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Abstract: The suppression of relic gravitational waves due to their conversion into electromagnetic
radiation in a cosmological magnetic field is studied. The coupled system of equations describing
gravitational and electromagnetic wave propagation in an arbitrary curved space-time and in external
magnetic field is derived. The subsequent elimination of photons from the beam due to their
interaction with the primary plasma is taken into account. The resulting system of equations is
solved numerically in the Friedman–LeMaitre–Robertson–Walker metric for the upper limit of the
intergalactic magnetic field strength of 1 nGs. We conclude that the gravitational wave conversion
into photons in the intergalactic magnetic field cannot significantly change the amplitude of the relic
gravitational wave and their frequency spectrum.

Keywords: gravitational waves; cosmological magnetic field; expanding universe; Heisenberg–Euler
action; gravitational wave conversion; curved space-time; Friedman–LeMaitre–Robertson–Walker
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1. Introduction

The transformation between gravitons and photons in an external magnetic field
was considered in a multitude of papers starting from 1961 [1–8]. The problem acquired
particular importance in connection with the possible transformation of relic gravitational
waves (GW) produced at the inflationary stage [9–12] into electromagnetic waves (EMW) in
primordial magnetic fields. However, in all previous works see, e.g., [8,13] the calculations
have always been conducted in Minkowski space-time, though the curvature effects in the
very early universe could be quite essential.

In the present work, we go beyond the flat space-time restriction and consider gravi-
ton and photon propagation in an arbitrary curved background. The propagation of
gravitational waves in curved space-time was almost always considered in the Friedman–
LeMaitre–Robertson–Walker metric (FLRW), see, e.g., textbooks [14,15], except for some
Bianchi type metrics and our recent paper [16], where an arbitrary background metric was
allowed. Here, we derive the propagation equations for the coupled system of photons
and gravitons in an arbitrary background. Next, we will turn to the Friedman–LeMaitre–
Robertson–Walker (FLRW) space-time, which is a good approximation of the real universe.
However, deviations from FLRW could be essential and lead to interesting observable
effects.

For over a century, the Friedman equations have served as a basement for the conven-
tional cosmological model. They well describe the early universe, that is homogeneous
and isotropic to a very good approximation. They are operative also in the contemporary
universe on very large scales. Friedman cosmology allows for description of cosmological
dark matter and what is more surprising dark energy, though the physical nature of the
latter is not yet established.
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The propagation of gravitational waves in curved space-time was almost always
considered in FLRW metric, except for some Bianchi type metrics and our recent paper [16],
where an arbitrary background metric was allowed.

Here, we derive the coupled equations of motion for metric perturbations and elec-
tromagnetic waves over an arbitrary cosmological background in the external cosmic
magnetic field. The metric perturbations and EMW are treated in the first order of the
perturbation theory.

We introduce the full electromagnetic field Āµ as the sum of an external classical
component of the electromagnetic field Aµ and a small quantum fluctuation fµ, which is
considered as a perturbation,

Āµ = Aµ + fµ. (1)

The stress tensors of Āµ, Aµ and fµ are then introduced accordingly:

F̄µ,ν = ∂µ Āν − ∂µ Āν (2)

Fµν = ∂µ Aν − ∂ν Aµ, (3)

fµν = ∂µ fν − ∂ν fµ. (4)

The full metric tensor ḡµν is expanded around the metric tensor of the background
space-time gµν as

ḡµν = gµν + hµν,

ḡµν = gµν − hµν

with hµν being a small perturbation of the metric.
The properties of the metric tensor gµν are specified by: the orthogonality condition

gµνgµλ = δλ
µ , where δλ

µ is the Kronecker delta-symbol; rising and lowering of the indices of
the tensors hµν and fµν by the background metric tensor gµν. Note that the indices of the
full and classical stress tensors of the electromagnetic fields are raised and lowered with
the full metric tensor ḡµν.

The corrections to the metric determinant ḡ can be found from the first-order expansion
of an arbitrary non-degenerate matrix M:

det[M+ δM] = det[M]
(

1 + Tr[M−1δM]
)

. (5)

So we obtain:

det[ḡµν] = det[gµνhµν] = det[gµν]
(
1 + gµνhµν

)
. (6)

It is assumed usually that tensor perturbations are traceless:

h ≡ gµνhµν = 0. (7)

However, we see in what follows that the corrections to the Maxwell energy–momentum
tensor are not traceless, see, e.g., Equations (69)–(115) and a nonzero trace of the gravita-
tional field source leads to the nonzero h, so det[ḡµν] = det[gµν](1 + h).

The initially derived equations are supposed to be valid in an arbitrary space-time
metric, but ultimately we assume that the background metric has the 3D-flat FLRW form:

ds2 = dt2 − a2(t) ∑
j=1,2,3

dx2
j (8)

where a(t) is the cosmological scale factor. The Hubble parameter is expressed through it
in the usual way as H = ȧ/a. The curved metric reduces to the flat one when a → 1.

The paper is organized as follows. We start in Section 2 with a brief reminder of the
equation for metric perturbations over arbitrary space-time. In Section 3, we recall the
expansion of metric perturbations in terms of helicity eigenstates. After that, in Section 4 we
show that the scalar and tensor modes can mix in the general case of inhomogeneous space.
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Further, in Section 5 we consider propagation of metric perturbation over FLRW space-time
in an external magnetic field. In Section 6, the propagation of electromagnetic waves in
a magnetic field is considered. In both sections, we start from the classical Maxwell and
Hilbert–Einstein actions ignoring for a while the Heisenberg–Euler (HE) [17] corrections,
the quantum trace anomaly and matter effects. They are taken into account step-by-step in
the subsequent subsections. On the way, we discuss the definition of physical magnetic
fields through the electromagnetic field tensor Fµν in cosmological background (Section 5.3)
and the impact of the HE-corrections to the electromagnetic wave propagation expressed
through the physical magnetic field B (Section 6.2). In Section 7, we analyze the full set,
of differential equations (SDE) for (g − γ)-coupled system, choose a reference frame, and
simplify the system for the choice made. Next, in Section 8, we divide the task into two
cases: k||B and k⊥B, and find out that the conversion effect is present only for the second
case. In the last Section 9, we divide SDE into two independent subsystems and solve the
first of them numerically. Lastly, we conclude the paper by summarizing the obtained
results and formulating the prospects for future research.

2. Metric Perturbations in General Case

In [16], we obtained Equation (23) for the propagation of metric perturbations in
arbitrary space-time. Let us write it for two lower indices:

D2hµν − 2hαβRαµνβ −
(

hαµRα
ν + hανRα

µ

)
+ hµνR − gµν

(
hαβRαβ +

1
2

D2h
)

= −2(8πG)T(1)
µν , (9)

where G is the gravitational constant, D2 = DαDα and Dα is the covariant derivative,
Rαµνβ, Rµν, R are the Riemann tensor, Ricci tensor and scalar curvature, respectively.

The equation contains additional terms that disappear in the special cases of Minkowski
and FLRW spaces. These extra terms could have significant effects on the GW and EMW
propagation over background metric that differs from the FLRW one.

Let us note the agreement between Equations (9) and (2.33) from the work [18],
published after our work [16]. The apparent difference with our result disappears in the
Lorentz calibration

Dµhµ
ν =

1
2

∂νh. (10)

In this article, the authors obtained the same equation using a double variation of the
action, while we obtained it by expanding the Einstein equation to first order in perturbation.

3. Helicity Decomposition and Choice of Gauge

Now it is worth recalling the formalism of the expansion of the perturbation hµν in
terms of helicity states [19–23]. The generally accepted approach is that (along with the
vectors Ci, Gi and the traceless tensor Dij) four scalars A, B, E, F are introduced, through
which the components of the metric perturbation are expressed:

h00 = −E, (11)

h0i = a
(

∂F
∂xi + Gi

)
, (12)

hij = a2
(

Aδij +
∂2B

∂xi∂xj +
∂Ci

∂xj +
∂Cj

∂xi + Dij

)
. (13)

One can impose gauge conditions such that two scalars turn to zero. The so called
synchronous gauge corresponds to the choice E = 0 and F = 0. Under this gauge there
still remains some more freedom, that may allow to simplify algebra in a specific problem.
The second well-known type of gauge is the Newtonian gauge, where B = 0, F = 0,
E ≡ 2Φ, and A ≡ −2Ψ. The choice of this gauge better fits our task, so for the scalar sector
we will use the Newtonian gauge.
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In addition to the gauge in the scalar sector, the Lorentz gauge (10) is usually imposed
on the entire tensor perturbation of metric. This calibration naturally arises in the case when
the so-called harmonic Fock coordinates are used. It allows to obtain a simpler expression
for the Ricci tensor and, as a consequence, to simplify the equation for the propagation of
metric perturbations. Formerly in our paper [16], we have only used the Lorentz gauge.

4. Mixing of Metric Perturbation Modes

Note that from the expression for the trace of the Equation (9) it turns out that in the
general case, for an arbitrary form of the Ricci tensor, there appears a mixing of scalar
and tensor modes of metric perturbations. In general case it is impossible to separate
the equations for these two sectors. Indeed, taking trace of Equation (9), we obtain the
following expression

∂2h + 4hαβRαβ − hR = 16πGTα(1)
α , (14)

where ∂2 = ∂µ∂µ, and from which it is clearly seen that the second term in the left hand
side includes both terms from the scalar and the tensor sectors.

In addition, it is important to pay attention to the trace from the source on the right-
hand side of the equation. As will be shown below for the problem of graviton conversion
into photons in an external magnetic field, the trace from the correction to the EMT contains
a convolution of the background electromagnetic tensor and the tensor perturbation to
the metric, hµν, which also leads to mixing between scalar and tensor modes. This result
is evident, because the expansion of metric perturbations in polarizations is valid for a
problem with axial symmetry: in this problem there is only one specific direction—the
direction of the wave vector k of the metric perturbation. If space is for some reason
unisotropic (as, for example, in the case of an external magnetic field or in the presence of
an anisotropic stress tensor), this symmetry disappears.

5. Metric Perturbations in Magnetic Field
5.1. Equation in the FLRW Metric

Recall that in the FLRW metric

R00 = −3
ä
a

, (15)

Rij = −gij

(
ä
a
+ 2H2

)
. (16)

R = −6
(

ä
a
+ H2

)
. (17)

We write the trace of the GW tensor in the following form:

h = gµνhµν = h00 −
hxx + hyy + hzz

a2 ≡ h00 + hi
i, (18)

where the notation hi
i = −

(
hxx + hyy + hzz

)
/a2 was introduced:

Let us write down the system of Equation (9) for the case of the FLRW metric. To do
this, we will use the expressions (15)–(18). We get

D2hµν − 2hαβRαµνβ − gµν

[
1
2

∂2h − 3
ä
a

h00 −
(

ä
a
+ 2H2

)
hi

i

]
− 6H2h00δ0µδ0ν

−2
(

2ä
a
+ H2

)
hµν

[
1 − δ

µ
0 δν

0

]
= −16πGT(1)

µν , (19)

where the Latin indices are the spatial ones (vary from one to three).
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For a medium where the perturbation propagates, we will consider a model of an
ideal fluid. The total energy–momentum tensor in this case is determined through the full
metric as follows

Tmedium
µν = −pgµν + (p + ϱ)uµuν, (20)

where ϱ is the energy density, p is the pressure, uµ is the four-speed. Then the right side of
Equation (19) can be rewritten as

−16πGT(1)
µν = −16πG

(
Tmedium(1)

µν + TEM(1)
µν

)
= 16πGphµν − 16πGTEM(1)

µν , (21)

where the first term in the last equality is obtained by expanding Equation (20) to the
first order in perturbation at uj = 0 (index j varies from one to three) and the second
term is responsible for the perturbation of the EMT due to the presence of an external
magnetic field.

The factor before the last term on the left side of the Equation (19) is exactly

−2
(

2
ä
a
+ H2

)
= 16πGp. (22)

Thus, Equation (19) can be simplified:

D2hµν − 2hαβRαµνβ − gµν

[
1
2

∂2h − 3
ä
a

h00 −
(

ä
a
+ 2H2

)
hi

i

]
− 6H2h00δ0µδ0ν

= −16πGTEM(1)
µν , (23)

Now, for brevity, we omit the expressions for the components of the Riemann tensor
and the Christoffel symbols in the covariant derivative and write the final equations for 00,
0j, and ij components separately:[

∂2
t + 3H∂t −

∆
a2 + 3

(
ä
a
− 4H2

)]
h00 −

1
2

∂2h +

(
4H2 − ä

a

)
hi

i = −16πGTEM(1)
00 ,

2H
[

∂jh00 +
∂xhxj + ∂yhyj + ∂zhzj

a2

]
= −16πGTEM(1)

0j ,[
∂2

t + 3H∂t −
∆
a2

]
hi

j + δi
j

[
−∂2h

2
+

(
ä
a
+ 2H2

)
h00 +

ä
a

hl
l

]
= −16πGTi EM(1)

j , (24)

where notation (18) is used, and the last equation is written in terms of mixed components,
since then it looks more consistent with the equation for the 00 component.

5.2. Corrections to the Energy–Momentum Tensor (EMT)

Corrections to the EMT are due to the presence of an external electromagnetic field.
We will find them in accordance with the definition of EMT of matter:

Tµν =
2√
−g

δAmttr

δgµν

. (25)

There are two contributions to the EMT perturbation: from the Maxwell action and
from the Heisenberg–Euler action.

The gravity of the background magnetic field is negligible compared to the background
of matter and we ignore its contribution to the EMT corrections.

5.2.1. Corrections to EMT Emerging from the Maxwell Action

The Maxwell action is written as follows:

AMax = −1
4

∫
d4x
√
−ḡ
(

F̄2 + Āµ J̄µ
)

, (26)

where F̄2 = F̄µν F̄µν = ḡµα ḡνβ F̄µν F̄αβ. Hence the energy-momentum tensor is
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T̄(Max)
µν =

1
4

ḡµν F̄2 − F̄µα F̄νβ ḡαβ. (27)

or for the mixed components:

T̄µ(Max)
ν =

1
4

δ
µ
ν F̄2 − F̄µ

. α F̄. α
ν . (28)

Clearly this tensor is conserved and its trace is zero:

ḡµνT̄(Max)
µν ≡ δ

µ
ν T̄ν(Max)

µ = 0. (29)

The vanishing of the EMT trace in Maxwell electrodynamics is a consequence of the
conformal invariance of the Maxwell action (26). This is not so for higher order quantum
corrections (trace anomaly), see Section 6.3.

The trace of the zero-order term with mixed components:

Tµ(Max 0)
ν =

1
4

δ
µ
ν F2 − Fµ

. αF. α
ν (30)

is also zero. Note that moving indices up or down in this equation is done by the back-
ground metric, e.g., Fµ

. αF. α
ν = gµσgαλFσαFνλ and F2 = FαβFσλ gασgβλ.

The zero-order term is presumably small in comparison with the total cosmological
energy–momentum tensor and can be neglected in what follows.

For the first order term with mixed components we obtain:

Tµ(Max 1)
ν =

1
2

δ
µ
ν [(F f )− (FFh)] + hµσFσαF. α

ν + hαλFµ
. αFνλ − f µ

. αF. α
ν − Fµ

. α f . α
ν , (31)

where (F f ) = Fαβ f αβ and (FFh) = FαβF. β
σ hασ. Evidently Tµ(Max 1)

µ = 0, as is expected.

5.2.2. Heisenberg–Euler (HE) Lagrangian

The second origin of EMT corrections is Heisenberg–Euler effective Lagrangian [17].
It describes quartic self-interaction of electromagnetic field and is induced by the loop of
virtual electrons with four external electromagnetic legs. In the weak field limit, and low
energies, much smaller than the electron mass, me, the corresponding action has the form:

A(0)
HE =

∫
d4x
√
−g C0

[
(FµνFµν)2 +

7
4
(F̃µνFµν)

2
]

. (32)

Here
C0 = α2/(90m4

e ) (33)

and α = 1/137 is the fine structure constant. At high temperatures C, α, and me change
with T. At this stage, we omit the bar over Fµν to simplify notations. The dual Maxwell ten-
sor is defined as

F̃αβ =

√−g
2

ϵαβµνFµν, F̃αβ =
1

2
√−g

ϵαβµνFµν, (34)

because the tensor quantity is
√−g ϵαβµν but not just ϵαβµν, see e.g., chapter 83 from

textbook [24].
In what follows, we apply this action to photon propagation in an external magnetic

field B and the weak field limit means B ≪ m2
e .

We need to generalize the Heisenberg–Euler action (32) to high energies/temperatures
and curved FLRW space-time. To do so, let us start from the canonical action of photons
and electrons written in terms of the conformal metric:

ds2 = g(c)µν dxµdxν =a2(τ)
(

dτ2 − dr2
)
≡ a2(τ)ηµνdxµdxν, (35)

where ηµν = diag[1,−1,−1,−1] is the Minkowski metric tensor, and a(τ) is the scale factor
as a function of conformal time τ(t) =

∫
dt/a(t).
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The action of photons and electrons written in terms of the inverse metric to g(c)µν , given
by Equation (35), takes the form:

Aeγ =
∫

d4x a4

[
− gµα

c gνβ
c

4
FαβFµν + ψ̄

(
igµν

c Γµ∇ν − mψ

)
ψ + egµν

c Aµψ̄Γνψ

]
, (36)

where Γµ is a generalization of the Dirac γ matrices for curved space-time. For FLRW metric
they have the form Γµ = aγµ, where γµ are the usual Dirac matrices which anticommute as
[γµ, γν] = ηµν, [Γµ, Γν] = gµν; ∇µ is the covariant derivative for spin-(1/2) field. For the
FLRW metric, it has the form ∇µ = ∂µ + (3/2)∂µ(ln a).

Introducing conformally transformed spinor χ = ψ/a3/2, we arrive to the action:

Aeγ =
∫

d4x
[
−ηµαηνβ

4
FαβFµν + χ̄

(
iγµ∂ν − amψ

)
χ + aeηµν Aµχ̄γµχ

]
. (37)

This is essentially the same action as it is in flat space-time with rescaled mass and
charge: m → am and e → ae, so formally C0 ∼ e4/m4 does not change, but since we plan to
go to very high temperatures, even above the electroweak phase transition, where all bare
masses of charged particles vanish, we have to substitute the high temperature value of
the mass, to sum over all charged particles, and to take the high temperature value of the
electromagnetic coupling α. So

C(T) = ∑
j

α2(T)q4
j

90mj(T)4 , (38)

where qj is the charge of the contributing to the loop particles in the electron charge units,
e.g., for down or up quarks q = −1/3 or 2/3.

The integrand in the expression for the action AHE is a scalar with respect to the
general coordinate transformation, so we can use for it the same expression as (32) in
arbitrary metric.

In the early universe, the Heisenberg–Euler action at high temperatures keeps the
same form as (32) with substitution of C(T) instead of C0:

AHE =
∫

d4x
√
−ḡ C(T)

[
(F̄2)2 +

7
4
( ˜̄FF̄)2

]
, (39)

where F2 = FµνFµν, F̃F = F̃µνFµν, and we have returned bar over Fµν and to the metric
determinant in accordance with expansion (5).

The HE action given by Equation (39) leads to the following contribution to the
energy-momentum tensor:

THE
µν = C(T)

{
−gµν

[
(FαβFαβ)2 − 7

4
(F̃αβFαβ)

2
]
+ 8(FαβFαβ)FµλF. λ

ν

}
. (40)

Here, the over-bars are eliminated to simplify notation but we keep in mind that this
expression will be used with the non-expanded complete quantities, see Equation (5).

An explanatory comment may be in order here, namely, the second term containing
the dual Maxwell tensor, F̃µν, depends upon metric only through the factor (

√−g)−2, so
with the account of the integration measure the action depends on metric as (

√−g)−1

instead on (
√−g). Hence, this gives the contribution to Tµν from (F̃F)2 proportional to

(+gµν) instead of the usual one proportional to (−gµν).
One can see that the trace of tensor (40) is non-vanishing:

Tµ HE
µ = C(T)

[
4(FαβFαβ)2 + 7(F̃αβFαβ)

2
]
̸= 0. (41)

It is instructive to check conservation of the energy–momentum tensor (40), though it
surely must be true, since it was obtained by the variation of a scalar function over metric.
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Still, at least the verification of the conservation would indicate that the calculations are
correct. Let us note that the conservation condition should be fulfilled only if C = const.
Evidently, the energy–momentum tensor (40) is non-conserved for a non-constant C(T)
because the dependence on temperature appears due to interaction and an exchange of
energy with external system.

It would be more convenient to express the square of the dual electromagnetic tensor
through F. It enters the action in the form, see Equation (34):(

F̃F
)2

= F̃µνFµν F̃αβFαβ =
1
4

ϵµνλσϵαβτχFλσFµνFτχFαβ. (42)

Expressing the product of epsilons through the Kronecker symbols and properly
contracting the indices we obtain:(

F̃F
)2

= 2F4 + 4FαβFναFµνFµβ, (43)

where F4 ≡ (FµνFµν)2. We can verify result (43) expressing the Maxwell tensor through
electromagnetic fields B and E coming to the well-known relation (F̃F)2 = [−4 (E · B)]2.

The first part of the action (39), proportional to F4, leads to the following contribution
to the energy–momentum tensor

T(1)
µν = C

(
−F4gµν + 8F2FµαF. α

ν

)
. (44)

The same contribution, up to a numerical factor, comes from the first term in Equation (43),
So to find the total EMT we need to find the variation of the second term of Equation (43).
Eventually, the remaining part of the energy–momentum tensor is

T(2)
µν =

7C
4

[(
16F2FµαF. α

ν − 2F4gµν

)
+
(

32F. λ
µ FλαFαβFνβ − 4FαβFλαFσλFσβ gµν

)]
. (45)

Bringing together Equations (44) and (45) and raising one index we obtain for the total
energy–momentum tensor, originating from the Heisenberg–Euler action, the following expression:

Tµ
ν = −δ

µ
ν C
[

9
2

F4 + 7FαβFλαFσλFσβ

]
+ 36CF2FµαFνα + 56CFµλFλαFαβFνβ. (46)

Now, let us check the conservation of the obtained energy–momentum tensor (46) in
the case of constant C(T). We consider T(1)

µν and T(2)
µν separately.

T(1)µ
ν;µ = −4CF2FαβFαβ;ν + 8CF2FµαFνα;µ + 8C(F2Fµα);µFνα, (47)

where semicolons mean covariant derivatives in the background metric. The last term in this
equation is zero according to the equation of motion corresponding to the Lagrangian L = F4.

The first two ones can be rewritten using the relation

Fαβ;σ + Fβσ;α + Fσα;β = 0. (48)

Renaming some dummy indices we come to

T(1)µ
ν;µ = 4CF2(Fαµ;ν + 2Fνα;µ)Fµα = 4CF2(Fνα;µ − Fµν;α)Fµα = 0. (49)

Here, we proved EMT conservation law for those parts of the action which contain F4.
It must be analogous for the EMT part originated from FαβFναFµνFµβ (see Equation (43)).

4[−FαβFλαFσλFσβ δ
µ
ν + 8FµλFλαFαβFνβ];µ

= 4[−4FαβFλαFµλFµβ;ν + 8Fµλ(FλαFαβFνβ);µ], (50)



Universe 2024, 10, 7 9 of 30

where we used the Maxwell equation Fµν
;µ = 0. Considering the part inside square brackets

and taking into account the equation of motion Fµλ(FαβFλα);µ = 0, that follows from the
part of the action:

Apart
HE = 7C

∫
d4x

√
−g FαβFναFµνFµβ, (51)

(see Equations (39) and (43)), we arrive to

[−4FαβFλαFµλFµβ;ν + 8Fµλ(FλαFαβFνβ);µ] = 4FµλFαβFλα(−Fµβ;ν + 2Fνβ;µ)

= 4FµλFαβFλα(−Fµβ;ν − Fβµ;ν − Fµν;β + Fνβ;µ) (52)

= 4FµλFαβFλα(−Fµν;β + Fνβ;µ) = 0.

For the transition to the third term of these equalities, we used Equation (48).
The conclusion for this section is that EMT originated from the Heisenberg–Euler

action with C = const is conserved

T(HE)µ
ν;µ = 0. (53)

It is noteworthy that EMT (46) is not traceless. Indeed, it is equal to

Tµ
µ = C

(
18 F4 + 28 FµλFλαFαβFµβ

)
. (54)

5.2.3. Corrections to EMT Emerging from the HE Action

Now making the usual perturbation expansion (5), we find the following first-order
correction to the energy–momentum tensor:

THE 1
µν = C(T)

{
−hµν

[
(FαβFαβ)2 − 7

4
(F̃αβFαβ)

2
]

−gµν

[
4F2Fαβ f αβ − 4F2FαβFλσgαλhβσ − 7

2
(F̃F)F̃αβ fαβ

]
(55)

+8F2(Fµλ f . λ
ν + fµλF. λ

ν ) + 16FµλF. λ
ν Fαβ fαβ

−8hλσFµλFνσF2 − 16FµλF. λ
ν Fσ

. βFσγhβγ
}

.

This expression can be simplified, because in the absence of a background electric field
F̃F = 0 and we get:

THE 1
µν = C(T)

[
−hµν(F2)2 − 4F2gµν(F f − FFh) + 8F2( fνλF. λ

µ + fµλF. λ
ν )

+16FµλF. λ
ν (F f )−8hλσFµλFνσF2 − 16FµλF. λ

ν (FF)h
]
. (56)

The trace of this expression is nonvanishing:

Tα HE 1
α = C(T)

[
16F2(F f )− 8F2(hFF)− F4h

]
(57)

It is usually demanded in FLRW space-time that the source term T(1)µ
ν for gravitational

wave Equation (24) must be traceless. To this end, one may separate the traceless part out
of Equation (56) subtracting gµνTα HE 1

α /4 out of it. However, this prescription would break
the conservation of the source and, as is shown in Section 6 of paper [16], it would lead to a
violation of the transversality conditions Dµψ

µ
ν = 0. Indeed, in [16] we used the condition

DµTµ
ν = 0 to prove a compatibility of the Einstein equations in the first perturbation order

with gauge fixing conditions (89).
Note that the energy–momentum tensor (40) is non-conserved for a non-constant

C(T) because the dependence on the temperature appears due to interaction with external
system. Thus, EMT is not formally conserved.
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5.2.4. Summary

As a conclusion of this subsection, we write the result for the correction to the EMT
from the Maxwell action and from the Heisenberg–Euler action, respectively:

TMaxwell(1)
µν =

1
2

gµν[F f − FFh] + hµσFσαFνα + hασFµαFνσ − fµαF. α
ν − Fµα f . α

ν , (58)

THE (1)
µν = C(T)

[
−hµν(F2)2 − 4F2gµν(F f − FFh) + 8F2( fνλF. λ

µ + fµλF. λ
ν )
]

+ C(T)
[
16FµλF. λ

ν (F f )− 8hλσFµλFνσF2 − 16FµλF. λ
ν (FFh)

]
. (59)

where F f = Fαβ fαβ, FFh = hα
σFαβFσβ.

5.3. Maxwell Tensor and Cosmic Magnetic and Electric Fields

Equations (58) and (59) appear quite complicated. Further, we simplify these equations
and express them in terms of physical magnetic fields. To understand the physical meaning
of the different components of Fµν, Fµν, or Fν

µ , let us start from the geodesic equation for a
charged particle in external electric and magnetic field (see, e.g., book [24]. Equation (90.7)):

m
Duα

ds
= eFα

. βuβ, (60)

where uα = dxα/ds is the particle four-velocity. From this equation, it is clear that physical
electric field is the Maxwell tensor with mixed components, Ej = Fj

0, and physical magnetic
field is expressed through the Maxwell tensor Fi

j as:

B1 = F2
. 3, B2 = −F1

. 3, B3 = F1
. 2, (61)

or in compact form Bi = ϵijl F
j
. mδml .

The first pair of Maxwell equation has the same form as in flat space-time:

∂λFµν + ∂νFλµ + ∂µFνλ = 0. (62)

If the background electric field is absent, i.e., Ftj = 0, then

∂tFij = 0. (63)

Hence Fij remains constant in the process of cosmological expansion and correspondingly
physical magnetic field behaves as:

F. j
i = gjkFik = −Fjk/a2. (64)

In other words, physical magnetic field drops as 1/a2, the well known result.
If an electric field is absent and the only external magnetic field is non-zero, then the

dual Maxwell tensor (34) has only space-time components. The quantity Dtj = F̃tj/
√−g =

(1/2)ϵtjlmFlm is expressed through magnetic field as

Dtj = −Djt = Bj/a4. (65)

In flat space-time, varying the magnetic field induces an electric field according to

∇× E = −∂tB. (66)

In curved space-time, the analogue of this equation is Equation (62) with λ = t
or Equation (63), so if the original electric field was absent, it would not be induced by a
time-varying magnetic field, in the case that the time variation is created by the cosmological
expansion (64).

In terms of physical magnetic field B the product FµνFµν with indices lifted by the
background metric gµν is

FµνFµν = F2 = 2B2 ∼ 1/a4. (67)
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5.4. Scalar and Tensor Mode Mixing in External Magnetic Field

Using Equations (15)–(18), we rewrite Equation (14) for the case of the FLRW metric as:

∂2h − 12
ä
a

h00 − 4
(

ä
a
+ 2H2

)
hi

i + 6
(

ä
a
+ H2

)
h = 16πGTα(1)

α . (68)

The EMT perturbation originating from the Maxwell action is traceless, while that
from the Heisenberg–Euler action has a non-zero trace. Indeed,

Tα HE 1
α = C(T)

[
−hF4 + 16F2(F f )− 8F2(FFh)

]
. (69)

Now, one could naively divide the source into a traceless part and a non-zero trace
part (simply subtract the trace multiplied by the background metric). To this end, let us
look at Equation (68) and explicitly substitute Tα EM(1)

α into the right-hand side. We get

∂2h − 12
ä
a

h00 − 4
(

ä
a
+ 2H2

)
hi

i + 6
(

ä
a
+ H2

)
h (70)

= 16πGCF2
[
−hF2 + 16(F f )− 8(FαβFασhβ

σ)
]
.

We see that the equation contains both scalar and tensor parts. Thus, it is impossible
to write a separate equation for each mode. To make this even more obvious, let us fix
the coordinates so that the magnetic field is directed along the x-axis. The following
components of the electromagnetic field tensor will then be non-zero:

Fy
. z = −Fz

. y = Bx. (71)

Fyz = −Fzy = −Bx

a2 . (72)

Fyz = −Fzy = −Bxa2. (73)

The trace from the correction to the EMT can then be rewritten taking into account the
following relations:

F2 = 2B2, (74)

F f = F. β
α f α

. β = F. z
y f y

. z + F. y
z f z

. y = B
(

f y
. z − f z

. y

)
= 2B f y

. z, (75)

FFh = hα
σFβαFβσ = B2

(
hy

y + hz
z

)
, (76)

and in Equation (70) we have

∂2h − 12
ä
a

h00 − 4
(

ä
a
+ 2H2

)
hi

i + 6
(

ä
a
+ H2

)
h

= 32πGCB3
[
−hB + 16 f y

. z − 4B
(

hy
y + hz

z

)]
. (77)

The diagonal components can be written as the sum of scalar and tensor quantities of
the helicity expansion

hy
y = −2Ψδ

y
y + Dy

y , (78)

hz
z = −2Ψδz

z + Dz
z , (79)

and, substituting the helicity expansion into the complete equation, we obtain the final
equation, which shows the mixing of scalars Φ, Ψ and tensor Dij:(

∂2 + 64πGCB4
)
(Φ + 3Ψ) + 6(Ψ − Φ)

(
ä
a
− H2

)
= 32πGCB3

[
16 f y

. z − 4B
(

4Ψ + Dy
y + Dz

z

)]
, (80)
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where h = 2Φ + 6Ψ.
In addition, we note that there may also be implicit mixing through the term with f y

. z
in the above equation, since the equation for the electromagnetic wave contains various
convolutions of tensors with tensor hµν ( see below, Equation (148)).

As was noted in Section 4, the result is quite evident, since the external magnetic
field gives, in addition to the GW propagation vector, another preferred direction in space.
This leads to the loss of axial symmetry and to mixing of the scalar and tensor modes of
metric perturbations.

6. Electromagnetic Wave Propagation in External Magnetic Field

In this section, we will derive the equation for the propagation of electromagnetic
waves in curved space-time and in the presence of an external magnetic field, thereby
completing the derivation of the system of differential equations (SoDE) for the metric-EMF
perturbation system. We will briefly call this system g − γ, by g we mean a graviton with
any possible polarization:0, 1, 2.

6.1. Equation of Motion from the Maxwell Action

Variation in the Maxwell action from Equation (26) over δAν leads to the equation of
motion D̄µ F̄µν = J̄ν, where D̄µ is the covariant derivative in the full metric ḡµν. Due to
antisymmetry of F̄µν this equation is reduced to:

D̄µ F̄µν =
1√−ḡ

∂µ

(
F̄µν
√
−ḡ
)
= J̄ν (81)

Below we assume that neither electric charge density nor electric current are present,
i.e., J̄ν = 0.

Substituting expansions (5), (4), and (6) into Equation (81) we obtain

1√−ḡ
∂α

(√
−ḡF̄αβ

)
=

1√−ḡ
∂α

(√
−ḡ ḡαα′ ḡββ′ F̄α′β′

)
=

1√−ḡ
∂α

[√
−ḡ
(

gαα′ − hαα′
) (

gββ′ − hββ′
)(

Fα′β′ + fα′β′

)]
= 0. (82)

The external electric field is supposed to be zero and only background magnetic field
is present, so Ftβ = 0. Thus, the zero-order term, which is the equation of motion for the
background magnetic field, has the form;

∂µFµν = ∂µ

(
gµαgνβFαβ

)
= 0. (83)

This is the analogue of the equation div B = 0 in flat space-time.
In FLRW metric the metric determinant is expanded as:√

−ḡ =
√
−g(1 + h/2) = a3(1 + h/2). (84)

and so Equation (82) takes the form:

∂µ

[
(gµα − hµα)

(
gνβ − hνβ

)(
Fαβ + fαβ

)]
+ Fµν∂µh/2 + 3Hgνβ ftβ = 0, (85)

where we took into account that gtα = δtα and Ftβ = 0. We also assume that ft = f t = 0
and impose the transversality condition on the propagating photon modes:

Dµ f µ =
1√−g

∂µ

(√
−g f µ

)
= ∂t f t + 3H f t − ∂j f j = 0, (86)

which for f t = 0 leads to ∂j f j = 0.
Thus, the first-order expansion of Equation (85) has the form:

∂µ f µν + 3H f tν − ∂µ

(
hµ

α Fαν + hν
αFµα

)
+ Fµν∂µh/2 + Qν = 0. (87)
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where we introduced a new quantity Qν to describe contributions from different additional
terms such as Heisenberg–Euler corrections, matter effects, etc., to be considered below.

To derive the first-order equation for f j, we multiply Equation (87) by gνj = −a2δνj
(Latin indices are always supposed to be the space ones, e.g., j = 1, 2, 3) and recall that
Ftµ = 0 and ft = 0. So, we finally obtain:

∂2
t f j −

∆ f j

a2 + H∂t f j − gνj∂µ

(
hµαgνβFαβ + gµαhνβFαβ

)
+ Fµ

. j∂µh/2 + Qj = 0, (88)

where Qj = gνjQν = −a2δνjQν and ∆ is the flat space Laplacian.
To proceed further, we have to fix certain gauge conditions on metric perturbations

hµν. We will follow our paper [16], where it is shown that the following conditions can be
imposed in arbitrary background metric:

Dµψ
µ
ν ≡ Dµ

(
hµ

ν − hδ
µ
ν /2

)
= 0, htµ = 0. (89)

Since in FLRW metric the only non-zero components of the Christoffel symbols are:

Γj
ti = Hδ

j
i , Γt

ij = Ha2δij (90)

the covariant derivative of hi
j is reduced to the ordinary derivative and

Dµhµ
ν = ∂µhµ

ν − Γλ
µνhµ

λ + Γµ
µλhλ

ν = ∂µhµ
ν . (91)

So using Equations (83) and (89), and the absence of an external electric field, Ftj = 0,
we obtain:

∂2
t f j −

∆ f j

a2 + H∂t f j − hm
i ∂mFi

.j − Fm
.i ∂mhi

j + Qj ≡ M[ f j] + Qj = 0. (92)

The terms proportional to ∂mh cancel out because Fi
.j∂mhm

i = Fi
.j∂ih/2.

Here, we have introduced the new notation:

Mj[ f ] = ∂2
t f j −

∆ f j

a2 + H∂t f j − hm
i ∂mFi

.j − Fm
.i ∂mhi

j (93)

to be used in what follows.

6.2. Equation of Motion from the Heisenberg–Euler Action

The variation of AHE (39) over δAν results in the following contribution to the electro-
magnetic field equation:

D̄µ F̄µ
.j +Q̄(HE)

j = 0, (94)

where the first term originated from the variation of the Maxwell action (see previous
subsection), while the second is the contribution from AHE (39) and has the following form

Q̄(HE)
j = −gνjDµ

[
C(T)

(
8F̄µν F̄2 + 14 ˜̄Fµν( ˜̄Fαβ F̄αβ)

)]
= −

gνj√−ḡ
∂µ

[
C(T)

√
−ḡ
(

8F̄µν F̄2 + 14 ˜̄Fµν(FF̃)
)]

. (95)

where F2 = FµνFµν and (FF̃) = F̃µνFµν.
We have shown in Section 5.3 that the free external magnetic field is not constant, but

rises backward in time with the decreasing scale factor as 1/a2.
Let us return to Equation (95) and make perturbative expansion according to Equation (5).

We start from consideration of the first term in square brackets, which with account of the zeroth-
and first-order terms takes the form

gνj
δAHE1

δĀν
= gνj

(−1)√
−g(1 + h)

∂µ

{
8
√
−g(1 + h)C

[
F2Fµν + F2 f µν + 2Fµν( f F)
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−2Fµν(FFh)− F2
(

hµ
α Fαν + hν

αFµα
)]}

, (96)

where f F = fµνFµν, (FFh) = hα
σFαβFβσ, and indices are shifted up or down with the

background metric.
The zero-order term in this equation somewhat changes the equation of motion of the

background magnetic field in FLRW metric leading to:

∂jFjν − 16C∂j

(
B2Fjν

)
= 0, (97)

which is not of much importance for the evolution of Bj. The terms proportional to the time
derivatives of

√−g, C, and F2 do not appear if Ftµ = 0 and ht
α = 0.

The first-order part of expression (96) is equal to:

QHE1
j = − 16gνjC∂µ

[
B2 f µν + Fµν( f F) + Fµν(FFh)− B2

(
hµ

α Fαν + hν
αFµα

)]
− 16CgνjFµνB2∂µh/2 − 16B2(Ċ + 3HC

)
f t
.j. (98)

The term proportional to B2C in this expression, has the form:

−16CB2gνj

(
∂µ f µν + 3H f tν − hµ

α ∂µFαν − Fµα∂µhν
α

)
≡ −16CB2Mj[ f ], (99)

where Mj[ f ] is defined in the Equations (92) and (93). The factor in the brackets in the
left-hand side of the above equation coincides with the left-hand side of Equation (92),
except for the last term Qj, so it can be absorbed into Equation (92) changing the overall
coefficient from 1 to (1 − 16CB2).

In addition to the terms proportional to B2, the first two terms in Equation (98) give the
following contribution of the first part of the HE action to the photon propagation equation:

−16Cgνj

[
f µν∂µB2+Fµν∂µ( f F)

]
= −16C

[
f µ
.j ∂µB2 + Fµ

.j ∂µ(F f )
]
. (100)

So all the terms in Equation (98), except for those absorbed into Equation (92) and
containing hµν, turn into:

QHE11
j = −16B2Ċ ftj − 16C

[
f µ
.j ∂µB2 + Fµ

.j ∂µ(F f )
]
. (101)

The contribution of the terms containing hµν in Equation (98) can be written as

QHEh
j = −16C

[
Fµ

.j ∂µ(FFh)− (hµαFαj + hαjFµα)∂µB2
]
. (102)

Finally, for the total QHE1
j we obtain

QHE1
j = −16CB2Mj[ f ] + QHE11

j + QHEh
j

= −16C
[

B2
(
Mj[ f ] +

Ċ
C

ftj

)
+
(

f µ
.j − hµαFαj − hjαFµα

)
∂µB2

]
− 16CFµ

.j ∂µ( f F + FFh), (103)

where Mj[ f ] is defined in Equation (93).
It is convenient to introduce auxiliary vector field through the equation

Fij = −ϵijkHk (104)

Physical magnetic field is related to H as Bk = −Hk/a2 = −Hka2 (because Bk ∼ Fi
.j ∼

gil Fl j ∼ δil Fl j/a2).
To decipher the last term in Equation (103) we use the identity:

ϵdbcϵl jm = δl
dδ

j
bδm

c + δm
d δl

bδ
j
c + δ

j
dδm

b δl
c − δ

j
dδl

bδm
c − δm

d δ
j
bδl

c − δl
dδm

b δ
j
c. (105)
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and Equation (104). So FFh and Fµ
.j ∂µ( f F) turn into

FFh = FαβFβσhα
σ = −B2hi

i + hijBiBj, (106)

Fµ
.j ∂µ( f F) = Fm

.j ∂m( f F) = 2gnjBk∂m

(
f mnBk + f kmBn + f nkBm

)
= 2Bk∂m

(
f m
. j Bk + f kmBj + f . k

j Bm

)
, (107)

where summation over repeated indices is performed.
The variation of the second term in the HE action, Equation (95), is equal to:

δAHE2

δĀν
=

(−14)√−ḡ
∂µ

[√
−ḡ C(T) ˜̄Fµν( ˜̄Fαβ F̄αβ)

]
. (108)

In the case that the background electric field is absent and only magnetic field is
non-zero, the right-hand side of the equation above vanishes in the zeroth-perturbation
order because Fαβ is non-zero only for space–space components, while F̃αβ is non-zero for
space-time components. Hence F̃αβFαβ = 0.

Accordingly, expression (108) multiplied by gjν can be expanded as

QHE2
j = −28

[
(Ċ + HC)δt

µ + C∂µ

]
F̃µ

.j ( f F̃), (109)

where
F̃µ

.j ( f F̃) = gνj F̃µν( f F̃) =
1
4

gνjϵ
µναβFαβ ϵσλϱγFσλ f ϱγ. (110)

So using Equation (104) and contracting

ϵjklϵmkl = 2δ
j
m (111)

we obtain from Equation (109):

QHE2
j = −56C

[(
Ċ
C
− 3H

)
BjBk∂t fk + BjBk∂2

t fk

]
, (112)

where the summation over the repeated space indices is made with Kronecker delta and
considers that Bj ∼ 1/a2.

So using Equations (92), (93), (103) and (109) we obtain:

∂2
t f j −

∆ f j

a2 + H∂t f j − hm
i ∂mFi

.j − Fm
.i ∂mhi

j + QHE1
j + QHE2

j ≡

Mj[ f ] + QHE1
j + QHE2

j = 0 (113)

and come to the almost final equation for photons(
1 − 16CB2

)
Mj[ f ]− 16B2Ċ ftj − 16C

(
f µ
.j − hµαFαj − hjαFµα

)
∂µB2

−16CFµ
.j ∂µ( f F + FFh)− 28

[
(Ċ + HC)δt

µ + C∂µ

]
F̃µ

.j ( f F̃) = 0. (114)

We highlight that Mj[ f ] is defined in Equation (93).

6.3. Conformal Anomaly Effect

Quantum corrections to the energy–momentum tensor of electromagnetic field T(em)
µν

in curved space-time background lead to the the well-known conformal anomaly, for a
review see ref. [25], resulting in the nonzero trace of the electromagnetic energy–momentum
tensor:

Tµ(anom)
µ =

αβ

8π
G(a)

µν Gµν(a) (115)
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where Gµν is the gauge field stress tensor, α is the fine structure constant and β is the first
coefficient of the beta-function expansion for the gauge group of rank N:

β =
11
3

N − 2
3

NF, (116)

with NF being the number of the fermion species.
There are additional contributions into the trace proportional to the products of the

Riemann, Ricci tensors, and curvature scalar which are generally nonlocal [26,27]. We will
not consider them in this work.

The trace anomaly allows for photon production by the conformally flat gravitational
field [28,29] in contrast to the Parker theorem [30].

The Fourier transform of the amplitude of the photon propagation in the gravitational
field has pole at q2 = 0, where q is the four-momentum transfer to gravitational field.
According to the result of paper [28] the anomalous part of the energy-momentum tensor
has the form:

T(anom)
µν ∼

qµqν − gµνq2

q2 FαβFαβ. (117)

It is evidently conserved and has non-zero trace.
As is shown in Ref. [28], conformal anomaly (115) leads to an additional contribution

to Equation (88) or, which is essentially the same, to Equation (92).

αβ
(

∂µFµ
.ν ln a − HFt

.ν

)
. (118)

The first term here is the usual charge renormalization and the second one is the
anomaly giving rise to photon production in conformally flat metric. This metric allows for
the transformation to the conformal time leading to the Minkowski metric proportional
to the common scale factor. The canonical Maxwell equation, without the anomalous
term, transforms in this metic into the free Maxwell equation in flat space-time, while the
additional anomalous term does not allow this.

6.4. Plasma Interaction Effects

Photons propagating in the primeval plasma interact with plasma particles and as
a result acquire an effective mass, the so-called plasma frequency, Ωpl , so the relation
between photon frequency, ω, and momentum, k, changes as ω2 − k2 = Ω2

pl . Waves with
ω < Ωpl do not propagate in plasma.

In the canonic theory, the effective action describing the plasma frequency term is
usually written as

Apl =
1
2

∫
d4x
√
−g Ω2

pl gµν f µ f ν. (119)

This term is proportional to the square of the small amplitude f µ of the electromagnetic
wave and seemingly should be neglected in our first order approximation. However, this is
not so because to obtain the first-order equation one has to take the action in the second
order in small quantities. The first-order terms are absent in the action since f µ satisfies the
equation of motion that are realised at the extreme value of action for which δA/δ f µ = 0.

The corresponding energy–momentum tensor is

Tµν ∼ f 2 (120)

is quadratic in f and can be disregarded in our approximation. It is similar to a scalar
field with small amplitude ϕ that has energy density proportional to m2

ϕϕ2, so its energy–
momentum tensor is quadratically small but non-zero mass, mϕ is essential for propagation
of ϕ waves.

All electrically charged particles contribute to plasma frequency. If the particle mass is
larger than the temperature of the relativistic cosmological plasma, m > T, the contribution
to plasma frequency from such nonrelativistic charged particles is
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Ωnr
pl =

e2n
m

, (121)

where n is the number density of particles with charge e, e2 = 4πα. Note that the number
density in this case is exponentially suppressed, n ∼ exp(−m/T) [31].

On the other hand, relativistic particles, with m < T, contribute as:

Ωrel
pl =

2T2

9 ∑
j

e2
j , (122)

where the summation is done over all relativistic charged particles with charges ej. The elec-
tric charge, e, depends on temperature due to radiative corrections [32].

Plasma frequency is determined by the photon Green’s function in the limit of vanish-
ing photon momentum. More rigorous treatment of the problem of the photon propagation
in plasma demands determination of the proper Green’s function. Simple derivation of
these expression including the Green’s function can be found in ref. [33]. However, in this
paper we will use simplified approximation describing the plasma effects by the plasma
frequency only.

We need also take into account the loss of coherence of the photons produced by
gravitons. We describe this phenomenon introducing a damping term into the equation of
motion for photons in the form Γ ḟ j, where we approximate Γ as

Γ = vs.σn, (123)

where n = 0.1g∗T3 is the density of charged particles in plasma, g∗ = 10 − 100 is the
number of charged particle species, v ∼ 1 is the relative velocity of “our” photon and the
scatterer in plasma, and σ = α2/T2 is the scattering cross-section.

Thus, the final equation for photons propagating in an arbitrary curved space-time
background and external magnetic field in cosmic plasma accounting for photon collisions
with plasma particles has the form:(

1 − 16CB2
)[

∂2
t f j −

∆ f j

a2 +
∂j∂k fk

a2 + H∂t f j − gνj

(
hµα∂µFν

.α + Fµ
.α∂µhνα

)]
−16B2Ċ ftj − 16C

[(
f µ
.j − hµαFαj − hjαFµα

)
∂µB2 + Fµ

.j ∂µ( f F − FFh)
]

(124)

−28
[
(Ċ + HC)δt

µ + C∂µ

]
F̃µ

.j ( f F̃) + αβ

[
ln a
(

∂2
t f j −

∆ f j

a2

)
− H∂t f j

]
+Ω2

pl f j + Γ ḟ j = 0.

It is assumed that ft = 0 and we used Equations (103), (109), (114), (118), (122) and (123).

7. Defining g and γ System of Differential Equations (SoDE)

In total, we have ten equations for the components of tensor hµν and three equations
for the components of vector f j. In fact, only six equations for gravitational waves are
linearly independent.

In the case considered here, we assume that the vector modes do not arise. The first
vector Gi in Equations (11)–(13) vanishes due to the gauge condition h0i = 0. The second
vector Ci is not zero because the corrections to EoM contain spacial derivative of electro-
magnetic potential ∂µ fν. However, the vector modes decay as a−2 and thus they do not play
an essential role in cosmology. It worth adding that an account of one more polarisation
state would lead to a considerable complication of the system of equations. So, in this work
we confine ourselves only to scalar and tensor modes.

Finally, let us mention that the solution for tensor hi
j does not contain pure tensor

mode, but a mixture of tensor and scalar modes. Nevertheless, the solution represents them
qualitatively correctly, including the behaviour of the tensor mode that we are interested in.
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Assuming an absence of vector mode, we obtain two components less in the EoM.
More specifically, we have two scalars, Φ and Ψ (note that in the deal fluid model, i.e.,
without taking into account dissipation, Φ = Ψ) and two polarisations of the tensor wave,
that in total gives four independent equations for metric perturbations.

In the subsequent Sections 7.1 and 7.2, the SoDE is simplified for the specific choice of
the reference frame, where an external magnetic field is directed along the x-axis. Next, one
of two independent subsystems is solved numerically in Section 8.

7.1. Simplification of SoDE for Metric Perturbations

To derive the system of equations for the metric perturbations, that is solved below, it
remains to simplify the right-hand side of Equation (24). Let us rewrite Equations (58)–(59)
for an external magnetic field that is directed along the x-axis. For individual expressions,
we get:

F2 = 2B2, (125)

F f = Fα
. β f . β

α = F. z
y f y

. z + F. y
z f z

. y = B
(

f y
. z − f z

. y

)
= 2B f y

. z, (126)

FFh = hα
σFαβFσβ = B2

(
hy

y + hz
z

)
, (127)

( f µαFνα + Fµα fνα) =
(

f µ
. αF. α

ν + Fµ
. α f . α

ν

)
= B

(
f µ
. zδνy − f µ

. yδνz

)
+ B

(
f . z
ν δµy − f . y

ν δµz
)

, (128)

FµαFνα = 2B2(δµzδνz + δµyδνy
)
, (129)

hµσF. α
σ Fνα = B2

(
hµ

y δνy + hµ
z δνz

)
, (130)

hαλFµ
. αFνλ = B2

[
−hy

z
(
δµzδνy + δµyδνz

)
+ hy

yδµzδνz + hz
zδµyδνy

]
, (131)(

f αβFλαFσλFσβ − hα
ξ FξβFλαFσλFσβ

)
= 2B3 f z

. y + B4
(

hz
z + hy

y

)
. (132)

In this section and in subsequent ones, for the sake of brevity, we will omit the
signature EM in the correction to the EMT.

Using Equations (58) and (59) and Equations (126)–(137) we obtain the EMT compo-
nents for 00 (remember that F0α = 0, Fy

. z ̸= 0):

T(1)
00 = TMax(1)

00 + THE(1)
00 =

1
2
(F f − FFh)− C

[
F4h00 + 4F2(F f − FFh)

]
=

1
2

(
1 − 16CB2

)[
2B f y

. z − B2
(

hy
y + hz

z

)]
− 4CB4h00. (133)

Similarly, we derive the expression for the component 0j:

T(1)
0j =

(
1 − 8CF2

)
f0αFα

. j =
(

1 − 16CB2
)

B
[

f0yδjz − f0zδjy
]
. (134)

The expression for the ij components is more cumbersome:

Ti(Max1)
j =

1
2

δi
j[F f − FFh] + hi

σFσαFjα + hσ
λFiλFjσ +

(
Fi

. λ f λ
. j + f i

. λFλ
. j

)
, (135)

Ti(HE1)
j = −hi

j4CB4 − 8CB2δi
j(F f − FFh)− 16B2C

(
Fi

. λ f λ
. j + f i

. λFλ
. j

)
+16CFiλFjλ(F f − FFh)− 16B2Chσ

λFiλFjσ (136)

Let us regroup the terms

Ti(1)
j =

[
1
2

(
1 − 16CB2

)
δi

j + 16CFiλFjλ

]
(F f − FFh)

+
(

1 − 16CB2
)[

Fi
. λ f λ

. j + f i
. λFλ

. j + hσ
λFiλFjσ

]
−4CB4hi

j + hi
σFσαFjα =
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=

[
1
2

(
1 − 16CB2

)
δi

j + 16CB2
(

δiyδjy + δizδjz

)][
2B f y

. z − B2
(

hy
y + hz

z

)]
+
(

1 − 16CB2
)

B
[

f z
. jδ

iy − f y
. jδ

iz − f i
. zδjy + f i

. yδjz

]
+
(

1 − 16CB2
)

B2
[
−hy

z

(
δizδjy + δiyδjz

)
+ hy

yδizδjz + hz
zδiyδjy

]
−4CB4hi

j + B2
(

hi
yδjy + hi

zδjz

)
. (137)

It will now be useful to write down the spatial components separately. After reducing
similar terms, we get

Tx(1)
x =

1 − 16CB2

2

[
2B f y

. z − B2
(

hy
y + hz

z

)]
− 4CB4hx

x, (138)

Tx(1)
y = −B

(
1 − 16CB2

)
f x
. z + B2

(
1 − 4CB2

)
hx

y , (139)

Tx(1)
z = B

(
1 − 16CB2

)
f x
. y + B2

(
1 − 4CB2

)
hx

z , (140)

Ty(1)
y = B

(
−1 + 48CB2

)
f y
. z + B2 hy

y + hz
z

2
− 12CB4

(
hy

y + 2hz
z

)
, (141)

Ty(1)
z = 12CB4hy

z , (142)

Tz(1)
z = B

(
−1 + 48CB2

)
f y
. z + B2 hy

y + hz
z

2
− 12CB4

(
2hy

y + hz
z

)
. (143)

System of Equation (24) is now rewritten as Equations (133), (134), (138)–(143).

7.2. Simplification of SoDE for Electromagnetic Waves

Let us simplify the system of equations for an electromagnetic wave for the case
when the external magnetic field is directed along the x-axis. For spatial components,
Equation (124) was derived in general form. We assume that C(T) = const, so the time
derivative is Ċ = 0. Also, to begin with, let us omit the last three terms in the left-side of
the equation, that considers the interaction of photons with plasma. Now, let us write the
convolutions with the background tensor of the electromagnetic field in terms of field B:

−gνj

(
hµα∂µFν

.α + Fµ
.α∂µhνα

)
= gνj

[
h0yδνz − h0zδνy

]
Ḃ + gνjB

[
∂zhνy − ∂yhνz]

=
[

h0
yδjz − h0

zδjy

]
Ḃ + B

[
∂zhy

j − ∂yhz
j

]
, (144)(

f µ
.j − hµαFαj − hjαFµα

)
∂µB2 =

(
f t
.j − h0

yδjzB + h0
zδjyB

)
2BḂ, (145)

Fµ
.j ∂µ( f F − FFh) = B2[δjz∂y − δjy∂z

][
2 f y

. z − B
(

hy
y + hz

z

)]
, (146)[

(Ċ + HC)δt
µ + C∂µ

]
F̃µ

.j ( f F̃) = C∂m F̃m
. j( f F̃) = 0. (147)

The last equality follows from the fact that the only non-zero component of the
dual electromagnetic tensor in cases where the magnetic field is directed along the x-axis
is F̃0x = −aB/2 ̸= 0.

So, let us write the resulting Equation (we omit the terms from the interaction with
the plasma):(

1 − 16CB2
)[

∂2
t f j −

∆ f j

a2 +
∂j∂k fk

a2 + H∂t f j +
[

h0
yδjz − h0

zδjy

]
Ḃ + B

[
∂zhy

j − ∂yhz
j

]]
−16C

[(
f t
.j − h0

yδjzB + h0
zδjyB

)
2BḂ (148)

+B2
[
δjz∂y − δjy∂z

][
2 f y

. z − B
(

hy
y + hz

z

)]]
= 0.

By analogy with the equations for gravitational waves, we write for x, y, and z
components, respectively:
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(
1 − 16CB2

)[
∂2

t fx −
∆ fx

a2 +
∂x∂k fk

a2 + H∂t fx + B
[
∂zhy

x − ∂yhz
x

]]
−32CBḂ f t

. x = 0, (149)

(
1 − 16CB2

)[
∂2

t fy −
∆ fy

a2 +
∂y∂k fk

a2 + H∂t fy − h0
z Ḃ + B

[
∂zhy

y − ∂yhz
y

]]
−16C

[(
f t
.y + h0

z B
)

2BḂ − B2∂z

[
2 f y

. z − B
(

hy
y + hz

z

)]]
= 0, (150)

(
1 − 16CB2

)[
∂2

t fz −
∆ fz

a2 +
∂z∂k fk

a2 + H∂t fz + h0
y Ḃ + B

[
∂zhy

z − ∂yhz
z

]]
−16C

[(
f t
.z − h0

yB
)

2BḂ + B2∂y

[
2 f y

. z − B
(

hy
y + hz

z

)]]
= 0. (151)

Similar ones can be given, taking into account that B ∼ 1/a2 (meaning Ḃ = −2HB)
and that ft = 0. For x components we get:(

1 − 16CB2
)[

f̈x −
∆ fx

a2 +
∂x∂k fk

a2 + H ḟx + B
[
∂zhy

x − ∂yhz
x

]]
+ 64CB2H ḟx = 0, (152)

or (
1 − 16CB2

)[
f̈x −

∆ fx

a2 +
∂x∂k fk

a2 + B
[
∂zhy

x − ∂yhz
x

]]
+
(

1 + 48CB2
)

H ḟx = 0. (153)

For y component:(
1 − 16CB2

)[
f̈y −

∆ fy

a2 +
∂y∂k fk

a2 + H ḟy + 2HBh0
z + B

[
∂zhy

y − ∂yhz
y

]]
+16CB2

[
4H
(

ḟy + h0
z B
)
+ ∂z

[
2 f y

. z − B
(

hy
y + hz

z

)]]
= 0, (154)

or (
1 − 16CB2

)[
f̈y −

∆ fy

a2 +
∂y∂k fk

a2

]
+
(

1 + 48CB2
)

H ḟy − 32CB2 ∂z fyz

a2

−B
(

1 − 16CB2
)

∂yhz
y − 16CB3∂zhz

z + B
(

1 − 32CB2
)

∂zhy
y = 0. (155)

For z component:(
1 − 16CB2

)[
f̈z −

∆ fz

a2 +
∂z∂k fk

a2 + H ḟz − 2HBh0
y + B

[
∂zhy

z − ∂yhz
z

]]
+16CB2

[
4H
(

ḟz − h0
yB
)
− ∂y

[
2 f y

. z − B
(

hy
y + hz

z

)]]
= 0, (156)

or (
1 − 16CB2

)[
f̈z −

∆ fz

a2 +
∂z∂k fk

a2

]
+
(

1 + 48CB2
)

H ḟz + 32CB2 ∂y fyz

a2

+B
(

1 − 16CB2
)

∂zhy
z + 16CB3∂yhy

y − B
(

1 − 32CB2
)

∂yhz
z = 0. (157)

Next, we would like to show the validity of the requirement ft = 0. In general, due to
the homogeneity of the magnetic field (depending only on time), we arrive at the following
equation for the time component:(

1 − 16CB2
)

∂µ f µ0 = 0. (158)

Now we need to select a calibration. If our problem can be called magnetostatic, in
such cases the Coulomb gauge ∂µ f µ = 0 is usually introduced, where we then get:
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∂µ f µ0 = ∂µ∂µ f0 + ∂0∂µ f µ = ∂µ∂µ f0,

∂µ∂µ f0 = 0 => f0 = const. (159)

From the initial conditions of electrical neutrality, we find that this constant is equal
to zero.

8. Two Examples of Gravitational Wave Directions

For any initial direction of the gravitational (tensor) wave propagation, we can decom-
pose it into a parallel and perpendicular component relative to the external magnetic field.
Note that we consider the case when an initial pure tensor plane wave propagates from
vacuum into a region with a magnetic field (and, in the future, with plasma).

It is shown below that, for k||B the scalar mode of metric perturbations is not excited,
and the electromagnetic wave is not excited as well. For the perpendicular component k⊥B
the situation is different—the scalar mode of metric perturbations and both polarizations
of the electromagnetic wave are excited. Until now, we have not taken into account
dissipation and loss of coherence for photons due to their interaction with plasma. But
even without taking these phenomena into account, it is already possible to detect a change
in the amplitude of the initial tensor GW due to the transition to the scalar mode of metric
disturbances and to an electromagnetic wave. We will consider both of these cases in more
detail in the next two subsections.

8.1. k||B
Let us write down the basic relations that allow us to simplify the system of differential

equations for metric perturbations and for an electromagnetic wave (EMW):

k = (kx, 0, 0), (160)

f µ = (0, 0, f y, f z), (161)

f µ(t, x) ∼ exp (ikxx), (162)

hµν(t, x) ∼ exp (ikxx), (163)

hµ
ν =


0 0 0 0
0 0 0 0
0 0 h+ h×
0 0 h× −h+

, (164)

hy
y + hz

z = 0. (165)

Taking into account what was written above, we write the system of equations in
terms of h+, h×. From Equations (133), (134), (138)–(143) we obtain

T(1)
00 = 0, (166)

T(1)
0j =

(
1 − 16CB2

)
B
[

ḟyδjz − ḟzδjy
]
, (167)

Tx(1)
x = 0, (168)

Tx(1)
y = −B

(
1 − 16CB2

)
∂x fz, (169)

Tx(1)
z = B

(
1 − 16CB2

)
∂x fy, (170)

Ty(1)
y = 12CB4h+ (171)

Ty(1)
z = 12CB4h×, (172)

Tz(1)
z = −12CB4h+. (173)

From Equations (152), (154) and (156) we obtain, respectively



Universe 2024, 10, 7 22 of 30

(
1 − 16CB2

)[
f̈x −

∆ fx

a2 +
∂2

x fx

a2 + H ḟx

]
+ 64CB2H ḟx = 0, (174)(

1 − 16CB2
)[

f̈y −
∆ fy

a2 + H ḟy

]
+ 64CB2H ḟy = 0, (175)(

1 − 16CB2
)[

f̈z −
∆ fz

a2 + H ḟz

]
+ 64CB2H ḟz = 0. (176)

In Equations (174)–(176), there are no terms related to the gravitational wave. There-
fore, if the electromagnetic wave was not initially present, it does not arise for the case
when the wave vector is parallel to the external magnetic field. Hence, we obtain that

T(1)
0j = 0, (177)

Tx(1)
y = 0, (178)

Tx(1)
z = 0. (179)

From the remaining non-zero components of EMT Equations (171)–(173), we see that
the GW configuration is preserved: it remains tensorial and no scalar modes arise.

8.2. k⊥B

Similar to the previous subsection, we write down the main relations that will help to
simplify the system of differential equations for perturbations of metric and for electromag-
netic waves. Let us direct the wave vector along the z-axis (it is always possible to rotate
the coordinate system so that ky = 0).

k = (0, 0, kz), (180)

f µ = (0, f x, f y, 0), (181)

f µ(t, x) ∼ exp (ikzz), (182)

hµν(t, x) ∼ exp (ikzz), (183)

hµ
ν =


0 0 0 0
0 h+ h× 0
0 h× −h+ 0
0 0 0 0

, (184)

hy
y + hz

z = −h+. (185)

Taking into account what was written above, we will write the system of equations in
terms of h+, h×. From Equations (133), (134), (138)–(143) we obtain

T(1)
00 =

1
2

(
1 − 16CB2

)[
−2B∂z f y + B2h+

]
, (186)

T(1)
0j =

(
1 − 16CB2

)
B ḟyδjz, (187)

Tx(1)
x =

1
2

(
1 − 16CB2

)[
−2B∂z f y + B2h+

]
− 4CB4h+, (188)

Tx(1)
y = B

(
1 − 16CB2

)
∂z f x + B2

(
1 − 4CB2

)
h×, (189)

Tx(1)
z = 0, (190)

Ty(1)
y = B

(
1 − 48CB2

)
∂z f y − B2

2
h+ + 12CB4h+ (191)

Ty(1)
z = 0, (192)

Tz(1)
z = B

(
1 − 48CB2

)
∂z f y − B2

2
h+ + 24CB4h+. (193)
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From Equations (152), (154) and (156), respectively(
1 − 16CB2

)[
f̈x −

∆ fx

a2 + B∂zh×

]
+
(

1 + 48CB2
)

H ḟx = 0, (194)(
1 − 16CB2

)[
f̈y −

∆ fy

a2 + H ḟy − B∂zh+

]
+16CB2[4H ḟy + ∂z(−2∂z f y + Bh+)

]
= 0, (195)(

1 − 16CB2
)[

f̈z −
∆ fz

a2 + H ḟz

]
+ 64CB2H ḟz = 0. (196)

In Equation (196), there are no terms associated with a gravitational wave. So, as
expected, longitudinal EMW does not arise. From Equations (194) and (195), it follows that
an electromagnetic wave with polarization along the x-axis is generated by the polarization
h× of the GW, and an electromagnetic wave with polarization along the y axis—polarization
h+ of the gravitational wave. Also, from the Equations (186)–(193), we clearly see the
emergence of a scalar mode from the equations for the 00 and zz components of the EMT
(see Equation (24)).

It is important to note that the expressions for EMT in terms of h+, h× are valid only at
the moment of time immediately following the initial moment of GW entry into the region
with a magnetic field. Further, the wave ceases to be purely tensorial, and it is impossible
to assert that hx

x = −hy
y. To find a solution, it is necessary to express all the quantities

precisely in terms of hx
x and hy

y (not in terms of h+) or in terms of expansion in helicity,
introducing Φ and Ψ.

9. System Solution in the Case k⊥B

Let us write out the system of equations completely, taking into account the conclusions
of the previous section that f z, hz

x, hz
y components that are absent at the beginning do

not arise during the conversion of tensor GW into photons and scalar perturbations of
the metric.

Let us draw the reader’s attention to the fact that we write the equations in terms of
the electromagnetic potential with the superscript f µ and the gravitational wave potential
with mixed indices hν

µ. In this case, we use the following expansion in helicity states for
perturbation of the metric

htt = 2Φ(t, r), (197)

hz
z = 2Ψ(t, r), (198)

hx
x = 2Ψ(t, r) + h+(t, r), (199)

hy
y = 2Ψ(t, r)− h+(t, r), (200)

hx
y = h×(t, r). (201)

We also make the Fourier expansion in terms of momentum, and accept the law of the
scale factor variation with time, corresponding to the stage of radiation dominance a(t) ∼ t

1
2 .

To further search for a numerical solution, it would be convenient to introduce dimen-
sionless quantities. To do this, let us change the notation

f x/mpl → f x, (202)

f y/mpl → f y, (203)

and introduce τ0 to make the scale factor dimensionless

a =

√
t

τ0
. (204)

Due to the last change, the tensor hµν also becomes dimensionless.
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Let us assume that at the present-day Universe a0 = 1. This is just a choice of reference
point and this choice does not influence the solution, because the constant factor in front
of the scale factor function has no physical meaning. The condition is convenient in our
problem to recalculate magnetic field strength using the present day magnitude. Using the
scale factor dependence during matter dominance epoch a = (t/τtot)

2/3 we obtain for the
coefficient τ0:

τ0 = τtot

(
τtot

teq

)1/3
≈ 35 τtot, (205)

where τtot = 13.8 × 109 years is the age of the Universe, teq = 3.3 × 105 years is the moment
when radiation and dust energy densities were equal.

We accept also that the scale factor a varies in the interval 10−9 ≦ a ≦ 10−4. The selected
interval lies inside the radiation dominance epoch (from the hadronic to the recombination).

For the magnitude of the magnetic field B0 in the system of equations, we take its value
at the present time. There are bounds obtained from observations: 10−16 ≦ B0 ≦ 10−9 Gs [34].
Therefore, let us put B0 = 10−9 × 1.95× 10−14 MeV2.

After the Fourier transform over momentum, it will be clear that the system of equa-
tions contains both imaginary and real terms. Therefore, to solve the SDE numerically, it
will be necessary to decompose each of the required quantities into real and imaginary
parts. For example, h+ = Re(h+) + iIm(h+) and so on. For brevity, we write down systems
of equations without dividing into real and imaginary parts. To obtain a more universal
result, it is convenient to write the system in terms of a(t). The first independent system
has the following form:

f x : a2H2 f x′′ + aH2

[
1 + a

H′

H
+ 8

2B2
0C0 − a4

16B2
0C0 − a4

+ aHΓ

]
f x′

+

[
k2

a2 + 2aHH′ − 8H2 4B2
0C0 + a4

16B2
0C0 − a4

+ 2ΓH + ω2
pl

]
f x−αβH2(a f x′ + 2 f x)

+αβ ln a
[

a2H2 f x′′ +

(
k2

a2 + 2aHH′
)

f x +
(

5aH2 + a2HH′
)

f x′
]
= − ikB0

a4mpl
h×, (206)

hy
x : a2H2h′′× +

(
4aH2 + a2HH′

)
h′× +

[
k2

a2 +
16πGB2

0
a4

(
1 −

4B2
0C0

a4

)]
h×

= −16πGB0ik
a2

(
1 −

16B2
0C0

a4

)
mpl f x,

where the prime denotes the derivative with respect to the scale factor, and we introduced
the attenuation of the electromagnetic wave due to its interaction with the plasma using
the damping factor Γ ∝ α2T(a) and the plasma frequency ω2

pl ∝ αT(a). Let us recall
that T(a) ∝ 1/a.

All solution interval terms with the multiplier αβ ln a can be neglected. Therefore, the
resulting system is

f x : a2H2 f x′′ + aH2

[
1 + a

H′

H
+ 8

2B2
0C0 − a4

16B2
0C0 − a4

+ aHΓ

]
f x′+

+

[
k2

a2 + 2aHH′ − 8H2 4B2
0C0 + a4

16B2
0C0 − a4

+ 2ΓH + ω2
pl

]
f x−αβH2(a f x′ + 2 f x) = − ikB0

a4mpl
h×, (207)

hy
x : a2H2h′′× +

(
4aH2 + a2HH′

)
h′× +

[
k2

a2 +
16πGB2

0
a4

(
1 −

4B2
0C0

a4

)]
h×

= −16πGB0ik
a2

(
1 −

16B2
0C0

a4

)
mpl f x,



Universe 2024, 10, 7 25 of 30

It can be seen that the initial conditions

h×(0) = h0
×,

f y(0) = 0,

h′×(0) = 0,

f y′(0) = 0 (208)

give nontrivial solution.
Let us stress here that the chosen initial conditions just allow us to formulate a simple

problem to solve and to obtain the effect in order of magnitude, i.e., to obtain a represen-
tative result. That is the first step of the investigation. In future works, we are going to
approach step-by-step more close to the real physics conditions.

It is important to note that there are poles at a4 = 16B2
0C0 in the first equation. Let us

remind the reader that the effective Heisenberg–Euler action Equation (32) is correct un-
der the assumption of a weak external electromagnetic field. In our case, that means
that B0/a2 ≪ m2

e . This restirction is valid in the selected interval of the variation of the
scale factor: a ∈ [10−9, 10−4]. Indeed, for B0 = 1 nGs inside the interval for the scale factor
we obtain

B ∈ [10, 109]Gs = [1.95 × 10−13, 1.95 × 10−3]MeV2. (209)

All the values are less than the electron mass squared m2
e ≈ 0.25 MeV2. Using the

definition (33), we can rewrite the term proportional to B2
0C0/a4 as:

C0B2
0

a4 =
α2

90 m4
e

B2. (210)

On the other hand, we have shown that B ≪ m2
e in the whole interval of solution

variation. Therefore, after squaring and multiplying by α2/90 ≪ 1, the condition remains
the same

α2

90 m4
e

B2 ≪ 1, (211)

and means that the correction to the Maxwell action proportional to α2 is sufficiently
accurate for our consideration.

Another important question to be solved in future work is to what minimum value
of the scale factor should the solution be expanded? The solution to this question should
be sought in the theories of cosmological magnetogenesis, that study the epoch when the
cosmological magnetic field was generated. We should also keep in mind that as the scale
factor approaches the pole, higher order corrections will be excited [17], thereby removing
any potential pole.

The second subsystem, which involves the quantities {Φ, Ψ, f y, h+}, is larger, more
complex and requires solving many sub-problems. For example, the question of whether
scalar metric perturbations propogate is quite nontrivial and requires careful analysis.
In order to steer the article away from becoming excessively cumbersome, in this work we
will concentrate on solving only the subsystem { f x, h×}.

In order to numerically solve the system, we need to divide both parts of the equation
by a2H2 and to introduce two new functions to lower the order of the equation in order to
make it look like: y′ = f (x, y).

Two new functions and a system 4 × 4 to be solved:

f x′ = v fx , (212)

h′× = vh× , (213)
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f x : v′fx
= −1

a

[
1 + a

H′

H
+ 8

2B2
0C0 − a4

16B2
0C0 − a4

+ aHΓ

]
v fx+

αβ

a2

(
a f x′ + 2 f x)

− 1
a2H2

[
k2

a2 + 2aHH′ − 8H2 4B2
0C0 + a4

16B2
0C0 − a4

+ 2ΓH + ω2
pl

]
f x − ikB0

a6H2mpl
h× (214)

hy
x : v′h× = −

(
4aH2 + a2HH′)

a2H2 vh× − 1
a2H2

[
k2

a2 +
16πGB2

0
a4

(
1 −

4B2
0C0

a4

)]
h×

− 16πGB0ik
a2

(
1 −

16B2
0C0

a4

)
mpl f x

a2H2 ,

We use fifth-order implicit Runge–Kutta method, which is algebraically stable and
allows solving stiff systems of differential equations, for more details see [35].

9.1. Method of Solution Validation

Before solving the system for a non-zero magnetic field strength, we must check
whether the method for the SoDE solving works correctly for the case when it is absent.
Equation of motion for tensor gravitational waves in the approximation kη ∼ 1, where
η(t) =

∫ dt
a(t) is a conformal time, can be solved analitically. The solution has the form

h(η) = hinit
sin (kη + ϕ0)

kη
, (215)

where hinit is an initial magnitude of tensor perturbation, and ϕ0 is a constant phase. The last
two parameters are defined from the matching with the constant mode, obtained from the
EoM solution in the approximation kη ≪ 0 (see Section 3.2 in Ref. [15]).

In Figure 1a, the numerical and analytical solutions are presented for the two conformal
time values η1 = 13.2, η2 = 105.6 and corresponding to them frequencies k1 = 0.076,
k2 = 0.0095 Hz satisfying the condition kη ∼ 1.

(a)

Figure 1. Cont.
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(b)

Figure 1. Verification of the numerical solution (blue line) by the analytical solution (red line) for two
frequencies k1 (left) and k2 (right). (a) without phases; (b) with phases.

Here, we see a significant discrepancy, but after the correct phase selections,
ϕ1

0 = −0.22, ϕ2
0 = −0.00065, we obtain a coincidence with an accuracy of four orders

of magnitude (Figures 1b and 2). In Figure 2, an absolute difference between the numerical
and the analytical solutions is presented for the two considered cases.

Figure 2. Absolute difference between the numerical solution and the analytical solution for two
frequencies k1 (left) and k2 (right).

Eventually, we can conclude that the method of numerical solution works correctly,
and the results obtained for a non-zero value of magnetic field strength are reliable.

9.2. Numerical Solution Results for the System {h×, fx}
Let us present the numerical solution results for the system of Equation (207) with the

initial conditions according to the Equation (208). The code was written in Python using
the solve-ivp package.

Of particular interest in the long-wave range are the wavelengths that have left their
mark on the CMB. We found a solution for frequencies 10−18–10−16 Hz. We use an implicit
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Runge–Kutta method of order five to solve the SoDE for B0 = 1 nGs and for these frequen-
cies. The scale factor interval is [10−9, 10−4], and it lies within the radiation dominance
(RD) epoch. For comparison, a solution to the system in the absence of a magnetic field
was also found.

The results are as follows: by the end of the RD era, amplitude of GW with the selected
frequencies is suppressed by about 0.01 percent. Thus, we can conclude that the considered
effect of converting GWs into photons in a cosmological magnetic field has an extremely
small effect on the amplitude of long-wavelength relic GWs.

It is instructive to say a few words about the physical reason for the suppression of
the GW amplitude. In the problem we are considering, where the magnetic field is still not
strong enough, the main contribution to the damping comes from the classical Maxwell
action. Neglecting the loop correction in the equation of motion for the metric perturbation

hy
x in Equation (207), we obtain the second term in the brackets

[
k2

a2 +
16πGB2

0
a4

]
h×, which

works similarly to the plasma frequency for photons propagating in the plasma [36].
This term suppresses the low frequency end of the GW spectrum. Indeed, for the quantities
B0 = 1 nGs, a1 = 10−9 we obtain for the boundary value of the momentum less than the
above mentioned analogue of the plasma frequency for GW:

k ≲

√
16πB0

mpl a
≈

√
16π 10−9 × 1.95 × 10−14 MeV2

2.43 × 1021 MeV × 10−9 ≈ 5.7 × 10−29 eV
6.6 × 10−16 eV*s

≈ 10−13 Hz. (216)

10. Discussion

In the presented work, we have derived a coupled system of equations for gravita-
tional and electromagnetic wave propagation in an external magnetic field. Subsequently,
simplification of the differential equation system was performed for the FLRW background
metric and for the case of homogeneous magnetic field directed perpendicularly to the
initial gravitational wave vector. Finally, we have solved the system numerically for
h×—polarization putting B0 = 1 nGs. The resulting estimate of the effect, without taking
into account the inhomogeneity of the magnetic field, is about 0.01% suppression of the
amplitude for a relic GW with a frequency of 10−18 Hz at the recombination.

It is worth noting that the results are obtained under a large list of simplifying as-
sumptions and the research demands a deeper investigation (for example, the assumption
about the magnetic field homogeneity is rather crude). Despite this, the results make
sense and one can conclude that the considered phenomenon of GW conversion into pho-
tons in the intergalactic magnetic field cannot significantly suppress relic gravitational
wave amplitude.

Let us emphasize that this result was not obvious at the beginning of the research.
The smallness of the second-order corrections to the Maxwell action does not yet infer the
smallness of the relic GW suppression effect. It is also necessary to take into account the
interaction of the energy generated by GW photons with the primordial plasma, as well
as the fact that the conversion occurs over a long period of time during the evolution of
the Universe. A crucial point is also the dependence of the cosmological magnetic field
amplitude on the scale factor according to the law B = B0/a2, which in the early stages
of the evolution of the Universe could lead to a rather high magnetic field strength, and
therefore to a noticeable conversion effect.

In future works, we plan to solve the second independent part of the SoDE, paying
special attention to the following question: do the emerged scalar perturbations run? Sub-
sequently, we want to expand the solution interval up to the end of the matter dominance
epoch and to account for the magnetic field inhomogeneity.

It is worth stressing that the stochastic nature of the relic GW direction and the
magnetic field direction should have a large impact on the magnitude of the suppression
effect, and a more accurate analysis of this phenomenon is also very important. We plan to
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perform such an analysis in order to present quantitatively the dependence of the full relic
GW spectrum suppression on the intergalactic magnetic field strength.

Future research is not only of academic interest, but can also be applied to similar
problems of converting gravitational waves into photons near astrophysical sources of
strong magnetic fields. Of course, the background metric must be modified to suit the
specific task conditions, but the inference structure and some of the qualitative findings
discussed in this manuscript will remain valid and useful. In addition, the accuracy of
future measurements of CMB polarization [37] will steadily increase, and may reach values
of the order of the considered effect.
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