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Abstract: A new (improved) model of inflation and primordial black hole (PBH) formation is pro-
posed by combining the Starobinsky model of inflation, Appleby-Battye—Starobinsky (ABS) model
of dark energy, and a quantum correction in the modified F(R) gravity. The energy scale parameter
in the ABS model is taken to be close to the inflationary scale, in order to describe double inflation
instead of dark energy. The quantum correction is given by the term quartic in the spacetime scalar
curvature R with a negative coefficient (—J) in the F(R) function. It is demonstrated that very good
agreement (within 10) with current measurements of the cosmic microwave background (CMB)
radiation can be achieved by choosing the proper value of J, thus solving the problem of low values
of the tilt of CMB scalar perturbations in the earlier proposed model in arXiv:2205.00603. A large (by a
factor of 107 against CMB) enhancement in the power spectrum of scalar perturbations is achieved by
fine tuning the parameters of the model. It is found by numerical analysis that it can lead to formation
of asteroid-size PBHs with masses up to 10%° g, which may form dark matter in the current universe.

Keywords: inflation; primordial black holes; dark matter

1. Introduction

This year is the centennial anniversary of Friedmann’s prediction for expanding uni-
verse, which was based on a nonstationary solution to Einstein’s equations. In recent years,
the expanding universe was extended by other important features, such as cosmological
inflation, dark matter, and dark energy.

A paradigm of inflation in the early universe, proposed a long time ago [1,2] as a
possible solution to internal problems in theoretical cosmology (flatness, horizon, initial con-
ditions, and structure formation), is currently well supported by precision measurements
of the cosmic microwave background (CMB) radiation by WMAP and Planck satellite mis-
sions combined with recent BICEP/Keck data [3-5]. The original (1980) Starobinsky model
of inflation [6] gives a simple theoretical description of inflation by using only gravitational
interactions, which is in very good agreement with the current CMB measurements. It is,
therefore, natural to extend the Starobinsky model of inflation by including more features,
such as production of primordial black holes (PBH). The PBH formation may explain the
origin of black holes and dark matter in the current universe [7-12].

In modern terms, see, e.g., Refs. [13-15] for more details, the Starobinsky model is a
special case among modified gravity theories with the action:

MZ
5= Tﬂ/d‘*x\/fgp(lz) : (1)
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The Starobinsky F-function of spacetime scalar curvature R is given by:
R2
Fs(R) =R+ ——, 2

where Mp; = (871G)~1/2 = 2.435 x 10'8 GeV is the reduced Planck mass and M is the only
(mass) parameter. The known CMB amplitude determines M ~ 1.3 x 1072 Mpy, so that the
Starobinsky model has no free parameters.

An F(R)-gravity model is well known to be equivalent to the quintessence (scalar-
tensor) gravity model in terms of the inflaton scalar field ¢ with the scalar potential V(R(¢))
in the parametric form, see, e.g., Refs. [16,17] for a derivation:

V(R) = My o 9(R) = \@MPI InF, @)

where the primes denote the derivatives with respect to the given variable (R). It is usually
impossible to analytically derive the inverse function R(¢) from a given function ¢(R),
with the notable exception being the Starobinsky case (2), where one obtains a simple and

well-known answer:
3
Vs(¢) = 1M2[ eXP( \[WMH)] : (4)

To form PBH out of a gravitational collapse of large (curvature) perturbations in the
early universe, one needs a large enhancement of the power spectrum of scalar pertur-
bations by six or seven orders of magnitude against the CMB spectrum. In the context
of single-field models of inflation, it can be achieved in the double inflation scenario via
engineering a near-inflection point in the inflaton scalar potential at lower (than inflation)
scales [10,18]. The potential (4) does not have an inflection point and, hence, does not lead
to PBH production. However, one can modify the Starobinsky F(R)-gravity function (2)
by extra terms that lead to an inflection point. This should be done in agreement with
CMB observables, leading to constraints on eligible F-functions. Moreover, there are other
conditions, such as absence of ghosts and singularities, and the correct Newtonian limit.
Once all the necessary conditions are satisfied, one has to achieve the required enhancement
of the power spectrum and generate PBH with the masses beyond the Hawking radiation
limit of 10'° g because, otherwise, all those PBH would evaporate before the present times.

These problems were partially solved in Ref. [19] by adding to the F(R)-gravity
function (2) the additional terms known in the literature as the Appleby—Battye-Starobinsky
(ABS) model of dark energy [20], and described by the F-function:

cosh (Eﬁ b)
Faps(R) = (1= g)R+ gE4pIn T{b) , ®)
where the Appleby—Battye parameter E 4p has been introduced as:
Ro
Eap= ——7—~ 6
AP 2eIn(1+ 2h) (©)

with the new dimensional scale Ry and the dimensionless positive parameters g and b.
The function (5) was carefully chosen in Ref. [20] in order to meet the no-ghost (stability)
conditions in modified F(R) gravity, which are given by:

F'(R)>0 and F’(R) >0, (7)
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it avoids singularities, obeys the Newtonian limit, and mimics a positive cosmological
constant representing the dark energy for R >> Rq with proper values of the parameters g
and b defining the shape of the scalar potential. To describe the present dark energy in the
universe, the parameter R representing the vacuum value of the scalar curvature should
be very small, VRg ~ 10733 eV and, hence, the AB-parameter should be small too.

The shape of the F-function (5), thus, leads to a meta-stable de Sitter vacuum after
inflation and, hence, a near-inflection point in the potential. In Ref. [19], the dark energy
value of y/Rg was replaced by a much higher value of the order M below the inflationary
scale Hiys ~ 10 GeV.! The new model with the F-function:

RZ

Finodified (R) = Faps(R) + oM

®)
leads to the desired enhancement of the power spectrum of scalar perturbations and the
formation of PBH with the asteroid-size masses of an order of 10'° g, which may form the
whole dark matter in the present universe. In order to obtain these results, the parameters g
and b were fine tuned, but agreement with the observed CMB tilt #ns of scalar perturbations
was not good enough (outside 1o but within 30 lower) in Ref. [19].

In this communication, we propose the improved (new) model of Starobinsky inflation
and PBH formation, having very good agreement (within 10) to CMB measurements.
The new model is defined in Section 2 by combining phenomenological and theoretical
considerations. Inflation is studied in Section 3. The power spectrum is derived in Section 4
together with the PBH masses. Section 5 contains our Conclusion.

2. The New Model

Our improved modified gravity model is (phenomenologically) defined by the
F-function:

cosh(f — b) R2 R4

R
cosh(b) + -0 ©)

where we have changed the coefficient at the first term with another parameter g; # g and
have added the new term quartic in R with the new parameter . The AB parameter E 45
is still defined by Equation (6), where Ry = BM? with yet another parameter . All the
parameters (g1, 8, b, B,6) are dimensionless by definition.

The significance of each term in Equation (9) can be explained as follows.

The second term in Equation (9) becomes approximately linear in R both for small and
large values of R/E 45, and thus, correlates with the first term linear in R. Hence, in the
low-curvature regime for small values of R/ E 4p, consistency with gravity measurements
inside the Solar system requires the Einstein—-Hilbert effective action, which implies the
following relation:

g1 = —gtanhb. (10)

Starobinsky inflation is essentially governed by the third term quadratic in R in
Equation (9), which leads to inflaton slow-roll (SR) in the high-curvature regime for the
values of R/M? between 220 and 10 [17]. The scalar potential (4) of the Starobinsky
model has an infinite plateau, which allows arbitrary duration of inflation, measured by
a number N, of e-folds. However, the Starobinsky inflation is unstable against quantum
gravity corrections of the higher order in the scalar curvature. As was demonstrated in
Refs. [21-23], the leading superstring-inspired quantum correction should be quartic in
R, while it eliminates the infinite plateau in the Starobinsky potential and, hence, restricts
the maximal number of e-folds. In order to be consistent with CMB measurements, the
value of the -coefficient should be small enough, for instance, |§| < 3.9 x 10~¢ according
to Ref. [21].
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It was assumed in Ref. [21] that the coefficient in front of the R* term is positive,
which led to the inflaton scalar potential going down and hilltop inflation. In this paper,
this coefficient is taken to be negative (—J < 0), which leads to the potential going up
before inflation, see the next Section. The quartic term with 6 > 0 in Equation (9) is also
responsible for raising the CMB values of the scalar tilt 715 in the improved model (9) against
those in Ref. [19], as is demonstrated below. A similar effect was noticed in the modified
E-type inflationary models of alpha-attractors and PBH formation, proposed in Ref. [24].

PBH formation may happen at the energy scales below the inflationary scale, which
are governed by the parameter /Ry of the order M. Hence, the parameter $ in Equation (9)
should be of the order one. The remaining parameters g and b are also of the order one,
while their values should be tuned in order to generate a large peak ~ 1072 in the power
spectrum of scalar perturbations. This can only be done numerically by scanning the
parameter space, as in Refs. [19,24].

We found that in the model (9), the parameters (B, g, b) must be fine tuned to very
specific values, namely:

B~300, g~225 and b=~289, (11)

because, otherwise, a peak in the power spectrum is either absent, too small, or too high.
It is easy to verify that the first and second derivatives of the F-function (9) are positive:

F'(R) =1+ gtanh(b) + gtanh Ry +i—§—Rs>0 (12)
—iTe g Eng 3MZ  12M6
and
% g 2 R 1 SR?
= - - 0 7 13
F"(R) EABsech (EAB b) + VE T AME (13)

for the given values of the parameters and the relevant values of R < 240M?2.

3. Inflaton Potential and Slow-Roll

According to Equations (3) and (9), the scalar potential V(¢) of the inflaton field ¢ in
the parametric form (with the parameter R) is given by:

V(R) _1 —2/2¢/Mp

Mp 2
(14)
Rtanh | £ —b Eapl COSh(E%_b) S
R B TP ) T 8RABI | T i D) T eME T T6M (7
where
2 ¢ . R R _ﬁ
exp <\/QMPI> =1+ gtanh(b) 4 gtanh (EE b) T3VE T TaME (15)

The function ¢(R) in Equation (15) cannot be inverted in a useful analytic form, so
we employ numerical calculations with Mathematica in what follows. The profiles of the
inflaton potential V(¢) for the selected values of Ry and ¢ are given in Figure 1.

The plot on the left-hand side of Figure 1 demonstrates that the potential has two
plateaus at different scales; it is going up for § > 0 before inflation, while the value of the
parameter 6 determines the location where the potential goes up at the beginning of SR
inflation. The height of the higher (Starobinsky) plateau is determined by M, the height
of the lower plateau is controlled by Ry, the length of the lower plateau is controlled by g,
and the flatness of the lower plateau is controlled by b. The plot on the right-hand side of
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Figure 1 shows a shallow meta-stable de Sitter minimum (dip), a near-inflection point, and
a small bump (local maximum).

————— Ro=3M2, 6=0

Ry=4M?, 6=-5+10"
—— Ro=5M?, 6=10""

2 4 6 8 Mm 05 00 05 10 15 20 25 My

Figure 1. The inflaton potential for selected values of Ry and ¢ at fixed g = 2.25 and b = 2.89 with V = %M%,lMZ
(on the left). The potential for low values of ¢/ Mp) are shown on the right.

The inflaton potential V(¢) for selected values of g at fixed Ry = 4M? and b = 2.89 is
displayed in Figure 2. This figure shows that duration of the second inflation (length of
the lower plateau) is sensitive to the value of the parameter g. The longest lower plateau
corresponds to g ~ 3.0.

V(¢)

Vo
0.10

0.08 9=2.25

0.06

0.04

.02

¢
-05 0.0 0.5 1.0 15 2.0 2.5 Mp

Figure 2. The inflaton potential for selected values of g at fixed Ry = 4M? and b = 2.89.

The SR conditions are given by smallness of the standard SR parameters, €5; < 1 and
|7sr] < 1, where:

_ My (V(9)? IVNAIC)
ese(P) = 2( V(o) ) and  7sr(¢) = Mp, Vip) (16)
A duration of inflation is defined by the number N of e-folds:
tend 1 ‘Pin V((l))
N:/ H(t)dt ~ — o, (17)
tin ( ) Mlz')] Pend V,(¢) (P

where H(t) is the Hubble function. The CMB observable (tilt) 5 of scalar perturbations and
the tensor-to-scalar ratio r are related to the values of the SR parameters at the horizon exit
with the standard pivot scale k. = 0.05 Mpc !, which (in our model) is close to the scale at
the beginning of SR inflation by Mp;ét ~ 2 or N ~ 1 or ¢/ Mp; ~ 10~2. Hence, ¢;, can be
identified with ¢eyit at the horizon exit in a derivation of the CMB tilts, leading to:

ns =1+ 2775r(¢in) - 6€sr(¢in) and r= 16€sr(¢in)~ (18)
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The running SR parameters for selected values of Ry and ¢ are displayed in Figure 3.

€sR
7

6 o1 1Y - Ro=3M?, 6=0
_____ _ 2 S5—
s Ro=3M?, 6=0 Ro=4M?, 6=-5+10""
—AM2, 5=—-5x10-T
. Ro=4M?, 6=-5%10 1 Ro=5M?, 6=1077
Ro=5M?, 6=1077
s J 9
2 N—s— b — B8 My
2
-1
1
*
2 4 6 8 Mg 2

Figure 3. The SR parameter € (¢) (on the left) and the SR parameter #s:(¢) (on the right) for selected values
of Ry and ¢ at fixed ¢ = 2.25 and b = 2.89. The end of Starobinsky inflation is reached at ¢,,,; ~ 2.98 Mp; when

€sr (¢end) ~1

It follows from Figure 3 that the peak in es:(¢) is sensitive to the value of Ry, while the
tails of 775+ (¢p) are sensitive to the value of 6. Therefore, the value of ¢ affects the value of s,
and then the value of r becomes weakly dependent upon 4, in agreement with Ref. [21].
The standard equations of motion of inflaton field ¢(t) read:

1
- M2
M,

§+3H§+V'(9) =0,  BH = —[5*+V(9)], (19)

where the dots denote the derivatives with respect to time . These equations can be
numerically solved with given initial conditions ¢;,, and ¢;,. Due to the attractor type of
Starobinsky inflation the dependence upon initial conditions is weak [25]. A solution with
the initial conditions ¢;, = 7.01Mp; and ¢;,, = 0 leading to ¢exit/ Mp; = 6.98 is given in
Figure 4, where the Hubble function has two plateaus.

|e

H
My M
7
6 05
5 0.4
4 03
3
02
2
0.1
1 L
M
tMp) 50 100 150 200 250 300 350 "

Figure 4. The evolution of inflaton field ¢(t) and Hubble function H(t) with the initial conditions ¢, = 7.01 Mp
and ¢;, = 0, and the parameters § = 2.7 - 1078 and Ry = 3.0 M2.

Inflaton slowly rolls along both plateaus; between them, there is a period of ultra-slow-
roll (USR) where dynamics are different [26,27]. Namely, the acceleration term should be
kept, but the potential term can be ignored in the first equation of motion (19). Because of
that, it is more illuminating to use the Hubble flow parameters outside the CMB region,
which are defined by:

_ H _ éx
CH= " MTHZCH 5 g

(20)

The evolution is given in Figure 5. In the USR regime, the parameter ey becomes very
small. The parameter 7y drops below —6, while the corresponding hole (dip) defines the
duration of the USR regime.
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€H NH
0.1 2 J
f tM
1074 50 100 150 200 7
-2
107
-4
1070
-6
t Mpy
0 50 100 150 200 250 300 -8

Figure 5. The evolution of the Hubble flow parameters e (t) and #5 (¢) with the initial conditions ¢;,, = 7.01 Mp,
and ¢;, = 0, and the parameters § = 2.7 - 10~8 and Ry = 3.0 M?.
4. Power Spectrum of Scalar Perturbations and PBH Masses

The power spectrum P, (k) of scalar (curvature) perturbations, as a function of scale k,
is usually derived as a solution to the Mukhanov-Sasaki (MS) Equation [28,29], which is
often possible only numerically. However, we found that the following, well-known simple
analytic formula [12,18,30]:

H?

= — 21
8M3 m2ey @1

P(t)

gives a good approximation [19,24]. Our new result is given by Figure 6, which shows a
large enhancement (peak) in the power spectrum by a factor of 10” against the CMB level
(on the left-hand side from the peak).

Pg
0.001 -
1076+
1079

10—12 L

t Mpy

50 100 150 200 250 300

Figure 6. The primordial power spectrum P (t) of scalar (curvature) perturbations, derived from Equation (21).

The PBH masses can be estimated from the peak in the power spectrum as follows [31]:

]V.[2 trotal
Mppy =~ - exp 2(Nt0tal - Npeak) + / GH(t)H(t)dt 7 (22)
H(tpeak) tpeak

where Npeax and fpeqi stand for the peak event, while Nty and tiora) denote the end of the
whole inflation comprising three stages (SR/USR/SR).

According to Equation (22), the PBH masses are exponentially sensitive to the number
of e-folds around the inflection point, AN = (Niya — Npeak), while the integral in the
exponential describes the subleading correction that is of the order one.

Our findings are summarized in Table 1 where the values of the key observables s, 7,
and Mppyg in our model are collected with the fine-tuned parameters b = 2.89 and g = 2.25.
The height of the peak is sensitive to Ry, whose value Ry/M? = 3.001 was chosen to obtain
a height equal to 102.
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Table 1. CMB observables, PBH masses, and duration of inflation in our model.

@in/ Mp ) ng r MppH, g Npeak Niotal AN
6.36 255x 1077 0964959  0.0359 5.0 x 10 26 47 21
6.70 874x1078 0964905 0.0182 2.0 x 10*° 34 54 20
7.01 270 x 1078 0.964944  0.0095 1.0 x 10% 43 65 22
7.07 205x1078% 0964917 0.0083 2.6 x 108 45 64 19
7.12 1.60 x 1078 0.964925  0.0074 1.0 x 10V 47 65 18
7.15 1.36 x 1078 0.964908  0.0070 5.0 x 101° 49 66 17
7.20 1.02x 1078  0.964961 0.0062 1.6 x 101° 51 64 13

The tensor-to-scalar ratio r is inside the current observational bound, r < 0.032, except
the first line in the table (given for comparison only). The tilt 15 of scalar perturbations
agrees within 1o with the current CMB measurements [3-5]:

ns = 0.9649 £ 0.0042 . (23)
To obtain PBH masses beyond the Hawking (black hole) evaporation limit of 10'° g, so
that these PBH can survive in the present universe and form dark matter, the duration AN
should be between 17 and 22 e-folds. It also follows from the table that the total duration of
inflation should be between 54 and 66 e-folds.

Increasing the parameter J allows us to compensate the decreasing scalar tilt ;. When
trying to increase the PBH masses by reducing the total duration of inflation, we find that
the value of the tensor-to-scalar ratio r increases and reaches the maximal observationally
allowed bound. Increasing AN even higher is also not possible, because it leads to the
peak height beyond observational constraints. Therefore, it is not possible to increase the
PBH masses beyond the asteroid-size with 102 g or, equivalently, beyond 10~ '3 Mg, in
our model.

5. Conclusions

The main new results of this paper are summarised in the abstract. The modified
gravity framework is entirely based on gravitational interactions, which implies the gravi-
tational origin of both inflation and PBH formation in our approach. The good agreement
(within 10) with CMB observations is achieved by fine tuning the parameters of the im-
proved model. The PBH masses found are in the mass window that allows the whole dark
matter composed of PBH of the asteroid size [11,12]. The stochastic gravitational waves
induced by PBH production in the Starobinsky-like gravity were investigated in Ref. [32].

Fine tuning of the parameters in our model is necessary to obtain a significant enhance-
ment of the power spectrum of scalar perturbations leading to the PBH with masses beyond
the Hawking evaporation limit and, hence, the possible PBH dark matter, cf. Ref. [33].

A large peak in the primordial power spectrum may lead to large quantum corrections,
which may rule out the near-inflection mechanism of PBH production in all single-field
models of inflation [34-36]. However, validity of the mechanism based on a near-inflection
point was recently defended in Refs. [37-41]. Modified gravity offers a different perspective
on the issue of quantum corrections when assuming the gravitational origin of inflation (as
in the Starobinsky model) and PBH production in the context of F(R) gravity theories, as in
our paper. Both inflation and PBH formation can be destroyed by adding to the F-function
terms with the higher powers of R describing quantum gravity corrections, with the R*
term being their representative. To avoid that, the coefficients in those terms should be
small enough in order to keep validity of the gravitational effective action described by
Equation (9). Naturally, there should also be a fundamental mechanism in quantum gravity
that keeps these coefficients small; however, this issue is beyond the scope of this paper.
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Note

1

Accordingly, we changed the notation for the AB-parameter denoted by € 45 in Ref. [20] to E 4.
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