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Abstract: We discuss (a) a toy example showing explicitly that Equation (2) of the main
text implies the absence of infeasible cycles and (b) the advantages of using an annealing
schedule over a fixed-temperature Monte Carlo to find the global minima of a complex
function.
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1. 12 > 0 implies absence of infeasible reaction cycles

In this section, we present an example that shows that a feasible flux configuration necessarily satisfies
the Equation:

p >0, )

while an infeasible flux configuration does not. Let us consider the network shown in Figure 1. For such
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Figure 1. A toy reaction network with a feasible (left) and an infeasible (right) flux
configuration. With the flux configuration on the left, we can associate three chemical
potentials, which must satisfy p4 > pup > pe, while for the configuration on the right,

we cannot.

A A
o Utx
X B X B
Y U-X u+x
(€, c
\ \
Feasible Unfeasible

wiring, the internal stoichiometric matrix (without uptakes) reads:

S=[1 -1 o] . 2)

For the configuration on the left in Figure 1, all fluxes are positive, so that the matrix €2, with elements
Q= —sign(v).) Sy, becomes:

Q=|-1 1 o0 (3)
0 -1 —1

After defining g = (pa, s, pic), Equation (1) corresponds to the system of inequalities:
Ha > BB

UB > Mo ) 4)

Ha > pe

which is satisfied by any chemical potentials, as long as pa > pup > pe. If, instead, the flux
configurations are given by the right one in Figure 1, the flux connecting A and C have a negative
sign, and the matrix {2 becomes:

Q=|(-1 1 o0 | . &)
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For this flux configuration, Equation (1) does not have a solution, as can be seen immediately by the

corresponding systems of inequalities:

Ha > UB
KB > po . (6)

A < pc
2. Fixed-Temperature Monte Carlo Versus Annealing

When sampling flux configurations with a Monte Carlo (MC) at fixed temperature, the Metropolis
Markov Chain can get stuck in one of the (many) local energy minima, i.e. flux patterns with & > 0
that are minima with respect to local changes of the configuration. To speed up convergence to the
absolute minima with £/ = 0 (i.e., to cycles), one can resort to a convenient temperature scheduling.
As an example, we show in Figure 2 the value of £ as a function of the number of MC steps for the
dynamics simulated on a small (104 reactions) chemical reaction network (taken from [1]), both for a
simple Metropolis at fixed temperature 7' = 0.25 and for an annealing schedule in which the system is
cooled from 7" = 1 to T' = 0 and, then, heated back to 7" = 1 repeatedly with a cooling/reheating rate of
|AT| = 1073. Annealing finds a minimum in about 10° steps, while the basic MC converges after 3 - 107

steps (not shown).

Figure 2. The dynamics of the energy as a function of the number of Monte Carlo steps for
the simulated annealing (red) and the fixed temperature scheme (green, 7' = 0.25) for the
reaction network of [1]. The figure shows that while at fixed temperature, the Monte Carlo
procedure is trapped into a local minimum (and never reaches zero), when supplemented
with an annealing schedule, it reaches the global minimum.
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In Figure 3, we display the average MC steps necessary to find all loops as a function of 7" in two
subnetworks of the cerebral _cortex_neuronal tissue network, which are composed of 43 and 23 reactions,
respectively. The figure shows that the annealing scheme always requires less MC steps. We note,
however, that there can be an optimal temperature, such that the fixed temperature MC reaches the
global minimum in a feasible time, but this optimal temperature depends on the network analyzed.

Figure 3. Average Monte Carlo steps necessary to find a loop with a simple metropolis
scheme (red lines) as a function of the temperature in two different subnetworks of the
cerebral_cortex_neuronal tissue-specific network, of a size of 43 (right) and 23 (left). The
optimal 7" depends on the subnetwork, and the corresponding minimum average time is
slightly higher than the one performed by the annealing scheme (green lines).
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