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Abstract

:

We investigate the orbital dynamics of an exosystem consisting of a solar-mass host star, a transiting body, and an Earth-size exoplanet within the framework of the generalized three-body problem. Depending on its mass, the transiting body can either be a super-Jupiter or a brown dwarf. To determine the final states of the Earth-size exoplanet, we conduct a systematic and detailed classification of the available phase space trajectories. Our classification scheme distinguishes between the bounded, escape, and collisional motions of the Earth-size exoplanet. Additionally, for cases of ordered (regular) motion, we further categorize the associated initial conditions based on the geometry of their respective trajectories. These bounded regular trajectories hold significant importance as they provide insights into the regions of phase space where the motion of the Earth-size exoplanet can be dynamically stable. Of particular interest is the identification of initial conditions that result in a bounded exomoon-like orbit of the Earth-size exoplanet around the transiting body.






Keywords:


planets and satellites: general; planets and satellites: dynamical evolution and stability; planet–star interactions; methods: numerical












1. Introduction


Among the myriad configurations of exoplanetary systems, those involving a host star with a solar mass, a transiting body, and an exoplanet of Earth’s size hold particular significance due to their potential implications for habitability and the existence of exomoons. Previous statistical analyses of large samples of planetary candidates detected by the Kepler spacecraft suggested that a significant percentage of stars in the Milky Way galaxy may host planets ranging from 0.8 to 1.25 times the size of Earth and orbiting within the habitable zone [1]. The Kepler mission, along with its successors, the extended Kepler (K2) and the Transiting Exoplanet Survey Satellite (TESS), and in combination with various ground-based facilities has provided a vast amount of data not only on the mass, size, and orbital parameters of exosystems but also on the composition of the celestial objects involved (see, e.g., [2,3,4,5]). Additional data are foreseen to be obtained by the James Webb Space Telescope (JWST) in the near to mid-term future [6].



Despite the substantial progress that has been made in characterizing exoplanets and their host stars [7,8,9], a less explored field of exosystem studies lies in understanding the complex interactions and outcomes resulting from the gravitational interplay between multiple celestial bodies. In the realm of orbital dynamics, several approaches using few-body problems have been employed to gain a deeper understanding of the underlying dynamics of exosystems.



For example, Domingos et al. [10] employed an analytical approach within the framework of the restricted three-body problem to unveil the dynamic properties of hypothetical companion satellites orbiting extrasolar planets. Antoniadou & Voyatzis [11], on the other hand, investigated the dynamics of coplanar two-planet exosystems with high eccentricities using the general three-body problem to understand the long-term stability of such configurations. Subsequently, Antoniadou & Voyatzis [12] utilized the general four-body problem to study families of periodic orbits in exosystems within specific regions of phase space.



Keplerian orbital solutions are widely recognized as a fundamental framework for studying exoplanetary systems. They provide crucial information regarding orbital parameters, mass estimation, detection methods, stability analysis, and predictions for future observations [13]. However, when examining few-body exoplanetary systems (  N ≥ 3  ), specifically those involving a star, a transiting body, and an exoplanet, certain circumstances may give rise to chaotic behavior. This chaos can lead to unpredictable but limited excursions in planetary orbits, resulting in significant increases in eccentricity as the system explores the full region of phase space governed by conservation laws. Additionally, close encounters between planets may occur, potentially resulting in collisions or ejections [14]. These studies hold substantial interest as they enable the exploration of long-term stability within exoplanetary systems from a theoretical standpoint.



Our study focuses on investigating the orbital dynamics of an exosystem consisting of a solar-mass host star, a transiting body (such as a gas giant or brown dwarf), and an Earth-sized exoplanet. We aim to explore the diverse outcomes resulting from the interactions among these celestial bodies and develop a systematic understanding of their final states by examining the generalized three-body problem applied to point-particles. To achieve this, we employ a comprehensive approach to classify trajectories, which systematically explores the available phase space. We categorize trajectories into bounded, escape, and collisional motion, revealing distinct patterns and identifying regions of interest associated with the dynamics of the Earth-sized exoplanet. Furthermore, within the realm of bounded regular motion, we further classify the corresponding initial conditions based on the geometry of the trajectories. This classification allows us to delineate phase space regions where the motion of the Earth-sized exoplanet can be dynamically stable.



The paper is organized as follows: In Section 2, we provide essential details about the mathematical model and parameters used to study an exosystem consisting of three main bodies: a solar-mass star, a transiting body (such as a super-Jupiter or brown dwarf), and an Earth-sized exoplanet. Section 3 presents the numerical methodology used to classify the dynamical behavior of the Earth-sized exoplanet, along with an additional classification of regular bounded trajectories. In Section 4, using color-coded basin diagrams, we perform an orbit classification in different types of exoplanetary systems based on the masses of the host star and the transiting Jupiter-sized body. Lastly, in Section 5, we provide a brief discussion of our findings, highlighting the most important discoveries from our survey.




2. Presentation of the System of Bodies


Our system consists of three primary bodies: a host star, a transiting celestial body, and an exoplanet. The host star, denoted as   m 1  , possesses a greater mass compared to the other two bodies, represented by   m 2   and   m 3  . Utilizing a heliocentric reference frame is advantageous due to the host star’s higher mass. In this frame, the host star is positioned at the origin   O ( 0 , 0 , 0 )  , while the transiting celestial body and the exoplanet are located at coordinates    r →  2   and    r →  3  , respectively. Thus, the equation of motion for   m 2   (the transiting body) relative to   m 1   can be expressed as


     r 2  →  ¨  = − G   m 1  +  m 2      r →  2    |    r →  2    |  3    + G  m 3       r →  3  −   r →  2     |    r →  3  −   r →  2    |  3    −    r →  3    |    r →  3    |  3     ,  



(1)




while the equation of motion for   m 3   (exoplanet) relative to   m 1   (star) reads as


     r 3  →  ¨  = − G   m 1  +  m 3      r →  3    |    r →  3    |  3    + G  m 2       r →  2  −   r →  3     |    r →  2  −   r →  3    |  3    −    r →  2    |    r →  2    |  3     .  



(2)







It is worth mentioning that Figure 1 and Figure 2, along with the accompanying textual descriptions, have been adapted from our previous publication [15] to elucidate essential aspects of the model under investigation. Importantly, while a similarity between the two works exists, it is crucial to recognize that the current study operates within a distinct context and places emphasis on different facets of the subject matter. As such, the reuse of certain materials from our prior work serves to enhance clarity and maintain continuity in the presentation of our research findings.



In the subsequent discussion, we provide a comprehensive description of the parameters for each primary body within the system. The host star possesses a mass denoted as   m 1  , equivalent to 1 solar mass, and shares the same radius as the Sun. The transiting celestial body orbits the star in a circular path with a radius of 0.05 astronomical units (AU), resulting in an orbital period of approximately 4 days. The mass of the transiting body, represented as   m 2  , ranges from 5 to 70 times the mass of Jupiter. Depending on the mass range,   m 2   is classified as either a transiting super-Jupiter or a brown dwarf. The mass of the exoplanet, denoted as   m 3  , remains fixed at 1 Earth mass.



For the body with mass   m 2  , we assume a radius of 1 Jupiter radius based on the established relationship between mass and radii for known super-Jupiters. This choice is supported by Figure 3 from Laughlin [16], which illustrates the distribution of the masses and radii of known super-Jupiters obtained from the NASA Exoplanet Archive (Update: 21 April 2023) (https://exoplanetarchive.ipac.caltech.edu/ (accessed on 5 May 2023)). Additionally, previous studies such as that by Hatzes & Rauer [17] have emphasized a noteworthy feature in the mass–radius relationship, indicating a local maximum of around 1   M J   for giant planets, with a subsequent diminishing trend observed for larger masses in the brown dwarf regime. This suggests a level of consistency in radius across these objects. Therefore, our decision to maintain a fixed radius across the mass range of 5–70   M J   aligns with the broader understanding of this relationship.



Adopting a heliocentric frame of reference simplifies our computations, requiring only the initial position and velocity of bodies with masses   m 2   and   m 3  , obtained from standard Keplerian orbital elements. In our calculations, we set the gravitational constant (G) as   G =  k 2   , where   k = 0.01720209895   (rad/day). Consequently, length, mass, and time units are expressed in astronomical units (AU), solar masses, and days, respectively.




3. Computational Methodology


Considering that the primary body   m 1   is located at the origin of coordinates, we perform numerical integration of the equations of motion for the primary bodies   m 2   and   m 3  . We utilize the Bulirsch–Stoer method with double precision, as it is particularly well-suited for solving stiff ordinary differential equations (ODEs) [18]. The tolerance parameter for the numerical integration is set to   10  − 12    by monitoring the behavior of the conserved quantity (total energy) throughout the integration process. This choice is based on the fundamental concept of the Bulirsch–Stoer integrator, which estimates the local truncation error at each step and adjusts the step size accordingly. Importantly, the total energy remains approximately constant within an order of   10  − 13    in all cases.



On the other hand, taking into account the graphical representation concept using basins, we classify each trajectory’s initial condition by assigning a characteristic color based on its final state [19]. In the case of the exoplanet   m 3  , it can exhibit different types of orbits. Firstly, there is bounded regular motion, which describes the exoplanet orbiting the star and the transiting body predictably. Alternatively, there is bounded chaotic motion, where the exoplanet exhibits chaotic motion around the star and the transiting body. Additionally, collisions may occur between the exoplanet and either the star or the transiting body. Lastly, an escape orbit refers to the exoplanet overcoming the gravitational pull of the star and the transiting body, allowing it to move away indefinitely.



As a numerical tool that assists in classifying motion as either regular or chaotic, we utilize the SALI index (Smaller Alignment Index) [20]. The SALI index quantifies the alignment between two nearby trajectories evolving in the same dynamical system, providing a measure of how the separation between these trajectories changes over time. It offers valuable insights into the stability and predictability of the system (see, for instance, [21,22] for more details).



In the context of our current dynamical system, this index allows us to classify the motion of the Earth-size exoplanet by analyzing the behavior of the transiting body with mass   m 2  , which consistently follows a regular orbit. Based on extensive initial tests, we have established the following thresholds: SALI values larger than   10  − 4    indicate regular motion, SALI values smaller than   10  − 8    suggest chaotic motion, and intermediate SALI values indicate sticky motion. However, for cases with intermediate SALI values, additional numerical integration with an extended maximum time is necessary to accurately determine the type of motion (regular or chaotic) exhibited by the trajectory.



Additional classification of the initial conditions can be performed for trajectories displaying regular motion, based on the geometry of the bounded trajectory (see Figure 2). In general, the following cases may arise:




	
Circumstellar orbit: In this case, both the exoplanet and the transiting body orbit around the star. The exoplanet resides in the internal orbit (refer to panel a of Figure 2).



	
Circumbinary orbit: Here, both the exoplanet and the transiting body orbit around the star. The exoplanet resides in the external orbit (refer to panel b of Figure 2).



	
Circumplanetary orbit: In this scenario, the transiting body orbits around the star, while the exoplanet simultaneously orbits around the transiting body (refer to panel c of Figure 2). In this case, the Earth-size exoplanet behaves as an exomoon of the transiting body.



	
Intersecting orbit: In an intersecting orbit, the transiting body orbits around the star, while the exoplanet orbits around both the star and the transiting body. This configuration causes the exoplanet’s orbit to intersect with the orbits of the star and the transiting body (refer to panel d of Figure 2).








In the following section, where we are going to present our results of the orbit taxonomy, we will refer to “inner”, “outer”, “exomoon”, and “crossing” trajectories corresponding to circumstellar, circumbinary, circumplanetary, and intersecting orbits, respectively.



It is essential to acknowledge that a comprehensive elucidation of the specific program flow employed for orbit classification using our numerical integrator can be found in Figure 1 of [23]. Regarding the integration times, in all cases, the numerical integration is allowed to proceed for each initial condition, reaching a maximum of   0.5 ×  10 5    orbital periods of the transiting body. However, in exceptional scenarios, particularly in the context of circumplanetary orbits, the integration is deliberately extended up to   1 ×  10 5    orbital periods to ensure that trajectories remain confined within the Hill radius of the transiting body.




4. Numerical Simulations


This section contains the orbit taxonomy of the system, where we consider several cases of exoplanetary systems with different masses of both the transiting Jupiter-size body as well as the host star. For the presentation of the final states of the trajectories, we will deploy basin diagrams on the phase space where different colors indicate different final states, thus following the approach used in Nagler [24,25].



4.1. The   (  a 3  ,  e 3  )   Survey


We begin our investigation by considering initial conditions in the   (  a 3  ,  e 3  )  -plane, for different values of the transiting body   m 2  . It should be noted that, during these computations all the initial angles of the Keplerian elements (for both bodies   m 2   and   m 3  ) are set to zero. In Figure 3a–f, we present the corresponding basin diagrams on the   (  a 3  ,  e 3  )  -plane, when    m 2  =  5 , 15 , 30 , 45 , 60 , 70      M J  .



As the mass   m 2   of the transiting body increases, we observe the following changes regarding the orbital properties and final states of the Earth-size exoplanet:




	
When the transiting body is a super-Jupiter and the eccentricity exceeds 0.5   (  e 3  > 0.5 )  , a multitude of islands corresponding to mean-motion resonance configurations of crossing orbits emerges for relatively low values of   m 2     (  m 2  < 15  M J  )  . However, as the value of   m 2   increases, the number of these resonant islands significantly decreases. Usually, the crossing orbital architecture is a result of the relatively large eccentricity of the super-Jupiter bringing the periastron distance closer to the central star. Moreover, this kind of architecture would result in a high likelihood of the ejection of one or more bodies as a result of a close encounter. However, for the chosen initial conditions the various mean-motion resonances protect the system from close encounters for    e 3  > 0.5  .



	
The amount of both inner and outer types of orbits is reduced as the value of   m 2   increases. This becomes obvious since the areas of the corresponding stability islands are reduced.



	
Around both sides of the perihelion distance (   a 3   ( 1 −  e 3  )  =  a 2  = 0.05   AU) there exist elongated islands of initial conditions corresponding to exomoon-type of trajectories. The size of the exomoon islands seems to reduce with increasing values of   m 2  . However, as we will see later on, this does not imply that the exomoon-type trajectories vanish for relatively high values of   m 2  . What happens is that the exomoon stability islands migrate to higher distances from the center (higher values of   a 3  ).



	
An almost solid basin composed of initial conditions exists on both sides of the perihelion distance. These initial conditions correspond to trajectories that result in collisions with the transiting body. As the value of   m 2   increases, the size of the collision basin also increases.



	
For relatively low values of   m 2   (  5 ≤  m 2  ≤ 15   Jupiter masses) the regions between the several stability islands seem to have a “chaotic” structure. By using the term “chaotic” we simply imply that inside these regions we are unable to predict whether the Earth-size exoplanet with collide (with the host star or the transiting body) or escape from the system. However, as the value of   m 2   increases, we observe the emergence of clearly defined basins of escape and collision, while the “chaotic” areas are reduced. We will return to this point later on by providing quantitative evidence and information regarding the fractality of the basin diagrams.









4.2. The   (  a 3  ,  M 3  )   Survey


The initial configuration of the bodies with masses   m 2   and   m 3   is of paramount importance and is determined by the initial values   M 2   and   M 3   of their mean anomalies. We provide basin diagrams on the   (  a 3  ,  M 3  )   plane in Figure 4a–f and Figure 5a–f to illustrate the results for different initial eccentricity values of   e 3  , assuming    M 2  = 0  . Furthermore, Figure 4 corresponds to    m 2  = 5     M J   and Figure 5 to    m 2  = 70     M J  .



When we consider the scenario of a transiting super-Jupiter with a mass of    m 2  = 5     M J  , several observations can be made from Figure 4a–f as the eccentricity   e 3   increases:




	
The number of inner-type trajectories decreases significantly. When    e 3  = 0.8  , these trajectories result in immediate collisions with the host star.



	
The area of stability islands associated with outer-type trajectories appears to decrease. However, in reality, these stability islands shift to greater distances from the center.



	
The number of crossing-type trajectories increases, and we observe the emergence of additional stability islands between the inner and outer basins.



	
Our computations indicate no presence of exomoon-type trajectories whatsoever. This supports our previously published findings in Moneer et al. [15], where we demonstrated that exomoon-type orbits are only possible when    M 2  =  M 3  = 0   or    M 2  =  M 3  = 180 °  .



	
Within the zone that lies between the stability islands representing inner and outer-type trajectories, there exists a distinct region characterized by an intricate mixture of trajectories that either escape or collide.








In Figure 4, we observed the orbital properties of a super-Jupiter, while in Figure 5a–f, we focus on a brown dwarf with a mass equal to 70   M J  . A significant difference is evident in the behavior of the Earth-size exoplanet’s orbital properties between the two cases. The stability islands of the inner and outer-type trajectories exhibit similar behavior as shown in Figure 4. However, there are substantial changes in the orbital structure within the areas between these stability islands. Specifically, in the case of low values of   m 2  , the once “chaotic” regions now exhibit clearly defined basins of escape and collision. This phenomenon gives rise to the formation of complex spiral structures. Additionally, the presence of crossing-type trajectories is significantly diminished in this case, in contrast to the abundance of stability islands observed when   m 2   was 5   M J  , which are now nearly absent.




4.3. The   (  e 3  ,  M 3  )   Survey


In order to explore the orbital properties of the system’s phase space, another approach is to analyze the   (  e 3  ,  M 3  )   plane for various values of the initial semi-major axis   a 3  . Figure 6a–f and Figure 7a–f present the basins diagrams classifying the initial conditions of Earth-size exoplanets for   m 2   equal to 5 and 70   M J  , respectively.



For a super-Jupiter with a mass of    m 2  = 5     M J  , Figure 6 reveals the following:




	
For relatively low values of the initial semi-major axis (panel (a)), most of the phase space is occupied by initial conditions corresponding to inner-type regular trajectories.



	
As   a 3   increases within intermediate values   ( 0.04 <  a 3  < 0.06 )  , escaping and collision trajectories dominate. Beyond    a 3  > 0.06  , outer-type trajectories begin to emerge while the occurrence of escaping and collision orbits decreases.



	
When eccentricity values are relatively high   (  e 3  > 0.6 )  , both inner and outer orbits transition into escaping or collisional trajectories, accompanied by the emergence of stability islands for crossing-type trajectories.



	
Once again, the regions of the phase space occupied by escaping and collisional trajectories exhibit high unpredictability due to the “chaotic” mixture of initial conditions.



	
For extremely high initial eccentricity values   (  e 3  > 0.95 )  , nearly all initial conditions result in trajectories that collide with the host star, regardless of the specific initial value of the mean anomaly   M 3  .








For the case of the transiting brown dwarf with    m 2  = 70     M J  , we see in Figure 7a–f that things are very similar to what we have seen earlier in Figure 4 and Figure 5. Indeed, the main difference that occurs due to the substantial increase in the mass is the orbital structure of the regions occupied by escaping and collisional trajectories. Specifically, we see that most of these regions contain well-defined basins of escape and collision, while the “chaotic” mixture of initial conditions where we cannot predict the final state of the Earth-size exoplanet has been heavily reduced. Once more, these well-formed basins form complicated spiral structures that extend to all the available phase space of the system.




4.4. The   (  a 3  ,  m 2  )   Survey


So far, we have discussed the orbital properties of the system for specific values of the mass   m 2   of the transiting body. However, we can extract additional interesting information by scanning a continuous spectrum of values for   m 2  . In order to accomplish this, we present the classification of the initial conditions of the trajectories on the   (  a 3  ,  m 2  )   plane for different values of the initial eccentricity   e 3   in Figure 8a–f.



On the   (  a 3  ,  m 2  )   plane, we observe the following changes as the value of   m 2   increases:




	
For low initial values of the eccentricity   (  e 3  < 0.5 )  , the areas occupied by inner and outer-type regular trajectories are reduced, allowing more escaping and collisional trajectories to occur.



	
For intermediate initial values of the eccentricity   ( 0.5 <  e 3  < 0.9 )  , we observe the presence of crossing-type trajectories. Our computations suggest that the proportion of these orbits increases with higher values of   m 2  .



	
The same pattern described above for crossing-type trajectories also applies to exomoon-type trajectories.



	
For high initial values of the eccentricity   (  e 3  ≥ 0.8 )  , the phase space is predominantly occupied by initial conditions leading to escaping and collisional trajectories.



	
These basin diagrams provide a clearer representation of how the fractality of the phase space decreases as the mass   m 2   increases, due to the emergence of well-defined escape basins (see panel (f) of Figure 8).









4.5. Searching for Exomoons


The cases where an Earth-size exoplanet acts as an exomoon of the transiting body with mass   m 2   are of particular interest. In [15], we argued that all trajectories classified as exomoon-type orbits remain well within the Hill sphere of the transiting body throughout the numerical integration. To prove this, we extended the integration time of all exomoon-type orbits to   10 5   orbital periods to observe their stability and whether they eventually lead to escape or collision after a considerable period of time. Our calculations strongly suggested that all trajectories remain inside the Hill sphere even after   10 5   orbital periods. Therefore, we can confidently conclude that these are true exomoon-type orbits, not quasi-satellite orbits.



In our previous analysis [15], we also discovered that exomoon-type orbits are only possible when the initial values of the mean anomalies of the transiting body and the Earth-size exoplanet are the same (either 0 or 180°). Hence, in Figure 9a–f and Figure 10a–f, we present the classification of initial conditions for trajectories inside the Hill sphere of the transiting body   m 2  . Each panel corresponds to a different initial value of the eccentricity   e 3  . For Figure 9 and Figure 10, we set    M 2  =  M 3  = 0   and    M 2  =  M 3  = 180 °  , respectively. In Figure 9, the vertical dashed line indicates the perihelion distance   (  a 3   ( 1 −  e 3  )  = 0.05 )  , while in Figure 10, it represents the aphelion distance   (  a 3   ( 1 +  e 3  )  = 0.05 )  .



In both cases (regarding the initial values of the mean anomalies), it can be observed that, for low values of the initial eccentricity   (  e 3  ≤ 0.2 )  , the Hill sphere is entirely occupied by initial conditions that result in a collision with the transiting body   m 2  . As the initial eccentricity increases   (  e 3  > 0.2 )  , initial conditions of exomoon-type orbits start to appear, and their quantity increases with a higher value of eccentricity   e 3  . Two phenomena of interest can be noted: (i) the presence of exomoon-type orbits seems to be more pronounced when studying them along the aphelion distance, and (ii) for initial eccentricity values   (  e 3  ≥ 0.8 )  , the Hill sphere contains a diverse combination of different types of initial conditions of trajectories (particularly along the aphelion distance). In general terms, it can be argued that increasing the mass of the transiting body enhances the presence of exomoon-type trajectories.



It should be stressed that if the initial conditions inside the Hill sphere correspond to stable regular motion, it does not necessarily mean that they are exomoon-type trajectories. In fact, within the basin diagrams of both Figure 9a–f and Figure 10a–f, there exist initial conditions of regular bounded orbits that are crossing-type trajectories.




4.6. Degree of Fractality


Before concluding our analysis, we would like to present some quantitative results regarding the influence of the mass   m 2   of the transiting body on the degree of fractality in the system’s phase space. To measure this, we employ the fractal or uncertainty dimension   D 0   [26]. The uncertainty dimension quantifies the degree of irregularity or self-similarity in a set of data or geometric shapes. It is calculated using the box-counting method


   D 0  =  lim  ε → 0     log ( N ( ε ) )   log ( 1 / ε )   ,  



(3)




where   N ( ε )   is the minimum number of boxes of size  ε  needed to cover the set, and  ε  is the size of the boxes used for covering the set. It is worth noting that, when computing the fractal dimension of a two-dimensional basin diagram, if    D 0  → 1  , it suggests minimal fractality, whereas if    D 0  → 2  , it indicates complete fractality of the corresponding basin diagram.



We computed the fractal dimension for the basin diagrams shown in Figure 4, Figure 5, Figure 6 and Figure 7. For the six panels of Figure 4 (corresponding to    m 2  = 5     M J  ), the resulting values of   D 0   are 1.23, 1.31, 1.62, 1.78, 1.82, and 1.78, respectively. Similarly, for the six panels of Figure 5 (corresponding to    m 2  = 70     M J  ), the resulting values of   D 0   are 1.27, 1.22, 1.48, 1.61, 1.69, and 1.72, respectively. By following the same methodology, we obtained the values of   D 0   for the six panels of Figure 6 (corresponding to    m 2  = 5     M J  ) as 1.03, 1.68, 1.72, 1.57, 1.44, and 1.32, respectively. Similarly, for the six panels of Figure 7 (corresponding to    m 2  = 70     M J  ), the resulting values of   D 0   are 1.09, 1.42, 1.37, 1.45, 1.39, and 1.26, respectively.



It is clear that, in almost all cases, the value of the fractal dimension   D 0   is lower when the mass of the transiting body is higher. Therefore, we can argue that systems with massive transiting bodies exhibit a significantly lower degree of unpredictability compared to systems with less massive transiting bodies.





5. Discussion


In this research work, we investigated the orbital dynamics of an exosystem consisting of a host star, a transiting body, and an Earth-size exoplanet using numerical methods and the theory of the generalized three-body problem. The astrophysical nature of the transiting body varied between a super-Jupiter or a brown dwarf, depending on its mass. By systematically and thoroughly classifying the available phase space, we determined the final states of the Earth-size exoplanet. This classification allowed us to distinguish between the bounded, escaping, and collisional motions of the Earth-size exoplanet. Additionally, for cases of ordered (regular) motion, we further classified the corresponding initial conditions into subcategories based on the geometry of the trajectories. These bounded regular trajectories are of great importance as they reveal phase space regions where the motion of the Earth-size exoplanet can be dynamically stable. Of particular interest was the detection of initial conditions where the Earth-size exoplanet acts as an exomoon of the transiting body, always remaining within its Hill radius.



The following list summarizes the most important findings of our survey:




	
Generally, as the mass of the transiting body increases, the presence of inner, outer, and crossing-type trajectories weakens. However, exomoon-type trajectories seem to be enhanced by the increased mass of the transiting body. It is important to note that the exomoon-type trajectories move further from the center as the mass   m 2   increases.



	
The number of both escaping and collision types of trajectories increases as the mass of the transiting body increases.



	
We observed that, in cases with low values of   m 2   (corresponding to cases where the transiting body is a super-Jupiter), the phase space exhibits a high degree of fractality due to a chaotic mixture of escaping and collisional trajectories. Conversely, when the value of   m 2   is relatively high (corresponding to cases where the transiting body is a brown dwarf), the degree of fractality in the phase space significantly reduces due to the emergence of well-defined basins of escape and collision.



	
The majority of stable motion corresponds to simple loop orbits. However, for low values of   m 2  , there are numerous stability islands corresponding to higher secondary resonant crossing-type trajectories. This type of orbit primarily appears with high initial eccentricities of the Earth-size exoplanet.



	
Our analysis of the phase space inside the Hill sphere around the transiting body suggests that for low initial eccentricities   e 3  , the entire phase space consists of initial conditions that result in collision with the transiting body. However, as the value of   e 3   increases, the structure of the phase space changes, and stability islands corresponding to exomoon-type trajectories appear on both sides along the perihelion and aphelion distances.








Judging by the positive results of our analysis, we plan to expand our survey by considering specific exosystems (containing a host star and a transiting body) and focus our attention on the exploration of possible exomoon-type orbits around the transiting bodies.
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Figure 1. Distribution of masses and radii for currently known super-Jupiter exoplanets. The mean mass and radius are represented by a five-pointed red star. For further information, please refer to https://exoplanetarchive.ipac.caltech.edu/ (accessed on 5 May 2023). 
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Figure 2. Schematic representations illustrating characteristic examples of orbit classification for regular orbits of   m 3  , which refers to an exoplanet of Earth-size. Each panel provides a depiction of distinct orbit types, including: (a) a circumstellar orbit, (b) a circumbinary orbit, (c) a circumplanetary orbit, and (d) an intersecting orbit. 
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Figure 3. Classification maps for   m 3   (Earth-size exoplanet), using different values of   m 2  . The dashed black lines denote a fixed radius measured from   m 1   (star) in which the aphelion and perihelion distances are equal to 0.05 AU. The mass of the transiting body changes as follows: (a):   m 2   = 5   M J  , (b):   m 2   = 15   M J  , (c):   m 2   = 30   M J  , (d):   m 2   = 45   M J  , (e):   m 2   = 60   M J  , and (f):   m 2   = 70   M J  . 
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Figure 4. Classification maps for   m 3   (Earth-size exoplanet), using different values of   e 3   and also when    m 2  = 5     M J  . The initial eccentricity   e 3   changes as follows: (a):   e 3   = 0, (b):   e 3   = 0.2, (c):   e 3   = 0.4, (d):   e 3   = 0.5, (e):   e 3   = 0.6, and (f):   e 3   = 0.8. 
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Figure 5. Classification maps for   m 3   (Earth-size exoplanet), using different values of   e 3   and also when    m 2  = 70     M J  . The initial eccentricity   e 3   changes as follows: (a):   e 3   = 0, (b):   e 3   = 0.2, (c):   e 3   = 0.4, (d):   e 3   = 0.5, (e):   e 3   = 0.6, and (f):   e 3   = 0.8. 
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Figure 6. Classification maps for   m 3   (Earth-size exoplanet), using different values of   a 3   and also when    m 2  = 5     M J  . The initial value (in AU) of the semi-major axis   a 3   changes as follows: (a):   a 3   = 0.02, (b):   a 3   = 0.04, (c):   a 3   = 0.06, (d):   a 3   = 0.08, (e):   a 3   = 0.10, and (f):   a 3   = 0.12. 
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Figure 7. Classification maps for   m 3   (Earth-size exoplanet), using different values of   a 3   and also when    m 2  = 70     M J  . The initial value (in AU) of the semi-major axis   a 3   changes as follows: (a):   a 3   = 0.02, (b):   a 3   = 0.04, (c):   a 3   = 0.06, (d):   a 3   = 0.08, (e):   a 3   = 0.10, and (f):   a 3   = 0.12. 
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Figure 8. Classification maps for   m 3   (Earth-size exoplanet), using different values of   e 3  . The initial value of the eccentricity   e 3   changes as follows: (a):   e 3   = 0, (b):   e 3   = 0.2, (c):   e 3   = 0.4, (d):   e 3   = 0.5, (e):   e 3   = 0.6, and (f):   e 3   = 0.8. 
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Figure 9. Classification maps for   m 3   (Earth-size exoplanet), using different values of   e 3  , when    M 2  =  M 3  = 0  . All the initial conditions are inside the Hill sphere of the transiting body with mass   m 2  . The initial value of the eccentricity   e 3   changes as follows: (a):   e 3   = 0, (b):   e 3   = 0.2, (c):   e 3   = 0.4, (d):   e 3   = 0.5, (e):   e 3   = 0.6, and (f):   e 3   = 0.8. 
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Figure 10. Classification maps for   m 3   (Earth-size exoplanet), using different values of   e 3  , when    M 2  =  M 3  = 180 °  . All the initial conditions are inside the Hill sphere of the transiting body with mass   m 2  . The initial value of the eccentricity   e 3   changes as follows: (a):   e 3   = 0, (b):   e 3   = 0.2, (c):   e 3   = 0.4, (d):   e 3   = 0.5, (e):   e 3   = 0.6, and (f):   e 3   = 0.8. 
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