* universe m\py

Article
Conformal Symmetry and Supersymmetry
in Rindler Space

Jan-Willem van Holten 12

Nikhef, 1098XG Amsterdam, The Netherlands; v.holten@nikhef.nl
2 Lorentz Institute, Leiden University, Niels Bohrweg 2, 2333CA Leiden, The Netherlands

Received: 27 July 2020; Accepted: 31 August 2020; Published: 4 September 2020

Abstract: This paper addresses the fate of extended space-time symmetries, in particular conformal
symmetry and supersymmetry, in two-dimensional Rindler space-time appropriate to a uniformly
accelerated non-inertial frame in flat 1+1-dimensional space-time. Generically, in addition to a
conformal co-ordinate transformation, the transformation of fields from Minkowski to Rindler space
is accompanied by local conformal and Lorentz transformations of the components, which also affect
the Bogoliubov transformations between the associated Fock spaces. I construct these transformations
for massless scalars and spinors, as well as for the ghost and super-ghost fields necessary in theories
with local conformal and supersymmetries, as arising from coupling to two-dimensional (2-D) gravity
or supergravity. Cancellation of the anomalies in Minkowski and in Rindler space requires theories
with the well-known critical spectrum of particles that arise in string theory in the limit of infinite
strings, and it is relevant for the equivalence of Minkowski and Rindler frame theories.
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1. Introduction

Conformal field theories have become an important tool in our theories of nature, both in
the context of particle physics and quantum gravity and in the context of condensed matter [1-3].
Conformal field theories in two dimensions are especially relevant in string theory [4], the AdS;-CFT
correspondence and condensed matter [5,6], and as a model for quantum field theories also in
higher dimensions.

Effectively conformal field theories in two space-time dimensions can be formulated as theories
of massless fields in a Minkowski background. This is the point of view used for practical purposes in
the present paper. In fact, our focus is on the description of these theories in a non-standard frame:
that of a uniformly accelerated observer [7]. The interest in this frame stems from the non-inertial
effects that manifest themselves in the presence of a horizon and finite-temperature behaviour:
the Unruh effect [8-11], a counterpart of the Hawking effect in black-hole space-times [12,13] and in
cosmology [14]. More generally, it has been found that free field theories in Rindler space describe the
near-horizon behaviour of quantum field theories in the presence of black holes, which is particularly
relevant in the context of AdS-CFT correspondence [15]. Extensive reviews of field theories in Rindler
space can be found in refs. [16,17].

In two space-time dimensions, local conformal transformations can be used to cast the line element
in the form

ds* = p%(x) Huvdxtdx", 1)

where 7,y is the flat Minkowski metric and p?(x) is the conformal factor, which is constrained by the
topology. In the present paper, we restrict ourselves to inertial observers in infinite flat Minkowski
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space for which p?(x) = 1, and to accelerated observers in the associated Rindler space, a subset of
Minkowski space consisting of two branches: the right and left Rindler wedges R and L, defined by

R: x>0 and —x<t<uyx
)
L: x<0 and x<t< —x.

Each wedge is parametrized by a conformally flat metric in terms of co-ordinates (7, ¢) that are
associated with an accelerated observer:

1 1

R: x= - ¢ cosh at, t= - ¢“¢ sinhat,

®)
1 ¢ 1 e
L: x= —Ee coshat, t= ;e sinhart.
In this parametrization, the line element is of the form (1) with conformal factor p = etas:
R: ds? =¥ (—dt? +dg?),

(4)

L: ds?=e 256 (—dt?+dg?).

The parameter a in the co-ordinate transformation represents the proper accelaration in the
Minkowski frame of a body with Rindler co-ordinate { = 0 at the moment it crosses the x-axis. It can
be absorbed in a further rescaling of the Rindler co-ordinates (7, &) by 1/a and a shift of { by §p = Ina;
as a result the line element reduces to (4) with a = 1. This is our standard choice in the following. In all
of this paper, units are chosen, such thatc =7 = 1.

2. Massless Fields in 2-D Minkowski Space

To fix conventions and for later reference, in this section we briefly review free field theories
of massless scalar fields (bosons) and massless spinor fields (fermions) in two-dimensional (2-D)
Minkowski space. The theory of a real, free scalar field ¢(x) is defined by the action

I 2 2
Sp=75 | dx[@g) — @x9)]. (5)
The solutions of the associated Klein-Gordon equation
(02-32) 9 =0, ©)
are superpositions of left- and right-moving fields
p(t,x) = o (t+x)+ ¢ (t—x). 7)

For definiteness in the following we concentrate on left-moving fields ¢. Its conjugate field
momentum is 71 = 0J:¢4, and the time-evolution of all functionals of the field is governed by
the hamiltonian

o=y [ dx [+ 0.9, ®

using the equal-time commutation relation

[§0+(trx)r 7T+(t/y)] = ié(x - ]/) )



Universe 2020, 6, 144 3of 21

In a plane-wave basis, the field is expanded as

« dk —i * 1
P+ (t+x) = /0 Py (”ke k(t+x) 4 age k(t+x)) , (10)

the domain of momenta k for left-moving fields being [0, c0). The plane-wave mode operators are
defined inversely by

i o0 ; A 1 0 . PN
4 = dxezk(ter) P , = / dx efzk(ter) 9 ) 1
k \/sz /700 t (P-‘r k \/ka . t (P“F ( )
The commutation relation (9) is equivalent to

[ak, a;‘] =2n8(k —q), (12)

and the hamiltonian after normal-ordering is

©dk
. H, ::/O o kajag. (13)
Finally the ground state of the field is the bosonic Minkowski vacuum |0):
vk : ak|0>b =0. (14)

Next, we discuss spinor fields, using the conventions collected in Appendix A. A general Dirac
spinor is a complex two-component object; however, 2-D Minkowski space-time allows Majorana-Weyl
spinors that are real single-component objects representing left- or right-moving solutions of the
massless Dirac equation. Indeed, in the Majorana representation making use of the charge conjugation
operator C the Dirac action takes the diagonal form

_i 2 T _ atfax 0
Sf—Z/de)\Ca)\, ca_< . at+ax>. (15)

and for a 2-component Majorana spinor

- A
A=CAT=| 77
C |>A_‘|’

the associated Dirac equation splits into independent equations
(0t —0x) Ay =0, (0t +0x) A =0, (16)

representing separate left- and right moving fields. Again, for definiteness, we concentrate on
left-moving fields Ay (t + x). The time-evolution of functionals of this field is governed by
the hamiltonian

i [
Hy = /_ dxAsdiis, (17)

and the equal-time anticommutation relation

{As(tx), A4 (ty)} = 6(x —y). (18)

Defining the plane-wave expansion by

% dk , »
Ar(t+x) = /0 7 (ockef’k(t”) + zx,’;e’k(t”)) , (19)



Universe 2020, 6, 144 4 of 21

with inverse
i o0 : © i o0 s ©
T /_oo dxe*t+x) 5 AL, wp = ~5% /_oo dxe *H9) 5, A, (20)
the anti-commutation relations translate to
{ak,a;‘} =2mé(k —q). (21)

After normal-ordering, the hamiltonian (17) becomes

© dk
tHy:= — kaj 22
ri= | o ki @)
with ground state the fermionic Minkowski vacuum |0) :
vk : Oék|0>f =0. (23)

The theory of a combined massless scalar and spinor possesses supersymmetry. The
combined hamiltonian

ok
H::Hh:+:Hf::/() ok (o + ) (24)
allows a square root

* dk . .
Q= /0 %\/%(akock +agag), (25)

such that Q> = H and [Q, H] = 0. The supersymmetry transformations of the mode operators have
the standard form

[ak/ Q] = \/I;“k/ [QZ/ Q] = _\/%“Zr

(26)
{an, QY = Vka, {af, Q} = Vika.
The common Minkowski vacuum |0) 1 = |0); ® |0) f is supersymmetric:
Qo) = 0. 27)

It is straightforward to generalize the contructions to theories of a larger number of bosons and
fermions. With equal numbers of N bosons and N fermions there are, in general, N! supersymmetries,
associating every boson with each of the fermions, as at this point the various boson and fermion fields
are indistinguishable and related by an O(N) ® O(N) symmetry.

3. Massless Fields in 2-D Rindler Space

Two-dimensional Rindler space is the space-time described by the metric (1), with the conformal
factor specified for the left and right wedges by (4). It is therefore obvious that in Rindler space

ppN L p—
v —88 n

Moreover the scalar field in the Rindler frame is related to the original Minkowski field by the
co-ordinate transformation (3): ¢r(7,¢) = ¢[t(7,&), x(7,&)]. It follows that the action for scalar fields
in Rindler space is formally identical to that in Minkowski space:

Sw=y [ vt [Beon)* — (Gegr)?]. 28)

which holds both in the right and left wedge of Rindler space, independent of the different conformal
factors p = e*%. Concentrating again on the left-moving solutions of the associated Klein-Gordon
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equation and following the same procedures, as described for bosons in Section 2, we can represent
them in terms of the plane-wave expansion

oo dx . .
_ b —ix(T+¢) b* ix(T+¢) , 29
pre(r+0) = [ (e D () (29)
where . .
1 ®© : © " 1 e i A
by = ﬁ /700 dCelK(T-H;‘) ot Pr+, by = _E /700 dge ix(T+¢) 9t PR (30)

Free-field dynamics is generated by introducing the hamiltonian

Hpp = [ g (Bibe+ biby), @)
together with the commutation relation
[bx, by] = 2m6(k — 0). (32)

Standard procedure would replace Hg;, by its normal-ordered form, but normal ordering is now
ambiguous as the result is different in terms of the mode operators (by, b ) or in terms the original
mode operators (a, af). Indeed, the Rindler vacuum |0) g, defined by

bx|0)ry = 0, (33)

is not the same as the bosonic vacuum |0), in the original Minkowski space, as discussed below.
Translating the free fermion theory to Rindler space is somewhat more involved. Starting from
the Dirac-Majorana action on a general space-time manifold M

i 1
Smf =5 / FXV/mRATCDA, D =l (ay 3 “’ﬁb%b) / (34)

where e, is the inverse 2-bein, wﬁb the associated spin connection and ¢y, the generators of 2-D Lorentz
transformations in tangent spinor space; as explained in Appendix A, we find that in a conformally
flat space-time (1) the Dirac operator in the Majorana representation takes the form

B -3 0
(5% % )

In addition, the transformation from Minkowski to Rindler co-ordinates also requires a
T-dependent Lorentz transformation of the spinor fields; this is also explained in Appendix A.
The upshot is that, upon redefining the spinor fields in the R- and L-wedge of Rindler space by

R: P+ (1, 8) = e T 2) 4 [1(1,8), x(T,8)],
(36)
L:  yi(r,€) = P20 [1(1,8), x(1,€)],

the Dirac-Majorana action in a conformally flat space-time, like Rindler space, reduces to

iy = 5 A8 [0 (0r = 3g) 9 + 9 (2 +25) y-]. @7)
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The spinor fields i+ have the same formal properties in Rindler space as the spinor fields A+ in
Minkowski space; concentrating on the left-moving field, we introduce the plane-wave expansion

« dK 71K T * lK T
Pl 8) = [ 5 (B0 4 g, 9)
where ) .
i ) ) o 1 o i pg
pr= s [ axe O G, = [ dxe WGy (3)

In terms of mode operators the dynamics is defined by the hamiltonian

©d
Hyp = [ g (Bix— Bebl). (40)

and the anti-commutator
{Br, Br} = 2mé(x — 0). (41)

Again, in the pure-fermion theory we renounce normal ordering in view of its ambiguity. However,
in the special case of a supersymmetric theory with equal numbers of bosons and fermions the
normal-ordering contributions of bosons and fermions cancel, and therefore normal ordering becomes
unambiguous. In that case, we can take the full hamiltonian to be

Hg = Hyy + Hyy = / k (b:by + BBy . 42)

Clearly it is unique, owing to the existence of the supercharge

Qu= [ SE R (Bife+ Bib), @)

with the algebraic properties
Q%{ = HR/ [QR/ HR] =0. (44)

4. Relating Rindler and Minkowski Fields

In the Rindler wedges, the field theories of Sections 2 and 3 are related by the co-ordinate
transformation (3); they describe the same physics in different frames: with respect to an inertial
observer using the Minkowski metric, or with respect to an accelerated observer using the conformally
flat metrics (4). Therefore, also the Hilbert spaces and the observables in the two descriptions
are related; the relation actually is provided by a Bogoliubov transformation between the mode
operators [8,13,16-19].

For the scalar fields, the relation is established starting from (30) and inserting for g its
Minkowski space expression, Equation (10). Choosing units to fix 4 = 1 in the following and
introducing the Minkowski light-cone co-ordinate

z=t+x=¢e"", (45)

the Rindler mode operators in the R-wedge are expressed in terms of the Minkowski ones by

b /°° dk [~ dz

11( [(K—i—kz)ake ikz + (K—kz) * 1kz} ,

(46)

© dk [>®dz _;

b* — / T Ik
Rx 27_(\/27( > z |:(

K — kz)are ™ + (k + kz)a} lkz} .
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By appropriate choice of contour, the integrals over z can be performed in the complex plane;

this leads to .
i

. e _1_; .
bre = —m I'(1+ix) /0 dkk—27% (akem‘/2 +aze ”"/2) ,
(47)
by, = i I'(1—ix) /oo dk k2t (ake’”"/z + a*em‘/z) .
Rx Zﬂﬁ 0 k
A similar calculation for the L-wedge, in which z = —(t + x) = e~ (7% gives
i ) Rl G . -
bry = R I'(1—ix) /0 dk k=2t (ake”K/z +aje ”K/2> ,
(48)
b= - _T(14ix) /oo dk k=27 (ake*""/z + a*e”"/z) .
Lx Zﬂﬁ 0 k
Applying these operators to the bosonic Minkowski vacuum one establishes that
- 1 , © 1
T bel0)y = T 0)y = 5 T i) [ dkkEago),
(49)

i
271/%

It follows that the Minkowski vacuum contains Rindler excitations, and that annihilation of an
excitation in the right Rindler wedge has the same effect modulo a factor e~" as creation of one in the
left Rindler wedge, and vice versa.

In order to relate the excitations of the fermion field in Minkowski and Rindler space, we proceed
along similar lines, but with some slight modifications to keep track of the conformal and local Lorentz
transformations relating the fields in the different observer frames. The starting point is provided by
the Equation (39), in which we replace the Rindler spinor field ¢ by its Minkowski counterpart (36).
In the R-wedge of Rindler space, using the light-cone variable (45), we get

Bry = ﬁ/ dk/ i—zz%+iK [(; — ik — ikz) ape ke
0 0

1 ,
+ (2 — ik + ikz) a,’gelkz] ,

e ™/ 2p%, |0), = ™/ 2by, |0}, = (1 —ix) /0 dk k=2 |0),.

(50)

* _7L ~ oo@ 1ix 1 s —ikz

Bre = 47“/0 dk/O . z2 Kz+m zkz) age
1 ; ; * ikz
+ E—i—zx—i—zkz age | .
Performing the integrations over z in the compex plane this yields
Bre = e /AT (; + iK) % K~z (akem/z + ia,’ge*”“/z) ,
0

(51)

, 1 . © dk ; )
Bh, = e /AT (2 — uc) - kb HiK (vcke_”"/z + wc;e”"/z) .
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Similarly in the L-wedge of Rindler space we obtain after the appropriate modifications

: 1 * dk .
Bri = em/AT <2 — iK) - ko2t (ake”K/z — iw;e*m‘/z) ,
(52)
: 1 . % dk . .
Bi. = /AT <2 + ZK) - k2 i (zxke_m‘/z — m,’;em‘/z) .
From this, we derive the following relations for the action on the fermionic Minkowski vacuum:

. i 1 . ®dk 1,
em‘/zﬁRK|0>f = —ie ”K/Z/S’i,(m)f = ¢!/4T <2 +ZK) /0 ﬂk 27" |0)
(53)
efmc/Z’B* |0> _ l-emc/Zﬁ |0> — /AT 1 —ix ~ %k7%+iKD(*|O>

Again, the fermionic Minkowski vacuum contains fermionic Rindler excitations, with creation of
one in the R-wedge being accompanied by annihilation of a similar one in the L-wedge, and vice versa.

As concerns correlation functions, in free field theories the only non-trivial correlators are
two-point functions. In Minkowski space the elementary ones are

b (Olaga |0}y = £(0laz 0) ; = 2728(k — g). 4)

Using the results (49) and (53) in a recursive way [17], one establishes that the correlators of the
Rindler fields in the Minkowski vacuum are

. 276 (k — 0) . 276 (k — 0)
b(0|bRebRe [0}y = o 2mr £(O|BrePRA0) 5 = T e’ (55)
with identical results for the correlators in the L-wedge. These relations imply the
complementary identities
“ 2té(k — o N 2té(k — o
b(0|bRribR(0)p = ﬁ/ £(0|BRrxBreAO) f = 6271(;(74_1)’ (56)

stating that the occupation numbers of Rindler excitations in the Minkowski vacuum are of
thermal Bose—Einstein and Fermi-Dirac type, corresponding to a state with temperature T = 1/27;
upon restoring the acceleration parameter by rescaling of the Rindler co-ordinates and momenta the
temperature of Minkowski space observed in a Rindler frame with proper acceleration ais T = a /2.
Details of the derivation are presented in Appendix B.

5. Supersymmetry

As we have seen, the supersymmetric theory has a unique Rindler hamiltonian (42), which is
the square of the supercharge (43). In view of the results (56), it is easily seen to have a divergent
Minkowski vacuum expectation value. It follows automatically that the Rindler supercharge does not
annihilate the Minkowski vacuum: Rindler supersymmetry is broken by finite temperature effects in
the Minkowski vacuum. In contrast, Minkowski supersymmetry generated by the supercharge (25)
does annihilate the Minkowski vacuum, as stated by (27).

One way to deal with this situation it is to regularize the Rindler supercharge using a symmetric
regulator function g(x,0) = g(c, k) and define

©dk [>°d
Qg = | 5= | 5 806,0) (bifo + Brbi). 7)
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A straightforward calculation shows that

Qhe = [ o= [7 22 (5,0 (i + Bibo) = Hirg, 69

0
where

©d
g (c,0) = /0 gk, )g(,0). (59)

This properly regularizes the Rindler supercharge and hamiltonian if g is taken from a class of
functions having a limit

g(k,0) = Vkd(x—0o),  §(k,0) = Kkd(x—0). (60)
With such a regulator, one easily finds that

M(0|Qkgl0)m = M(0|Hrg|0) M
(61)

© dk 2(x, %) 1 n 1 _ [®dx g% (x, x)
o 2n8 W\ 1 T 11 ) T Jy 27 2sinh2mx

which is a positive number for any acceptable regulator g(x, o).

6. Conformal Symmetries

In addition to the hamiltonian and the supercharge, which are conserved for the theories in the
Minkowski frame, one can construct an infinite set of conformal charges annihilating the vacuum state
which define a continuum generalization of the Virasoro and super-Virasoro algebra.

The charges, which can be decomposed in contributions from bosons and from fermions,
are labeled by the momentum variable k; for k > 0 they annihilate the Minkowski vacuum,
being defined for a single boson and fermion field by

k—/ 1/ (k+q)a ak+q—0—/ 471\/ q(k —q) agax_g,
f_ [T k
Lk 7/0 (q+ >‘Xq“k+q / 47Tq06q0‘k qs

whilst those labeled by a negative momentum —k are the hermitean conjugates L_; = L;. Introducing
the general notation a_; = a;, a_; = &, it is possible to write these expressions in a short-hand

(62)

notation using normal ordering;:

b= 1 : . f_ q . '
= gVlia-Plaag:, = _wm(_q+2> gy (63)

However, apart from the fact that the natural domain of the momentum labels k, g is [0, o),
the normal ordering in Rindler space is ambiguous due to the mixing of creation an annhihilation
operators by the Bogoliubov tranformations, as pointed out before. This is especially relevant, as we
intend to compute correlation functions of Rindler operators in the Minkowski vacuum. Therefore, we
prefer to write out the explicit expansions (62) rather than using the normal-ordered ones.

The operators (62) satisfy the commutation relations of the Virasoro algebra with a central charge:

1
[Lh L)) = (k= DL+ 5 ok +1),

(64)

1
(L] = (k=L + 5 ok +1).
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The expressions for the central charges are easily verified by the standard procedure of evaluating
the vacuum expectation value of the commutator

L esk+),

30001 [th2t] 00 = 501 1 ] 0} = o

In supersymmetric Minkowski-frame theories, the Virasoro algebra can be extended by
supercharges Gy, defined for a single boson plus fermion field and for k > 0 by

IS dq . . k dq
G = /0 by (\/ﬁaq“kw +Vk+ qu‘q”kﬂ) + 0 E\/ﬁ”qak—fi" (65)

again for negative index G_j = G{. In a theory with a single boson and fermion the complete set of
(anti-)commutation relations with
L =LY+ L,

is found to have the standard super-Virasoro form

1
[Ly, L] ::(k——l)Lk+1+-§k55(k—%lL

k
[Ly, G| = <2 - l) Gri1, (66)

1
{Gu Gi} = 2Ly + 5 Ko(k+1).

Note that Ly = H is the hamiltonian (24) and Gy = Q is the supercharge (25). They define a
closed anomaly-free subalgebra of the super-Virasoro algebra (66). Also note that their vacuum
expectations vanish:

Vk>0: Li0O)m=0 = m(O[Lx|0)m = m(O|L 4[0)m =0,

(67)
GelO)m =0 = m(0|Gk|0)m = m(0[G_[0)m = 0.
The same construction also works in the Rindler frame, where in the R-wedge of Rindler space
/7 *do [
= / K+(7' bR(TbRK+0’+/ K - bR(TbRK o
f o [®do K\ ok K do
LRK = /0 7 (U'Jr E) BroBRx+o — 0 ain 0 BRoPRK—0/ (68)

o do . N K do
Gr = /O E (\/EbRO'ABRK+tT + VK +‘7:BRabR1<+a) +/0 E\/EbRU.BRKﬂT'

with analogous definitions in the L-wedge. The essential difference with the Minkowski charges, is that
the Rindler operators (68) admit a non-vanishing expectation value in the Minkowski frame:

b _ ” A
M(OLg[O)m = 4(x) jﬁ Weome 1" 7000)
(69)
f _ g2 L
M(O|Lg,0)p = 4(x) /0 do €270 11 48 o(x),

whilst in the superconformal case
M(0[GRre|0)m = 0.
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Although one could remove these vacuum expectation values by shifting the ground-state
energy, this would introduce an extra contribution to the central charge, which is generally not
desirable. The singular nature of the expectation value of the hamiltonian H = Ly, in practice, requires
regularization, as we discussed in Section 5.

7. Ghosts and Local Conformal Symmetry

As is well-known, the line element in any topologically trivial 2-D space-time can be cast in
the form (1) by appropriate co-ordinate transformations. As 2-D gravity is conformally invariant,
but non-dynamical, one can therefore interpret the boson and fermion field theories discussed above
as the gauge-fixed version of a gravitational theory with local conformal symmetry. This is the key
to a consistent quantum-theory of strings and superstrings [4]. Local conformal symmetry turns the
generators of the Virasoro algebra into operators imposing first-class constraints:

Vk>0: Lg|phys) =0. (70)

These conditions are consistent only if the anomaly vanishes, but the anomaly now includes
a contribution from the Faddeev-Popov ghosts introduced by quantization of the gravitational
background as well [20].

In the sector of left-moving fields the dynamics of the anti-commuting gravity ghosts (C, D)
follows from the action

Se=i / 23D (3; — ) C. 71)
M
Following standard procedures, one derives the hamiltonian
Hy =i / dx Da,C, (72)
supplemented by the equal-time anti-commutation relations

{C(t,x), D(t,y)} = 6(x —y). (73)

From the mode expansions

(th):i/wﬂk(%e4uwm_%iguum>/
0

21
(74)
_ [ dk —ik(tx) | g ik(t)
D(t/x) — /(; E (dke +dke )/
we derive the anti-commutators of the mode operators:
{ck, d;‘} =2n5(k —q), {dk, c;} =215(k — q). (75)
The corresponding Virasoro generators for k > 0 are
©d . . kd
L= [ 3k (@R cieng + @+ 20 dyeg] = [ 55 (@K cpiy, 76)
with L 0= L,‘% *. The ghost Virasoro algebra then becomes
13
L5 L] = (k=D L, = K8k +1). (77)
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For a theory with N, massless scalars and Ny massless chiral Majorana fermions the full first-class
contraints then are

N,  Npoo
Vk>0: Lephys) =0, Le=Y LF+Y 17418, (78)
i=1 =1

with the algebra
(2N, + N = 52)

(L, Li] = (k= 1) Ly + o7 KBo(k+1). (79)
Thus, the central charge vanishes provided
2Ny + Ny = 52. (80)

The analysis in the right-moving sector proceeds entirely analogously.

In the case of a supersymmetric theory of massless scalars and femions the local conformal
symmetry can be extended to local superconformal symmetry. Such a theory is effectively a gauge-fixed
2-D supergravity theory and requires an additional set of commuting supersymmetry ghosts (S, U)
with action

Seg = /M Px U (3 — 3y) S. (81)

The associated hamiltonian and equal-time commutation relations are
Hyg = / dxUdS,  [S(tx),U(ty)] = i6(x — ). (82)
In this case, we take the plane-wave expansions to be

s, x) _ /oo ik (Skefik(ter) +Szeik(t+x)) ,
0

27
(83)
_ ok o ik(x) k()
U(t,x) = —i /0 7 <uke — uge ),
which results in mode commutation relations
[sk, uﬂ =2ndé(k—q), [uk, sﬂ =2nd(k—q). (84)

The super-Virasoro operators of the full set of ghosts (C, D) and superghosts (S, U) then is defined
by (76) and for k > 0:

4 k 3K\
L = 0 % K‘l - 2) SpUk+q t+ <q + 2) ”q5k+q]
'k dg k
= |, a2 (04 3) swn

[ d " % % *
G’ig = A % [quk+q + bq5k+q + (q + Sk)uqck+q + (q - Zk)Cquk+q:|

(85)

ok dq
+ /0 E {quk—q — (q + Zk) cquk_q} ,
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with Ls_gk = L;g * and Gs_gk = Glig *. The complete super-Virasoro algebra of the ghosts is given
by (77) and
11
58 158 | — 58 3
LS LE| = (k=D L, + 15 Kotk +1),
(86)
8 58| 8 58 2
{686} =2 (Lf., + 13, ) —5K(k +1).
With these results a 2-D supersymmetric theory of N massless scalars and fermions has local
superconformal symmetry if

Vk >0: Lg|phys) = Gg|phys) =0, (87)
where
N , . N
o=y (L +) +1{+LF,  Ge=Y Gi+GY, (88)
i=1 i=1
with the algebra
Ly, L] = (k=1L I+Mk35 k41),
+
k
(L, Gi] = (2 - l) Gr+1, (89)
(N—-10) ,
Gy, G} =2Lgy + ———=k6(k+1).
* 2

Thus all of the superconformal anomalies vanish for N = 10. Of course, all results derived here
are in agreement with corresponding string and superstring theories in the limit of infinite strings.

8. Conformal and Superconformal Ghosts in Rindler Space

The local conformal and superconformal symmetries arising in a gauge-fixed 2-D gravity or
supergravity theory with scalar and spinor matter can be extended to the Rindler frame. It requires
solving the ghost and superghost field equations in Rindler space, and finding the appropriate
Bogoliubov tranformations.

Consider a theory in an arbitrary 2-D space-time with reparametrization and locally
Lorentz-invariant action

SIF,G] = / Pxe Fr-tniigl DG o (90)

Here, (F,G) is a system of commuting or anti-commuting local Lorentz tensors or (chiral)
spinor-tensors of rank (n,n + 1), e,f is the inverse 2-bein field as explained in Appendix A; Dy
is the Lorentz-covariant derivative with spin connection w Mub defined in (A7) and e = dete;/ = \/—g.
Consider only purely left- or right-handed components associated with purely self-dual or
anti-self-dual tensors:

Gay..ay = igulebaz...an == igunhcal...an,fr 1)

and similarly for F*1-%+1. Fixing the Minkowski gauge, the action (90) can be decomposed into
actions of the type (71) or (81) for single pairs of components (PIEZ H), G%)) with gauge-fixed action

(considering left-movers for definiteness)

st = /M 2x FY (3, - 9,) G, 92)



Universe 2020, 6, 144 14 of 21

When transforming the action from the Minkowski to the Rindler frame by the transformations
(3) with a = 1 and following the same arguments, as described for spinor components in Appendix A,
we obtain a Rindler-frame action in the R-wedge of Rindler space

s = /R drdg [F) (00— a¢) G|, (93)

where the field components have been transformed from the Minkowski to the Rindler frame by an
extension of (36):
FI(;HU (1,8) = e("+1)(T+§)F1(V’I1+1) t(T, &), x(1,&)],
(94)

GR(1,8) = e "OGH[H(1,8), x(%, )],

Actually, n can be integer or half-integer, depending on whether (F,G) are tensors or
spinor-tensors. The aim is now to connect the Rindler plane-wave expansions in the R-wedge

(n+1) _ .oodl —ik(T+¢) x ik(T+E)
Fr —/0 oy (foe + fre® )

(95)
© dx _ .
Gl(zn) :/O o (nge ix(T+¢) +gRK€zK(T+§)> ,
with the Minkowski ones
F(”+1) _ [T dk ( —ik(t+x) + ix(t+x)
M - 0 27 fke fKe
(96)
00 d B Y
Gﬂ) = [ (gke k(t+x) _I_gKezk(t-i-x))'
Inverting the Equation (95) while using the light-cone variable z defined in (45):
g q & &
i o . ©
fre = 7% [m d(’:em(“—g) ot F1(2n+1)('fr§)
= i /0 d?Z 27" (i1 4 20,) F&'H)(z).
97)
i [ ; ©
gre = 5o [ e 5 G0
i(®dz i, (n)
= 5 /0 Sz (—ik —n+20;) Gy, (2),
Substitutions of the Minkowski-frame plane-wave solutions yields
fre = i(’”l)r(n +1+ iK)/O dij;kfnflfi;c ((_1)n+1em</2fk _'_efmc/zflzs) )
(98)

[e9)

dk ;
_ onyp(_ : n—irk [ ,7K/2 _\N,—TTK/2 %
gre = i"T( n—l—zK)/O an (e g+ (=1)"e gk),
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with conjugates

* —  (n41) ) /wik —n—1+ix ((_1\n+1,—mK/2 K /2 %
fie i I'(n+1—ix) A 27'ck (( 1)""e fc+e fk),
(99)
g;ix _ i”l“(—n—m)/o jf[ kn+m( nK/ng+( )nenx/Zg;{k) )
In the L-wedge of Rindler space, one finds by analogous calculations for the left-moving fields
fLK _ i(nJrl)l-'(n 41— ZK) % k*ﬂ*lﬁLiK (eﬂK/ka + (_1)n+lef7rK/2flz<) ,
0
(100)
dk ;
N, R S A K /2 —7K/2 %
R O A (G )
and conjugates
fz;c _ i(”+1)r(n—|—1+i1() jk ke 1— m( —nK/ka+(_1)n+1eﬂK/2f]:f)’
0
(101)
© dk ;
* _ ny(_ ; Uhoan—ix ((_ —k/2 K /2 %
$ie = IT(ontin) [ K ((21)e T g ™ g )
Upon application to the Minkowski vacuum, it follows that
™2 Rl = (=1)" e 2 fE 10, e 2 fR A0V = (=1)" ™2 f1,c|0)ag
(102)

(=1)"e™2grelO)m = e ™27 [O)m,  (=1)"e" ™28k [0)m = e™/g1x|0)m

Applying these results to the ghost system (71), which fits the system with n = 1[4,20,21], and
obeying the anti-commutation rules

{CRK’d;EO’} = {CLK/de} = {dRK/ C}k{rf} = {dLK/ CI*J} = 27T5(K - (7)/ (103)

we can compute the two-point correlations of the Rindler ghosts in the Minkowski vacuum:

* * 2mo(k — 0
(OlbrecinlOhm = welOlcrcbi Oy = U2,
(104)
" " 2o (k — o
wlOlckebrelO)at = a{0lBR erel0)ns = ~ 2Tt —7)

Note that these results are independent of the value of 1, but do reflect the ghost statistics leading to
the minus sign in the last expression.

Finally, we turn to the commuting superghosts (S, U). The analysis proceeds parallel to the ghost
system (C, D), except that the appropriate value Lorentz and conformal weightis n = 1/2 [4,22] and
the anti-commutation rules are replaced by commutation rules. The relevant results are

ercK/ZuRK|0>M — (_1)n+1e—nk/2uzx|0>M, e_”"/zu}‘{K|O>M — (_1)n+1em</2uLK|0>M
(105)
(—1)"e™/25R,|0) p = /2% |0) pm, (—1)"e™7™/25% |0)p = €™/ 251,c|0) m

supplemented by the commutation rules

[Sker ko] = (5100 0] = 1w, Skl = 21, 5E) = 2700(x — 0). (106)
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From these equations, one derives the Minkowski two-point functions for the superghosts:

N X 2é(k — o
{0l O) s = e Olsett0) s = o),
(107)
" " 2o (k — o
{Olsketol0) = 1 (Ol 5o 0 = —gie )

9. Local Conformal Invariance in Rindler Space

With the results (104) and (107), we can now compute the Minkowski expectation values of
the (super-)Virasoro operators, including the ghost contributions required for local conformal and
superconformal invariance. First, the results (68) are supplemented for « > 0 by

® do " N K do
L%K = /0 — (0 —x) cidxro + (0 +2K) dscito] — /o 7 (04 x) codx—0o,

27
® do K 3k
LY = o |:<0' - E) Sollto + (U+ 2) u;skw}
K do K
_ “w s 108
[ (s 5 oo
s [®do

GRK 0 E [S;bK-‘rU' + b:jk'SK-‘rO' + (0’ + 3K)u§c,{+g —+ (0’ — ZK)C;MK—HT]

x da
+ / 5(7 K—o — (‘7 + ZK) CU’“K—(T} ’

with (L}) -« = L%, (LF)—« = L. and (GF)—«x = Gjy. . Together with the operators (68) for each
scalar and spinor field, they deﬁne the same algebra (89) in Rindler space. Thus, the first-class
constraints requiring the cancellation of the anomalies are also satisfied for 2N, + Ny = 52 bosons and
fermions coupled to 2-D conformal gravity and N, = Ny = 10 bosons and fermions coupled to 2-D
conformal supergravity.

As in the case of global conformal invariance, the Minkowski expectation values of the conformal
charges are modified due to finite temperature effects. With the help of Equations (105) and (107),
the results (69) are now extended by

1 1
g — _ = —
MO0 = 55800, wlOILEI0) v = —5 (0) (109)
For the full Virasoro charges, simultaneously requiring the cancellation of the anomalies:

m(0] (NyLky + NyLge + L ) 10ha = 6(x),
(110)
b f 8 5 _1
m(O (NbLRK + N¢Lp, + Li, + LRK> 10)m = 3 3(x).

These expectation values, restricted to x = 0, do not contradict the first-class constraints, at the
same time showing that the full hamiltonian in Rindler space has a non-vanishing Minkowski
expectation value as a result of finite-temperature correlations (104) and (107). As discussed before,
a regularization procedure is required in order to deal with the -function singularity of the expectation
values in applications.
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10. Conclusions

Two-dimensional conformal field theories can be formulated in an inertial frame with a Minkowski
metric, or in a uniformly accelerated frame with a local conformal Rindler metric defined by p = e*%¢;
here, the sign differentiates between the right and left wedge of Rindler space. Thus, in each wedge
one obtains two different descriptions of the same theory. The switch between the frames not only
changes the co-ordinates, but Fock-space quantization can proceed parallel in both frames, provided
an appropriate conformal transformation is applied to the field components as well. The Fock spaces
in the two frames are related by Bogoliubov transformations of the mode operators, effectively giving
rise to finite-temperature correlations of the Rindler modes for states build on the Minkowski vacuum,
which is the true ground state of the theory. The temperature is proportional to the acceleration,
an effect well-known from the original work of Unruh, Davies, Wald, Fulling, and others for accelerated
frames in Minkowski space, and the work of Hawking in the context of black hole space-times.

The switch to the Rindler frame not only creates an effective finite-temperature description,
but changes the construction and action of symmetry operators, like conformal and supersymmetry
charges on the ground state. The naive conformal and supersymmetries in the Rindler frame are broken
by finite-temperature effects in the Minkowski vacuum, but the underlying Minkowski symmetries
are still present, even though hidden by the Bogoliubov transformations.

An additional, different issue is the breaking of conformal and supersymmetries by anomalies,
extensively studied in the context of string theory. In the field-theory view taken here, they break the
local conformal and supersymmetry arising from coupling conformal matter to conformally invariant
gravity or supergravity. Thus, consistent coupling to gravity or supergravity is only possible in
the case of specific critical theories with a strongly limited spectrum of boson and fermion matter
fields, reflecting the critical dimensions of quantum string theories. This is also relevant as the
Minkowski-frame and Rindler-frame formulations of massless QFT’s are related by a conformal
transformation; if this transformation is jeopardized by the conformal anomaly in theories with a
non-critical spectrum, it may require compensating Wess—Zumino type dynamics [23], e.g., involving
a Liouville field.

The analysis that is presented here is strictly for massless free fields in two-dimensional space-time.
To deal with two-dimensional conformal fields theories with non-trivial interactions is an interesting
next step to the work presented here, as is the extension to higher-dimensional field theories.
Results establishing the Unruh effect in more general field theories, mostly scalar fields, can be
found in the literature, see [17] and references therein. However, the precise procedure and effects of
conformal and supersymmetry transformations involving fields of non-zero spin in those cases remain
to be established.

Funding: This research received no external funding.
Acknowledgments: I thank Bert Schellekens for a preliminary reading of the manuscript.

Conflicts of Interest: The author declares no conflict of interest.

Appendix A. 2-D Spinor Conventions

In this appendix and in the main body of the paper we denote by greek indices y, v, ... vector
en tensor components in an arbitrary space-time manifold with metric g;,; latin indices 4, b, ... refer
to vector and tensor components in a tangent Minkowski space with mertric #,,. The Majorana
representation of the Dirac algebra in 2-dimensional Minkowski space is defined in terms of the 2 x 2
Pauli matrices as follows:

V=i, Al=0, 1=1""=0. (A1)



Universe 2020, 6, 144 18 of 21

In 2-dimensional Minkowski space a Dirac spinor is a 2-component object transforming under Lorentz

transformations with parameter w® = we™ as
I w2y wy3/2 _1 _ 1
Al= e IIIA = A, o = 7 [ M) = 5 e (A2)
Dirac-conjugate spinors are defined by A = AT+. The charge-conjugation operator is C = —CT = g
with the defining property
Cy'Ct = —4"T, (A3)

A self-conjugate Majorana spinor A = A = CAT = A* is therefore a spinor with real components:

Ay

A=A =
K

] . AL = AL (A4)

The subscripts + define the eigenvalues under the chiral operator 3. Evidently
A=ATcC. (A5)

In a general 2-D space-time the spinors are defined as representations of the local Lorentz group,
transforming like (A2) with a space-time dependent parameter w(x). At the same time a spinor
transforms like a scalar under diffeomorphisms: A’(x") = A(x). To construct the Dirac-operator one
uses the 2-bein fields ¢j (x) such that the metric is factorized as

S = i) Nap. (A6)

In terms of the 2-bein fields and their inverse components e, the spin connection, acting as the gauge
field for local Lorentz transformations, is defined by an extension of the metric postulate

a _ a Aa _ a b
Ve, = duey —Tyley = w,yey, (A7)

implying that
w™®=_wh = % {em (ave}f - ayevb) — et (ave; - ayev’l)
(A8)

+ e)‘”e"beﬂc (drey — avef)} .

In terms of these objects the full space-time and Lorentz covariant derivative of a spinor field is

1
Dy = (ay -5 wﬁhaah> A (A9)
the Dirac operator being defined by I? = 77/’ Dy.

Next turn to the special class of conformally flat metrics (1). For these metrics (in a hybrid notation)

a

1
ef =pdy, el = E&Z;. (A10)

It follows that the components of the spin connection are

wi = (8™ — &™) dyInp. (A11)



Universe 2020, 6, 144 19 of 21

Specifically in 2-D space-time with conformally flat co-ordinates (7, {):

01 _

wr

—wlV = —dgInp, w€01 = —wgm = —d¢Inp. (A12)
Combining this result with (A9) and (A2), while noting that

v —§ = detej, = 0%,
one derives the result (35):

B -3 0
V_gCD_*/ﬁ< 0 aT+a§>\/ﬁ‘

But this is not yet the final result; starting form the Minkowski 2-bein ¢, = 4, the Rindler 2-bein is
obtained by
el = —Mp b()a Al3
Ru axg MA *“b ( )

where in the R-wedge of Rindler space

ox}y _ e coshat sinhat
oxh sinhat coshat

is the Jacobian of the transformation from Minkowski to Rindler co-ordinates, and () is a local
Lorentz transformation. Clearly the Jacobian is not diagonal, but this can be restored by taking the

local Lorentz transformation
0-— < coshat  —sinhat )

—sinhat coshat

This puts the 2-bein back to the diagonal form ey = e’lééﬁ. For the L-wedge a similar procedure can
be followed. As a result, the use of a diagonal vierbein in Rindler space must be accompanied by a
corresponding local Lorentz transformation on spinor fields; in the present case this takes the form

A =¥ T13/2), (A14)
This explains why in the R- and L-wedges of Rindler space the redefinition (36) of the spinor fields by

R:  yu(r,8) = 224 [K(7,), x(7,€)),

L x(r,§) = ePH02ALH(7,0), x(7, )],
reduces the Rindler Dirac-Majorana action formally to the Minkowski one.

Appendix B. Thermal Correlations in Rindler Space

The computation of the two-point correlation functions of the Rindler fields in the Minkowski
vacuum start from Equations (49) and (53):

bRK|O>b = Eimcsz|O>h, b}k?K|0>b = EmchK|0>b,
(A15)

Bre|0) s = —ie” "B, [0)r, Brel0) s =ie™BLc]0)f,
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and their conjugates:

p(O[bre = €™ (0lbr,  p{Olbre = €™ 4(0]b],,

(Al6)
7(0|BRe = i€ ™ £ (0|BLx, f{O|Bre = —ie™ £ (0|B],-
The following chain of commutation relations and substitutions leads to the desired result:
p{0lbreDR[0)y = 276(x — ) + 4(0|b,brk|0)s
= 278(k — o) + e FD) (0]br,bE, |0)
(A17)
= 278(x — o) (1+ e~ 2™) + &7+ (0[b}, bio|0)s
= 2718(k — o) (14 e 2™) 4 =27 (+0) (0|br,cb, 0.
The solution of this equation is (55) and implies (56):
* " 2né(k — o
y O1bRebis 00 = 20(x — ) + 5 0] bl O)y = 2o 7,
(A18)

B 2té(k — o
b(0|bkebRx[0)p = ﬁ

The derivation of the fermion two-point function proceeds entirely parallel, using anti-commutation
relations instead of commutation relations, which results in a change of sign in the denominator.
The relations (A15), (A16) also imply a direct relation between the common Rindler vacuum state

|0)r = |0)rRR ® |0)RL:
bre|0)RR = Bre|0)RR = O, bix|0)rRL = Brk|0)rL = 0, (A19)

and the Minkowski vacuum:
* dk —TTK (1% 1% Co%
|0)m = exp /0 77 ¢ (briDIx — iBRePLx) | 10)R- (A20)
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