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Abstract: In the framework of the Einstein—-Dirac-aether theory we consider a phenomenological
model of the spontaneous growth of the fermion number, which is triggered by the dynamic aether.
The trigger version of spinorization of the early Universe is associated with two mechanisms: the first
one is the aetheric regulation of behavior of the spinor field; the second mechanism can be related to a
self-similarity of internal interactions in the spinor field. The dynamic aether is designed to switch on
and switch off the self-similar mechanism of the spinor field evolution; from the mathematical point
of view, the key of such a guidance is made of the scalar of expansion of the aether flow, proportional
to the Hubble function in the isotropic cosmological model. Two phenomenological parameters of the
presented model are shown to be considered as factors predetermining the total number of fermions
born in the early Universe.

Keywords: alternative theories of gravity; Einstein-aether theory; spinor

1. Introduction

The paper is written for the Special Issue of the journal Universe in Honor of Professor
Richard Kerner on the Occasion of His 80th Birthday.

In 1996, Damour and Esposito-Farese introduced the term “spontaneous scalariza-
tion” [1] in order to describe gravitational analogs of the phase transition of the second
order in ferromagnetic materials. The phenomenological idea about spontaneous scalariza-
tion has been used in different astrophysical and cosmological contexts (see, e.g., [2-13]).
This fruitful idea has been extended and applied to models in other fields, and now we can
find works devoted to the problems of spontaneous vectorization (see, e.g., [14-16]), spon-
taneous tensorization [17], spontaneous spinorization [18,19], as well as to the problems
of spontaneous polarization of the color aether [20,21] and of spontaneous growth of the
gauge fields [22].

The formalism of the spontaneous growth of the mentioned physical fields is mainly
connected with the mechanism of tachyonic instability. We consider the phenomenon of
spontaneous spinorization but propose another mechanism based on the model of self-
similarity of the internal interactions in the fermion systems. Below, we will discuss in
detail this mechanism, but now we would like to focus on a new detail of our approach. We
consider the spinor field in the framework of Einstein—Dirac-aether theory and assume that
the unit time-like vector field U/ associated with the velocity four-vector of the dynamic
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yet established, and there are no ideas as to what particles could be the carriers of the
corresponding interactions. That is why we restrict ourselves by the phenomenological
theory. In fact, we consider some macroscopic consequences of the interaction between
the spinor and aether vector fields in order to formulate a hypothesis: when and how the
spinorization provoked by the aether could happen in the early Universe.

What new detail does the involvement of the dynamic aether bring to the scheme of
self-interaction of the spinor system? We assume that the aether regulates the dynamics of
the fermion system. What is the instrument of the aetheric influence on the spinor field?
We assume that the key instrument of such guidance is the expansion scalar ® = VUF.
On the one hand, this true scalar is an intrinsic element of the aether flow. On the other
hand, in the isotropic cosmological models of the Friedmann type ® = 3H, H(t) = % is the
Hubble function. In other words, the scalar % = % defines the typical time scale, which
characterizes the rate of the Universe evolution. Such a measure plays in the field theory
the role analogous to the role of temperature when one describes the Universe evolution on
the thermodynamic level. This analogy is consistent with the fact that both quantities, the
effective temperature and the expansion scalar, are decreasing in the expanding Universe.
However, when we consider analogies between the expansion scalar @ in the field theory
and the temperature T in the Universe thermodynamics, we can try to establish the analogy
between the Curie temperature T¢ in the theory of phase transitions of the second kind
and some critical value ®,. Such an approach allows us to suppose the following: a new
internal interaction in the fermion system is switching on, if ® < ©, just as when the
phase transition in ferroelectrics takes place, if T becomes less than the Curie temperature
T < Tc. To conclude, we suppose that the aetheric guidance is manifested in the fact that
the aether is switching on (and switching off) the specific internal interaction in the fermion
system in the manner of how the decreasing temperature switches on the reconstruction
of ferromagnetic materials below the Curie temperature. Our purpose is to show that
such a mechanism could explain the spontaneous growth of the spinor particle number in
the early Universe.

The paper is organized as follows. In Section 2, we reconstruct the total Lagrangian
of the model and derive the extended master equations for the unit vector, spinor, and
gravitational fields. In Section 3, we consider the application to the isotropic cosmological
model and derive the evolutionary equations for basic spinor invariants. In Section 4, we
present the model function describing the self-similar interaction in the fermion system and
analyze the solutions of the corresponding extended master equations. Section 5 includes
discussion and conclusions.

2. The Formalism
2.1. Lagrangian of the Einstein—Dirac-Aether Theory

The canonic Lagrangian of the Einstein-aether theory
1
Liga) = —5- [R—i—ZA + A (Gun U™ U™ —1)+K™P" U, VU, 1)

contains three principal parts [23]. In the first one, R is the Ricci scalar, A is the cosmological
constant, and x = 871G includes the Newtonian coupling constant G (¢ = 1). The second
and third parts of the Lagrangian (1) contain the four-vector U, associated with the aether
velocity. The term A (g, U™U"—1) is designed to guarantee that the U’ is normalized to
one; respectively, A is the Lagrange multiplier. The so-called kinetic term K" ¥, U,,, V, U,
is quadratic in the covariant derivative V,U,;, of the vector field U!, with the tensor K?0mn
to be constructed using the metric tensor ¢/ and the aether velocity four-vector U¥ only,

Kabmn :Clgabgmn +C2gamgbn +C3gangbm +C4 u* ubgmn . (2)
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The parameters C;, Cy, C3, and Cy are the Jacobson coupling constants. The massive
spinor field is described by the following term of the Lagrangian:

Lip) = 57" Dy = Digr*y] — mipy. ®)

Here, ¢ defines the Dirac spinor field, i is the Dirac conjugated field, m is the mass
prescribed to the spinor particle, 7 are the Dirac matrices, and the covariant (extended)
derivatives of the spinors

Dy = okp — T, Dy = p + 9T, 4)

are constructed using the Fock-Ivanenko connection matrices I'y [35].

If we intend to construct the action functional of a multi-component system, we have
to obey the following rules. First, the SU(N) symmetric Yang-Mills fields and thus the
U(1) symmetric Maxwell field add the contributions of the form — %anF’"” (see, e.g., [36]).
Second, the scalar field introduces the term % [Viu¢pV™¢p — m?¢p?]. Third, the spinor field
adds the term (3) so that the Ricci scalar R, the invariant %anF’””, the Klein—-Gordon
mass term m?¢?, and the spinor mass term m enter the action functional with the
same sign minus. Taking into account this detail, we use in our work the following total
action functional

1
—S(pA) = /d4x\/—g{2K [R+2A+A(gmnumu”—1)+K”bmnvaumvbun}+

+L(matier) + B(©, S, P?) - B [§7*Diyp — Dy ] — mlﬁllﬂ] } : (5)

The term L ja4er) describes the matter of non-spinor (non-fermionic) origin, e.g., the
pseudo-Goldstone bosons attributed to the axionic dark matter. We include the minus
sign into the left-hand side of this formula, keeping in mind that the variation procedure
0S(Epa) = 0 = —65(gpa) gives the same master equations. In addition, we include into (5)

the cross term 5(®, S, PZ) ; the arguments of this function are described below.

2.2. Basic Assumptions and Auxiliary Definitions
2.2.1. Fock-Ivanenko Connection, Tetrad Four-Vectors, Spinor Scalar S, and Pseudoscalar P

The Fock-Ivanenko matrices

1
L = 28m X 77" VX (6)
m

contain four tetrad four-vectors X 5% which satisfy the relationships

m n

g X( Xy = @y 10X XG) =8, %)

with the Minkowski metric 7, ;). The convolutions k= X’(‘a)'y(“> link the Dirac matrices

7k depending on coordinates with the constant Dirac matrices 7(@). As usual, the Dirac
matrices satisfy the fundamental anti-commutation relations

YDy oy Do) = 2By @) iyt = 2Eg™ 8)
where E is the unit matrix. In addition, we keep in mind the formula

emnpgX{n) X (o) X0y Xy = €@ 0)(0) (@) ©)
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where €,y is the Levi-Civita tensor expressed via the absolutely antisymmetric symbol
Emnpq as follows:

€mnpg = +/ *gEmnpq/ Epzz = —1. (10)
In the Minkowski spacetime /=g = 1, thus, € p)) @) = E@)) ()@ with
E0)(1)(2)3) = —1. Using (9), we can introduce in the covariant way the link between

the Dirac matrices > and 7(5). Indeed, according to the basic definition

1
Y’ = = gp€mnp """V, (11)
we obtain .
7 = =gy X o Xioy X X{oy 77y =
1

In other words, the matrix 7° defined by (11) does not depend on metric and, in
addition to the unit matrix E, is a constant matrix. This fact allows us to introduce the
scalar S = ¢ = PEy and the pseudoscalar P = i = ipy(®>) . The scalar S is usually
associated with the density of the spinor particle number. As for the definition of P, the
multiplier i in front allows the matrix i9° to be free of the imaginary unit.

2.2.2. Decomposition of the Covariant Derivative of the Aether Velocity Four-Vector

The tensor V ;U has the following standard decomposition into irreducible parts
1
Villy = Uy DUy + oj + wjy + gAik® . (13)

Here, DU is the acceleration four-vector, oy is the shear tensor, wj is the vorticity
tensor, © is the expansion scalar, A is the projector, and D is the convective derivative:

1/L L 1 1/L 1
DU, = UV, Uy, oy = 5 (Viuk+vkui) _gAik®/ Wik = 3 <Viuk—VkUi) ,

. . . . L
@=V,Uu", D=UV;, A =6-UU, V,=AV. (14)

Using the presented decomposition, one can say that there is one fundamental scalar
© linear in the derivative and three additional quadratic scalars associated with the
aether flow:

a? = DLIkDLIk , o= aikaik , W= wikwik. (15)

In the model studied below, we use the new function (0, S, Pz) of three arguments
only; however, we hope to extend this modeling in the next works.

2.3. Master Equations

The variation procedure with respect to the Lagrange multiplier A, aether velocity
four-vector U, spinor field ¢, and its Dirac conjugate quantity §, and with respect to the
metric g7 gives us the coupled system of master equations of the model. We start with the
derivation of the aether dynamic equations.
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2.3.1. Master Equations for the Aether Velocity

Variation of the total action functional (5) with respect to the Lagrange multiplier A
gives the condition g; U'U* = 1. Variation with respect to U/ yields

) . ) )
VoJ¥ = U+ AU — «V! (8(@) , (16)
where the terms J% and I/ are defined as follows:

T = KY(VyUy), T = Cy(DUn)(VU™), (17)

and the Lagrange multiplier can be obtained as

A= [va]“f—ﬂ} +w(§é>. (18)

2.3.2. Master Equations for the Spinor Field

Variation with respect to 1 and i gives, correspondingly

iv"Dyp = My, iD,py" = —¢9M, (19)
_ B\p, Bs
M_(m+aS>E+aPz'y . (20)
Based on the matrix M, we can introduce the effective mass of the interacting spinor field
_ WMy (9B (P98
<M>= T m+=s)t\35)3p" (21)

2.3.3. Master Equations for the Gravity Field
Variation with respect to metric yields

1 (U) | [7(D) M) 4 7(C)
Ryq—58mR=Agp+Tfy +x | T + T+ 10|, (22)
where the following terms reconstruct the total stress—energy tensor
(U)

1
Tpg’ = 58pq K" Vally VyUn+AUpUy+
+C1 [(Vuly) (V"Uy)— (V) (VaU™) | +C4 DU, DU+
+V {U(qu)m_jm(puq)_j(Pq)Um] ’ (23)
TP = ¢, L +5[‘ Do+ $7aDpp—(Dph) yg—(Dp) v4¥] (24)
pq 8palp + 7 [¥1pDap+97qDpp—(Dpi)vgp = (Dp¥) 19| -
The contribution of the non-spinor matter T,SQ/I) is described by the standard formula

M) 2 1)
Tpg ' = N7 [\/ _gL(matter)} - (25)

The cross-term T,S? associated with the function (@, S, P?) is of the form

)
T = gy [ﬁ ~(D+ @)ag} . (26)
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Using the Dirac Equations (19), one can obtain that

Lp = [p(M—mE)p] = [Sg?+P§ﬂ : 27)

We used the following auxiliary formulas for the variation of tetrad four-vectors with
respect to metric:

] ] ]
0Xly =3 [xp(a)éq + Xq(u)(s,,} dgh, (28)

(see, e.g., [37] for details). In addition, we used the rules
U =0, 699 =0=067", 6/ =0, &/, =~sxk . (29)

3. Cosmological Application
3.1. Geometrical Aspects of the Model

For investigation of the spinorization phenomenon, we consider the spatially isotropic
homogeneous spacetime platform with the FLRW type metric

ds2 = d? — (1) [dx'” + dx?* + dx>7] (30)

with the scale factor a(t). For such a symmetry, the aether velocity four-vector has to be of
the form U/ = §), and the covariant derivative is simplified essentially:

VU™ = H(t) (5'1"5; +oms2 4 5?52) ) (31)

where H(t) = % is the Hubble function (here and below the dot symbolizes the derivative
with respect to time). The corresponding acceleration four-vector, shear tensor, and vorticity
tensor vanish, and the expansion scalar ® = VU is equal to ® = 3H.

The sum of the Jacobson coupling constants C;+Cs has been estimated in 2017 as
the result of observation of the binary neutron star merger (the events GW170817 and
GRB 170817A [38]). It was established that the ratio of the velocities of the gravitational
and electromagnetic waves satisfies the inequalities 1 — 3 x 10715 < ngw <147 x10719).
According to [24], the square of the velocity of the tensorial aether mode is equal to

S%z) = 17(C}7+C3)’ thus, the sum of the parameters C; +C3 can be estimated as —6 x 10715 <

C1+C3 < 1.4 x 10~ 1. Clearly, we can consider that with very high precision, C3 = — C;.
The parameter Cy4 does not enter the key formulas since DU/ = 0 for the FLRW model.
As for the parameters C; and Cy, the results of the discussion about their constraints [39-42])
allows us to use the estimation f% <G < % (see [43]).

Taking into account these details, as well as the facts that for the isotropic homogeneous
model, the acceleration four-vector and the shear and voricity tensors vanish, i.e., DU/ = 0,
Omn = 0, and Wy, = 0, we see that the tensor % is symmetric, and its nonzero components
are the following:

1
]f:(Cl +C4)UuDu]'+C3U]'DUu+(C1 +C3)0’]{Z+(Cl —C3)w”jC3)+§ (Cq +C3)A?@+C2@5}Z=

= 00! (32)

The equations for the unit vector field (16) convert now into one equation

B\ _
c2D®+;<D<a®) =A, (33)
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which gives, in fact, the solution for the Lagrange multiplier A.

Our supplementary assumption is that the non-spinor matter is a cold dust and its
stress—energy tensor is divergence-free, V4 T;SE’” =0, providing that TF(,IL;/I) = pU,Uy (p is the
corresponding energy density scalar). Then, the equations for the gravitational field can be
reduced to the following one equation

Lo _ 9p
§{3H r—A} = (p+mS) +p-Osc. (34)
Here, we introduce a new auxiliary parameter:
r=1+ ng . (35)

Other Einstein’s equations are the differential consequences of the evolutionary equa-
tions for the aether and spinor fields. As a consequence of the separate conservation law
for the non-fermionic matter, we obtain the standard law of its evolution

b3 =0 = pl6) = plio) L1, 36)
For the metric (30), the set of the tetrad four-vectors is
Xigy=U =&, Xy :5;a(1ﬂ, (x=1,2,3), (37)
and the spinor connection coefficients (6) have the form
=0, T,= %d"y(”‘)"y(o). (38)
We also use the direct consequence of (38)
T 39)

3.2. Reduced Evolutionary Equation for the Spinor Field

We assume that the components of the spinor field are the functions of the cosmological
time only; then, the Dirac Equations (19) yield

in° <ao + iH) = My, (40)

i<80 + zH) Py’ = —PpM. (41)
If one uses the replacement
¢:a*%‘l’, 1/):11*%‘?, (42)
the Dirac equations take the form

i O% = My, i = M. (43)
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3.3. Evolution of the Spinor Invariants

Keeping in mind Equations (43), we can find the rates of evolution of the invariants S
and P. First, we see that

d - . d /- -3 _ _ -3 d - (0)2 _ (0)2 d .
) = = (Fa=¥) = —3H(y)+a [(dt‘{[) YO8y O (¥ ) =
= —3H(§y)+ip (M1 —1"M) . (44)
Using (20), we can present the evolutionary equation for the scalar S as follows:
. B P
S+3HS = —2T8—P. (45)

The evolutionary equation for the pseudoinvariant P is

P+3HP = —¢(M7075—757OM) v, (46)
P+3HP:2T<3[;+m), (47)

where the following auxiliary function T is introduced:
T= 1[_175 'yolp. (48)

The auxiliary function T(t) itself satisfies the equation

T+ 3HT = —itp (M’yS + ’ySM) v, (49)
or equivalently
: __ 9B\ _,5%
T+ 3HT = 2P(m+as) 2557 (50)

In other words, the set of functions S(t), P(t), and T(t) forms the closed evolutionary system.
One can explicitly check that the set of Equations (45), (47), and (50) for arbitrary j
admits the so-called first integral. Indeed, the direct differentiation gives

d
(=P 12) +6H($* — P2 - T?) =0, (51)
providing that
sz—pz—:ﬂ:%f't. (52)
For further progress, it is convenient to introduce the variable x = 1) the dimen-

a(to)’
sionless scale factor, where ¢ is some fixed moment of the cosmological time. In addition,
we introduce three auxiliary functions of this variable:

X=x3S, Y=xP, Z=xT, (53)
so that the first integral (52) takes the form

X?-y?-72=K (54)
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with arbitrary constant of integration K. In these terms, the evolutionary equations for X(x)
and Y(x) take, respectively, the forms:

X'(x) = —%Z Blﬂ , (55)
Y (x) = %Z {m + gg] , (56)

where Z has to be extracted from (54), i.e.,

Z=4+VX2-Y2-K (57)

with positive, negative, or vanishing parameter K.

1.  When K is positive, i.e., K = v2 > 0, the parametrization of the relationship (54) is
X =vcoshu(x), Y =vsinhu(x)cosv(x), Z=vsinhu(x)sinv(x),  (58)

where u(x) and v(x) are real functions.
2. When K is negative, i.e., K =— yz < 0, we have the following parametrization of (54):

X =pusinhu(x), Y =pcoshu(x)cosu(x), Z=pcoshu(x)sinv(x). (59)
3. When K = 0, we deal with the parametrization
X=u(x),Y=u(x)cosv(x), Z=u(x)sinv(x). (60)

In the first and second cases, we deal with the hyperbolic laws of evolution of the
function X describing the number density of spinor particles.

4. Modeling of the Interaction Term

We would like to mention that new contributions to the Lagrangian, which have the
form F(S, P?), were already considered in the nonlinear versions of the Einstein-Dirac
models (see, e.g., [44-47]). In addition, the models describing the interaction of the spinor
and scalar fields [48], as well as the spinor and pseudoscalar (axion) fields, ref. [49] have
been studied. We introduce the new element of the Lagrangian 8(®, S, P?), which depends
on the scalar of expansion of the aether flow ® = V,U*. Our ansatz is that the scalar  as a
function of the expansion scalar © is step-like:

B(©,5,P?) = 1(©.~O) 11(©-©..)B(S, P?), (61)

where 1(F) is the Heaviside function, which is equal to zero if 7 < 0 and is equal to
one if 7 > 0. This means that there exists some moment of the cosmological time t,
when the interaction, described by the function 8, switches on. At this moment, we fix
the dimensionless scale factor x(t.) = x, and the corresponding values @, = ©(t,) and
H. = H(t.). Similarly, we introduce the time moment ., when this interaction switches
out. In other words, the aether flow guides the evolution of the spinor field. From the
mathematical point of view, one has to solve the set of evolutionary equations in three
domains: first, when ty < t < t,; second, when t, < t < t,; third, when t > t,,.
We assume that namely the second time interval relates to the spinorization phenomenon.
At the borders t=t, and t=t,,, the functions B(t), S(t), P(t), and H(t) are assumed to be
continuous. We use in our assumptions the analogy with ferroelectric materials, which
possess a pair of Curie temperatures Ty and Tcp. Let us start the analysis for the first
indicated interval.



Universe 2023, 9, 481

10 of 19

4.1. Solutions for the First Interval

Let us consider the first interval of the cosmological time typ < t < t, (1 < x < x4).
When B = 0, we see from (55) that

X'=0=S(x) = =37, (62)

where S(1) = S(x(#p)) is the starting density of a number of the spinor particles. Keeping
in mind (36), we find from Equation (34) the following Hubble function (in terms of x):

A K
H(x) =% 1+ —=[p(1 1)].
() = #3214 2510 + ms(1) )
For the description of the expanding Universe, we have to choose the sign plus in (63)
and obtain that the function H(x) is monotonic and is falling, i.e., H'(x) < 0. The prime

symbolizes the derivative with respect to x. We see that H, < H(1) and thus ©, < ©(1).
Keeping in mind the relationship

t—ty = / sty _dx (64)
°~ L xH@)’

we obtain the following result of integration:

a“(<t?) = {cosh [\/?(t—to) +\/1+Z[p(to)+m5(to)] sinh W%(HO)H - (65)

Respectively, the effective mass coincides with the standard one, < M >= m.

4.2. Solutions for the Second Interval

We consider now the second interval of the cosmological time £, < t < tys (X5 < X < Xs).

4.2.1. Hypothesis of Self-Similarity

In order to clarify the choice of the function B(S, P?), one can mention that the scalar
{1 plays the role of the fermion number when we consider a fermion as a realization of the
Dirac field. The quantities P = iy’ and S = ¢y themselves depend on the number of

fermions in the Dirac system, however, their scalar ratio IS)—; does not. Situations in physics,
when the typical behavior of the dense system is similar to the one of the dilute system,
are characterized by the specific term self-similarity. Below, we assume that the function
B(S, P?) has just a self-similar form

B(S,P*) = SF(Q), Q= S—i (66)

and obtain that the effective mass (21) takes the form
<M>=m+F(Q). (67)

Combining Equations (55) and (56), we obtain
W_Y_X[m+F(Q)], (68)
dX X Y| 2F(Q)
or equivalently

B[]
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The solution to this equation is

F(Q) = —m+ 5%, (70)
X
providing that
const
B(S, P?) = SF(Q) = —mS(x) + o (71)
We can find the constant of integration in (71) using the continuity requirements
B(x4) =0, lim S(x)= lm S(x). (72)
x—xx—0 x—x5+0
Clearly, we obtain
const = mx3S(x*) = mS(1). (73)
This means that the right-hand side of the gravity field in Equation (34)
1 51
p+mS+SF(Q)—0©4(0—-0,)SF(Q) = &_’_m () (74)

x3 x3

keeps the same form as at typ < t < t.. In other words, the solution for the scale factor
coincides by the form with (65), but we have to replace to with t,, describing the starting
point of the arguments of hyperbolic functions in the second time interval.

The function Y?(x) can be now presented as

Y2 = x2F1 {—m n ’”Sx(l)} (75)

in terms of the inverse function F~1. Thus, we need to solve Equation (55) and extract the
fermion density number function S(x) = % This task can be solved only numerically,
which is why to have some analytical progress, we consider below the linear function

F(Q) = —my + hpQ.

Remark. At the end of this paragraph, it is convenient to make the remark concerning the formal
discontinuity, which appears due to the presence of the delta function 6(©, — ©), the derivative of
the Heaviside function 1(®, — @) (see (61)) with respect to its argument. Clearly, the Lagrange
parameter A (18), the term AU, Uy in (23), and the term (26) contain this delta function. As the
result, the right-hand side of the key gravity field equation (74) also includes the delta function. Why
does this discontinuity disappear when we solve the key equations? According to the continuity
requirement B(x.) = 0 (see (72)), we obtain that ® = O just when t = t, and x = x,, thus, the
term B(x)6(©. — ©) disappears at t = t.. The situation with t = t.. is similar.

4.2.2. Linear Function Describing Self-Similarity
Let us consider the function B(S, P?) in the form
P2
B(S,P?) = —m.S+ho—, (76)
where m,. and hy are some phenomenological parameters. We obtain now
mS(1)

Q(X)=¢+ ThoX (77)

where a new guiding parameter ¢ appears

My—Mm
- ( N ) 79)
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s(t)

5(t) _

Now, Equation (55) can be rewritten as follows:

”% 4h0‘F,/X21— - (79)

Clearly, this equation admits separation of variables
VXdX
s S(1
EX + ’”hg)\/x[(l —ox -] g

but further analytic progress is possible for specific choice of the guiding parameters ¢ and
K. Below, we consider two special submodels: first, when ¢ = 0 and K = 0; second, when
¢ = % and K = 0.

= Fdhydt, (80)

4.2.3. The First Special Submodel

When K = 0, we work with the function Z = 4+ v/ X2—Y2, and when & = 0, we see
that m, = m. For this choice of the guiding parameters, we obtain the exactly integrable
submodel with

X(t) = m5(1) [1 FAR3(t— t+)2} ) (81)
ho

Y(t) = mi(l) 1442 — )2 (82)
0

Here, we used the new auxiliary quantity

I’lo—m

tL =t + .
o 4mh3

(83)

In addition, we used the boundary condition X(t.) = x3S(x.) = S(1), we have chosen
the upper sign in (80) so that t+ > t., and we have assumed that hy > m.
The effective mass depends on time as follows:
ho
{1+4hg(t—t+)2}

<M >=hyQ(t) = (84)

The function < M > (t) starts with the value m at t = t, then reaches the maximal
value < M > (max) = hy > m at the moment { = tynax = t4, and then it decreases
monotonically. The time moment tmax = £+ is the function of the parameter kg (see (83));
when hy = m, tmax = t«; when m < hg < 2m, this function grows and reaches the
maximum at g = 2m; when hy > 2m, the parameter ty,x decreases and tends to t,. In
other words, when the guiding parameter iy monotonically grows, the maximum of the
function < M > (t) drifts to the late time moments then stops and starts to drift to the
initial point t.. Figure 1 illustrates the behavior of the reduced function <M= for the cases
when hy > 2.

The spinor particle number density is presented as

(2) [1+43(t—4)’]

S(ts) _cosh2 [\/%(tt*)} {1+\/1+}‘\(P(fo)+m5(to)) tanh [\/%(tt*)} }2 |

(85)

This function depends on the parameters A, ', m, hy, and on the initial values p(ty),
S(tp), so that the behavior of this function is much more sophisticated than the behavior of
< M >. However, the numerical analysis shows that the corresponding graphs possess
maxima. If we fix A, T, m, p(to), S(to) and consider variation of the guiding parameter
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ho only, we can state the following: first, the height of the maximum increases when the
parameter /iy grows; second, the maximum of the corresponding graph starts to shift to the
late time moments, stops, and then moves towards lower values of time. Figure 2 illustrates
the details of such behavior.

— ho0=2
14 -—- ho0=5
—-= h0=15
12 4
10 A
I
=
6
4,
2 -
0_
1.0 12 1.4 1.6 18 2.0 2.2

Figure 1. Illustration of the behavior of the ratio y = % for the model with ¢ = 0 (see (84)) as the
function of time and of the guiding parameter h. For illustration on all the figures, we set m =1,
ty = 1 and measured the cosmological time in the dimensionless units 7= tHy (Hp :\/g). The
maximal values of all functions (¢, hp) are equal to hg. For hg > 2m, the values of i grow with g
and the maxima of the corresponding graphs shift to the initial moment ¢,.

1.4 — h.o0=2
—-- ho=7
124 --—- ho0=10
1.0 -
0.8
W
0.6
0.4 |
0.2 A
0.0 A
10 12 14 16 18 2.0 2.2 2.4
T
Figure 2. Illustration of the behavior of the dimensionless function s(t) = % for the model with

¢ = 0 (see (85)) when the parameters A, I', m, p(tg), S(to) are fixed and only the guiding parameter
hy is varying.
4.2.4. The Second Special Submodel

The condition ¢ = % is equivalent to m, —m = %ho. The key Equation (80) for the

function X reads now
X

= ()

_ = Fdhodt. (86)



Universe 2023, 9, 481

14 of 19

The solution, which corresponds to the upper sign in (86) and to the condition hy >

2m, is
X(t) [ 4m? .
X(6) = cosh 2hy(t—t,)— 1—h—% sinh 2ho(t—t.), (87)

cosh [2ho(t — £,)]{ 1= [1— 222 tanh [2ho(t—t. )]
sty = S _ { il } . (88)

S(t, 2
F) o [V 1) {101 B0 o[ e}

The effective mass evolves with respect to the law

or equivalently

<M>= " : (89)

cosh 2hy(t—t,)—, /1—4]%2 sinh 2hg (t—t4)
0

Att = t,, we obtain < M > (t,) = m. The function < M > (t) reaches the maximal
value < M > (max) :%, where fmay is defined as

h
cosh [2hg(tmax — £)] = ﬁ (90)
or equivalently
1 ]’l() 411’!2
tmax = tx + g log [Zm <1 +4/1— —h% )] . (91)

The quantity fmax as the function of the guiding parameter iy increases when the
parameter iy grows, reaches the maximum, and then monotonically tends to t.. In other
words, when the guiding parameter /1o monotonically grows, the maximum of the function
< M > (t) drifts to the late time moments, then stops and starts to drift to the initial point
t«, as in the submodel with ¢ = 0. Figure 3 illustrates the behavior of the reduced function
ﬂn& for the cases when this maximum is passed.

— ho=7
7 --- ho=10
—-- h0=15
B
5 4
Il
=3 34
2 .
l .
04
T T T T T T T
1.0 1.2 14 16 1.8 2.0 2.2

Figure 3. Illustration of the behavior of the ratio y = % for the model with ¢ = % (see (89)) as the
function of time and of the guiding parameter /iy. The maximal values of all functions (¢, hg) are
equal to %ho. For hg > 2m, the values of y grow with hy and the maxima of the corresponding graphs
shift to the initial moment ..
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The behavior of the function s(t) (88) is similar to the one for the model with
¢ = 0. Again, the graphs demonstrate the maxima, which move similarly. Figure 4
illustrates this behavior.

1.4+

1.2 4

1.0

0.8

0.6

0.4

0.2

0.0

Figure 4. Illustration of the behavior of the dimensionless function s(t) = % for the model with

é= % (see (88)) when the parameters A, T, m, p(tg), S(to) are fixed and only the guiding parameter h
is varying. According to the legend, when iy grows, the maximum of the graph shifts to the late time
moments then stops and starts to drift towards the initial time moment. The heights of the maxima of
the graphs increase on the first stage and decrease on the second one.

4.3. On the Solutions for the Third Interval

During the third stage of the Universe evolution (t > t..), we deal with g = 0, the
value of the scalar S on the boundary t = ¢, is predetermined by the formulas already
found for the interval ty < t < t,. The process of spinorization is finished.

5. Discussion and Conclusions
5.1. The Role of Guiding Model Parameters

We presented an exactly integrable phenomenological model according to which the
dynamic aether coupled to the spinor field opens a window for the spontaneous growth of
the fermion number in the early Universe. We have to emphasize that this spontaneous
growth is the result of internal self-interaction in the spinor system, which we indicated
as a mechanism of self-similar coupling. As for the dynamic aether, it plays the role of
regulator for this process. Our purpose was to show explicitly that the function S(t) = ¢,
which is usually associated with the number density of the spinor particle, can grow, can
reach some maximal value, and then can monotonically decrease under the influence of the
Universe expansion. The formula (85) describes this statement for the first model with the
guiding model parameter ¢ = 0, and the formula (88) confirms this statement for the model
with ¢ = 1. It is required to say a few words about the parameters of the whole model.
First, we use the cosmological constant A; second, only one Jacobson coupling constant
C, appears in the master equations reduced for the chosen spacetime symmetry. Final

formulas contain the unified parameter Ho, = , which gives the asymptotic

A
3(1+3C,)
value of the Hubble function H, different from the de Sitter parameter Hy = \/§ . The
model of self-similar interaction includes additional parameters ¢ (78) and hy. It turned
out that the parameter /i predetermines the maximal value of the effective spinor mass
< M > (21). In addition, we introduced phenomenologically two time moments ¢, and
t«+, which restrict the interval inside of which the dynamic aether “allows” the spinor
field to switch on the self-similar interaction; we consider the corresponding values of the
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expansion scalar ©, = O(t,) and O, = O(t) as the analogs of the first and second Curie
temperatures in ferroelectrics. The last guiding parameter of the model is the so-called
“seed mass” m. This value of the spinor mass is not fixed in the model. there are several
ideas about this quantity. For instance, the collision of pairs of photons could produce the
electron—positron pairs when the photon energy was sufficient to overcome the barrier
of the electron rest energy 2m,. In this case, the electron mass . could be the seed mass
m — m,. The corresponding initial fermion number density was indicated as S(t).

5.2. The Role of the Effective Spinor Mass

In the thermodynamics of the hot Universe, there exists a hypothesis that when the
thermal energy kpT is equal to the sum of the rest energies of pairs of particles, kg T = 2Mc?,
these particles can emerge as the individual ones (particles drop out from the equilibrium
fluid). We put forward a hypothesis that in analogy with the thermodynamic approach, the
specific spinor particles can appear as the individual ones when their masses (predicted by
the quantum theory) coincide with the effective mass < M >. Is it possible on the basis of
our hypothesis to explain the birth of spinors of all known types?

In the standard units, we have to replace m — %¢. For the special units with ¢ = 1
and i = 1, this mass parameter is presented as usual in MeV. From the standard catalog of
fermion masses, we know the following: first, the masses of the quarks are in the range
between 174,340 + 790 MeV (for the t-quark) and 1.5 <—— 5 MeV (for the u-quark); second,
the masses of protons and neutrons are 938.272 MeV and 939.565 MeV, respectively; third,
the masses of leptons are in the range between 1776.99 MeV (for the t-lepton) and 0.511 MeV
(for the electron); fourth, the masses of the neutrinos are estimated to be in the range
between <15.5 MeV (for the T-neutrino) and <0.0000022 MeV (for the electron neutrino).
(The masses of the anti-particles coincide with the ones of the corresponding particles.)

Based on the solutions obtained for two exactly integrable models, we can notice that
the effective spinor mass < M > as the function of cosmological time starts from the value
m at t = t,, reaches the maximal value (hg if { = 0 and %ho if§ = %, and then tends to zero.
In fact, we can estimate the parameter iy associated with the maximal value of the effective
mass as hy > 174,340 + 790 MeV for the model with & = 0 and as hy > 348,681 + 580
for the model with ¢ = 1. The mass of the electron neutrino, the minimal mass from this
catalog, points to the moment of time ¢, when the self-similar interaction was switched off
by the dynamic aether.

5.3. On the Maximal Spinor Particle Number Density

The idea of spontaneous spinorization assumes that during the interval of the cos-
mological time t, < t < t,, a significant growth of the spinor number density S takes
place. This idea is confirmed by the exact solutions (85) (for ¢ = 0) and (88) (for ¢ = %).
Ilustrations presented in Figures 2 and 4 visualize the growth of the function S(t). It is
important to notice that the maximal value Smay is predetermined by the model guiding
parameter hy. If we suppose that the model with ¢ = 0 is appropriate, the estimation gives
that Smax & S(t )4mhg(tmax—t+)?; for the hypothetical value hy > 174,340 4+ 790 MeV, it
is a rather big quantity. If the model with ¢ = 1 is more appropriate, the estimations give
Smax & S(ts) cosh 2hg (tmax—Fx ).

5.4. What Is the Energy Source for the Spontaneous Spinorization?

We think that the energy required to increase the number of fermions is drawn from the
energy reserve of the gravitational field. The presence of the term mS+-§ in the right-hand
side of the Equation (34) hints to us that the energy can be effectively redistributed between
the gravitational and spinor fields when the aether opens a window for this process.
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5.5. What Do We Think about the Problem of the Lorentz Symmetry Violation in the Context of the
Presented Theory?

When the theory of the dynamic aether [23] has been established, the discussions about
the so-called Lorentz symmetry violation appeared. There are several levels of meaning
in this context. Since we work with the general relativistic approach to the Dirac theory,
and thus all the master equations are covariant, we, clearly, do not mean the breaking of
invariance with respect to the Lorentz transformations. When we deal with the dynamic
aether, we work, in fact, with the Lagrangian, which contains the privileged velocity, the
velocity of the aether, thus contradicting with the requirement of the special relativity
that all the frames of reference, moving with constant velocities relative to each other,
are equivalent. Another item of the mentioned problem is connected with the velocity of
photons in the aetheric vacuum: this velocity is not equal now to the constant speed of light
in vacuum, it can depend on the photon energy. In other words, the infra-red, optical, and
gamma photons can move around the Universe with different velocities.

5.6. Outlook

We hope to apply the presented results to the realistic cosmological model; however,
this work is outside the scope of this article. We hope to organize the detailed analysis in
the next paper.
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