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Abstract: The swampland criteria are generically in tension with single-field slow-roll inflation
because the first swampland criterion requires small tensor-to-scalar ratio while the second
swampland criterion requires either large tensor-to-scalar ratio or large scalar spectral tilt.
The challenge to single-field slow-roll inflation imposed by the swampland criteria can be avoided by
modifying the relationship between the tensor-to-scalar ratio and the slow-roll parameter. We show
that the Gauss–Bonnet inflation with the coupling function inversely proportional to the potential
overcomes the challenge by adding a constant factor in the relationship between the tensor-to-scalar
ratio and the slow-roll parameter. For the Gauss–Bonnet inflation, while the swampland criteria are
satisfied, the slow-roll conditions are also fulfilled, so the scalar spectral tilt and the tensor-to-scalar
ratio are consistent with the observations. We use the potentials for chaotic inflation and the E-model
as examples to show that the models pass all the constraints. The Gauss–Bonnet coupling seems
a way out of the swampland issue for single-field inflationary models.
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1. Introduction

Inflation solves the flatness and horizon problems in standard cosmology [1–5], and is usually
modeled by a single slow-roll scalar field which is obtained from low-energy effective field theories.
In order to embed such scalar fields in a string quantum gravity theory successfully, they have to satisfy
the following swampland criteria [6,7]:

• Swampland Criterion I (SCI) [8]: The scalar field excursion, normalized by the reduced Planck
mass, in field space is bounded from above

|∆φ| ≤ d, (1)

where the reduced Planck mass MPl = 1/
√

8πG = 1 and the order one constant d ∼ O(1).
• Refined de Sitter Conjecture (SCII) [9,10]: The gradient of the field potential V with V > 0

should satisfy
|∇V|

V
≥ c, (2)

or
min(∇i∇jV)

V
≤ −c̃, (3)

where the order one constants c ∼ O(1) and c̃ ∼ O(1).

For single-field slow-roll inflation, the first two slow-roll parameters are εV = (V′/V)2/2 and
ηV = V′′/V, and the tensor-to-scalar ratio is r = 16εV , where V′ = dV/dφ. In terms of the slow-roll
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parameters, condition (2) becomes εV ≥ c2/2 and condition (3) becomes ηV ≤ −c̃. Obviously,
condition (2) violates the slow-roll condition and poses a threat to inflationary models by requiring
a large tensor-to-scalar ratio r ∼ 8c2. For example, even if we chose c = 0.1 [11], it is still inconsistent
with the observational constraint r0.002 < 0.064 [12,13] because r ∼ 0.08 > 0.064. Condition (3) also
poses a threat to single-field slow-roll inflation because it requires that ns = 1+ 2ηV − 3r/8 < 1− 2c̃ ∼
−O(1), which is inconsistent with the observation. As pointed out in Reference [14], a viable way
to solve this problem is by using models with the tensor-to-scalar ratio r reduced by a factor while
keeping the lower bound on the field excursion ∆φ as required by the Lyth bound [15], such as warm
inflation [16]. See References [17–48] for more discussions on this issue.

In Reference [49], we find a powerful mechanism to reduce the tensor-to-scalar ratio r.
With the help of the Gauss–Bonnet coupling, for any potential, the tensor-to-scalar r is reduced
by a factor of (1− λ)2 with the order one parameter λ, so it may solve the swampland problem.
Furthermore, the Gauss–Bonnet term is induced from the superstring theory, and it may solve
the singularity problem of the Universe [50–54]. The speed of gravitational waves in Gauss–Bonnet
inflation is usually different from the speed of light, cT 6= 1. However, as discussed in [55], the effect of
the Gauss–Bonnet term is negligible at low energy, and the Gauss–Bonnet model is compatible with
the observational constraint cT ≈ 1 [56]. Furthermore, it was found that by choosing the coupling
function appropriately we can keep cT = 1 in Gauss–Bonnet inflation [57].

Generally, the predictions of the inflation, ns and r, are calculated under the slow-roll conditions
εV � 1 and |ηV | ≤ 1. If the SCII criterion (2) or (3) is satisfied, then the slow-roll condition will be
violated, and the predictions ns and r may be unreliable. However, in the case with Gauss–Bonnet
coupling, the slow-roll condition is (1− λ)(V′/V)2 � 1, so even the second swampland criterion (2)
is satisfied—as long as 1− λ � 1, the model still satisfies the slow-roll condition, so the slow-roll
results are applicable. In this paper, we show that with the help of the Gauss–Bonnet coupling,
some inflationary models satisfy not only the swampland criteria but also the observational constraints.

This paper is organized as follows. In Section 2, we give a brief introduction to the Gauss–Bonnet
inflation, and point out the reason why it is easy to satisfy the swampland criteria. In Section 3, we use
the power-law potential and the E-model to show that all the constraints can be satisfied. We conclude
the paper in Section 4.

2. The Gauss–Bonnet Inflation

The action for Gauss–Bonnet inflation is [58–66]

S =
1
2

∫ √
−gd4x

[
R− gµν∂µφ∂νφ− 2V(φ)− ξ(φ)R2

GB

]
, (4)

where R2
GB = RµνρσRµνρσ − 4RµνRµν + R2 is the Gauss–Bonnet term which is a pure topological term

in four dimensions, and ξ(φ) is the Gauss–Bonnet coupling function. For a more detailed discussion
on Gauss–Bonnet inflation, please refer to [67] and references therein. In this paper, we use [49,68]

ξ(φ) =
3λ

4V(φ) + Λ0
, (5)

where 0 < λ < 1. The parameter Λ0 � (1016Gev)4 added here is to avoid the reheating problem
of Gauss–Bonnet inflation [68], and it can be ignored during inflation, so in this paper we neglect
the effect of Λ0. In terms of the horizon flow slow-roll parameters [69], the slow-roll conditions are

ε1 = − Ḣ
H2 � 1, ε2 =

ε̇1

Hε1
� 1, (6)
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the e-folding number N at the horizon exit before the end of the inflation is

N =
∫ φ

φe

1√
2ε1

dφ, (7)

the scalar spectral tilt ns and the tensor-to-scalar ratio r are [49]

ns − 1 = −2ε1 − ε2, (8)

r = 16(1− λ)ε1. (9)

In terms of the potential, the slow-roll parameters are expressed as [70]

ε1 =
1− λ

2

(
V′

V

)2

, (10)

ε2 = −2(1− λ)

[
V′′

V
−
(

V′

V

)2
]

. (11)

Due to the factor 1− λ in Equations (10) and (11), even if the gradient of the potential is consistent
with SCII, the slow-roll conditions (6) can still be satisfied as long as λ is close to 1, so the slow-roll
results (8) and (9) are applicable, and the e-folding number N can reach N = 60 easily. Substituting
Equation (10) into Equation (9), we get

r = 8(1− λ)2
(

V′

V

)2

. (12)

From Equation (12), we see that while condition (2) is satisfied, the tensor-to-scalar ratio r can
still be very small, as long as 1− λ is small enough. In particular, if we combine the observational
constraint r0.002 < 0.064 with the condition (2), we get

1− λ <
0.09

c
. (13)

Now we discuss the first swampland criterion SCI for the field excursion. The Lyth bound tells
us that [15,49]

∆φ > ∆N
√

r
8
= (1− λ)∆N

|V′|
V

. (14)

Without the Gauss–Bonnet term, i.e., λ = 0, if SCII is satisfied, then it is impossible to satisfy SCI
for single-field slow-roll inflation with ∆N ∼ 60. With the help the Gauss–Bonnet term, it is very easy to
satisfy both SCI and SCII conditions, as long as 1−λ is small enough. Combining Equations (1) and (2),
we obtain the constraint

1− λ <
d

c∆N
. (15)

In summary, with the help of the Gauss–Bonnet term, as long as the order one parameter λ satisfies
Equations (13) and (15), the two swampland criteria SCI and SCII are satisfied, and the tensor-to-scalar
ratio r is also consistent with the observations [12]. From Equation (8), we see that the parameter λ

have no effect on the scalar spectral tilt ns, so the constraint on ns can also be satisfied.
In the next section, we will use two inflationary models, the power-law potential and the E-model,

as examples to support the above discussion.
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3. The Models

In the following, we consider two inflationary models, the chaotic inflation and the E-model.
We show that with the help of the Gauss–Bonnet term, the two swampland criteria SCI and SCII are
satisfied for both models. Additionally, the models also satisfy the observational constraints [12],

ns = 0.9649± 0.0042, r0.002 < 0.064. (16)

3.1. The Power-Law Potential

For the chaotic inflation with the power-law potential [71]

V = V0φp, (17)

the excursion of the inflaton is

∆φ =
√

2(1− λ)p
(√

N + ñ−
√

ñ
)

, (18)

where N is the remaining number of e-folds before the end of inflation, and

ñ =

{
p/4, 0 < p < 2,

(p− 1)/2, p ≥ 2.
(19)

The scalar spectral tilt ns and the tensor-to-scalar ratio r are

ns − 1 = − p + 2
2(N + ñ)

, (20)

r =
4(1− λ)p

N + ñ
. (21)

From Equation (20), we see that ns is independent on λ. The slow-roll parameter ηV > 0
if p > 1; and ηV < 0 if p < 1, so the condition (3) cannot be satisfied for the chaotic model
with p > 1. If we choose p = 2 and N = 60, the scalar spectral tilt is ns = 0.9669, which is
consistent with the observations (16). Although condition (3) is violated, condition (2) can be satisfied.
By varying the value of λ, the values of the gradient of the potential V′/V, inflaton excursion ∆φ,
and tensor-to-scalar ratio r are shown in Figure 1.

r
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λ
Figure 1. The dependence on λ for the power-law potential with p = 2. The upper panel shows
the tensor-to-scalar r. The lower panel shows the gradient of the potential V′/V and the field
excursion ∆φ.
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As the value of 1− λ becomes smaller and smaller, r and ∆φ become smaller and smaller too,
but V′/V will become larger and larger. If 1− λ satisfies the conditions (13) and (15), the swampland
criteria (1) and (2) as well as the observational constraints (16) are satisfied. For example, if we choose
1− λ = 2× 10−3, we get

ns = 0.9669, r = 2.6× 10−4, (22)

∆φ = 0.63,
V′

V
= 2.9. (23)

The predictions (22) are consistent with the observations (16), and the swampland criteria SCI (1)
and SCII (2) are satisfied. It is interesting to note that a large value of ns is accommodated when
neutrino properties are more consistently taken into account [72].

3.2. The E-Model

For the E-model [73,74]

V = V0

[
1− exp

(
−
√

2
3α

φ

)]2n

, (24)

the excursion of the inflaton for n = 1 is

∆φ = − 1√
6α

[
3α(Ñ + X− 1) + 4(1− λ)N

]
, (25)

where

Ñ = 1 + W−1

[
−X exp

(
−X− 4(1− λ)N

3α

)]
, (26)

X = 2
√

1− λ/(
√

3α) + 1, and the function W−1 is the lower branch of the Lambert W function.
The scalar spectral tilt ns and the tensor-to-scalar ratio r are [75]

ns = 1 +
8(1− λ)

3αÑ
− 16(1− λ)

3αÑ2 , (27)

r =
64(1− λ)2

3αÑ2 . (28)

If we choose α = 1− λ and N = 60, we get ns = 0.9678, which is consistent with the observation.
Varying λ, the values of V′′/V, V′/V, ∆φ, and r are shown in Figure 2.
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Figure 2. The dependence on λ for the the E-model with α = 1 − λ. The upper panel shows
the tensor-to-scalar r. The lower panel shows the gradients of the potential V′′/V and V′/V,
and the field excursion ∆φ.
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Similar to the chaotic inflation, as the value of 1− λ becomes smaller and smaller, r and ∆φ

become smaller and smaller and −V′′/V and V′/V become larger and larger. When 1− λ satisfies
the conditions (13) and (15), all the swampland criteria as well as the observational constraints (16) are
satisfied. If we choose 1− λ = 2× 10−3, we get

ns = 0.9678, r = 5.9× 10−6, (29)

∆φ = 0.20,
V′′

V
= −7.8. (30)

The predictions (29) are consistent with the observations (16), and the swampland criteria SCI (1)
and SCII (2) are satisfied. Further more, if we choose 1− λ = 10−4, we get

ns = 0.9678, r = 3.0× 10−7, (31)

∆φ = 0.045,
V′

V
= 1.9,

V′′

V
= −155.3. (32)

The field excursion ∆φ and the gradients of the potential V′/V and V′′/V all satisfy
the swampland criteria (1), (2), and (3).

4. Conclusions

The two swampland criteria pose a threat on single-field slow-roll inflation. With the help of
the Gauss–Bonnet coupling, the relationship between r and V′/V is described by Equation (12), i.e.,
r is reduced by a factor of (1− λ)2 compared with the result in standard single-field slow-roll inflation.
Due to the reduction in r, the first swampland criterion is easily satisfied by requiring r to be small.
On the other hand, it is easy to satisfy the second swampland criterion by requiring 1− λ to be small
and keeping r small.

For the chaotic inflation with p = 2, if we take 1−λ = 5× 10−5, we get ns = 0.9669, r = 6.6× 10−6,
V′/V = 18.2, and ∆φ = 0.1. Therefore, for the chaotic inflation with p = 2 and λ > 0.99995, the model
satisfies not only the observational constraints, but also the swampland criteria (1) and (2). If p < 1,
although condition (3) can be satisfied, the model is inconsistent with the observation at the 1σ

confidence level. For the E-model, if we choose 1− λ = 10−4, we get ns = 0.9678, r = 3.0× 10−7,
V′/V = 1.9, V′′/V = −155.3, and ∆φ = 0.045. The model satisfies not only the observational
constraints, but also the swampland criteria (1), (2), and (3). In conclusion, the Gauss–Bonnet inflation
with the condition (5) satisfies not only the observational constraints, but also the swampland criteria.
Therefore, the Gauss–Bonnet coupling seems a way out of the swampland issue for single-field
inflationary models.
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