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Abstract: The suppression of relic gravitational waves due to their conversion into electromagnetic
radiation in a cosmological magnetic field is studied. The coupled system of equations describing
gravitational and electromagnetic wave propagation in an arbitrary curved space-time and in external
magnetic field is derived. The subsequent elimination of photons from the beam due to their
interaction with the primary plasma is taken into account. The resulting system of equations is
solved numerically in the Friedman-LeMaitre-Robertson-Walker metric for the upper limit of the
intergalactic magnetic field strength of 1 nGs. We conclude that the gravitational wave conversion
into photons in the intergalactic magnetic field cannot significantly change the amplitude of the relic
gravitational wave and their frequency spectrum.

Keywords: gravitational waves; cosmological magnetic field; expanding universe; Heisenberg—Euler
action; gravitational wave conversion; curved space-time; Friedman-LeMaitre-Robertson-Walker
space-time

1. Introduction

The transformation between gravitons and photons in an external magnetic field
was considered in a multitude of papers starting from 1961 [1-8]. The problem acquired
particular importance in connection with the possible transformation of relic gravitational
waves (GW) produced at the inflationary stage [9-12] into electromagnetic waves (EMW) in
primordial magnetic fields. However, in all previous works see, e.g., [8,13] the calculations
have always been conducted in Minkowski space-time, though the curvature effects in the
very early universe could be quite essential.

In the present work, we go beyond the flat space-time restriction and consider gravi-
ton and photon propagation in an arbitrary curved background. The propagation of
gravitational waves in curved space-time was almost always considered in the Friedman—
LeMaitre—Robertson—Walker metric (FLRW), see, e.g., textbooks [14,15], except for some
Bianchi type metrics and our recent paper [16], where an arbitrary background metric was
allowed. Here, we derive the propagation equations for the coupled system of photons
and gravitons in an arbitrary background. Next, we will turn to the Friedman-LeMaitre—
Robertson-Walker (FLRW) space-time, which is a good approximation of the real universe.
However, deviations from FLRW could be essential and lead to interesting observable
effects.

For over a century, the Friedman equations have served as a basement for the conven-
tional cosmological model. They well describe the early universe, that is homogeneous
and isotropic to a very good approximation. They are operative also in the contemporary
universe on very large scales. Friedman cosmology allows for description of cosmological
dark matter and what is more surprising dark energy, though the physical nature of the
latter is not yet established.
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The propagation of gravitational waves in curved space-time was almost always
considered in FLRW metric, except for some Bianchi type metrics and our recent paper [16],
where an arbitrary background metric was allowed.

Here, we derive the coupled equations of motion for metric perturbations and elec-
tromagnetic waves over an arbitrary cosmological background in the external cosmic
magnetic field. The metric perturbations and EMW are treated in the first order of the
perturbation theory.

We introduce the full electromagnetic field A, as the sum of an external classical
component of the electromagnetic field A, and a small quantum fluctuation f;,, which is
considered as a perturbation,

Ay =Au+ fu (1)

The stress tensors of A, A, and f;, are then introduced accordingly:

Fuw = 34 Ay — 3,4, @)
Fuv = 34 Ay — 3 Ay, 3)
fuw = ufv = fu- @)

The full metric tensor g, is expanded around the metric tensor of the background
space-time g, as
Sy = §uv + hw/r
g = g —

with hy,, being a small perturbation of the metric.

The properties of the metric tensor g;,, are specified by: the orthogonality condition
Suv g = 5{1‘, where (53 is the Kronecker delta-symbol; rising and lowering of the indices of
the tensors hy, and f;,, by the background metric tensor ¢g"". Note that the indices of the
full and classical stress tensors of the electromagnetic fields are raised and lowered with
the full metric tensor gy .

The corrections to the metric determinant § can be found from the first-order expansion
of an arbitrary non-degenerate matrix M:

det|M + M| = det| M| (1 + Tr[M*lfsM]). 5)
So we obtain:

det(§u] = det[guvhy] = det(gu] (1+ 8" ). (6)
It is assumed usually that tensor perturbations are traceless:
h=g"hy, =0. ()

However, we see in what follows that the corrections to the Maxwell energy-momentum
tensor are not traceless, see, e.g., Equations (69)—(115) and a nonzero trace of the gravita-
tional field source leads to the nonzero £, so det[$,,] = det[g;v](1+ h).

The initially derived equations are supposed to be valid in an arbitrary space-time
metric, but ultimately we assume that the background metric has the 3D-flat FLRW form:

ds®> = dt* — a®(t) | Y, dx? 8)
=123

where a(t) is the cosmological scale factor. The Hubble parameter is expressed through it
in the usual way as H = 4/a. The curved metric reduces to the flat one whena — 1.

The paper is organized as follows. We start in Section 2 with a brief reminder of the
equation for metric perturbations over arbitrary space-time. In Section 3, we recall the
expansion of metric perturbations in terms of helicity eigenstates. After that, in Section 4 we
show that the scalar and tensor modes can mix in the general case of inhomogeneous space.
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Further, in Section 5 we consider propagation of metric perturbation over FLRW space-time
in an external magnetic field. In Section 6, the propagation of electromagnetic waves in
a magnetic field is considered. In both sections, we start from the classical Maxwell and
Hilbert-Einstein actions ignoring for a while the Heisenberg—Euler (HE) [17] corrections,
the quantum trace anomaly and matter effects. They are taken into account step-by-step in
the subsequent subsections. On the way, we discuss the definition of physical magnetic
fields through the electromagnetic field tensor F,,, in cosmological background (Section 5.3)
and the impact of the HE-corrections to the electromagnetic wave propagation expressed
through the physical magnetic field B (Section 6.2). In Section 7, we analyze the full set,
of differential equations (SDE) for (g — )-coupled system, choose a reference frame, and
simplify the system for the choice made. Next, in Section 8, we divide the task into two
cases: k||B and k_L B, and find out that the conversion effect is present only for the second
case. In the last Section 9, we divide SDE into two independent subsystems and solve the
first of them numerically. Lastly, we conclude the paper by summarizing the obtained
results and formulating the prospects for future research.

2. Metric Perturbations in General Case

In [16], we obtained Equation (23) for the propagation of metric perturbations in
arbitrary space-time. Let us write it for two lower indices:

1
Dzhyy — Zh"‘ﬁRMwﬁ - (hpcyRﬁ + hm/R?:) —+ h]/lVR — gP“/ (th,BRaﬁ + 2D2h)

= —2(87G)TSY, 9)

where G is the gravitational constant, D? = D*D, and D, is the covariant derivative,
Rapvp, Ryv, R are the Riemann tensor, Ricci tensor and scalar curvature, respectively.

The equation contains additional terms that disappear in the special cases of Minkowski
and FLRW spaces. These extra terms could have significant effects on the GW and EMW
propagation over background metric that differs from the FLRW one.

Let us note the agreement between Equations (9) and (2.33) from the work [18],
published after our work [16]. The apparent difference with our result disappears in the
Lorentz calibration

1
Dyhy = 50uh. (10)

In this article, the authors obtained the same equation using a double variation of the
action, while we obtained it by expanding the Einstein equation to first order in perturbation.

3. Helicity Decomposition and Choice of Gauge

Now it is worth recalling the formalism of the expansion of the perturbation hy, in
terms of helicity states [19-23]. The generally accepted approach is that (along with the
vectors C;, G; and the traceless tensor Dij) four scalars A, B, E, F are introduced, through
which the components of the metric perturbation are expressed:

hoo = —E, (11)
oF
1m=a<«+GJ, 12)
ox!
9’B oC; 9C;j
= 2 g i ] .
hj=a (A(S,] P e R A Dl]>, (13)

One can impose gauge conditions such that two scalars turn to zero. The so called
synchronous gauge corresponds to the choice E = 0 and F = 0. Under this gauge there
still remains some more freedom, that may allow to simplify algebra in a specific problem.
The second well-known type of gauge is the Newtonian gauge, where B = 0, F = 0,
E =2®,and A = —2Y¥. The choice of this gauge better fits our task, so for the scalar sector
we will use the Newtonian gauge.



Universe 2024, 10, 7

4 0of 30

In addition to the gauge in the scalar sector, the Lorentz gauge (10) is usually imposed
on the entire tensor perturbation of metric. This calibration naturally arises in the case when
the so-called harmonic Fock coordinates are used. It allows to obtain a simpler expression
for the Ricci tensor and, as a consequence, to simplify the equation for the propagation of
metric perturbations. Formerly in our paper [16], we have only used the Lorentz gauge.

4. Mixing of Metric Perturbation Modes

Note that from the expression for the trace of the Equation (9) it turns out that in the
general case, for an arbitrary form of the Ricci tensor, there appears a mixing of scalar
and tensor modes of metric perturbations. In general case it is impossible to separate
the equations for these two sectors. Indeed, taking trace of Equation (9), we obtain the
following expression

9%h + 4h*P Ry — hR = 167G TS, (14)

where 9 = 9#9,, and from which it is clearly seen that the second term in the left hand
side includes both terms from the scalar and the tensor sectors.

In addition, it is important to pay attention to the trace from the source on the right-
hand side of the equation. As will be shown below for the problem of graviton conversion
into photons in an external magnetic field, the trace from the correction to the EMT contains
a convolution of the background electromagnetic tensor and the tensor perturbation to
the metric, hW' which also leads to mixing between scalar and tensor modes. This result
is evident, because the expansion of metric perturbations in polarizations is valid for a
problem with axial symmetry: in this problem there is only one specific direction—the
direction of the wave vector k of the metric perturbation. If space is for some reason
unisotropic (as, for example, in the case of an external magnetic field or in the presence of
an anisotropic stress tensor), this symmetry disappears.

5. Metric Perturbations in Magnetic Field
5.1. Equation in the FLRW Metric

Recall that in the FLRW metric

i
Roo = —3-, (15)
i 2
a 2
R=-6 - + H"). 17)
We write the trace of the GW tensor in the following form:
Nyx +hyy +h .
h = g}“’h}w = hOO Wy = ayzy = = hOO + h;, (]8)
where the notation hif = — (hxx + hyy + hzz) /a?% was introduced:

Let us write down the system of Equation (9) for the case of the FLRW metric. To do
this, we will use the expressions (15)-(18). We get

1 i i i
Dzhw, — Zha‘BRMlvﬁ — Qv |:282h — 35}100 - <Ll + 2H2) h;:| - 6H2h0050y501/

_2(2; + HZ) o [1 - 85| = —167GT}), (19)

where the Latin indices are the spatial ones (vary from one to three).
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For a medium where the perturbation propagates, we will consider a model of an
ideal fluid. The total energy-momentum tensor in this case is determined through the full
metric as follows ”

medium — JE—

Tw = =P8 + (P + 0)uyilly, (20)
where ¢ is the energy density, p is the pressure, 1y, is the four-speed. Then the right side of
Equation (19) can be rewritten as

~167GTR = —167G (T ™" 4+ TEMV) = 167Gphy, — 167G, 1)

where the first term in the last equality is obtained by expanding Equation (20) to the
first order in perturbation at u; = 0 (index j varies from one to three) and the second
term is responsible for the perturbation of the EMT due to the presence of an external
magnetic field.

The factor before the last term on the left side of the Equation (19) is exactly

2 (2Z n H2> = 167Gp. (22)
Thus, Equation (19) can be simplified:
1 i i ;
D?hyy — 2h*F R yyup — §uv Lazh —3-hoo — <a + 2H2) h;} — 6H?hooboydov

— —1672GTEMY, (23)

Now, for brevity, we omit the expressions for the components of the Riemann tensor
and the Christoffel symbols in the covariant derivative and write the final equations for 00,
07, and ij components separately:

{a% +3Hd; — % + 3<Z - 4HZ>} oo — %aZh + (4H2 = Z)h;ﬁ — —162GTEMD),

— —167TGT§].M(1),

ol [ajhoo n axhx]‘ + ath‘ + athj:|

a2

[a% +3Ho; — az] e+ 6 [—2 + (Z +2H2) hoo + Zlﬂ — _16nGT;EM(”, (24)

where notation (18) is used, and the last equation is written in terms of mixed components,
since then it looks more consistent with the equation for the 00 component.

5.2. Corrections to the Energy—-Momentum Tensor (EMT)

Corrections to the EMT are due to the presence of an external electromagnetic field.
We will find them in accordance with the definition of EMT of matter:

- 2 5thtr
v — T = — .
g V=8 5g uv
There are two contributions to the EMT perturbation: from the Maxwell action and
from the Heisenberg—Euler action.

The gravity of the background magnetic field is negligible compared to the background
of matter and we ignore its contribution to the EMT corrections.

(25)

5.2.1. Corrections to EMT Emerging from the Maxwell Action

The Maxwell action is written as follows:
1 _ I
Apgax = 4 /d4xw/—g'(P2 + A", 26)

where F? = F,,F" = gh*g"FF,, F, 5. Hence the energy-momentum tensor is
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(M. 1 0 -
T — 7 8P = FuuFp . 27)
or for the mixed components:

- 1 .- =
T = 2 OF — FL. (28)

Clearly this tensor is conserved and its trace is zero:
TN = ghpyMer) (29)

The vanishing of the EMT trace in Maxwell electrodynamics is a consequence of the
conformal invariance of the Maxwell action (26). This is not so for higher order quantum
corrections (trace anomaly), see Section 6.3.

The trace of the zero-order term with mixed components:

Max0) 1
T4
is also zero. Note that moving indices up or down in this equation is done by the back-
ground metric, e.g., F&F{,"‘ = gWg"‘/\FWFV 1 and F2 = FupFor g"“’gﬁ)‘.
The zero-order term is presumably small in comparison with the total cosmological
energy-momentum tensor and can be neglected in what follows.
For the first order term with mixed components we obtain:

T SUF2 — FlEe (30)

(Max1) 1

T/ = -
v 2

SN ((Ff) — (FFh)] + h" Fy F, + W FIF ) — fRE* — FILf, (1)

(Max1)

where (Ff) = Fpp f* and (FFh) = ,X/gl-}ﬁ h*?. Evidently Tff = 0, as is expected.

5.2.2. Heisenberg—Euler (HE) Lagrangian

The second origin of EMT corrections is Heisenberg—Euler effective Lagrangian [17].
It describes quartic self-interaction of electromagnetic field and is induced by the loop of
virtual electrons with four external electromagnetic legs. In the weak field limit, and low
energies, much smaller than the electron mass, m,, the corresponding action has the form:

7.
AL, = / d4x\/—gC0{(FwP’”)2 + L (PR ). (32)

Here
Co = a®/(90m?) (33)

and « = 1/137 is the fine structure constant. At high temperatures C, «, and m, change
with T. At this stage, we omit the bar over F,, to simplify notations. The dual Maxwell ten-
sor is defined as

Fip = \/;g eapurF", P = ijge“ﬁwaw, (34)
because the tensor quantity is \/—g€yp, but not just €,p,,, see e.g., chapter 83 from
textbook [24].

In what follows, we apply this action to photon propagation in an external magnetic
field B and the weak field limit means B < m?.

We need to generalize the Heisenberg—Euler action (32) to high energies/temperatures
and curved FLRW space-time. To do so, let us start from the canonical action of photons
and electrons written in terms of the conformal metric:

ds? = g,(fl,)dx”dx" =a*(7) (drz - drz) = a?(T)yudxtdx, (35)

where 17, = diag[1, —1, —1, —1] is the Minkowski metric tensor, and a(7) is the scale factor
as a function of conformal time 7(t) = [ dt/a(t).
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The action of photons and electrons written in terms of the inverse metric to g;,/, given
by Equation (35), takes the form:

Am—/d‘*xa‘*l st's:” FupFuo + 9 (18! Tu ¥, - m¢)lp+egf}wAyl[_Jl"ylP1, (36)

where I'* is a generalization of the Dirac oy matrices for curved space-time. For FLRW metric
they have the form I';, = a7y, where 7, are the usual Dirac matrices which anticommute as
[Yur 0] = v, [T, Tv] = guvs Vyu is the covariant derivative for spin-(1/2) field. For the
FLRW metric, it has the form V, = 9, + (3/2)9,(Ina).

Introducing conformally transformed spinor x = 1/a>/?

, we arrive to the action:

Aoy = /d4 { FapFuy + X (in9y — amy) x + aen™ Ay xyux |- (37)

This is essentially the same action as it is in flat space-time with rescaled mass and
charge: m — am and e — ae, so formally Cy ~ e*/m* does not change, but since we plan to
go to very high temperatures, even above the electroweak phase transition, where all bare
masses of charged particles vanish, we have to substitute the high temperature value of
the mass, to sum over all charged particles, and to take the high temperature value of the
electromagnetic coupling «. So

(38)

where g; is the charge of the contributing to the loop particles in the electron charge units,
e.g., for down or up quarks g = —1/3 or 2/3.

The integrand in the expression for the action Ay ¢ is a scalar with respect to the
general coordinate transformation, so we can use for it the same expression as (32) in
arbitrary metric.

In the early universe, the Heisenberg—Euler action at high temperatures keeps the
same form as (32) with substitution of C(T) instead of Cy:

7

/d /=g C(T [ 4(1%?)} (39)

where F?2 = FuFH*, FF = l:"w,F’“’, and we have returned bar over F,, and to the metric
determinant in accordance with expansion (5).

The HE action given by Equation (39) leads to the following contribution to the
energy-momentum tensor:

7
Tﬂ,’f = C(T){—gw [(Faﬁwﬁy _ 4(F“5Faﬁ)2} + 8(FaﬁF“ﬁ)FHAF,;)‘}. (40)

Here, the over-bars are eliminated to simplify notation but we keep in mind that this
expression will be used with the non-expanded complete quantities, see Equation (5).

An explanatory comment may be in order here, namely, the second term containing
the dual Maxwell tensor, £y, depends upon metric only through the factor (,/=g) 2, so
with the account of the integration measure the action depends on metric as (,/—g) !
instead on (,/—g). Hence, this gives the contribution to T, from (FF)? proportional to
(+8&uv) instead of the usual one proportional to (—gyv).

One can see that the trace of tensor (40) is non-vanishing:

T = C(T) [4(FpF*P)2 + 7(F*PE)?| # 0. (41)

It is instructive to check conservation of the energy—momentum tensor (40), though it
surely must be true, since it was obtained by the variation of a scalar function over metric.
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Still, at least the verification of the conservation would indicate that the calculations are
correct. Let us note that the conservation condition should be fulfilled only if C = const.
Evidently, the energy—-momentum tensor (40) is non-conserved for a non-constant C(T)
because the dependence on temperature appears due to interaction and an exchange of
energy with external system.

It would be more convenient to express the square of the dual electromagnetic tensor
through F. It enters the action in the form, see Equation (34):

i I 1
(EF)? = B, E g FP = ZeP‘We,xWFMFWFTXF“ﬁ. (42)

Expressing the product of epsilons through the Kronecker symbols and properly
contracting the indices we obtain:

(FF)* = 2F* 4+ 4F*FF,,FMF,, (43)

where F* = (FF'F,,)%. We can verify result (43) expressing the Maxwell tensor through
electromagnetic fields B and E coming to the well-known relation (FF)? = [—4 (E - B)]%.

The first part of the action (39), proportional to F#, leads to the following contribution
to the energy—-momentum tensor

Ty = C(~F'gu +8F2FuF;* ). (44)

The same contribution, up to a numerical factor, comes from the first term in Equation (43),
So to find the total EMT we need to find the variation of the second term of Equation (43).
Eventually, the remaining part of the energy-momentum tensor is

7C
T — 4 [(161?21%1?;¥ - 2F4g,w) + (32FP'IAFMF"‘/5FV5 — 4F*F) F" g gw)] (45)

Bringing together Equations (44) and (45) and raising one index we obtain for the total
energy-momentum tensor, originating from the Heisenberg—Euler action, the following expression:

TV = —sl'C BP‘* + 7F“/5FMF‘7)‘F0/3] + 36CF2FF Fy + 56CF* F\ F*FF,5.  (46)

Now, let us check the conservation of the obtained energy—-momentum tensor (46) in
the case of constant C(T). We consider TP%) and TP,(,Z,) separately.

TN, = —4CF2F*F,p, + 8CF2F oy + 8C(F2FM) 1y Fya, (47)

where semicolons mean covariant derivatives in the background metric. The last term in this
equation is zero according to the equation of motion corresponding to the Lagrangian £ = F%.
The first two ones can be rewritten using the relation

F,Xl;;g + Flgg;,x + me;,B =0. (48)
Renaming some dummy indices we come to
T(”ﬁm = 4CF*(Foyv + 2Fya;) F'™ = 4CF?(Fyayy — Fu ) F™ = 0. (49)

Here, we proved EMT conservation law for those parts of the action which contain F*.
It must be analogous for the EMT part originated from F*PF,,F MF, p (see Equation (43)).

A[—F*PF) F"F,5 0} + 8F' F\ F*PF 5],
= 4[—4F*PF\ F" F,p,, + 8F" (F\, F*PF ) 1], (50)
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where we used the Maxwell equation F" 1:;[ = 0. Considering the part inside square brackets

and taking into account the equation of motion F P‘)‘(F”‘ﬁF/m);H = 0, that follows from the
part of the action:

AP 70 / dix \/—g PP, FMVE,p, (51)

(see Equations (39) and (43)), we arrive to

[_4F“ﬁF/\AcFW\Fy/3;V + SFW\(FAaF“ﬂFvﬁ);H] = 4FﬂAF“ﬁFAa(_Fyﬁm + 21:1//3;;4)

= 4FVAF“ﬁFAa(_Fy/S;v - F/Sy;v — TuvB + Fvﬁ;y) (52)
= 4FM F*PF) (= Fup + Fugyu) = 0.
For the transition to the third term of these equalities, we used Equation (48).

The conclusion for this section is that EMT originated from the Heisenberg—Euler
action with C = const is conserved

TP — o, (53)

It is noteworthy that EMT (46) is not traceless. Indeed, it is equal to

T = c(18 F* + 28 F''F, F*/F, ) (54)

5.2.3. Corrections to EMT Emerging from the HE Action

Now making the usual perturbation expansion (5), we find the following first-order
correction to the energy-momentum tensor:

o 7 e
THEY = (1) | (Rup )2 = F (PP ]

7 o
—Suv {4#1-;/3 f*P — 4F°FgF) 8" hP7 — 5 (FF)E*P faﬁ] (55)

+8F2(Ff;* + furFy) + 16FE 0 F, F¥ £
—81 Fyp Fyo F* — 16F,\F; F FyyhPY }

This expression can be simplified, because in the absence of a background electric field
FF = 0 and we get:

THE! = C(T) [—hw(Fz)2 — 4F2g, (Ff — FFR) + 8F2(f o + funFiY)
+16F,\F,* (Ff) —8h"F,\F,oF* — 16F, AFJ‘(PF)h} : (56)
The trace of this expression is nonvanishing:
T*HEL — o(T) [16F2(P ) — 8F2(hEF) — F4h] (57)

It is usually demanded in FLRW space-time that the source term Tlsl); " for gravitational
wave Equation (24) must be traceless. To this end, one may separate the traceless part out
of Equation (56) subtracting g, T¥'E1/4 out of it. However, this prescription would break
the conservation of the source and, as is shown in Section 6 of paper [16], it would lead to a
violation of the transversality conditions D), 1/Jff = 0. Indeed, in [16] we used the condition
5,175 = 0 to prove a compatibility of the Einstein equations in the first perturbation order
with gauge fixing conditions (89).

Note that the energy-momentum tensor (40) is non-conserved for a non-constant
C(T) because the dependence on the temperature appears due to interaction with external
system. Thus, EMT is not formally conserved.
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5.2.4. Summary

As a conclusion of this subsection, we write the result for the correction to the EMT
from the Maxwell action and from the Heisenberg-Euler action, respectively:

1l 1
That* M _ 58uv[Ef = FFh] + hyoF™ Fu + 1" FuaFor = fuaFy" = Fuafi",  (58)
Tiaf Y = C(T) [~ (F2)? = 4F2g,0 (Ff — FFh) + 8F(fur M + fun )|
+C(T) [16FMF;/\(F ) — 8 Fyp Fuo F2 — 16FMF;/\(FFh)} . (59)

where Ff = F* f,3, FFh = hF,gFP.

5.3. Maxwell Tensor and Cosmic Magnetic and Electric Fields

Equations (58) and (59) appear quite complicated. Further, we simplify these equations
and express them in terms of physical magnetic fields. To understand the physical meaning
of the different components of Fy,,, F*", or Fﬁ , let us start from the geodesic equation for a
charged particle in external electric and magnetic field (see, e.g., book [24]. Equation (90.7)):

Du*
ds

where u* = dx*/ds is the particle four-velocity. From this equation, it is clear that physical

m

= eE‘Xﬁuﬁ, (60)

electric field is the Maxwell tensor with mixed components, El = Fé, and physical magnetic
field is expressed through the Maxwell tensor F; as:

By =F%, By=-F% B3=F), (61)

or in compact form B; = eilejmém’.
The first pair of Maxwell equation has the same form as in flat space-time:

\Fyy + aVFM, +9uF) =0. (62)
If the background electric field is absent, i.e., Ft]- =0, then
atF,»j =0. (63)

Hence Fjj remains constant in the process of cosmological expansion and correspondingly
physical magnetic field behaves as:

FZ:] = gijik = — ]'k/llz. (64)

In other words, physical magnetic field drops as 1/4?, the well known result.
If an electric field is absent and the only external magnetic field is non-zero, then the
dual Maxwell tensor (34) has only space-time components. The quantity Dy; = Fj/ /=g =

(1/2)€j1,u F'™ is expressed through magnetic field as
Dy = —Dj; = B;/a". (65)
In flat space-time, varying the magnetic field induces an electric field according to
V x E = —0;B. (66)

In curved space-time, the analogue of this equation is Equation (62) with A = ¢
or Equation (63), so if the original electric field was absent, it would not be induced by a
time-varying magnetic field, in the case that the time variation is created by the cosmological
expansion (64).
In terms of physical magnetic field B the product F,, F/" with indices lifted by the
background metric g#" is
FuF" = F? =2B* ~ 1/a. (67)
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5.4. Scalar and Tensor Mode Mixing in External Magnetic Field
Using Equations (15)-(18), we rewrite Equation (14) for the case of the FLRW metric as:

2h — 12%%0 - 4(Z + 2H2) K+ 6(Z n H2>h — 167GTD. (68)

The EMT perturbation originating from the Maxwell action is traceless, while that
from the Heisenberg—Euler action has a non-zero trace. Indeed,

TEHEL = C(T) [~ hE* + 16F2(Ef) — 8F2(FFh)|. (69)

Now, one could naively divide the source into a traceless part and a non-zero trace
part (simply subtract the trace multiplied by the background metric). To this end, let us

look at Equation (68) and explicitly substitute Ty EM() jnto the right-hand side. We get
2h — 12%1400 —4(Z +2H2>h;1 +6(Z +H2>h (70)

= 167GCF? [—hFZ +16(Ff) — S(F“/gFWhg)].

We see that the equation contains both scalar and tensor parts. Thus, it is impossible
to write a separate equation for each mode. To make this even more obvious, let us fix
the coordinates so that the magnetic field is directed along the x-axis. The following
components of the electromagnetic field tensor will then be non-zero:

F/, = —F, = B.. (71)
B

F¥? = —F% = —a%. (72)

Fj. = —Fy = —Bya”. (73)

The trace from the correction to the EMT can then be rewritten taking into account the
following relations:

F? =282, (74)
Ff= Fl;‘ﬁf"‘ — Fff.yz + Fiyf,zy — B(fyz _fzy) = 2Bf%, (75)
FFh = s Fgo FA = B2 () + I, (76)

and in Equation (70) we have
Ph — 12%;100 - 4(Z + 2H2> hi+ 6(Z + H2>h
— 327GCB? [th +16f, — 4B (hg + hg)} . 77)

The diagonal components can be written as the sum of scalar and tensor quantities of
the helicity expansion
hy = —2¥6 + Dy, (78)
hi = =2Y5% + Dz, (79)
and, substituting the helicity expansion into the complete equation, we obtain the final

equation, which shows the mixing of scalars @, ¥ and tensor D;;:

(32 + 647TGCB4> (®+3%) +6(F — D) <Z - H2>

— 327GCB? [16 fY. — 4B (4‘1f + DY+ D§) } (80)
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where h = 20 4 6Y.

In addition, we note that there may also be implicit mixing through the term with f7,
in the above equation, since the equation for the electromagnetic wave contains various
convolutions of tensors with tensor /1, ( see below, Equation (148)).

As was noted in Section 4, the result is quite evident, since the external magnetic
field gives, in addition to the GW propagation vector, another preferred direction in space.
This leads to the loss of axial symmetry and to mixing of the scalar and tensor modes of
metric perturbations.

6. Electromagnetic Wave Propagation in External Magnetic Field

In this section, we will derive the equation for the propagation of electromagnetic
waves in curved space-time and in the presence of an external magnetic field, thereby
completing the derivation of the system of differential equations (SoDE) for the metric-EMF
perturbation system. We will briefly call this system g — , by ¢ we mean a graviton with
any possible polarization:0, 1, 2.

6.1. Equation of Motion from the Maxwell Action

Variation in the Maxwell action from Equation (26) over 6 A, leads to the equation of
motion D, F'"Y = ]V, where D,, is the covariant derivative in the full metric g,,,. Due to
antisymmetry of F*¥ this equation is reduced to:

_ 1 _ -
D,FWW = ——0, (F"'\/—8) =T" (81)
H \/Tg 14( )
Below we assume that neither electric charge density nor electric current are present,
ie, ]V =0.
Substituting expansions (5), (4), and (6) into Equation (81) we obtain

¢1—*g % (V/=8F) = \/1_*g—aa(\/—7§§““' 3 Fup) =
1

i [V=3 (5 = 1) (88 =) (Fug + fupr )| = 0. (82)

The external electric field is supposed to be zero and only background magnetic field
is present, so Fig = 0. Thus, the zero-order term, which is the equation of motion for the
background magnetic field, has the form;

9 FM =9, (gwgvﬁaﬁ) —0. (83)

This is the analogue of the equation div B = 0 in flat space-time.
In FLRW metric the metric determinant is expanded as:

V=8=+/—81+h/2)=a’(1+1/2). (84)

and so Equation (82) takes the form:
By [(8 — 1) (8P — WP (Fup + fup) | + F**9uh/2+3Hg" fi =0, (85)

where we took into account that g'* = 6" and Fig = 0. We also assume that f; = f' = 0
and impose the transversality condition on the propagating photon modes:

1
V=g
which for f! = 0leads to d;f/ = 0.

Thus, the first-order expansion of Equation (85) has the form:

Duft = A (y/=8f*) = uf +3HF — 0y =0, 0

0uf1 4 SHFY = 3, (WLF™ 4 HP™) 4 P9, 0/24 Q 0. &)
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where we introduced a new quantity QV to describe contributions from different additional
terms such as Heisenberg—Euler corrections, matter effects, etc., to be considered below.

To derive the first-order equation for f;, we multiply Equation (87) by g,; = —azévj
(Latin indices are always supposed to be the space ones, e.g., j = 1,2,3) and recall that
Fry =0and ft = 0. So, we finally obtain:

Af;
0Ffy — —5 + Houfy — g1y (g PFop + WP Eg ) + Fi9uh/2+ Q= 0, (88)

where Q; = ¢,;Q" = —azév]Q” and A is the flat space Laplacian.

To proceed further, we have to fix certain gauge conditions on metric perturbations
hyy. We will follow our paper [16], where it is shown that the following conditions can be
imposed in arbitrary background metric:

D! = D, (hi‘ — hot /2) =0, hy =0. (89)

Since in FLRW metric the only non-zero components of the Christoffel symbols are:
. . )
Iy, = Hé|, T = Ha’s; (90)
the covariant derivative of h;- is reduced to the ordinary derivative and
Dyl = by — Ty i + T4 iy = 9yhi). (91)

So using Equations (83) and (89), and the absence of an external electric field, Fj =0,
we obtain:

Af; , .
0t fj — —3 + Howfj — h'0nF; — F{'oul + Qp = M[fj] + Q; = 0. (92)

The terms proportional to 9,/ cancel out because E’}-amhlf” = F.’}aih/ 2.
Here, we have introduced the new notation:

Af; ) )
Milf] = 0= —5 + Hofj — hj'OnF} — Fi'ouh; (93)
to be used in what follows.

6.2. Equation of Motion from the Heisenberg—Euler Action

The variation of Apg (39) over §A, results in the following contribution to the electro-
magnetic field equation:

5 gt SHE) _
DuFi+Q;™ =0, (94)

where the first term originated from the variation of the Maxwell action (see previous
subsection), while the second is the contribution from Agr (39) and has the following form

QP =gy, [0 (382 4B 1)

_ gV] = Fuv £2 FUv (T
= -5 [C(T)./ g<8F F? 4+ 14F (PP))] (95)
where F? = F,,F* and (FF) = F,, F".
We have shown in Section 5.3 that the free external magnetic field is not constant, but
rises backward in time with the decreasing scale factor as 1/42.
Let us return to Equation (95) and make perturbative expansion according to Equation (5).
We start from consideration of the first term in square brackets, which with account of the zeroth-
and first-order terms takes the form
0AHE (1)

. — , _ 2 Uy 2 ruv uv
8vi5A, ~Sv —g(1+h)a”{8 g(1+h)C[FF + F*fM 4+ 2F"(fF)
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_2F"(FFh) — P2 (th““ + thW)] } (96)

where fF = f,,F", (FFh) = thaﬁFﬁ”, and indices are shifted up or down with the
background metric.

The zero-order term in this equation somewhat changes the equation of motion of the
background magnetic field in FLRW metric leading to:

9;F1" —16C9; (B2 F") =0, 97)

which is not of much importance for the evolution of B;. The terms proportional to the time

derivatives of /=g, C, and F? do not appear if F/* = 0 and K, = 0.
The first-order part of expression (96) is equal to:

QIE = — 16g,;Cay, [BZ FH 4 FM(fF) 4 F*(FFh) — B (h,ﬁfP‘W + hZFW)]
— 16Cg,;F" B*3,11/2 — 16B*(C + 3HC) f*. (98)
The term proportional to B2C in this expression, has the form:
~16CB%g,, (a,l FI 4 BHFY — B9, P — FV"‘a},h@ = —16CB2M;]f], (99)

where M ]Lf] is defined in the Equations (92) and (93). The factor in the brackets in the
left-hand side of the above equation coincides with the left-hand side of Equation (92),
except for the last term Q, so it can be absorbed into Equation (92) changing the overall
coefficient from 1 to (1 — 16CB?).

In addition to the terms proportional to B?, the first two terms in Equation (98) give the
following contribution of the first part of the HE action to the photon propagation equation:

—~16Cgu; |10, B>+ F"a,(fF)| = —16C | £}3,B2 + Fja,(Ff) . (100)

So all the terms in Equation (98), except for those absorbed into Equation (92) and
containing h,,,, turn into:

QIEM — —16B2Cf,; — 16C | £9,B? + Fj3, (Ff) . (101)
The contribution of the terms containing /,,, in Equation (98) can be written as
QU — —16C {F_?&H(FFh) — (WM Fy + hajpﬂw)aﬂBz] (102)
Finally, for the total Q;{El we obtain
Q]HEl _ —16CB2M][f] + Q]HEll + Q]HEh

160 [32 (Mj[ f+ ¢ ftj) (- ey - hjaw)ayBZ]
— 16CF;9,(fF + FFh), (103)

where M;|[f] is defined in Equation (93).
It is convenient to introduce auxiliary vector field through the equation

Fj = *€ijk7‘lk (104)

Physical magnetic field is related to # as By = —H*/a*> = —Ha? (because By ~ Fl] ~
' Fyj ~ 6y Fyj/a?).
To decipher the last term in Equation (103) we use the identity:

epc€™ = 5L61 51 4 511861 + 86yl — L8 — ssl sl — sl (105)
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and Equation (104). So FFh and F;.’BP, (fF) turn into
FFh = F,gFF7h% = — B2 + 1'B;B;, (106)
FI9u(FF) = F'ou(fF) = 28Bidu (f"" B+ " Bu + f"*Bur )

— 2B, ( "B+ f™"B; + f]kam), (107)

where summation over repeated indices is performed.

The variation of the second term in the HE action, Equation (95), is equal to:
S AHE? _ (_14) 5 FUV (FafE

A= \/jg_ay[w/i—gC(T)F (F Faﬁ)]. (108)

In the case that the background electric field is absent and only magnetic field is
non-zero, the right-hand side of the equation above vanishes in the zeroth-perturbation
order because F, is non-zero only for space-space components, while F,g is non-zero for
space-time components. Hence FsF*F = 0.

Accordingly, expression (108) multiplied by g;, can be expanded as

QIfE2 — —28[(C + HC)d, + Ca, | FY (fF), (109)
where 1
FL(fF) = guiF" (fF) = 18uje"""PFap €qagn F7 fO7. (110)
So using Equation (104) and contracting
eMle, 1y =26, 111)
we obtain from Equation (109):
C
QJ'F? = —56C [(c — 3H) BBy fi + B;Bidt fi |, (112)

where the summation over the repeated space indices is made with Kronecker delta and
considers that Bj ~ 1/ a2
So using Equations (92), (93), (103) and (109) we obtain:

Afi . .
Rfi— a—ff + HOyf; — h'du ' — Fi'dyhi+ QIFE! 4+ Q2 =

M;lf]+ Q" + Qi =0 (113)

and come to the almost final equation for photons
(1= 16CB) My [f] — 16B2Cfy; — 16C (£ — W*“Fyj — hjo " )3, B>

—16CF!/a, (fF + FFh) — 28 [(c‘ +HC)l, + cay} F!(fF) =0. (114)
We highlight that M;[f] is defined in Equation (93).

6.3. Conformal Anomaly Effect

Quantum corrections to the energy—-momentum tensor of electromagnetic field T]Sim)
in curved space-time background lead to the the well-known conformal anomaly, for a
review see ref. [25], resulting in the nonzero trace of the electromagnetic energy-momentum

tensor:

T]/;t(anom) _ % GI%)Gyv(a) (115)
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where G, is the gauge field stress tensor, « is the fine structure constant and g is the first
coefficient of the beta-function expansion for the gauge group of rank N:
11 2
B = ?N - ng, (116)
with Nf being the number of the fermion species.

There are additional contributions into the trace proportional to the products of the
Riemann, Ricci tensors, and curvature scalar which are generally nonlocal [26,27]. We will
not consider them in this work.

The trace anomaly allows for photon production by the conformally flat gravitational
field [28,29] in contrast to the Parker theorem [30].

The Fourier transform of the amplitude of the photon propagation in the gravitational
field has pole at > = 0, where g is the four-momentum transfer to gravitational field.
According to the result of paper [28] the anomalous part of the energy-momentum tensor
has the form:

2
quqv — Euvlq
Tlg‘;”om) ~ % FogF*. (117)
It is evidently conserved and has non-zero trace.
As is shown in Ref. [28], conformal anomaly (115) leads to an additional contribution
to Equation (88) or, which is essentially the same, to Equation (92).

ap (ayP_ﬁﬁ Ina — HFfU). (118)

The first term here is the usual charge renormalization and the second one is the
anomaly giving rise to photon production in conformally flat metric. This metric allows for
the transformation to the conformal time leading to the Minkowski metric proportional
to the common scale factor. The canonical Maxwell equation, without the anomalous
term, transforms in this metic into the free Maxwell equation in flat space-time, while the
additional anomalous term does not allow this.

6.4. Plasma Interaction Effects

Photons propagating in the primeval plasma interact with plasma particles and as
a result acquire an effective mass, the so-called plasma frequency, (), so the relation
between photon frequency, w, and momentum, k, changes as w® — k* = (7). Waves with
w < Q) do not propagate in plasma.

In the canonic theory, the effective action describing the plasma frequency term is
usually written as

L[ o 2
Ay = E/d x\/—nglng”fV. (119)
This term is proportional to the square of the small amplitude f* of the electromagnetic
wave and seemingly should be neglected in our first order approximation. However, this is
not so because to obtain the first-order equation one has to take the action in the second
order in small quantities. The first-order terms are absent in the action since f# satisfies the

equation of motion that are realised at the extreme value of action for which A /6 f# = 0.
The corresponding energy-momentum tensor is

Ty ~ f* (120)

is quadratic in f and can be disregarded in our approximation. It is similar to a scalar
field with small amplitude ¢ that has energy density proportional to mécpz, so its energy—
momentum tensor is quadratically small but non-zero mass, m, is essential for propagation
of ¢ waves.

All electrically charged particles contribute to plasma frequency. If the particle mass is
larger than the temperature of the relativistic cosmological plasma, m > T, the contribution
to plasma frequency from such nonrelativistic charged particles is
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2
er = 7/ (121)
where 1 is the number density of particles with charge e, e = 47ta. Note that the number
density in this case is exponentially suppressed, n ~ exp(—m/T) [31].
On the other hand, relativistic particles, with m < T, contribute as:

272

! 2

Qnl = 5 2 e, (122)
]

where the summation is done over all relativistic charged particles with charges ¢;. The elec-
tric charge, e, depends on temperature due to radiative corrections [32].

Plasma frequency is determined by the photon Green'’s function in the limit of vanish-
ing photon momentum. More rigorous treatment of the problem of the photon propagation
in plasma demands determination of the proper Green’s function. Simple derivation of
these expression including the Green'’s function can be found in ref. [33]. However, in this
paper we will use simplified approximation describing the plasma effects by the plasma
frequency only.

We need also take into account the loss of coherence of the photons produced by
gravitons. We describe this phenomenon introducing a damping term into the equation of
motion for photons in the form I’ fj, where we approximate I' as

I' =wvs.on, (123)

where n = 0.1¢. T3 is the density of charged particles in plasma, g. = 10 — 100 is the
number of charged particle species, v ~ 1 is the relative velocity of “our” photon and the
scatterer in plasma, and o = a?/T? is the scattering cross-section.

Thus, the final equation for photons propagating in an arbitrary curved space-time
background and external magnetic field in cosmic plasma accounting for photon collisions
with plasma particles has the form:

N
(1-16cB?) {a% fi— a—jj + - a’;f £ HOLf - g (0, P + Fﬁayh“"‘”
~16BCf;; — 16C [<f§’ — WMFy — hj,XFW)E),,BZ + Fhou(fF - FFh)} (124)

. o Afi
—28 [(c +HC)3l, + cay} FU(fF) + ap [ma (a%fj - 112]) - Hatf]}
+Q f +Tf; =0.
It is assumed that f; = 0 and we used Equations (103), (109), (114), (118), (122) and (123).

7. Defining g and <y System of Differential Equations (SoDE)

In total, we have ten equations for the components of tensor /1, and three equations
for the components of vector f;. In fact, only six equations for gravitational waves are
linearly independent.

In the case considered here, we assume that the vector modes do not arise. The first
vector G; in Equations (11)—(13) vanishes due to the gauge condition hy; = 0. The second
vector C; is not zero because the corrections to EoM contain spacial derivative of electro-
magnetic potential 9, f,. However, the vector modes decay as a2 and thus they do not play
an essential role in cosmology. It worth adding that an account of one more polarisation
state would lead to a considerable complication of the system of equations. So, in this work
we confine ourselves only to scalar and tensor modes.

Finally, let us mention that the solution for tensor i does not contain pure tensor
mode, but a mixture of tensor and scalar modes. Nevertheless, the solution represents them
qualitatively correctly, including the behaviour of the tensor mode that we are interested in.
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Assuming an absence of vector mode, we obtain two components less in the EoM.
More specifically, we have two scalars, ® and ¥ (note that in the deal fluid model, i.e.,
without taking into account dissipation, ® = ¥) and two polarisations of the tensor wave,
that in total gives four independent equations for metric perturbations.

In the subsequent Sections 7.1 and 7.2, the SoDE is simplified for the specific choice of
the reference frame, where an external magnetic field is directed along the x-axis. Next, one
of two independent subsystems is solved numerically in Section 8.

7.1. Simplification of SoDE for Metric Perturbations

To derive the system of equations for the metric perturbations, that is solved below, it
remains to simplify the right-hand side of Equation (24). Let us rewrite Equations (58)—-(59)
for an external magnetic field that is directed along the x-axis. For individual expressions,

we get:
? = 2B?, (125)
Ff = B4t = AL+ BF, = B(fL - ;) = 2Bf%, (126)
FFh = Wi PP = B2 (i) + 1), (127)
("o F*fun) = (FuF* + Fufit) = B(f200y — fd0:) + B(fi76" — £:6%), (128)
FIFyy = 2B (6125, 4 66y, (129)
WO F,RF,, = B2 (hg(sw + h,’;(svz), (130)
WAFRE = B2 [—hz (6¥80y + 6M8,2) + 5126, + hg(sw(svy}, (131)
( FUPEN FME,p — théﬁFMFW‘Fgﬁ) =28%f%, + B* (h§ + hlj). (132)

In this section and in subsequent ones, for the sake of brevity, we will omit the
signature EM in the correction to the EMT.

Using Equations (58) and (59) and Equations (126)-(137) we obtain the EMT compo-
nents for 00 (remember that Fy, = 0, FY, # 0):

(1) | pHE®) _ %
1

=2 (1 - 16CB2) [zB £, - B? (h; n hzﬂ —4CB*hy.  (133)

1) Max

T\ = T (Ef — FFh) — C [F‘*hoo +AF2(Ff — FFh)]

Similarly, we derive the expression for the component 0j:
1) _ 2 _ 2
Ty = (1 8CF2) fou P = (1—16CB2) B foyéyz — fox - (134)
The expression for the ij components is more cumbersome:

. 1. . . . .

M = ZSFf — FFR) + W F™E + K F B + (Fufy+ FOFY), (135)
T/MEY — —Wi4CB* — 8CB2!(Ff — FFh) — 16B°C(F £, + f/,F%)

+16CF"*F;)(Ff — FFh) — 16B*Ch§ F"*Fj, (136)

Let us regroup the terms

T]?(U — B (1 — 16CBZ)5;3 + 16CFiA13]-,\} (Ff — FFh)

+(1-16CB2) [F'\ 4+ f A + B P F |
—4CB*I; + W, F7"Fj, =



Universe 2024, 10, 7 19 of 30
R E (1-16CB2) 3} + 16CB? (o, + 51'2(5]-2)] [2Bf7. — B2y + 1) |
+(1-16CB2) B[ £7,6% — 6 ~ f1.5), + 1,0
+ (1~ 16CB2) B2 [~hY (80, + 65 ) + o=y, + a5y
—~4CB*H + B2 (I3, + hidj. ). (137)

It will now be useful to write down the spatial components separately. After reducing
similar terms, we get

B 2

7 ﬁ {zBf_yz _ B2 (hg + h;)} — 4CB*1F, (138)
T;(l) _ _3(1 _ 16CBz>f_xz + B? (1 — 4CBZ)h§, (139)
12" = B(1-16CB?) £, + B2 (1~ 4CB?) g, (140)

hy + Wz
1)) = B(—1+48CB?) £ + B 1208 () 4212, (141)
YV = 12CB4HY, (142)

hy By
T = B(—1+48CB?) £, + B2~/ — — 12CB* (20 + ). (143)

System of Equation (24) is now rewritten as Equations (133), (134), (138)-(143).

7.2. Simplification of SoDE for Electromagnetic Waves

Let us simplify the system of equations for an electromagnetic wave for the case
when the external magnetic field is directed along the x-axis. For spatial components,
Equation (124) was derived in general form. We assume that C(T) = const, so the time
derivative is C = 0. Also, to begin with, let us omit the last three terms in the left-side of
the equation, that considers the interaction of photons with plasma. Now, let us write the
convolutions with the background tensor of the electromagnetic field in terms of field B:

~gj (Wayﬁg + Eﬁath“) = gj [h%” -~ hOZM} B+ g,iB[0:h" — 3,17

= (19852 — 106y | B+ B[a:h) — 3, 12], (144)

(£ = WFy — hiuF")3,B% = (% — h)sj. B + h2s;,B ) 2BB, (145)
P!, (fF — FFh) = B[5:0, — 8}, [2 Y. —B (hg 4 h§) ] (146)
[(c’ + HC)S, + cay} F!(FF) = ConE"(fF) = 0. (147)

The last equality follows from the fact that the only non-zero component of the
dual electromagnetic tensor in cases where the magnetic field is directed along the x-axis
is FOX = —aB/2 7é 0.

So, let us write the resulting Equation (we omit the terms from the interaction with
the plasma):

Afj | 9jokfk
(1-16CB?) {a%f]- -+

+ Hyfy+ [ — 136, B+ B[o:h — ayhj.H
~16C [( fh— 1088+ hgéij)ZBB (148)
+ B[00y — 63,: ] [27. — B() + 1) | ] = 0.

By analogy with the equations for gravitational waves, we write for x, y, and z
components, respectively:
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(1-16cB?) [ 2f, — Af x 9 akfk + HO fr + B[z — ayhfﬂ
—32CBBf!, =0, (149)
A

(1-16CB? [a2fy—fy+ ! kfk—l—Hatfy H2B + B a:H) ahZH
—~16C| (i, +h2B)2BB — B2 [2f", — B(hy + 1) || = 0 (150)

1 - 16CB2 [ Af : azakf £+ Houf- + h)B + B [azhy 3, h;H
~16C| (L~ H)B )233 + BZay 2%~ B(y+12)]| =o. (151)
Similar ones can be given, taking into account that B ~ 1/4? (meaning B = —2HB)

and that f; = 0. For x components we get:

(1 - 16CB2) Fom Aafzc" Ox jkf Ky Hf +B {a n — ayhfﬂ +64CB2Hf, = 0, (152)

or

(1-16cB?) fa Aﬂ{" e 3kf £+ Blo.n - ayhiﬂ + (1+48CB?) Hf. = 0. (153)

For y component:

(1-16cB?) {f'y - i—éy + ayjé‘fk + Hf, + 2HBI + B a:hj) - ayhﬂ]
+16CB2 [4H (f'y + th) +0, {zﬂz - B(hg + h;)” =0, (154)
or

. Afy 9,0 . ?
(1-16cB?) [fy a];V ya;‘f"} + (1+48CB?) Hf, 32C32%

—B(1—16CB?)a,h — 16CB%d,h% + B(1 — 32CB?)d,hi = 0. (155)
Yty Z Y

For z component:

(1 B 16CBz> { ; Afz 0 akfk + Hf, —2HBK) + B [azhz — ayhgﬂ
+16CB? [4H ( fo— hyB) ~ 9, [2 Y. — B (hz + h;)” —0, (156)

or

) . 3
(1-16cB?) { : Afz % agfk] + (1+48CB2) Hf. T scp
a a
+B(1 - 16CB2)aZhZ +16CB%3,hY — B (1 - 32c32)ayh§ —0. (157)

Next, we would like to show the validity of the requirement f; = 0. In general, due to
the homogeneity of the magnetic field (depending only on time), we arrive at the following
equation for the time component:

(1 - 16CB2)8M £H0 = 0. (158)

Now we need to select a calibration. If our problem can be called magnetostatic, in
such cases the Coulomb gauge 9, f# = 0 is usually introduced, where we then get:
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9, fM" = 9,0" fo + 9 f* = 0,0" fo,
9,0" fo = 0 => fo = const. (159)

From the initial conditions of electrical neutrality, we find that this constant is equal
to zero.

8. Two Examples of Gravitational Wave Directions

For any initial direction of the gravitational (tensor) wave propagation, we can decom-
pose it into a parallel and perpendicular component relative to the external magnetic field.
Note that we consider the case when an initial pure tensor plane wave propagates from
vacuum into a region with a magnetic field (and, in the future, with plasma).

It is shown below that, for k||B the scalar mode of metric perturbations is not excited,
and the electromagnetic wave is not excited as well. For the perpendicular component kL B
the situation is different—the scalar mode of metric perturbations and both polarizations
of the electromagnetic wave are excited. Until now, we have not taken into account
dissipation and loss of coherence for photons due to their interaction with plasma. But
even without taking these phenomena into account, it is already possible to detect a change
in the amplitude of the initial tensor GW due to the transition to the scalar mode of metric
disturbances and to an electromagnetic wave. We will consider both of these cases in more
detail in the next two subsections.

8.1.k||B

Let us write down the basic relations that allow us to simplify the system of differential
equations for metric perturbations and for an electromagnetic wave (EMW):

k = (k,0,0), (160)
f1=1(0,0,f%f%), (161)
fH(t, x) ~ exp (ikyx), (162)
iy (t, x) ~ exp (ikycx), (163)

00 O 0

0 0 O 0

H_

hy = 0 0 hy  hy |’ (164)

0 0 hy —hgi
hy + bz = 0. (165)

Taking into account what was written above, we write the system of equations in
terms of h, h. From Equations (133), (134), (138)-(143) we obtain

Ty =0, (166)

Ty = (1-16CB) B[y — f264], (167)
Y =0, (168)

T, = —B (1 - 16CB2)8" £., (169)

> = B (1 - 16c32)ax fu (170)
Ty = 12CB*, (171)

/Y = 12CB4h,, (172)

T2 = _12CBh,. (173)

From Equations (152), (154) and (156) we obtain, respectively
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(1 - 16CB2) [fx - a/;x + Z{x + fo] +64CB2Hf, = 0, (174)
N Afy, N

(1-16cB?) |, - —3 + Hfy| +64CB°Hf, =0, (175)
2\ |z _Af: ; 20 f

(1-16cB?) | - =7 +Hf:| +64CB2Hf. = 0. (176)

In Equations (174)—(176), there are no terms related to the gravitational wave. There-
fore, if the electromagnetic wave was not initially present, it does not arise for the case
when the wave vector is parallel to the external magnetic field. Hence, we obtain that

T(()jl) =0, (177)
T, =0, (178)
= — o, (179)

From the remaining non-zero components of EMT Equations (171)-(173), we see that
the GW configuration is preserved: it remains tensorial and no scalar modes arise.

8.2. kLB

Similar to the previous subsection, we write down the main relations that will help to
simplify the system of differential equations for perturbations of metric and for electromag-
netic waves. Let us direct the wave vector along the z-axis (it is always possible to rotate
the coordinate system so that k,, = 0).

k = (0,0,k.), (180)
f=1(0,f% f%,0), (181)
fH(t, x) ~ exp (ik;z), (182)
My (t, x) ~ exp (ik.z), (183)

0 0 0 O

0 h h 0

B + X

hV - 0 h>< 7h+ 0 7 (184)

0 0 0 O
hy +hZ = —hy. (185)

Taking into account what was written above, we will write the system of equations in
terms of h, hy. From Equations (133), (134), (138)-(143) we obtain

7)) = % (1 - 16c32) [—ZBE)Z Ji B2h+}, (186)

Ty = (1-16CB?)Bf, s, (187)

r = %(1 - 16CBZ) [—ZBBZ ¥+ B2h+} —4CB*hy, (188)
T, = B(1 - 16CB2)o.f* + B (1 - 4CB? ), (189)
0 _g (190)

Ty = B(1—48CB?).f" - B;m +12CB*h, (191)
v o, (192)

2
Y (1 - 48CB2)E)Z f¥ - %m +24CB*h,. (193)
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From Equations (152), (154) and (156), respectively
(1 - 16(:32) [f'x - Aa];x + Bazhx] + (1 + 48CB2> Hf, =0, (194)
. A .
(1-16cB?) {fy - a—f;y + Hf, — Bah,
+16CB?[4H f, + 0.(—20.fY 4+ Bh)] =0, (195)
(1 - 16CB2) [ fa— Aﬂ—f + Hfz] + 64CB*Hf, = 0. (196)

In Equation (196), there are no terms associated with a gravitational wave. So, as
expected, longitudinal EMW does not arise. From Equations (194) and (195), it follows that
an electromagnetic wave with polarization along the x-axis is generated by the polarization
h« of the GW, and an electromagnetic wave with polarization along the i axis—polarization
hy of the gravitational wave. Also, from the Equations (186)—(193), we clearly see the
emergence of a scalar mode from the equations for the 00 and zz components of the EMT
(see Equation (24)).

It is important to note that the expressions for EMT in terms of /i1, h are valid only at
the moment of time immediately following the initial moment of GW entry into the region
with a magnetic field. Further, the wave ceases to be purely tensorial, and it is impossible
to assert that h} = —hz. To find a solution, it is necessary to express all the quantities
precisely in terms of hf and hz (not in terms of /1) or in terms of expansion in helicity,
introducing ® and Y.

9. System Solution in the Case k_L B

Let us write out the system of equations completely, taking into account the conclusions
of the previous section that f#, hZ, Iy components that are absent at the beginning do
not arise during the conversion of tensor GW into photons and scalar perturbations of
the metric.

Let us draw the reader’s attention to the fact that we write the equations in terms of
the electromagnetic potential with the superscript f# and the gravitational wave potential
with mixed indices hy. In this case, we use the following expansion in helicity states for
perturbation of the metric

hit = 20(t, 1), (197)
W =2%(t,r), (198)
hi=2%(t,r) + hy(tx), (199)
hy =2¥(t,x) —hy(t 1), (200)
Iy = I (t,7). (201)

We also make the Fourier expansion in terms of momentum, and accept the law of the

scale factor variation with time, corresponding to the stage of radiation dominance a(t) ~ t2.
To further search for a numerical solution, it would be convenient to introduce dimen-
sionless quantities. To do this, let us change the notation

fx/mpl — fx' (202)
£ g = £, (203)

and introduce 1y to make the scale factor dimensionless

t
=4/—. 204
a=y/ (204)

Due to the last change, the tensor /,,,, also becomes dimensionless.
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fx . a2H2fx// +€lH2

+

W: a?H2H 4 (4aH2 n aZHH'>h'X n

2

Kt uHH —sH
a

Let us assume that at the present-day Universe ag = 1. This is just a choice of reference
point and this choice does not influence the solution, because the constant factor in front
of the scale factor function has no physical meaning. The condition is convenient in our
problem to recalculate magnetic field strength using the present day magnitude. Using the
scale factor dependence during matter dominance epoch a = (t/ Ttot)z/ ? we obtain for the
coefficient 1p:

Thot 1/3
Tp = Tiot <t) ~ 35 Tiot, (205)
eq
where T = 13.8 x 10° years is the age of the Universe, teg = 3.3 X 10° years is the moment
when radiation and dust energy densities were equal.
We accept also that the scale factor a varies in the interval 1072 < a £ 10~%. The selected
interval lies inside the radiation dominance epoch (from the hadronic to the recombination).
For the magnitude of the magnetic field By in the system of equations, we take its value
at the present time. There are bounds obtained from observations: 10716 < By £ 1072 Gs [34].
Therefore, let us put By = 1077 x 1.95 x 10~ MeV?2.

After the Fourier transform over momentum, it will be clear that the system of equa-
tions contains both imaginary and real terms. Therefore, to solve the SDE numerically;, it
will be necessary to decompose each of the required quantities into real and imaginary
parts. For example, i = Re(h4 ) + iIm(h4 ) and so on. For brevity, we write down systems
of equations without dividing into real and imaginary parts. To obtain a more universal
result, it is convenient to write the system in terms of a(t). The first independent system
has the following form:

H' _ 2B3Cy—a*
Y PHA Y 4 gH2 |1 +a— +8—0 4 gHT| Y
/ / H = "16B3Cy— a* f
+ ’LZ+ZQHH1,8H2M +2TH + w? fx*IX,BHZ(an/+2fx)
a 16B3Cy — a* Pl

2052 pxnt k2 Y\ ex 2 2y e ikBy

+apina|a®H2f" + (55 +2aHH' ) f* + (5aH? + aHH') £ = =Ty, (206)
a? atmy,
k2 16wGB3 4B2C

s P o (a4 CHI )+ | = 0<1_ ) [

167tGByik 16B3C
= — az (1 - a 1 mplfx 7
where the prime denotes the derivative with respect to the scale factor, and we introduced
the attenuation of the electromagnetic wave due to its interaction with the plasma using
the damping factor I' & «*T(a) and the plasma frequency w3, o aT(a). Let us recall
that T(a) « 1/a.

All solution interval terms with the multiplier 5 Ina can be neglected. Therefore, the
resulting system is

H 2B2Cy — a*
1+a— +8—90—
H = "16B3Cy —a*

, 4B3Co + a*
16B3Cy — a*

+aHT | f¥'+

ikBo

atmy

fx—ocﬁHz(llfxl—i-fo) — _

K N 167tGB} - 4B3C
a2 a* a*

hx

1671GByik 16B2C,
_ (1 _ 0 mplfx/

a2

at
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It can be seen that the initial conditions
hy (0) = hY,
1) =0,
n.(0) =0,
f(0)=0 (208)

give nontrivial solution.

Let us stress here that the chosen initial conditions just allow us to formulate a simple
problem to solve and to obtain the effect in order of magnitude, i.e., to obtain a represen-
tative result. That is the first step of the investigation. In future works, we are going to
approach step-by-step more close to the real physics conditions.

It is important to note that there are poles at a* = 16B3C in the first equation. Let us
remind the reader that the effective Heisenberg—Euler action Equation (32) is correct un-
der the assumption of a weak external electromagnetic field. In our case, that means
that By/a* < m?. This restirction is valid in the selected interval of the variation of the
scale factor: a € [107?, 1074]. Indeed, for By = 1 nGs inside the interval for the scale factor
we obtain

B € [10,10°] Gs = [1.95 x 10713,1.95 x 10~%] MeV?>. (209)

All the values are less than the electron mass squared m2? ~ 0.25 MeV?2. Using the
definition (33), we can rewrite the term proportional to B3Cy/a* as:
CO B% - 0(2 2
at 90md

(210)

On the other hand, we have shown that B < m? in the whole interval of solution
variation. Therefore, after squaring and multiplying by #?/90 < 1, the condition remains

the same 5
!

90 m?
and means that the correction to the Maxwell action proportional to a? is sufficiently
accurate for our consideration.

Another important question to be solved in future work is to what minimum value
of the scale factor should the solution be expanded? The solution to this question should
be sought in the theories of cosmological magnetogenesis, that study the epoch when the
cosmological magnetic field was generated. We should also keep in mind that as the scale
factor approaches the pole, higher order corrections will be excited [17], thereby removing
any potential pole.

The second subsystem, which involves the quantities {®, ¥, f¥, h, }, is larger, more
complex and requires solving many sub-problems. For example, the question of whether
scalar metric perturbations propogate is quite nontrivial and requires careful analysis.
In order to steer the article away from becoming excessively cumbersome, in this work we
will concentrate on solving only the subsystem { f*, h }.

In order to numerically solve the system, we need to divide both parts of the equation
by a?H? and to introduce two new functions to lower the order of the equation in order to
make it look like: ' = f(x,y).

Two new functions and a system 4 x 4 to be solved:

=0, (212)
W, =y, (213)

B> <1, (211)
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fx-z/ :_1 1+aﬂ+8w+a}ﬂ" 0 _‘_@(afx/_'_zfx)
e a H = "16B3Cy — a* £ g2
1 |k2 4B2Cy + a* ikBy
— = 4+2aHH —8H>— %~ {1 OTH+ w? | f*— ———h 214
e |2 16B2Co —at | - f a5 HZm, (214)
W (4aH? + a>HH') 1 |K* 167nGB} . 4BZCy "
X Op =~ 2212 U T S|l 2T T A " X
_ 16mGByik . 16B3C \ mp1f*
a2 a4 azHZ 4

We use fifth-order implicit Runge-Kutta method, which is algebraically stable and
allows solving stiff systems of differential equations, for more details see [35].

9.1. Method of Solution Validation

Before solving the system for a non-zero magnetic field strength, we must check
whether the method for the SoDE solving works correctly for the case when it is absent.
Equation of motion for tensor gravitational waves in the approximation ki ~ 1, where

nit)y=[ H”(I—:) is a conformal time, can be solved analitically. The solution has the form

sin (kn7 + ¢)

h(n) = hinit ki

, (215)
where h;,,;; is an initial magnitude of tensor perturbation, and ¢y is a constant phase. The last
two parameters are defined from the matching with the constant mode, obtained from the
EoM solution in the approximation k# < 0 (see Section 3.2 in Ref. [15]).

In Figure 1a, the numerical and analytical solutions are presented for the two conformal
time values 171 = 13.2,%, = 105.6 and corresponding to them frequencies k; = 0.076,
ky = 0.0095 Hz satisfying the condition k7 ~ 1.

Verification by analytical solution k1 Verification by analytical solution k2
1.0 1.00 A
0.98 4
0.8
0.96 4
0.6
0.94 4
= 04 <
= = 0.92
X X
< <
02 0.90
0.0 0.88
0.86
-0.2
0.84 4
02 04 06 0.8 10 12 0.2 04 06 08 10 12
a 10~8 a 10-8

Figure 1. Cont.
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Verification by analytical solution k1 Verification by analytical solution k2
1.0 1.00
081 0.984
0.96
0.6 -
0.944
04 =
< -~
x x 0.92
< <
0.2 1
0.904
0.0 0.88
—-0.24 0.86 -
0.84-
0.2 0.4 0.6 0.8 1.0 1.2 0.2 0.4 0.6 0.8 1.0 1.2
a 1078 2 10~8

(b)
Figure 1. Verification of the numerical solution (blue line) by the analytical solution (red line) for two
frequencies k; (left) and k; (right). (a) without phases; (b) with phases.

Here, we see a significant discrepancy, but after the correct phase selections,
¢} = —0.22,¢53 = —0.00065, we obtain a coincidence with an accuracy of four orders
of magnitude (Figures 1b and 2). In Figure 2, an absolute difference between the numerical
and the analytical solutions is presented for the two considered cases.

Verification by analytical solution k2
1e

e-5

Verification by analytical solution k1

0.0002

0.0001

0.0000

o

0
X
0
X

—0.0001

(hx -h$%) [ h
sy

(hx - hg>) [ h

—0.0002

—0.0003

—0.0004 0

0.2 0.4 0.6 0.8 1.0 1.2 0.2 0.4 0.6 0.8 1.0 1.2
a 108 a 108
Figure 2. Absolute difference between the numerical solution and the analytical solution for two
frequencies kq (left) and k; (right).

Eventually, we can conclude that the method of numerical solution works correctly,
and the results obtained for a non-zero value of magnetic field strength are reliable.

9.2. Numerical Solution Results for the System {h, £}

Let us present the numerical solution results for the system of Equation (207) with the
initial conditions according to the Equation (208). The code was written in Python using
the solve-ivp package.

Of particular interest in the long-wave range are the wavelengths that have left their
mark on the CMB. We found a solution for frequencies 10~18-10~1¢ Hz. We use an implicit
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Runge-Kutta method of order five to solve the SoDE for By = 1 nGs and for these frequen-
cies. The scale factor interval is [107%, 1074], and it lies within the radiation dominance
(RD) epoch. For comparison, a solution to the system in the absence of a magnetic field
was also found.

The results are as follows: by the end of the RD era, amplitude of GW with the selected
frequencies is suppressed by about 0.01 percent. Thus, we can conclude that the considered
effect of converting GWs into photons in a cosmological magnetic field has an extremely
small effect on the amplitude of long-wavelength relic GWs.

It is instructive to say a few words about the physical reason for the suppression of
the GW amplitude. In the problem we are considering, where the magnetic field is still not
strong enough, the main contribution to the damping comes from the classical Maxwell
action. Neglecting the loop correction in the equation of motion for the metric perturbation

2
hz in Equation (207), we obtain the second term in the brackets {’;ﬁ + 167:530} h, which

works similarly to the plasma frequency for photons propagating in the plasma [36].
This term suppresses the low frequency end of the GW spectrum. Indeed, for the quantities
By = 1nGs, a; = 10~ we obtain for the boundary value of the momentum less than the
above mentioned analogue of the plasma frequency for GW:

V167By V1671079 x 1.95 x 10" 4 MeV? 57 x 1072 eV

k< 2 ~
N~ mpa 2.43 x 1021 MeV x 102 6.6 x 10716 eV*s

~ 10 B Hz. (216)

10. Discussion

In the presented work, we have derived a coupled system of equations for gravita-
tional and electromagnetic wave propagation in an external magnetic field. Subsequently,
simplification of the differential equation system was performed for the FLRW background
metric and for the case of homogeneous magnetic field directed perpendicularly to the
initial gravitational wave vector. Finally, we have solved the system numerically for
h«—polarization putting By = 1 nGs. The resulting estimate of the effect, without taking
into account the inhomogeneity of the magnetic field, is about 0.01% suppression of the
amplitude for a relic GW with a frequency of 1018 Hz at the recombination.

It is worth noting that the results are obtained under a large list of simplifying as-
sumptions and the research demands a deeper investigation (for example, the assumption
about the magnetic field homogeneity is rather crude). Despite this, the results make
sense and one can conclude that the considered phenomenon of GW conversion into pho-
tons in the intergalactic magnetic field cannot significantly suppress relic gravitational
wave amplitude.

Let us emphasize that this result was not obvious at the beginning of the research.
The smallness of the second-order corrections to the Maxwell action does not yet infer the
smallness of the relic GW suppression effect. It is also necessary to take into account the
interaction of the energy generated by GW photons with the primordial plasma, as well
as the fact that the conversion occurs over a long period of time during the evolution of
the Universe. A crucial point is also the dependence of the cosmological magnetic field
amplitude on the scale factor according to the law B = By/a?, which in the early stages
of the evolution of the Universe could lead to a rather high magnetic field strength, and
therefore to a noticeable conversion effect.

In future works, we plan to solve the second independent part of the SoDE, paying
special attention to the following question: do the emerged scalar perturbations run? Sub-
sequently, we want to expand the solution interval up to the end of the matter dominance
epoch and to account for the magnetic field inhomogeneity.

It is worth stressing that the stochastic nature of the relic GW direction and the
magnetic field direction should have a large impact on the magnitude of the suppression
effect, and a more accurate analysis of this phenomenon is also very important. We plan to
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perform such an analysis in order to present quantitatively the dependence of the full relic
GW spectrum suppression on the intergalactic magnetic field strength.

Future research is not only of academic interest, but can also be applied to similar
problems of converting gravitational waves into photons near astrophysical sources of
strong magnetic fields. Of course, the background metric must be modified to suit the
specific task conditions, but the inference structure and some of the qualitative findings
discussed in this manuscript will remain valid and useful. In addition, the accuracy of
future measurements of CMB polarization [37] will steadily increase, and may reach values
of the order of the considered effect.
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Abbreviations

The following abbreviations are used in this manuscript:

GW Gravitational Wave
FLRW space-time  Friedman-LeMaitre-Robertson-Walker space-time
EMT Energy-Momentum Tensor
EMW Electromagnetic Wave
HE Lagrangian Heisenberg-Euler Lagrangian
SoDE System of Differential Equations
EoM Equation of Motion
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