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Abstract: We study the basic properties of the circular equatorial orbits for the regular axially
symmetric solutions, obtained with using the Giirses-Giirsey formalism which includes the Newman-—
Janis algorithm, from regular spherically symmetric metrics of the Kerr-Schild class specified by
T! = T7. Solutions of this class describe regular rotating black holes and spinning solitons replacing
naked singularities. All these objects have the interior de Sitter equatorial disk, and can have two
kinds of interiors determined by the energy conditions. One of them contains an additional interior
de Sitter vacuum S-surface with the de Sitter disk as a bridge, whose internal cavities are filled with
a phantom fluid. We study in detail the innermost equatorial circular orbits and show that in the
field of spinning solitons, the innermost orbits exist within ergoregions related to phantom regions.
We show also that around spinning solitons there can exist four corotating light rings and around a
regular black hole, one corotating light ring, which is stable for a certain class of black holes. For all
objects there exists one counterrotating light ring.

Keywords: regular rotating black hole; circular orbits; light rings

1. Introduction

Presented in the current literature, regular solutions for rotating black holes [1-10]
(for a review [11]) are typically obtained from regular spherical solutions with using the
Newman-Janis complex translation [12]. As was shown by Giirses and Giirsey [13], the
Newman-Janis algorithm works for the metrics:

dr?
8(r)
which belong to the Kerr-Schild class [14] (for extension and applications of the Kerr-
Shild formalism see [15]) and can be presented as g,y = 17,y + 2f (r)kykv, where 77, is the
Minkowski metric and k; are the principle null congruences. This is a special class of the
algebraically degenerated solutions to the Einstein equations [14]. A general approach
using properties of the Kerr-Schild metrics has been applied for obtaining axially symmetric
solutions in the non-commutative geometry [16-18].

The regular spherical metrics of the Kerr-Schild class (1) are generated by source terms
that satisfy:

ds* = g(r)dt* — — r2d0? (1)

=T (pr=—p) @)

and present anisotropic vacuum dark fluid p, = w,p,w, = =1, p; =w,p, w; <0[19].
They are transformed by the Giirses-Glirsey formalism [13], which includes the Newman-
Janis algorithm, into regular axially symmetric solutions that satisfy the condition (2) in the
co-rotating reference frame [20,21], and describe regular rotating compact objects with de
Sitter interiors, asymptotically Kerr for a distant observer [22].
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The key point is that the stress-energy tensors responsible for the spherical metrics (1)
have the algebraic structure (2); as a result regular spherical solutions satisfying WEC (the
weak energy condition that requires a non-negativity of density as measured by any local
observer), have the de Sitter center p = —p [23-26]. Rotation transforms the de Sitter center
into the interior de Sitter disk » = 0, which is the obligatory constituent of all compact
objects described by regular solutions specified by (2). They include regular de Sitter-Kerr
black holes and spinning solitons, replacing naked singularities and defined as physical
solitons in the spirit of the Coleman lumps—nonsingular, non-dissipative compact objects
bound by their self-interaction [27]—in the considered case, the de Sitter-Kerr spinning
solitons [22]. The mass of objects is generically related to the interior de Sitter vacuum and
breaking of space-time symmetry from the de Sitter group [25]. In this paper, we show that
they can be identified as the ultracompact objects defined as the self-gravitating systems
confined by the light rings, formed by the bound null orbits ([28,29] and references therein).

In the paper [20] it was noted that rotation inevitably leads to the violation of WEC in
the interior regions of regular objects. Violation of WEC was found for several particular
regular solutions obtained with the Newman-Janis algorithm [3-6,10]. In our papers [22]
we studied the question of WEC violation on a general setting and found the existence
of two kinds of regular interiors—one preserving and the other violating WEC beyond
an additional de Sitter vacuum S-surface (p + p = 0) incorporating the de Sitter disk
as a bridge. In cavities between the S-surface and disk, violation of WEC leads to the
appearance of a phantom fluid [22], typically defined as p = wp, w < —1[30,31]. Phantom
substance, which inevitably has a negative energy density for a certain class of observers
was introduced [30] in searching for a reason for the observed accelerated expansion of our
universe (“desperate times evidently call for desperate measures” [32]). In the interiors
of the regular rotating objects violating WEC, the phantom fluid is essentially anisotropic,
wy = —1, w| < —1([33] and references therein).

In this paper we study the basic properties and classification of circular equatorial
orbits in the field of the regular de Sitter—Kerr black holes and spinning solitons. These
orbits play the essential role in the geodesic structure of a spacetime and provide a diagnos-
tic tool for an investigation of generic features and typical behavior of considered objects.
The most important is the case of the innermost orbits existing in the interior regions of
rotating objects where the physical processes can occur leading to the extraction of their
rotational energy. Inside ergospheres of rotating black holes, there exist trajectories of
particles with negative energy [34,35] which powers the processes of energy extraction in
particles collisions [36—40]. This mechanism was found also for naked singularities [41-44],
and we expect that it works for spining solitons involving an additional vacuum and
phantom energy [22].

Circular equatorial orbits for particles in the Kerr geometry were studied in [45]; in
the Kerr-Newman geometry [46] they were studied in [47] for both black hole and naked
singularity, and for an extreme black hole in [48]. Circular geodesics, including photon
orbits, around a Kerr-Newman-Kasuya black hole are presented in [49]. The innermost
circular particle orbits are presented in [50] for regular rotating solution related to the
particular spherical solution [51], and in [52] in the weak field approximation for two
regular black hole solutions with electric or magnetic charge. For the Hayward black hole
timelike and null geodesics are studied in [53], and the difference of particle orbits from
those for the Kerr black hole is analyzed in [54]. Photon orbits for the Kerr and Kerr-like
black holes are examined in [55], and for the extreme asymptotically Kerr-Newman-AdS
black holes in [56]. Stable photon orbits in the stationary axisymmetric electrovacuum
spacetimes are considered in [57]. Stability of light rings around spherical ultracompact
objects is studied in [58,59], and for the axisymmetric case in [29,60-62].

The present paper is devoted to the general analysis and classification of equatorial
circular orbits in the field of regular de Sitter—Kerr black holes and spinning solitons, with
special attention to the innermost orbits and their location with respect to ergospheres.

The paper is organized as follows. In Section 2, we briefly outline the basic general
features of the internal structure of regular rotating compact objects specified by the condition
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Ttt = T/, typical for most solutions presented in the literature (for details [11,22,63]), and study
location of the boundary of the de Sitter/phantom interior with respect to the ergoregion.'
Section 3 contains derivation and analysis of general equations for circular orbits. In
Section 4, we present a detailed analysis and classification of the photon orbits, as well as
of the marginally stable and marginally bound particle orbits, illustrated by the pictures of
orbits calculated for the exact solution with the phenomenologically regularized Newtonian
profile. In Section 5, we summarize and discuss the results.

2. Structure of the de Sitter—-Kerr Compact Objects

Spherically symmetric solutions satisfying (2) are described by the Kerr—Shild metrics
(1) with:

2GM(r)
=

r [ee]
g(r)=1- ; M(r) = 471/0 p(x)x*dx; M= 471/0 (x)x*dx (©)]
where f(r) is a density profile. Regular spherical metrics (1) are asymptotically Schwarzschild
at r — oo, and asymptotically de Sitter at r — 0 provided that their source terms satisfy
WEC [23-25]. The mass M is generically related to breaking of space-time symmetry from
the de Sitter group [25]. In terms of the dimensionless variable r/ (GM), the mass function,
normalized to M, reads:

M(r) = §x2 /r 6(z)z°dz; x 8., 2GM; 13 = 3 4)
T gle fy PEEAE =Ry TR = 0= 87Gpo
where pp = p(r = 0), and p(z) is normalized to gy. It follows:
3x2 3x2
M) = 5% M) =~ p (1) ®)

where /i | (r) is the transversal pressure, | = fig = .

Regular spherical metrics (3) belong to the Kerr-Schild class and are transformed to
the axially symmetric metrics by using the Giirses—Gtirsey formalism [13]. In the Boyer—
Lindquist coordinates r, 8, ¢ related to the Cartesian coordinates x, y, z by:

X+ y? = (1? +a?)sin?6; z=rcos, (6)
and in the geometrical units c = G = 1, the Giirses—Giirsey metrics read [13]:

2f - %
b

gs? — daf sin® 0

2 cinr2
e + %drz Y62 — dtdg + <r2 Ta? Zf";me) sin2 0d¢? (7)
Y =1 +a%cos?0; A=r>+a® —2f(r); f(r) =rM(r). ®)

A metric from class (7) is thus determined by the mass function M (r), which orig-
inated from a spherical solution (3). For r — oo, it tends to the mass M, which gives
f(r) = Mr, and the metic (7) asymptotically tends to the Kerr metric [13]. The parameter a
in (7) is the specific angular momentum, a = J/(GM?).

In geometry with metric (7), the surfaces of constant r are the confocal ellipsoids [65]
(for specifics in regular geometry [66]):

- (x4 y2 +22—a¥)r? —a*2? =0 )
which degenerate, for ¥ = 0, to the equatorial disk:
x? +y2 <a* z=0, (10)

bounded by the ring x* + y? = a2, z = 0.
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For r — 0, metric (7) tends to the de Sitter metric at the equatorial disk (10) [21].
The de Sitter—Kerr spacetime is asymptotically flat and can have at most two horizons
and two ergospheres for spinning solitons [22]. Horizons are defined by the equation:

Ary)=ri _+a>=2f(ry,-)=0—=r4_ = M(ry ) £/ M(ry-)2—a2  (11)

where 7 is the event horizon and r_ < r is the internal horizon. An extreme black hole
with the double horizon r is defined by a> = M?(r..). Since a represents the source of
geometry, we fix its rotation direction as @ = M (r+) > 0. Ergospheres are defined by:

12 4 a? cos? 6 — 2f(r.) = 0. (12)

A black hole has one ergosphere and ergoregion around the event horizon. A spinning
soliton can have, dependently on the density profile §(r), two ergospheres and ergoregion
between them, one ergosphere which confines the whole interior as the ergoregion, or no
ergosphere [22].

The stress-energy tensor responsible for the metric (7) can be written in the form [13]:

Ty = (o + po)(upsy — luly) + p1guw (13)

in the orthonormal tetrad:

1 2 2\sh 1. 8 o,
u” —= \/m[(r +ﬂ )50 +ﬂ(53], l’/l == ?51,
- L(Sg,- mht = _71[11 sin? 9(56’ + (5;] (14)

N VX sin6

The sign plus refers to the R-regions outside the event horizon and inside the internal
horizon where the vector u* is time-like. The sign minus refers to the regions between
the horizons where the vector I# is time-like. The vectors m" and n! are space-like in
all regions.

The eigenvalues of the stress-energy tensor (13) in the co-rotating frame with the
angular velocity w(r) = u?/u' = a/(r* + a?), satisfy the relations [22]:

zo r|g’
pr=—0;, P1L +p = —Zaif — 2‘§2| S(}’,Z),’
4 5 242 N N
S(r,z) =17 =2P(r); P(r) = 57 (P = pL). (15)
These relations correspond to the equation of state:
L (dp/or
pr=wrp, Wy =—1; pp =w,p, w; =1~ er (16)

which represents a generically anisotropic fluid [67].

On the equatorial disk (10), » = 0 and z = 0, the equation of state takes the form p| =
pr = —p and describes the rotating de Sitter vacuum disk in the co-rotating frame [21,22].

Behavior outside of the disk (10) is governed by energy conditions. When a related
spherical solution violates the dominant energy condition (DEC), p < i, in (15), then the
function S(r, z) vanishes only at disk » = 0. In this case, WEC is satisfied and Equation (16)
represents an anisotropic quintessence [67]. This type of interior is shown in Figure 1
Left [22] together with the horizons and the ergosphere.

When the spherical solution satisfies DEC, p > j, , there can exist S-surfacep | +p =0
with the de Sitter disk as a bridge. In the cavities between the upper and down boundaries
of the S-surface and the de Sitter bridge p; + p < 0, WEC is violated, dp/dr > 0 in



Universe 2022, 8, 65

50f19

the equation of state (16), and cavities are filled with a generically anisotropic phantom
fluid [22]. It is the second type of interior shown in Figure 1 Right [22].

2 z
p+p<0 ptp=0

Vra

Figure 1. (Left) Horizons, ergosphere, and de Sitter vacuum disk for the first type of interior. (Right)
Vacuum S-surface incorporating the de Sitter disk in the second type interior.

The existence of two types of interior and the form of the S-surface are generic [11,22].
Ergoregions are defined by the condition g+ < 0, which makes possible extraction of energy
from interior high density regions; they are confined by ergospheres which coincide with
the event horizons on the z-axis. Therefore a condition suggesting favorable location of the
S-surface with respect to the event horizon and ergosphere is the same on the z-axis.

The double horizon is described by two equations:

2 2 32 [To 2 / 2> 35 3
A=r"+a —1xgr/0 p(x)x“dx = 0; A =T T =0. (17)

The function A(r) evolves from A — a?> asr — 0to A — oo as r — o with one

minimum where A” > 0, and for the case of the double horizon:
A'(re) =2—4M' —2M"r =2—(3/2)x3(p — p.)ri. (18)
From A" > 0, it follows that:
3xg(p—pork <4, (19)
and satisfaction of DEC constrains the function A" (ri) as:
P—pL)>0—A"(ry) <2 (20)
The S-surface exists, by virtue of (15), if P(r) > r* /22, which results in the condition
on z-axis p(z) — p. > (r°|p'(z)])/ (2a%z%). With taking into account that p| = —p — rp’ /2
and p’ < 0 [25] for spherical solutions satisfying WEC, the condition for a favorable mutual

location of an upper boundary of the double horizon (ergosphere) and S-surface reads on
the z-axis:

z? g - 16
({12 + 1) '] <p < 33255 (21)

In Figure 2, we show the location of the S-surface with respect to the ergoregion for
two values of the angular momentum a.
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a=0,314 a=0.4

ergosphere

ergosphere

Figure 2. S-surface, horizons and ergospheres for a = 0.314 (Left) and 2 = 0.4 (Right).

As follows from Equation (15), the height of the S-surface H = |z|nax = \/P(|z|max)
decreases when x, increases, while the event horizon increases with increasing x, so that
for the case of a black hole S-surface, its located in the ergoregion beyond the internal
horizon r_ in the interior R-region, which is unavailable for an outside observer. The case
of a soliton S-surface is located beyond the ergosphere, its height increases with increasing
a, i.e., the phantom region fits within the ergoregion, and the processes of energy extraction
involve the phantom energy and are facilitated by the absence of the event horizon.

Pictures illustrating generic behavior of S-surface are plotted for the particular exact
axially symmetric solution [22], originating from the spherical symmetric solution with the
phenomenologically-regularized Newtonian profile [68]:

1/3
B2 m2B? 4r2r 4x,\ /3
A P L V| pofor To <3n ) T (&)

For the density profile (22) the metric function g(r) and the function f(r) = rGM(r)

are:

2r 7 rr ret r rr
g(r)=1- n—f (arctanrv - 1’2:1’22,)' f(r) = % <arctar1 P 1’2+Ur%> (23)

The cut-off length scale r,, is characteristic for the de Sitter-Schwarzschild geometry
matching directly [69] or continuously [23,24] the Schwarzschild exterior to the de Sitter
interior. For geometry with the metric function (23), it corresponds to the zero gravity
surface at which the strong energy condition is violated and the gravitational acceleration
changes its sign, § + Y fx = 0 — pors(r> —r2)/(r* +12)3 = 0.

Relation of the cut-off scale r, with parameter B2 in (22) gives go = M/ ((47t/ 3)1’%1’5,)
which corresponds to 87Gpy = 3/r3 related to the de Sitter center, in accordance with
the underlying idea to associate a cosmological constant with the energy density of self-
interaction ([22] and references therein). For gravitationally-bound structures, the scale
of the interior de Sitter vacuum can be the Planck scale in the frame of the hypothesis
of the arising de Sitter vacuum due to self-regulation of geometry [69] and for the hy-
pothesis of an existing limiting curvature [70], either the GUT scale due to symmetry
restoration in a gravitational collapse [71,72]. Appearance of the de Sitter core replacing
the Schwarzschild singularity was found in the frame of “renormalization group improv-
ing” [73], of a noncommutative geometry approach [16], and in an ultraviolet quantum
gravity [74]. In the estimates for pictures, we apply the GUT scale Egyr = 10'°> GeV which
gives rg = 2.4 x 1072 cm.

3. Basic Equations

The equation for timelike geodesics reads [65]:

PR =E V() Vo) =5~ M

23 (24)
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where E is the energy on the orbit, and L = L, is the projection of the angular momentum
on the z-axis, related to the Killing vector K¢ = Jj in the axially symmetric geometry (7).

The potential V), (r) differs crucially from that in the Kerr geometry where the potential
V(r) increases from V(r) — —oo at r = 0, the first extremum is the maximum and the
innermost orbits are unstable. In the regular geometry potential decreases from V) (r) — oo
at r = 0, the first extremum is the minimum and the innermost orbits are stable. .

Introducing the variable u = 1/7, typically used for studying orbits, we obtain the
equations:

u % = F(u) = 2Mx*u® — (x® + 2aEx)u® — (a*u® —2Mu +1) + E> = 0; x = L — aE; (25)
F'(u) = [BM(u)u? + M (u)u® — u]x® — 2aEux — a®u + (M(u) + M'(u)u) =0. (26)
Expressing 2aExu from the orbit Equation (26):

2aExu = (BM(u)u? + M’ (u)u®)x? — x*u — a®u + (M(u) + M’ (u)u) (27)

and putting (27) into (25) we obtain:

E2=1— (M(uw)u— M (u)u?) + (Mu)u® + M (u)u*)x2. (28)

Excluding E from (25) and (26), we obtain the equation for the integrals of motion in
x=L—aE:

Ax*+ B2 +C=0; (29)

A= [(BMu+ M'u? —1)? —da*>(Mu® + M'u)]; C= M+ Mu—a*ul*;  (30)

B = 2u[(M + M'u — a’u) BMu + M'u? —1) — 2a°u(1 — Mu + M'u?)].  (31)

Determinant of Equation (29) is given by:
B? —4AC = 16u%a*> (M (u)u + M'(w)u?)A2; Ay, = a®u® —2M(u) + 1. (32)

The universal formula for x? reads:

X2M2 _ QiAu - Q+Q— o Ay

e 0 ! )
where
Q= 1—BM(u)u—M/(u)u2i2a\//\/l(u)u3+M’(u)u4. (34)
This gives:
(avu £ M(u) + M (u)u) 35)
VuQs

and the integrals of motion on the orbits:

E= \/IQ?[1—2M(u)u$uu\/./\/l(u)u+M’(u)u2}; (36)
VM) + M (u)u 2 2 2auM (u)\/u

L= 1 + 37
M VuQs a VM) + M (u)u 7

An upper sign applies to the retrograde orbits, and a lower sign to the direct orbits.
For M = const, these integrals of motion coincide with those in the Kerr geometry [65].

The equation for null geodesics which describes the motion of photons with the
wavelength being much less than the characteristic scale of geometry, reads:

(L? — a®E?)
2 '

P=E=Vy(r) =0; Va(r) = ‘Mfs(r) (L—aE)*+ (38)
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Introducing the parameter { = L/E, we obtain for the potential:

2_a2 r
v = |[ESE MO @] =y 9)

where we denoted by V., the potential normalized to E?. The basic constraint on the photon
orbital moment follows directly from (39) and reads:

&> a2 (40)

The radii of orbits are determined by zeros of the potential derivative,

6/‘f4(” (&—a)* - %(C —a)?| =0. 1)

2
Vy(r) = |- 5@ -d)+
Here and in what follows, the prime denotes differentiation with respect to u or to r in
formulae expressed in u or r variable, respectively.
Equation (41) yields the radius of the orbit r, related to the integral of motion ¢ as:

_1)2
ry = [BM — rM/] ((gz _“a)z) (42)

which for M = M = const coincides with the relevant relation for the Kerr metric [65].
As follows from Equations (39) and (41), integrals of motion on the orbits satisfy:

€0 = sy © )= Tha) - o) “
These relations lead to the constraints on the mass function on the orbits:
(M(r) =rM'(r)) > 0; (BM(r) —rM'(r)) = 0. (44)
Introducing the variable y = ¢ + a in Equation (42), we obtain the relation:
ry = (BM —M'r)(1-2a/y), (45)

and putting it into (39) we derive the equation for the integral of motion y on the orbits:

A3 VA%
(BM = M) (3M = M) o)

1
3 —0- [
R e N NV I 3 R A v v 7

which for M = const coincides with the relevant equation in the Kerr geometry [65]. For an
extreme black hole, its double horizon, r = r+ presents the lower boundary of a manifold
for an outside observer. For ¥ = r+, the involved functions are fixed, and we can apply
the standard procedure relating the roots of Equation (46) with the function D = p® + ¢°
which gives:

Diry) = BM=MIre)S {az (3M —M/Fi)s] . ( , 1 (ri+2u2)3>' )

M—Mr)Z |7 7 27(M = Miry) Ty AR
On the double horizon, r+ = M(r+) = a we obtain D(r+) = 0, and the appropriate
value of y is given by the double root of Equation (46):

3M — M'ry)3
y =2y/|p[cos(n/3) = \/(3(/\4 - M,rri)) : (48)
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Expressing the mass function and its derivative in terms of the function A(r) and its
derivatives:

BM(r) = M (r) = r+2a2/r =201+ N /2; M(r) = M'r =a*/r — A/r+ N /2, (49)
we get on the double horizon:
V3arey = (4 +24%)%%; (50)

the equation for r, (45) takes the form 3v/3a%r, = (r,zy +24%)3/2 and is satisfied for
ty = r+ = M(r+) on the double horizon where a = M (r4). The direct orbit:

ty=r+=M(rs) =a, y =3M(r+); ¢ =2M(r+) =2r+ =2a (51)
coincides for M = const with the unstable orbit { = 2M, . = M in the Kerr geometry [65].

4. Generic Properties of Orbits
4.1. Photon Orbits

For analysis of photon orbits we apply the general Equation (36) in the limit E — oo
(Q+ = 0), which gives:

1 —3/\/l(u)u—M’(u)uz:FZa\/M(u)u3—|—M’(u)u4 =0, (52)
and in terms of the variable r:
2+ M2 —3MrV? 20/ M — M'r =0 (53)

where an upper sign applies to a retrograde orbit and a lower sign to a direct orbit.
The type of an orbit satisfying the orbit Equations (39) and (41), is defined by the
second derivative of the potential V., given by:

PV (M= M'r) = —6Mr +6M'r2 —2M"7. (54)

For each value of the parameter x¢, there exists such a value of the parameter a, a = ay,
which defines an extreme black hole with the double horizon r = r4; it presents a lower
boundary of the manifold for an outside observer for a given value of x,. The case a < a,
corresponds to a rotating black hole with two horizons, and a > a4, to a spinning soliton
without horizons. To study behavior and character of orbits dependently on a, we consider
the curve f(r,a) = 0 defined parametrically by the orbit Equation (53). For the direct orbits:

f(r,a) =32+ M2 —3Mr2 4 20/ M — M'r = 0. (55)

Differentiating f(r,a), we obtain the equation:

dr 2V M — M'r
— = (56)
da 3r—3M —3M'r + 2M"r2 — (2aM"r\/1)/ (VM — M'r)
which transforms to the form:
dr 4/ Mr — M'r2 57)

da 3N +4MI2 — (4aM'2) [ (V Mr — M)

For r > r4, the function A is the increasing function, and A’ > 0.
Starting from the Kerr limit, r > a and a < agy, for which the derivative (57) is known
and negative, what is easy to check from Equation (53) for M = M = const, the curve r(a)
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with dr/da < 0 follows the asymptotically Kerr branch with decreasing r and increasing a,
until it meets a branching point r = ry,, > r+ where:

1,2
daM"ry,
2
Mry, — M'rp,

3N +4M"rs, — =0. (58)

Asaresultdr/da — oo, the derivative dr/da changes its sign, and an additional branch
appears, with dr/da > 0, at which the curve r(a) is directed towards decreasing r and
decreasing a unless it meets the next branching point on the double horizon, 1, = 7+
corresponding to the orbit (51). In this point, according to (49), Mry — M’ rzi =2 = rzi,
and dr/da — 4M(r+)/3A — oo. Derivative dr/da changes its sign, originating the
innermost branch with dr/da < 0, at which the curve r(a) is directed towards decreasing r
and increasing a in the field of a soliton.

Looking at this picture from a soliton region with a > a,;,, we can learn more about
type of orbits on the curve r(a). For a soliton, the whole manifold is available, the potential
(38) decreases from V,(r) — o0 asr — 0, its first extremum is the minimum and the
innermost direct orbit is stable and represents the stable light ring around a spinning
soliton. The branch of these orbits approaches the branching point r;, = r+ from a soliton
region with a > ag;. The type of orbit r,, = r1 depends on V! given by (54). On the double
horizon 2M"r3. = (2 — A")r%, while Mry — M'r} = a?> = 13 by virtue of (49). As a
result V/rZ. = A” — 8. For regular solutions satisfying DEC, 0 < A”(r+) < 2 according to
(20), it follows V/ < 0.

The innermost orbits in the field of a soliton have radii r < r4, and hence exist inside
the ergoregion, since its upper boundary goes on the level r = r > r4.

The unstable orbit r, = r corresponds to the maximum of V. (r), and originates from
the additional branch with dr/da > 0 directed to increasing r with increasing a. Further
along the way to the asymptotically Kerr branch with dr/da < 0, the curve r(a) meets the
branching point ry,, > r+ for a;, > a4,. Dependently on the density profile, the third,
asymptotically Kerr branch can be a continuation of the second branch of unstable orbits.
Another option corresponds to existence of the next minimum in the potential, then the
orbit ry = 13, degenerates (Vf/ = 0), and orbits of third branch are stable and include, for
a < agp, stable light rings around black holes. The next extremum of V,, is a maximum,
which should exist since a potential decreases to V., (r) — 0 as r — oo. This branch of orbits
contains the unstable retrograde orbits.

For retrograde orbits the curve r(a), determined by the equation:

P2 £ M2 3 M2 — 20/ M — My =0 (59)

which differs from (57) by the sign of dr/da > 0, and by the sign in the denominator,
denoted below as Den,, which can be transformed as:

1,2 ",2
M M- M+ aMIR 4 M
Mr— M Mr— M2

This function is positive on the unstable orbit according to the behavior of V! given by
(54), negative for unstable orbits. As a result dr/da > 0 everywhere, the curve r(a) never
changes its direction and achieves the Kerr limit dr/da = (4y/Mr)/(3A’) for r >> a. For an
extreme black hole, = M(r4.), the retrograde orbit is given by:

Den, = 3A" +4M"¥* + (60)

E= —7a; 1y = %((3/\4 — M) 61)

and for M = const = M coincides with the relevant orbit r = 4M in the Kerr geometry [65].
This behavior is illustrated by Figure 3 plotted for the density profile (22). Direct orbits
are shown in the blue color, and retrograde orbits in the orange color.
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Figure 3. Photon orbits, horizons, and ergospheres dependently on a (left) and the enlarged image
near the double horizon (right).

The double horizon of the extreme black hole with ag, = 0.314 is r». = 0.8956. Two
ergospheres exist at r; = 1.2467 and r, = 0.4403; the surface r = r; confines the ergoregion
around a black hole; both surfaces confine the ergoregion in the field of a spinning soliton.
In this region we see, within the range 0.314 < a < 0.3160, three branches of direct orbits
due to the appearance of the branching point aj,, = 0.3160. Ata = 0.3160, we see two
direct orbits, r; = 1.03148 and r; = 0.8481, and the retrograde orbit r, = 2.5438. For
a > 0.3160, there exists one branch of the innermost direct orbits, and one branch of the
retrograde orbits. All innermost orbits go inside the ergoregion.

In the field of a black hole with a < 0.314, we see one branch of the direct orbits and
one branch of the retrograde orbits. In the field of the extreme black hole, 2 = 0.314, we
see the direct orbit on the horizon r; = v+ = 0.8956, the direct orbit r; = 1.1103, and the
retrograde orbit r, = 2.5412.

The curve r(a) has two branching points for direct orbits, on the double horizon
a = agy, and on ap,, > agy. In the field of a black hole, a < ag,, there exists one branch of
unstable retrograde orbits, and one branch of direct orbits, stable or unstable depending
on the density profile. In the field of a spinning soliton, for ag, < a < 4y, there are
three branches of direct orbits, and one branch of retrograde orbits. For a = a;,,, there
are two direct orbits and one retrograde orbit. For a > ay,,, there are the innermost stable
direct orbits and unstable retrograde orbits. All the innermost orbits are located within
the ergoregion. The photon orbits around solitons and black holes present the light rings
defined as bound null orbits ([29] and references therein). The existence of light rings
around these objects allows one to identify them as the ultracompact objects in accordance
with their definition as the self-gravitating systems with the light rings [28]. The innermost
light rings around solitons and a certain class of black holes are stable.

4.2. Particle Orbits

In the regular de Sitter-Kerr geometry, there are two types of the limiting particles orbits:
The marginally bound orbits (E? = 1) and the marginally stable orbits (V' = V" = 0).

Marginally bound orbits, defined by the condition E? = 1, present the inner boundary
of the manifold for the particles closed orbits.

Applying the condition E? =1in (28) and taking into account (33) and (34) we obtain
the equation for the marginally bound orbits:

Mu[(au £ 2/ Mu 4+ M'u2)? 1] + M'u?(a*u?> —4Mu+1) =0 (62)

which for M = M = const coincides with the relevant equation in the Kerr geometry [65].
Transition to the variable r transforms Equation (62) to the form:

M2+ M —aM?r — a> (M — M'r) F 4aMr*/ Mr — M'r2 =0 (63)



Universe 2022, 8, 65

12 0of 19

where an upper sign applies to the retrograde orbits, while a lower sign applies to the
direct orbits. In Kerr geometry this equation gives r = 2M + a + 2y/M? + aM in agreement
with [65].
Expressing the mass function M (r) and its derivative via A(r) and its derivatives,
r2+a%— A rP—a?+A—ANr

M) =g M= M

y 2024+ 20'r — 28 — A'r?
o 2r3 !

(64)

we find that Equation (63) is satisfied on the double horizon (A = A’ = 0) for the direct
orbitr = r4.

Treating the orbit Equation (63) as the equation for a curve r(a) defined by f(r,a) =0
and differentiating with respect to r and a we find:

[(M = M'7)(8Mr —1?) — 4a(2Mr — M'P ) M/r — M’

_2aM(M = M'r + M"r?)
VM — M

= —r[AMVM — M'r — 2a(M — M'r)]da. (65)

The coefficient in front of dr vanishes at the double horizon which results in the
existence of the branching point at ¥ = r4 where dr/da — co ata = agz, = M(r+). The
curve r(a) approaches this point from the soliton region a > a4, where the potential (24),
written as:

+3a2(M — M'r) + a? M"1? + M"14)dr

A 24E 2
v, 7_Mx2+(a x+x%)

273 25 ¥=L-akE (66)

decreases from V), — oo forr — 0 as a2 /72, In its minimum, there exists the innermost stable
direct orbit for each value of a > a,;,. These orbits form the branch of stable orbits r(a) with
dr/da < 0. After crossing the branching point » = r+, the curve r(a) changes its direction
to dr/da > 0 and must meet another branching point to arrive at the asymptotically Kerr
branch with dr/da < 0 according to [65].

As follows from (27), written in r variable, for any particle orbit

x? 4+ 2aEx = (W—M’)xz—az—l-/\/lr—/\/l’rz. (67)

For the marginally bound orbit x? can be obtained directly from (28) with E2 = 1
which gives:
20 (M= Mu) 2 MAMT) 5
= — == . 68
U= M) T (M=) 68)
Stability of the marginally bound orbits depends on behavior of Vrﬁ’ which can be
written, accounting for V;; = 0 on the orbit, in the form:

v =2 A 69
p o 3 . (69)

A" 2N (AM 2M7N 5 2(x% 4 2aEx)
2 A S S

for any particle orbit. Applying Equations (67) and (68) we obtain for marginally bound
orbits:

(M + M'r)

Vit = A" 28 + M= Mir)

[6M'r? — 6 Mr —2 M3 —2(Mr — M'v? —a?) (70)

and ultimately, after some algebra:

(M — M)V = A M(=Mr — M'r* — M"P3) +2(M")?*7). (71)
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For V', written as a polynomial with the positively defined coefficients:
877V, = 9xgf7® — 24Muxg (6 — po)r° — 32M° (72)

the Cartesius rule, which states that the number of positive roots equals to the number
of sign changes, suggests the existence of one positive root which defines the degenerate
(marginally (un)stable) orbit V" = 0. For the orbit on the double horizon V’, satisfies:

(M(r£))?Vop = =4 —4M"rs +8(M'(r))* = —4+3x5p 113 +6x3(0) L. (73)
Applying Equation (19), we obtain 3x§ pL > 3x§ﬁ + 4, which results in the constraint:
AV > =8+ 3x5prh + 3xgp7ri. (74)

Dependently on the form of the density profile, V), can have any sign or vanish. On
the other hand, according to the Cartesius rule for Equation (72), potential V,’, can vanish
only once, so that two options are possible. Approaching the point r = r+ along the branch
of stable orbits for a > a4, in the soliton region, V;Zb can vanish at » = r4, then the branch
dr/da > 0 between r4+ and the next branching point r = ry, ,,;, and the asymptotically Kerr
branch with dr/da < 0 contains unstable orbits. Another option is that V//, vanishes at the
second branching point 1y, ,,;, > r+ for a > ag;, then an additional branch between two
branching points continues the preceding branch of stable orbits, while the asymptotically
Kerr branch contains unstable orbits. The choice between two above options comes from
the analysis of the mutual location of the branching points 7y, ,,,5 and ry,,. The intuitive
idea 4 yp > 74y, suggested by the mutual location of the photon and limiting particle
orbits in the Kerr limit, can be justified by investigation of the potentials V,,;, and V., in the
branching point rp,, > 7.

Behavior of photon orbits requires, for both options for photons, Vé’ (Tpry) < 0. In
expression (54) for V. this requirement leads to M"r> > —3Mr 4 3M'r?. Applying this
constraint in (71), we find V!, (ry.,) = (8/r%)(M — M’r)> > 0, while the behavior of
marginally bound orbits requires V), < 0 at r = ry, ,p,. The derivative V!, cannot vanish at
I = Tpyq > 11 since (M — M'r) # 0 in this point according to (54). We can thus conclude
that V', (rp,) = (8/73)(M — M'r)? > 0 which results in 7y, ,,; > Tpry- 1t follows that the
point r4,, > 74 belongs to the branch of the stable orbits r,,;, > ., and hence the constraint
Vi () > 0 distinguishes from the two above options for marginally bound orbits the
branch of stable orbits in the range r+ < 7, < 13 yp, followed by the asymptotically Kerr
branch of unstable orbits ,,;, > 7p; 1up-

For the retrograde orbits, Equation (63) is written as a polynomial, which takes the
form:

Bxzpr° + 3a*xgpr’ + 8Mr* — 32 MPr — 32aMrV/ M/r — M’ —8Ma* =0 (75)

and the Cartesius rule testifies for one positive root and hence one branch of the retrograde
orbits, asymptotically Kerr for r >> a. Marginally bound orbits are shown in Figure 4 Left.

Marginally stable orbits correspond to V' = V" = 0 in the potential (24) for each
value of the angular momentum a. In terms of the variable u orbits are defined by the orbit
equations F(u) = 0; F/(u) = 0, and by the condition F” = 0 which reads:

M+ 5MP 4 3M2) £ 8au(M'u+ M)\ (M) + M (w)2))  (76)

+ M"u2(1 = 2Mu) + M'u(AM'u? +1) + M(6M't*> +6Mu—1) =0.  (77)

For M = const, this equation gives the proper equation for the Kerr geometry [65].
In terms of the variable 7, the orbit Equation (77) takes the form:

(M= M'r— M"r? —4(M')r)r? — M(6M —10M'r —2M"1?)r
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+ a?(=3M +3M'r — M"+?) F8a(M — M'r)\/ Mr — M'r2 = 0. (78)

Behavior of the marginally stable orbits on the double horizon of an extreme black
hole and in the field of a spinning soliton can be studied by applying Equation (78) in terms
of the related metric function ¢(r) = 1 — 2GM(r)/r, which gives:

a*(rg" — ¢') F8arg'\/rg' /2 +rgg" +3r*gg’ —2r3¢"? = 0. (79)

An upper sign in Equation (79) applies to the retrograde orbits, while the lower sign
applies to the direct orbits. Applying Formula (64), we obtain on the double horizon:

A//2_82 84 64 64_ 2A//2
g =g = = 2P = S 3y =~ g = T (80)

and find that for a given value of a = a4, the direct orbit r = r4 satisfies Equation (79).
The number or orbits can be estimated by presenting the orbit Equation (78) as a
polynomial:

—9xgp?r” — 6x3[p — 2P |r° + 12Muxg[5p — 2| & 4ay/ (M — M'r) /rp]rt

+6ax3[3p +2p ]r° + 16Mr* — 16 M[6M +8a\/ (M — M'r)/r]r —48Ma* =0 (81)

with an upper sign for direct orbits and a lower for the retrograde orbits. In the polynomial
(81), there are two changes of the sign, independently on the sign of (6 — 27, ). The
Cartesius rule predicts the existence of two retrograde marginally stable orbits, one for a >
agp, in the soliton region where M < M(r+) and 6 M < 8ay/ M — M'r/r, the other for the
asymptotically Kerr branch with a < a4, where M > M (r+) and 6 M > 8ay/ M — M'r/r.

Four changes of signs for the direct orbits in the polynomial (81) suggest the existence
of four or two direct orbits. On the double horizon r = r+, according to (49), Mry —
M3 = a?® = %, and Equation (78) reduces to 12 — 6 Mr + 8ar/ Mr — 3a®> = 0. Calculating
dr/da in the closest vicinity of the double horizon r = 4 we obtain:

[V Mr(2r — 6M — 6 M'r) + 4aM + 4M'r]dr = / Mr[6a — 8v/ Mr|da which for r —
r+ tends to —2M (ro)M'dr = —2M(r+)da — dr/da > 0. As a result there is no direct
orbit with dr/da < 0 in this region. The curve r(a) starts at r = r4 and is directed
towards increasing r with increasing a in the soliton region, then it must meet a branching
point 4, s > r+ at ap, s > agy to change its direction to dr/da < 0 on the way to the
asymptotically Kerr branch with dr/da < 0 [65].

Marginally stable orbits calculated from Equation (79) are shown in Figure 4 Right.

Xo=7.489 Xg=7.489
retrograde

a4t retrograde a4r

direct

direct

ergosphere

ergosphere

0.0 0.1 0.2 0.3 0.4 0.5 0.0 0.1 0.2 0.3 0.4 0.5

Figure 4. Dependence of radii on a for the marginally bound orbits (left), and for the marginally
stable orbits (right).

In the field of a black hole, within the range 0 < a < a4, = 0.314, we see one branch of
the direct orbits and one branch of the retrograde orbits for both types of marginal orbits.
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For a = a4, = 0.314, there exist the direct marginally bound stable orbit and the
marginally stable orbit on the double horizon r4 = 0.8956. In the field of the extreme
black hole, there are the direct marginally bound orbit 7 ,,,;, = 1.3828, the direct marginally
stable orbit r; ,,,; = 2.1404, the retrograde marginally bound orbit r, ,,,;, = 3.5011, and the
retrograde marginally stable orbit r; ;s = 5.3063.

Ata = ap, p = 0.3225 corresponding to the branching point of marginally bound
orbits, there exist two direct orbits, 74 ,,, = 1.1694 and r; ,,,, = 0.8193, and one retrograde
orbit 7, ,, = 3.4715. Ata = ay, ;s = 0.3357 corresponding to the branching point of the
marginally stable orbits, there are two retrograde orbits, #, ;s = 0.7447 and r; ;s = 5.3853,
and the direct orbit r; ,,,; = 1.6007. For a > ay, s there is no direct marginally stable orbits.

Two ergospheres, r; = 1.2466 and r, = 0.4403, confine the ergoregion around the
spinning soliton. Within its ergoregion, there exists the stable marginally bound orbit
tamp = 0.8193 in the range a;, < a < 0.5, and the retrograde marginally stable orbit
whose radius is slowly increasing from 7, ;s = 0.7358 at a close to agy, to 1y s = 0.7447 at
a = ap, s = 0.3357.

Both types of particle limiting orbits suffer branching. There exist three branches of direct
marginally bound orbits and one branch of unstable retrograde orbits. Stable marginally bound
orbits exist around both black holes and as the innermost orbits around solitons.

For marginally stable orbits there are two branches of retrograde orbits, one of the innermost
orbits, two branches of direct orbits for a < ay, .5, and no direct orbits for a > ay, 5.

The innermost stable direct marginally bound orbit and the innermost retrograde marginally
stable orbit exists within the ergoregion of a spinning soliton.

5. Summary and Discussion

In the Kerr geometry, the potentials increase from V(r) — —oo to their maxima. The
innermost photon orbits are unstable and followed by the marginally bound orbits with
E? = 1, followed by the marginally stable orbits which V"'(r) = 0 [65].

In a regular geometry, the potentials decrease from V(r) — co to their minima, and
as a result the situation is essentially different. There exists the innermost stable photon
and particle orbits. In addition, all orbits suffer branching on the way to the asymptotically
Kerr region r > a.

The innnermost stable direct photon orbits in the field of a soliton, for a > a;;, where
agy, corresponds to the double horizon 7., with 7, < r1, meets the branching point at the
unstable orbit r, = r. It is followed by an additional branch of unstable orbits directed
towards increasing r at increasing 4 which meets the branching point 4, > r4 to arrive at
the asymptotically Kerr orbits with increasing r at decreasing a, which present the light
rings around the black hole for a < ay;,. The existence of the light rings around spinning
solitons and regular rotating black holes allows one to identify them as the ultracompact
objects. Stability of the asymptotically Kerr light rings depends on the density profile. They
can be a continuation of the preceding additional branch of unstable orbits if V;/ does not
change a sign at the orbit r, = r4,,. However, if Vé’ = 0 on the orbit r, = ry,,, the next
branch presents the stable asymptotically Kerr light rings around a soliton for a > agy,
and the innermost stable light rings around a black hole for a < ag;,. In this case, the
orbit ry = rp,, represents a degenerate light ring around a spinning soliton. This confirms
the prediciton of the existence of degenerate light rings for a certain class of spherical
ultracompact objects [58] and extends it to the case of spinning solitons.

The innermost direct photon orbits around black holes form the corotating light
rings around them, while the retrograde photon orbits represent the counterrotating light
rings extended to the soliton region for a > ay;. The cases of two light rings, direct and
retrograde, around a black hole and around a soliton for a > a;,,, agree in a sense with the
results presented in [61] that corotating and counterrotating light rings “always appear in
pairs”, although the dynamics of direct (corotating) light rings around a spinning soliton
are more diverse. Around a spinning soliton, there can exist four sets of corotating light
rings: Tthe innermost stable light rings for a > a4, and r < r.; the unstable light rings
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for ay, < a < ap, and r > ry; the degenerate light ring for a certain class of objects at
Ty = Ty > 7+ and a = ay,,; and the light rings for a4 < a;,, and r > r for all objects.

All three limiting orbits exist as the direct orbits on the double horizon a = ag,,
which is the branching point for the marginally bound orbits where their innermost stable
orbits change direction from dr/da < 0 to dr/da > 0, then meet the branching points,
br mb > Tory, change their direction to dr/da < 0 and arrive at the asymptotically Kerr
branch of unstable orbits.

Marginally stable direct orbits start from the double horizon, then meet their branching
point ap, s > apy mp and follow the asymptotically Kerr branch. As a result, they exist only
for a < ay, ;5 and there is no marginally stable orbits for a > ay, 5. Instead in the soliton
region a > ag,, there exist retrograde marginally stable orbits.

In the field of a spinning soliton, an upper boundary of the ergroregion goes on the
level ¥ = r4 > r1 while the innermost orbits exist at r < 1. Therefore all the innermost
orbits move close to each other within the ergoregion.

In Figure 5, we show all limiting orbits. Ergospheres are plotted by the intermit-
tent lines.

6F T
X;=8.546
retrograde

<)

direct

00 01 02 03 o4 05 036 038 0.40 0.42 0.44

Figure 5. Limiting orbits in the de Sitter—Kerr geometry dependently on a (Left), and the enlarged
image near the double horizon (Right).

In the field of a black hole we see the direct photon orbits denoted by “14” and the
retrograde orbits denoted by “1r”; the marginally bound direct orbits denoted by “24” and
the retrograde orbits denoted by “2r”; and the direct marginally stable orbits denoted by
“3d” and the retrograde marginally stable orbits denoted by “3r”. In the field of a spinning
soliton there are three branches of the direct photon orbits and one branch of the retrograde
orbits within the range a4, < a < 4y, two direct and one retrograde photon orbit at
a = apy, and two branches of the photon orbits, direct and retrograde, for a > ay,..

Two innermost direct photon orbits and marginally bound orbits approach the horizon
from a > ag, very close to each other within the ergoregion. The situation is essentially
different for the marginally stable direct orbits, which start at the double horizon. Inside
the ergoregion there exist the retrograde marginally stable orbits.

Regular rotating black holes and spinning solitons specified by T! = T! have an
obligatory de Sitter vacuum disk in their deep interiors. In the case of a spinning soliton, the
region of a very strong field around the de Sitter vacuum disk is open for an outside observer.
In addition, the S-surface is located beyond the ergosphere, and the ergoregion contains
the phantom region. Particles and photons on the innermost orbits within ergoregion can
participate in collisions with particles following unbound orbits that can cross the phantom
region, which increases the energy output in collisions. As a result, the processes of energy
extraction, facilitated by the absence of the event horizon, involve the rotation energy from
ergoregions and can involve the phantom energy in collisions.

Information about the physical properties of a black hole interiors can be obtained
from an observation of its shadow whose boundary is determined by photons captured on
the innermost orbits, which give the image of the black hole imposed on the image of the
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distant bright source of radiation. Nowadays, the study of black hole shadows has become
the subject of direct astronomical interest [75] due to the observational possibilities of the
Event Horizon Telescope Collaboration manifested by the first observation of the black
hole shadow in M87 [76] (for a recent review see [77]).

The shadows of de Sitter—Kerr black holes visibly differ from the shadow of the Kerr
black hole, and the differences depend essentially on the properties of their interior regions
and especially on the pace of a density decreasing [63]. The detailed numerical analysis of
difference between the shadows of the Kerr black hole and the regular black hole with the
relatively slow decreasing density (22) has shown that this difference can be significant [63].
A decreasing shadow has been also found in the Kerr—-Newman-Kasuya (KNK) spacetime
for a rotating dyon black hole with extra dyon charge [78].

Currently, we plan the detailed analysis of the observed black hole shadow by fitting
its boundary by the photon gravitational capture cross-section using theoretical results on
the description of shadows for regular black holes.
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Note

1

Non-singular compact Kerr-Newman-de Sitter instantons are presented and comprehensively studied in [64].
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