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Abstract: In spirit of the recently proposed four-parameter generalized entropy of apparent horizon,
we investigate inflationary cosmology where the matter field inside of the horizon is dominated
by a scalar field with a power law potential (i.e., the form of ϕn where ϕ is the scalar field under
consideration). Actually without any matter inside of the horizon, the entropic cosmology leads
to a de-Sitter spacetime, or equivalently, an eternal inflation with no exit. Thus in order to achieve
a viable inflation, we consider a minimally coupled scalar field inside the horizon, and moreover,
with the simplest quadratic potential. It is well known that the ϕ2 potential in standard scalar field
cosmology is ruled out from inflationary perspective as it is not consistent with the recent Planck
2018 data; (here it may be mentioned that in the realm of “apparent horizon thermodynamics”, the
standard scalar field cosmology is analogous to the case where the entropy of the apparent horizon
is given by the Bekenstein–Hawking entropy). However, the story becomes different if the horizon
entropy is of generalized entropic form, in which case, the effective energy density coming from the
horizon entropy plays a significant role during the evolution of the universe. In particular, it turns
out that in the context of generalized entropic cosmology, the ϕ2 potential indeed leads to a viable
inflation (according to the Planck data) with a graceful exit, and thus the potential can be made back
in the scene.

Keywords: entropic cosmology; generalized entropy; apparent horizon; inflation; scalar field

1. Introduction

The growing interest in different entropy functions towards black hole thermody-
namics as well as towards cosmology [1–28] leads to the proposal of generalized entropy,
depending on number of parameters, which generalizes all the known and apparently
different entropies (like the Bekenstein–Hawking entropy [29,30], the Tsallis entropy [31],
the Rényi entropy [32], the Barrow entropy [33], the Sharma–Mittal entropy [34], the Ka-
niadakis entropy [35] and the Loop Quantum gravity entropy [36]) for a suitable regime
of the parameters [37–40]. Such interest in entropic cosmology becomes stronger when
the entropic dark energy seems to be equivalent to holographic dark energy with suit-
able holographic cut-offs [41]. Initially, a six-parameter dependent generalized entropy of
the form

S6(α±, β±, γ±) =
1

α+ + α−

[(
1 +

α+
β+

Sγ+

)β+

−
(

1 +
α−
β−

Sγ−

)−β−
]

, (1)

was proposed in [37], where S = A/(4G) is the Bekenstein–Hawking entropy (with A
being the area of the apparent horizon and G is the Newton’s gravitational constant) and
{α±, β±, γ±} are the parameters. However, soon after [37], a conjecture was made in [38],
which stated that the minimum number of parameters required in a generalized entropy
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function that can generalize all the aforementioned entropies is equal to four. In particular,
the four-parameter generalization is given by

S4(α±, β, γ) =
1
γ

[(
1 +

α+
β

S
)β

−
(

1 +
α−
β

S
)−β

]
, (2)

where {α±, β, γ} are the parameters which are considered to be positive in order to make
S4 like a monotonic increasing function with respect to S. As a supporting argument of the
conjecture, a counter example was shown in [38] by an entropy function containing less
than four parameters (having three parameters, in particular) of the form

S3(α, β, γ) =
1
γ

[(
1 +

α

β
S
)β

− 1

]
, (3)

which is not able to generalize all the known entropies; particularly, S3 does not represent
Kaniadakis entropy in any situation. All the above entropies {S6, S4, S3} possesses a
singularity in a different type of cosmological scenario, particularly in a bouncing context.
Such diverging behaviour is common to all the known entropies (like the Tsallis entropy,
the Rényi entropy, the Barrow entropy, the Sharma–Mittal entropy, the Kaniadakis entropy
and the Loop Quantum gravity entropy) as well as the Bekenstein–Hawking entropy itself
diverges in a bouncing scenario (at the instant of bounce). A possible explanation of this
issue is given in [39], where the authors proposed a singular-free generalized entropy
containing five parameters of the form

S5(α±, β, γ, ϵ) =
1
γ

[{
1 +

1
ϵ

tanh
(

ϵα+
β

S
)}β

−
{

1 +
1
ϵ

tanh
(

ϵα−
β

S
)}−β

]
, (4)

which is singular-free during the entire cosmological evolution of the universe even at
a bouncing instant (in the context of bounce cosmology) and is able to generalize all the
entropies known so far. According to the conjecture stated in [39], the minimum number of
parameters required in a non-singular generalized entropy function that is able to generalize
all the previously known entropies is equal to five. Based on universe’s evolution, in
particular, whether the universe passes through a non-singular bounce (or not) during its
cosmic evolution, the minimal constructions of generalized version of entropy is given
by the four-parameter [38] and the five-parameter [39] generalized entropy, respectively.
Various representatives of {S6, S4, S3, S5} and their convergence to the known entropies
are schematically shown in Table 1. The wide applications of the generalized entropies
towards cosmology as well as towards black holes are addressed in [38,40,42–46]. Here, it
also deserves mention that the microscopic interpretation of such generalized entropies
were not known until recently, when some of our authors gave a statistical description of
the same in microcanonical, canonical and grand-canonical ensemble [47,48].

Based on the above arguments, we will work with four-parameter generalized entropy
in the present work, which contains the minimum number of parameters and also gener-
alizes all the known entropies so far. In particular, we will concentrate on early universe
cosmology with four-parameter generalized entropy, where the matter fields inside of the
apparent horizon are dominated by a minimally coupled scalar field with a power law type
potential. Actually, without the matter fields inside the horizon, the entropic cosmology
results in a de-Sitter spacetime, or equivalently, an eternal inflation having no exit. Thus,
in order to have a viable inflation, one needs to take either of the following approaches—
(a) the entropic parameters vary with the cosmic expansion of the universe, or (b) by some
matter fields inside the horizon. In the context of generalized entropy, the first possibility
has been studied in [38], while the second approach will be examined in the present work
where the matter fields are taken to be a scalar field with a power law potential. Such a
form of scalar potential is motivated by the fact that the simplest ϕ2 potential (where ϕ is
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the scalar field under consideration) in standard scalar field cosmology is ruled out from
inflationary perspective as it is not consistent with the recent Planck 2018 data; (note that
this is particular case of FRW cosmology [49], actually in the realm of “apparent horizon
thermodynamics”, the standard scalar field cosmology is analogous to the case where
the entropy of the apparent horizon is given by the Bekenstein–Hawking entropy, which
produces the usual Friedmann equations from the thermodynamic law of the apparent
horizon). However the story becomes different if the horizon entropy is of the generalized
entropic form, in which case, the effective energy density coming from the horizon entropy
plays a significant role during the evolution of the universe. Motivated by this, we intend to
examine the status of the ϕ2 potential in the context of entropic inflation where the horizon
entropy is given by the four-parameter generalized entropy.

Table 1. Schematic table to summarize various representatives of the generalized entropies and
their convergence to the known entropies. Here, ST = Tsallis entropy, SB = Barrow entropy,
SR = Rényi entropy, SSM = Sharma–Mittal entropy, SK = Kaniadakis entropy and
Sq = Loop Quantum gravity entropy.

S3

γ = α SSM
α → ∞ ST, SB

α, β → 0 with α
β finite SR

β → ∞, γ = α Sq

S5

ϵ, α− → 0, α+ = γ SSM

ϵ → 0, α− = 0, α+ → ∞, γ =
(

α+
β

)β
ST, SB

ϵ, β → 0, α− = 0, α+ = γ with α+
β finite SR

ϵ, α− → 0, β → ∞, α+ = γ Sq

ϵ → 0, β → ∞, α+ = α− SK

S4

α− = 0, α+ = γ SSM
α+ → ∞, α− = 0 ST, SB

α− = 0, α+ = γ, β → 0 with α+
β finite SR

β → ∞, α− = 0, α+ = γ Sq

β → ∞, α+ = α− SK

S6

α− = 0, α+ = γ+β+ SSM
α+ = α− → 0, γ+ = γ− ST, SB

α+, β+ → 0, γ+ = 1 with α+
β+

finite SR

β+ → ∞, α− = 0, γ+ = 1 Sq

β± → 0, α+ = α−, γ± = 1 SK

The paper is organized as follows: the modified Friedmann equations for four-
parameter generalized entropy is discussed in Section 2. Then after giving a brief review of
ϕn inflationary potential with the Bekenstein–Hawking entropy (i.e in standard scalar field
cosmology) in Section 3, we will examine the status of the same inflationary potential with
4-parameter generalized entropy as the horizon entropy in Section 4. The paper ends with
some conclusions in Section 5.

2. Modified Cosmology with Generalized Entropy

We consider a spatially flat and isotropic universe described by the Friedmann–
Lemaître–Robertson–Walker (FRLW) metric

ds2 = −dt2 + a(t)
(

dr2 + r2
(

dθ2 + sin2 θ dϕ2
))

. (5)

It can be rewritten in the following way

ds2 = habdxadxb + r̃2
(

dθ2 + sin2 θ dϕ2
)

, (6)
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defining r̃(r, t) = a(t)r, hab = diag(−1, a2) and x0 = t , x1 = r. The apparent horizon is
defined by hab∂a r̃∂b r̃ = 0, which in the case of a spatially flat FLRW background has the
solution [50–52]

rh =
1
H

. (7)

In this background we see that the apparent horizon is equivalent to the cosmological hori-
zon, that is the Hubble radius. Consequently, we can define a temperature T = |κ|/(2π),
where κ is the surface gravity defined by [50]

κ =
1

2
√
−h

∂a

(√
−hhab∂b r̃

)∣∣∣
r̃=rh

, (8)

which can be rewritten as

κ = − 1
rh

(
1 − ṙh

2Hrh

)
, (9)

and it leads to a temperature

T =
1

2πrh

∣∣∣∣1 − ṙh
2Hrh

∣∣∣∣ . (10)

As in the case of the Bekenstein-Hawking entropy we can then associate a generalized
entropy Sg to the apparent horizon in order to find the field equations. The first principle
of thermodynamics states [51,52]

TdSg = −dE + WdV , (11)

where V is the volume of the apparent horizon, E = ρV is the total internal energy inside of
the horizon and W = 1

2 (ρ − p) represents the work density regarding the thermodynamic
law. The right side of this equation takes the expression as follows:

TdSg = −Vdρ − 1
2
(ρ + p)dV . (12)

To express this differential equation in terms of the apparent horizon we rewrite

TdSg = T
∂Sg

∂S
dS =

1
G

∣∣∣∣1 − ṙh
2Hrh

∣∣∣∣∂Sg

∂S
drh (13)

and

−Vdρ − 1
2
(ρ + p)dV = −4π

3
r3

h

(
dρ − ρ̇

drh
2Hrh

)
, (14)

where we used the conservation equation of the matter fields ρ̇ + 3H(ρ + p) = 0. At this
point equaling the two terms we can derive the field equation for a general dynamical
apparent horizon rh

∂Sg

∂S
ṙh

r3
h
= −4πG

3
ρ̇ , (15)

which, for the choice of rh = 1/H along with the conservation relation of matter fields,
becomes

Ḣ
(

∂Sg

∂S

)
= −4πG(ρ + p) , (16)

which is considered to be the second Friedmann equation in the context of generalized
entropic cosmology. The integration of such equation leads to the first Friedmann equation
corresponding to the generalized entropy we are considering as∫

d
(

H2
)(∂Sg

∂S

)
=

8πG
3

ρ +
Λ
3

, (17)
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where Λ, known as the cosmological constant, appears as an integration constant. The
above two equations represent the general Friedmann equations based on the apparent
horizon thermodynamics for any form of horizon entropy.

For the three-parameter and the four-parameter generalized entropy, Equation (16)
takes the following form:

Ḣ

{
α

γ

(
1 +

α

β
S
)β−1

}
= −4πG(ρ + p) , (18)

and

Ḣ

{
1
γ

[
α+

(
1 +

α+
β

S
)β−1

+ α−

(
1 +

α−
β

S
)−β−1

]}
= −4πG(ρ + p) , (19)

respectively. Moreover the first Friedmann equation, i.e., Equation (17), yields

βGH4

πγ(2 − β)

(
βGH2

πα

)−β

2F1

(
1 − β, 2 − β, 3 − β,− βGH2

πα

)
=

8πG
3

ρ +
Λ
3

, (20)

for S3, and

βGH4

πγ

[
1

2 + β

(
βGH2

πα−

)β

2F1

(
1 + β, 2 + β, 3 + β,− βGH2

πα−

)

+
1

2 − β

(
βGH2

πα+

)−β

2F1

(
1 − β, 2 − β, 3 − β,− βGH2

πα+

)]
=

8πG
3

ρ +
Λ
3

, (21)

for S4; where 2F1 (arguments) symbolizes the Hypergeometric function. Owing to the
above equations, we may argue that the generalized entropy generates an effective energy
density (along with the normal matter fields) in the Friedmann equation; for instance, the
energy density coming from the S4 is given by,

ρg =
3

8πG

{
H2 − βGH4

πγ

[
1

2 + β

(
βGH2

πα−

)β

2F1

(
1 + β, 2 + β, 3 + β,− βGH2

πα−

)

+
1

2 − β

(
βGH2

πα+

)−β

2F1

(
1 − β, 2 − β, 3 − β,− βGH2

πα+

)]}
,

and consequently, Equation (21) can be written as,

H2 =
8πG

3
(
ρ + ρg

)
+

Λ
3

.

Similarly the energy density corresponding to the 3-parameter generalized entropy can be
determined from Equation (20).

The energy density coming from the generalized entropy plays a significant role
during the evolutionary course of the universe. However, without any matter fields inside
of the horizon, Equation (19) (or Equation (18)) shows Ḣ = 0 leading to H = constant.
This argues that the entropic cosmology, in absence of matter fields, results in a de-Sitter
spacetime, or equivalently, an eternal inflation having no exit. Therefore, in order to obtain
a viable inflation, one needs to incorporate either of the following possibilities—(a) the
entropic parameters slowly vary with the cosmic expansion of the universe (one may
see [53] where the authors studied a energy scale-varying entropic index that could lead
to new physics in the early universe), or (b) some matter fields inside of the horizon. In
the present work, we will concentrate on the second possibility, where the matter field is
taken to be a minimally coupled scalar field with a power law potential. Such form of the
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scalar potential in the context of generalized entropy is well motivated, as discussed in the
introduction. However before moving to the case of the generalized entropy of the apparent
horizon, we will discuss the status of ϕn potential (from inflationary perspective) with the
Bekenstein–Hawking entropy in order to understand the role of the generalized entropy
during the early evolution of the universe. These are the subjects of the next sections
(Moreover, the cases with varying entropic parameters, in the context of three-parameter
and four-parameter generalized entropies, are addressed in Appendix A).

3. Status of ϕn Inflationary Potential with Bekenstein–Hawking Entropy

In this section we will investigate whether a ϕn type of potential, in the case where the
entropy of the apparent horizon is given by the Bekenstein–Hawking entropy, can lead to a
viable inflation during the early universe. As a result, the Equations (16) and (17) read as
(by considering Sg = S)

H2 =
8πG

3

{
ϕ̇2

2
+ V(ϕ)

}
(22)

Ḣ = −4πGϕ̇2 , (23)

respectively, and the continuity equation for the scalar field becomes

ϕ̈ + 3Hϕ̇ + ∂ϕV = 0 . (24)

The above equations are similar to that of in the standard scalar field cosmology—this
is however expected, as the Bekenstein–Hawking entropy leads to the usual Friedmann
equations in the realm of entropic cosmology. By the slow roll approximation, i.e., by
assuming that the potential energy during inflation dominates all the other forms of
energies, the first and second Friedmann equations become

H2 =
8πG

3
V(ϕ) and Ḣ = −4πGϕ̇2 , (25)

respectively, and moreover, the continuity equation is approximated as,

ϕ̇ = −
(

1
3H

)
∂ϕV = 0 . (26)

Consequently the slow roll parameters take the following form,

ϵ(t) =
3
2

ϕ̇2

V(ϕ)
and η(t) = −

√
3

8πG
1

V(ϕ)

ϕ̈

ϕ̇
. (27)

For the scalar potential to be of the form like V(ϕ) = V0ϕn, the dynamical equation for the
scalar field from Equation (26) obtains the expression

ϕ̇ ≃ − 1
3H

∂ϕV = −nV0

3

(
8πG

2
V0

)− 1
2
ϕ

n
2 −1 , (28)

by using which, into Equation (27), we obtain the slow roll parameters in terms of scalar
field as follows:

ϵ(ϕ) =
n2

16πG
ϕ−2 and η(ϕ) =

n(n − 2)
16πG

ϕ−2 , (29)

respectively, where both ϵ(ϕ) and η(ϕ) are inversely proportional to ϕ, i.e., both of the
slow roll parameters increases with the decreasing value of the scalar field. Such behaviour
of ϵ(ϕ) actually helps to trigger a viable inflation. In particular, a considerably large
value of ϕ makes ϵ(ϕ) less than unity, which confirms an accelerated stage of the universe.
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However as the scalar field rolls down (from a larger value to a smaller value, governing
by Equation (26)), ϵ(ϕ) increases, and at a certain instance of time, ϵ(ϕ) becomes unity,
which indicates the end of inflation. Let us consider that ϵ(ϕ) becomes unity at ϕ = ϕ f , i.e.,
ϵ(ϕ f ) = 1, which, along with Equation (29), yields the following form of ϕ f (in terms of
model parameters):

ϕ2
f =

n2

16πG
. (30)

The total number of e-folds of inflationary epoch is given by

Nf =
∫ ϕ f

ϕc

H
ϕ̇

dϕ ≃ −
∫ ϕ f

ϕc

3H2

∂ϕV
dϕ = −4πG

n

(
ϕ2

f − ϕ2
c

)
=

4πG
n

(
ϕ2

c −
n2

16πG

)
, (31)

where in the last step we used the condition ϵ(ϕ f ) = 1. Here, ϕc is the scalar field at the
time of horizon crossing of the CMB mode (∼ 0.05Mpc−1 at which we are interested to
determine the observable parameters). Inverting Equation (31), we immediately obtain ϕc
in terms of Nf as,

ϕc =

√
n

16πG
(4Nf + n) , (32)

so that we can then compute the slow roll parameters at the instant of horizon crossing of
the CMB scale modes, and they are given by,

ϵ(ϕc) =
n

4Nf + n
and η(ϕc) =

n − 2
4Nf + n

. (33)

These will be used to compute the spectral tilt for primordial curvature perturbation (ns)
and the tensor-to-scalar ratio (r) that are defined by

ns = 1 − 6ϵ + 2η

∣∣∣∣
ϕ=ϕc

and r = 16ϵ

∣∣∣∣
ϕ=ϕc

, (34)

respectively, at the horizon crossing instant. Using the expressions of ϵ(ϕc) and η(ϕc) into
the bove equation along with a little bit of simplification yields the final forms of ns and r
as follows:

ns = 1 − 4(n + 1)
4Nf + n

and r =
16n

4Nf + n
. (35)

Having Equation (35) in hand, we now examine the status of ϕn potential with the
Bekenstein–Hawking entropy of the apparent horizon, in respect to the Planck 2018 data
which puts a constraint on the observable indices as [54]:

ns = 0.9649 ± 0.0042 and r < 0.064 . (36)

It is evident from Equation (35) that both the ns and r depend on n and Nf. In Figure 1 we
plot the region of validity for the inflationary indices in the case of the Bekenstein–Hawking
entropy in the n-Nf space (we will concentrate around Nf = 60, which is consistent with
the resolution of the horizon problem). It may be noted that we consider n ≥ 1 in the plot,
as n < 1 generates some singularity problem in the scalar field equation (through ∂V

∂ϕ ) when
the scalar field passes through ϕ = 0. We see from this plot that the two regions barely
overlaps in a small region (near at n = 1) far from the expected value of ns, which can be
considered statistically negligible. Therefore, in the scenario where the horizon entropy
is given by the Bekenstein–Hawking entropy and the scalar field inside the horizon has a
ϕn form of potential, there is no choice of the parameter n that provides the simultaneous
agreement of {ns, r} with the Planck observation.
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20

40

60

80

100

n

N
f

Figure 1. Region of validity for the observable indices ns (Purple) and r (Orange) given in
Equation (35) in the n-Nf space. The purple region corresponds to the constraints region of ns

while the purple line represents its central value.

4. Status of ϕn Inflationary Potential with Generalized Entropy

As showed in Section [3] that the simple V(ϕ)∼ϕ2 potential with the Bekenstein–
Hawking entropy for the apparent horizon does not lead to a viable inflation from the
perspective of the Planck 2018 data. However the story of the ϕ2 inflaton potential may
become different in generalized entropic cosmology, in which case, the entropic energy
density arising from the generalized entropy contributes a significant role during the
universe’s evolution. Thus we will investigate the status of V(ϕ)∼ϕ2 potential in the
context of generalized entropic cosmology, where the presence of entropic energy density
results in a different cosmological scenario compared to that of in the Bekenstein–Hawking
entropic scenario. In particular, we will consider that the horizon entropy is of the form of
four-parameter generalized entropy and the matter fields inside of the horizon is dominated
by a scalar field having V(ϕ)∼ϕn potential.

For the case of four-parameter generalized entropy, the first Friedmann Equation (21),
without any cosmological constant, is given by:

βGH4

πγ

[
1

2 + β

(
βGH2

πα−

)β

2F1

(
1 + β, 2 + β, 3 + β,− βGH2

πα−

)

+
1

2 − β

(
βGH2

πα+

)−β

2F1

(
1 − β, 2 − β, 3 − β,− βGH2

πα+

)]
=

8πG
3

ρ . (37)

The cosmological constant during the early phase of the universe is suppressed compared
to the inflaton energy density and, thus, one can safely neglect the Λ in studying the
inflationary dynamics of the universe. Since during the inflation the typical energy scale
is of order ∼ 10−4MPl (where MPl = 1/

√
8πG with G being the Newton’s gravitational

constant), we consider GH2 ≪ 1 during the early universe. As a consequence, we can
expand the hypergeometric functions appearing in Equation (37), thanks to the relation
2F1(a, b, c, x) = 1 + ab

c x + O(x2), leading to

1
2 − β

βGH4

πγ

(
βGH2

πα+

)−β(
1 − (1 − β)(2 − β)

3 − β

βGH2

πα+

)
=

8πG
3

ρ , (38)
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on solving which, at the leading order in GH2, we obtain

H2 =

(
8πG

3
γ

α+

(
βG

πα+

)β−1
(2 − β) ρ

) 1
2−β

. (39)

Moreover the second Friedmann Equation (16), due to GH2 ≪ 1, takes the following form

α+
γ

(
α+
β

π

GH2

)β−1
Ḣ = −4πG(ρ + p) . (40)

As mentioned earlier that we will consider a minimally coupled scalar field as the matter
field inside of the horizon, for which, the corresponding energy density (ρ) and the pressure
(p) are given by

ρ =
ϕ̇2

2
+ V(ϕ) and p =

ϕ̇2

2
− V(ϕ) , (41)

respectively, where ϕ is the scalar field under consideration and V(ϕ) is its potential.
Therefore, Equations (39) and (40) become

H2 =

(
8πG

3
γ

α+

(
βG

πα+

)β−1
(2 − β)

{
ϕ̇2

2
+ V(ϕ)

}) 1
2−β

. (42)

and
α+
γ

(
α+
β

π

GH2

)β−1
Ḣ = −4πGϕ̇2 . (43)

The above two equations along with the continuity equation of the scalar field, i.e.,

ϕ̈ + 3Hϕ̇ + ∂ϕV = 0 . (44)

govern the cosmological dynamics in the present context. Due to the slow roll approxima-
tion during the early universe, in particular

ϕ̈ ≪ Hϕ̇ and
ϕ̇2

2
≪ V , (45)

Equations (42) and (43) read as

H2 =

[
8πG

3
γ

α+

(
βG

α+π

)β−1
(2 − β)V(ϕ)

] 1
2−β

(46)

Ḣ = −2πGγ

α+

(
βGH2

α+π

)β−1

ϕ̇2 , (47)

and moreover, the conservation equation is approximated as

ϕ̇ ≃ − 1
3H

∂ϕV . (48)
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Therefore the first and the second slow roll parameters (defined by ϵ(t) = − Ḣ
H2 and

η(t) = − Ḧ
2HḢ ) take the following form

ϵ(t) =
3

4(2 − β)

ϕ̇2

V(ϕ)
(49)

η(t) = −
[

8πG
3

γ

α+

(
βG

α+π

)β−1
(2 − β)V(ϕ)

] 1
2(2−β) [ ϕ̈

ϕ̇
+

1 − β

4(2 − β)

∂ϕV
V(ϕ)

ϕ̇

]
, (50)

where for the second parameter we have used Equation (48). At this stage, let us consider
the power law form of the scalar potential, i.e., V(ϕ) = V0ϕn (with V0 and n being two
positive constants). For this scalar potential, we can compute the expression of ϕ̇ from
Equation (48), and is given by,

ϕ̇ ≃ −V0

3
n A− 1

2(2−β) ϕ
3−2β

2(2−β)
n−1 , (51)

where we have

A ≡ 8πG
3

γ

α+

(
βG

α+π

)β−1
(2 − β)V0 . (52)

Plugging back the above expression of ϕ̇ into Equation (49) yields the slow roll parameters
in terms of ϕ as follows:

ϵ(ϕ) =
V0n2

12(2 − β)
A− 1

2−β ϕ
1−β
2−β n−2 (53)

η(ϕ) =
V0

2
n
(

7 − 5β

4(2 − β)
n − 1

)
A− 1

2−β ϕ
1−β
2−β n−2 , (54)

where A is given above in Equation (52). It seems that the positivity of ϵ demands β < 2.
Moreover the above expression of ϵ(ϕ) clearly points that the model parameters (β and n)
need to obey the following constraint relation, namely(

1 − β

2 − β

)
n < 2 (55)

in order to have a successful inflation with an exit. This is because that under Condition (55),
ϵ(ϕ) remains less than unity for a considerably large positive value of ϕ and triggers an
accelerating stage of the universe; however, as the scalar field rolls down along the potential,
ϵ(ϕ) increases and moves to unity at a certain value of ϕ = ϕ f (say) which indicates the
end of inflation. Thus as a whole—owing to Condition (55)—ϵ(ϕ) depends on the inverse
power of ϕ, which proves to be suitable for obtaining a successful inflation with a graceful
exit. The end point of inflation, i.e ϵ(ϕ f ) = 1, immediately leads to ϕ f from Equation (53)
as follows:

A
1

2−β ϕ
2− 1−β

2−β n
f =

V0n2

12(2 − β)
. (56)

Consequently, the e-fold duration of the inflationary era is given by,∫ Nf

0
dN =

∫ tf

tc
Hdt =

∫ ϕ f

ϕc

H
ϕ̇

dϕ , (57)

from which, using the conservation equation, we obtain

Nf ≃ −
∫ ϕ f

ϕc

3H2

∂ϕV
dϕ =

3

V0n
(

2 − 1−β
2−β n

)A
1

2−β

(
ϕ

2− 1−β
2−β n

c − ϕ
2− 1−β

2−β n
f

)
. (58)
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Here, ϕc is the scalar field at the beginning of inflation (i.e., at N = 0) which is considered
to be the horizon-crossing instant of the large CMB scale mode (∼0.05 Mpc−1). By using
Equations (56) and (58), one can easily obtain the expression for ϕc as follows:

ϕc =

[
A− 1

2−β

(
nV0

3

(
2 − 1 − β

2 − β
n
)

N f +
V0n2

12(2 − β)

)] 1

2− 1−β
2−β

n
. (59)

Clearly ϕc > ϕ f , due to the constraint in Equation (55), as expected. Substituting the above
form of ϕc into Equation (53) along with a little bit of simplification lead to the slow roll
parameters, evaluated at the instant of horizon crossing, as

ϵ(ϕc) =
n

n + 4(2 − β)
(

2 − 1−β
2−β n

)
Nf

(60)

η(ϕc) =
(7 − 5β)n − 4(2 − β)

n + 4(2 − β)
(

2 − 1−β
2−β n

)
Nf

, (61)

respectively. Consequently, the scalar spectral index and the tensor-to-scalar ratio are
obtained as

ns = 1 − 6ϵ + 2η

∣∣∣∣
ϕ=ϕc

= 1 +
2(4 − 5β)n − 8(2 − β)

n + 4(2 − β)
(

2 − 1−β
2−β n

)
Nf

,

r = 16ϵ

∣∣∣∣
ϕ=ϕc

=
16n

n + 4(2 − β)
(

2 − 1−β
2−β n

)
Nf

. (62)

Here, we compute the observable indices at the instant of horizon crossing of the large-
scale CMB modes on which we are interested to corroborate the theoretical predictions
with the Planck 2018 data. According to the Planck result, the ns and r are constrained
by Equation (36). From Equation (62), it may be noted that ns and r is influenced by the
entropic parameter β and that the dependence by the potential is given by the exponent
n. Moreover, ns and r also depend on the inflationary e-folding number Nf. Actually, the
other entropic parameters, in particular α± and γ, are packed within A (see Equation (52))
and these arise in the final expression of the observable indices through Nf. One can easily
choose α± and γ in such a way that Nf becomes around ≈60. Therefore the important
constraint that we need to take care is on the parameter β. In Figure 2 and Figure 3, we plot
the region of validity of {ns, r} (in respect to the Planck 2018 constraint) in the β-Nf space
for the case n = 1, and the case n = 2 respectively. The presence of an intersection between
β and Nf (around Nf = 60) shows the possibility of the agreement of the four-parameter
generalized entropic inflation with the Planck data. In both the figures, the gray shadowed
region, corresponding to β > 2, is not acceptable since it leads to negative values of ϵ (as
demonstrated after Equation (53)).

Thus as a whole, the power law inflaton potential (for n = 1 as well as for n = 2)
turns out to produce a viable inflation with a graceful exit and is also consistent with the
Planck data in the case where the apparent horizon has the four-parameter generalized
entropy, unlike to the case of the Bekenstein–Hawking entropy, which fails to show the
simultaneous compatibility of the inflationary indices with the observation.
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Figure 2. Region of validity of the observable indices ns (purple) and r (orange) given in Equation (62)
in respect to the Planck data. Here we take n = 1. The gray shadowed region, corresponding to
β > 2, is not acceptable since it leads to negative values of ϵ. The purple region corresponds to the
allowed region of ns while the purple line represents its central value (i.e., ns = 0.9649).
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Figure 3. Region of validity of the observable indices ns (purple) and r (orange) given in Equation (62)
in respect to the Planck data. Here we take n = 2. The gray shadowed region, corresponding to
β > 2, is not acceptable since it leads to negative values of ϵ. The purple region corresponds to the
allowed region of ns while the purple line represents its central value (i.e., ns = 0.9649).

5. Conclusions

We examine the status of the simplest quadratic inflaton potential in the realm of en-
tropic cosmology where the entropy of the apparent horizon is given by the four-parameter
generalized entropy and the matter fields inside of the horizon is dominated by a mini-
mally coupled scalar field with a ϕn type of potential (where ϕ is the scalar field under
consideration). Actually the quadratic potential (i.e., for n = 2) in standard scalar field
cosmology fails to produce a viable inflation, in particular, the ϕ2 potential is not compatible
with the inflationary observables based on the recent Planck 2018 data. Here, it is good to
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mention that in the language of entropic cosmology, the standard scalar field cosmology is
analogous to the case where the horizon has Bekenstein–Hawking entropy, which results in
the usual Friedmann equations. However the story becomes different when the apparent
horizon acquires the four-parameter generalized type of entropy, in which case, the en-
tropic energy density plays a significant role during the evolutionary course of the universe.
The appearance of the generalized entropy actually generates an effective energy density
which modifies the Friedmann equations, and consequently the cosmic evolution of the
universe, compared to the standard cosmological scenario. As a result, it turns out that with
the four-parameter generalized entropy of the apparent horizon, the ϕ2 potential results
in—(1) an inflation era described by a quasi de-Sitter evolution of the Hubble parameter,
which has an exit at around 55-60 e-folding number, (2) the inflationary observable quan-
tities like the spectral index for primordial scalar perturbation and the tensor-to-scalar
ratio are simultaneously compatible with the recent Planck data for suitable values of the
entropic parameters, (3) for the same parameter values, the the typical energy scale of the
universe at the onset of inflation becomes of the order ∼ 10−4 (in Planck units). Therefore,
this work clearly shows that the ϕ2 potential can be made back into the inflationary scenario
provided the apparent horizon has the four-parameter generalized type of entropy.

Regarding the four-parameter generalized entropy, a valid question may be raised
about its uniqueness, in particular, whether the S4 in Equation (2) is the unique four-
parameter generalized entropy or one may construct another four-parameter entropy
function that also accommodates all the known entropies. However the uniqueness prop-
erty of S4 is out of the motivation of this work, and thus we expect to study it in some
future work.
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Appendix A. Generalized Entropic Inflation with Varying Entropic Parameters

In this section, we will show that, beside the consideration of matter fields inside of
the horizon, one can get a proper inflation (with a graceful exit) in the context of entropic
cosmology by considering the entropic parameters to vary with the cosmic expansion of the
universe. In particular, we will concentrate on the three-parameter and the four-parameter
generalized entropy, namely the S3 and the S4, where the parameter γ is considered to vary
with the cosmic time. Thus γ = γ(N) where N represents the e-fold number. The running
behavior of γ can be described by quantum gravity as, actually, in the sector of gravity,
the degrees of freedom may increase if the spacetime fluctuates at high energy scales. In
the absence of matter fields inside of the apparent horizon, i.e, ρ = p = Λ = 0, and for
γ = γ(N), the thermodynamic law on the apparent horizon states:

0 = TdSg(S, γ(N)) =
∂Sg

∂S
dS +

∂Sg

∂γ
γ′(N)dN , (A1)

where a prime indicates the differentiation with respect to N, and Sg = {S3, S4}. Taking
into account the dependence of the entropy on γ and defining σ(N) ≡ γ′/γ we find

1
Sg

∂Sg

∂S
dS =

∂ ln Sg

∂S
dS = σ(N)dN , (A2)
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integrating which we find

Sg = exp
(∫ N

0
σ(N′)dN′

)
. (A3)

At this stage, we will take a certain form of γ(N) as follows:

γ(N) =

γ0 exp
(∫ N f

N σ(N′)dN′
)

N ≤ N f

γ0 N > N f

, with σ(N) ≡ σ0 + e−(Nf−N) , (A4)

where σ0 is a constant. The second term in the expression of σ(N) becomes effective only

when N ≈ N f , i.e., near the end of inflation. The term e−(N f −N) in the σ(N) is actually
considered to ensure an exit from inflation era and thus proves to be an useful one to make
the inflationary scenario viable. In the case of the three-parameter entropy, Equation (A3)
leads to the relation (

1 +
απ

βGH2

)β

− 1 = exp
(∫ N

0
σ(N′)dN′

)
, (A5)

which for GH2 ≪ 1 gives the asymptotic solution for the Hubble parameter

H(N) = 4πMPl

√
α

β

(
1 + exp

(∫ N

0
σ(N′)dN′

))− 1
2β

. (A6)

In order to apply the standard inflationary analysis we compute the slow-roll parameter in
terms of the e-fold parameter ϵ(N) as

ϵ(N) ≡ −H′(N)

H(N)
=

1
2β

σ(N)[
1 + exp

(
−
∫ N

0 σ(N′)dN′
)] , (A7)

and
ϵ′(N)

ϵ(N)
=

e−(N f −N)

σ(N)
+

σ(N)

1 + exp
(∫ N

0 σ(N′)dN′
) , (A8)

where we used the explicit expression of Equation (A4) to simplify the result. In order to
impose some constraints on the model parameters we compute various observable indices
such as the primordial curvature perturbation ns and the tensor-to-scalar ratio r obtained as

ns = 1 − 2ϵ − 2
ϵ′

ϵ

∣∣∣∣
N=0

and r = 16ϵ

∣∣∣∣
N=0

. (A9)

We compute these indices in the instant of horizon crossing of the large scale CMB modes,
which corresponds to the beginning of inflation N = 0.

In the case of the three-parameter entropy with Hubble parameter of Equation (A6)
along with σ(N) defined in Equation (A4) the observable indices have the expressions

ns = 1 −
(

1 +
1

2β

)(
σ0 + e−N f

)
− 2

1 + eN f σ0
and r =

4(σ0 + e−N f )

β
. (A10)

Since the e-fold number of inflation Nf will be taken to be ∼55–60 we will neglect the terms
e−N f . We can then impose an end to the inflation era with the condition

ϵ(Nf) =
1 + σ0

2β(1 + e−1−Nfσ0)
= 1 , (A11)
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from which we obtain an inter-relation between β and σ0 that can then reduce the number
of parameters inside the observable indices. This substitution gives

ns = 1 −
σ0
(
2 + σ0 + e−1−Nfσ0

)
1 + σ0

and r =
8σ0
(
1 + e−1−Nfσ0

)
1 + σ0

, (A12)

which shows that both the ns and r depend on σ0 and Nf. Since these observable indices are
functions of only two variables we can directly check their validity in respect to the Planck
2018 data. In Figure A1 we plot the region of validity of {ns, r} given in Equation (A12) in
σ0-Nf space. As we can see from Figure A1, there is no overlapped region between σ0, and
thus the three-parameter generalized entropy with varying parameters does not provide a
inflationary scenario that is compatible with the Planck data.
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f

Figure A1. Region of validity for ns (blue) and r (orange) in case of the three-parameter generalized
entropy with varying parameters (by using Equation (A12)) in respect to the Planck data.
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Figure A2. Region of validity for ns (blue) and r (orange) in case of the four-parameter generalized
entropy with varying parameters (by using Equations (A18) and (A19)) in respect to the Planck data.
Here, we take Nf = 58.
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In the case of the four-parameter entropy, Equation (A3) leads to(
1 +

α+π

βGH2

)β

−
(

1 +
α−π

βGH2

)−β

= exp
(∫ N

0
σ(N′)dN′

)
, (A13)

in the limit GH2 ≪ 1 we can safely neglect the plus one in parenthesis and solve the
equation for H(N)

H(N) = 4πMPl

√
α+
β

[
1
2

exp
(∫ N

0 σ(N′)dN′
)(

1 +

√
1 + 4

(
α+
α−

)β
exp

(
−2
∫ N

0 σ(N′)dN′
))]− 1

2β

. (A14)

For this Hubble parameter the slow roll parameter is

ϵ(N) =
1

2β

σ(N)√
1 + 4

(
α+
α−

)β
exp

(
−2
∫ N

0 σ(N′)dN′
) , (A15)

and
ϵ′(N)

ϵ(N)
=

e−(N f −N)

σ(N)
+

σ(N)

1 + 1
4

(
α+
α−

)−β
exp

(
2
∫ N

0 σ(N′)dN′
) . (A16)

Again we will impose the condition on the end of inflation as

ϵ(N f ) =
1 + σ0

2β

√
1 + 4

(
α+
α−

)β
e−2−2N f σ0

= 1 , (A17)

which leads to an interrelation between the parameters (α+/α−)
β and σ0. Using such a

relation, we obtain the observable indices in the context of four-parameter generalized
entropy with varying parameters as follows:

ns = 1 −
2σ0

√
1 + 4

(
α+
α−

)β
e−2−2Nfσ0

(1 + σ0)

√
1 + 4

(
α+
α−

)β
−

8σ0

(
α+
α−

)β

1 + 4
(

α+
α−

)β
, (A18)

and

r =
16σ0

√
1 + 4

(
α+
α−

)β
e−2−2Nfσ0

(1 + σ0)

√
1 + 4

(
α+
α−

)β
, (A19)

respectively. Equations (A18) and (A19) clearly indicate that both the ns and r depend on σ,
(α+/α−)

β and Nf. For a fixed Nf, particularly around Nf = 55–60, which is consistent with
the resolution of the horizon problem, we find the constraints imposed for these variables
in order to obtain viable inflation [54]. The validity of these constraints is shown by the
intersection of the two regions in Figure A2 for Nf = 58.

Thus, as a whole, it turns out that in the context of entropic cosmology with varying
entropic parameters, the four-parameter generalized entropy can provide a viable infla-
tion consistent with the Planck data, unlike the three-parameter generalized entropy that
fails to show the simultaneous compatibility of primordial inflationary indices with the
Planck result.
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