocks present in the
production line considered.
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Appendix A

For the single-item case (Figures A1–A3), RL utilization increases for increasing values of λ, while
ML utilization decreases. In this case, also for pr = 100, it is possible to obtain a feasible solution with
λ > 0.7, thanks to the lower utilization of resources (single item).
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For increasing values of pr (Figure A4), the optimal TC increases; for pr = 100, the best planned
disposal rate involves a value of λ = 0.7, for pr = 200, the best value of λ is found at 0.3, and for pr = 400
the optimal TC is determined with λ = 0.2.
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For the case pr = 100, the best TC value has been found for λ = 0.7. As illustrated in Figure A5,
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Look, for example, at the Serviceable inventory holding cost: the two light gray columns
representing the Serviceable inventory filled by RL and ML are quite similar; in fact, looking at the
black columns (corresponding to λ = 0.2), one can see that the Serviceable inventory filled by RL is
much smaller than the other part, while for the dark gray columns associated with the solution where
λ = 1.0, the situation is the opposite (more Serviceable inventory is filled by ML).

Also, the three setup cost components are better balanced for the solution with λ = 0.7; on the
other hand, for λ = 0.2, ML-associated costs are higher than those related to RL, while for the solution
associated with λ = 1.0 the situation is the opposite: higher cost components are related to RL.
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