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Abstract: Many degree-based topological indices can be obtained from the closed-off M-polynomial
of a carbon nanocone. These topological indices are numerical parameters that are associated with
a structure and, in combination, determine the properties of the carbon nanocone. In this paper,
we compute the closed form of the M-polynomial of generalized carbon nanocone and recover many
important degree-based topological indices. We use software Maple 2015 (Maplesoft, Waterloo, ON,
Canada) to plot the surfaces and graphs associated with these nanocones, and relate the topological
indices to the structure of these nanocones.
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1. Introduction

Chemical graph theory is a subject that connects mathematics, chemistry, and graph theory,
and solves problems arising in chemistry mathematically. A topological index is a numeric number
associated with a molecular graph that correlates certain physicochemical properties of chemical
compounds. The topological indices are useful in the prediction of physicochemical properties and
the bioactivity of the chemical compounds [1-4]. These indices capture the overall structure of the
compound and predict chemical properties such as strain energy, heat formation, boiling points, etc.

Long computation is required to compute topological indices, and in order to simplify the
computation of the degree indices, which form a subclass of degree-based topological indices of utmost
importance, the M-polynomial was introduced in [5] by Deutsch and KlavZar. From the M-polynomial,
one can recover nine degree-based topological indices. For this reason, the M-polynomial has been
studied extensively in recent years, for example, Munir et al. computed M-polynomials for polyhex
nanotubes, and recovered many important degree-based topological indices [6]. The M-polynomials for
nanostar dendrimers were studied by Munir et al. in [7]. Munir et al. also studied the M-polynomials
of titania nanotubes and its degree-based topological indices [8]. Ali et al. [9] studied zigzag and
rhombic benzenoid systems. For more studies in this direction, see Munir et al. [10], Kwun et al. [11],
Kang et al. [12], Ahmad et al. [13] and Kang et al. [14].

Carbon nanocones have been observed since 1968 or even earlier [15] on the surface of naturally
occurring graphite. The molecular graph of nanocones have conical structures with a cycle of length k
at its core and n layers of hexagons placed at the conical surface around its center. The importance
of carbon nanostructures is due to their potential use in many applications, including gas sensors,
energy storage, nanoelectronic devices, biosensors, and chemical probes [16]. Carbon allotropes such
as carbon nanocones and carbon nanotubes have been proposed as possible molecular gas storage
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devices [17]. More recently, carbon nanocones have gained increased scientific interest due to their
unique properties and promising uses in many novel applications such as energy and hydrogen
storage. Figures 1 and 2 show carbon nanocones.
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Figure 2. The molecular graph of CNCy[n] for k = 5.

The molecular graph of CNCy[n] nanocones have conical structures with a cycle of length k at its
core and 7 layers of hexagons placed at the conical surface around its center, as shown in the following
Figure 3.

In the present report, we give a closed form of the M-polynomial of carbon nanocones. From the
M-polynomial, we recover nine degree-based topological indices. In [18], Xu et al. computed the
Hosoya polynomial and related distance-based indices for CNCy7[n]. In [19], Ghorbani et al. computed
the Vertex PI, Szeged, and Omega polynomials of carbon nanocone CNCy[#]. Similarly, many partial
results regarding topological indices have been obtained for some particular classes of nanocones.
However, we present some general results about complete families of nanocones. Our results present
organized generalizations of many existing partial results.
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Figure 3. Carbon nanocone CNCy[n].

2. Basic Definitions and Notions

Algebraic polynomials have many useful applications in chemistry. For instance, the Hosoya
polynomial (also called the Wiener polynomial) [20] plays a vital role in determining distance-based
topological indices. The M-polynomial [5], which was introduced in 2015, plays the same role in
determining many degree-based topological indices [6—14].

Throughout this paper, G denotes connected graph, V(G) and E(G) denote the vertex set and the
edge set, respectively, and d, denotes the degree of a vertex.

Definition 1. The M-polynomial of G is defined as:

MG xy)= ), myG)xy,
5<i<j<A
where 6 = Min{dy|v € V (G)}, A = Max{dy|v € V (G)}, and m;;(G) is the edge vu € E(G) such that
{do,du} = {i,j}.

The first well-known topological index was introduced by Wiener [21] when he was studying
the boiling point of paraffin. He named it the path number, which is now known as the Wiener
index [22,23]. Later, Randic defined the first degree-based topological index in 1975 [24]. The Randic
index is denoted by R_1,,(G), and is defined as:

Ro12(G) = ), !

uveE(G) dudy '

In 1998, working independently, Bollobas and Erdos [25] and Amic et al. [26] proposed
the generalized Randic index, which has been studied extensively by both chemists and
mathematicians [27]. Many mathematical properties of the Randic index have been discussed [28].
For a detailed survey we refer to the monograph of Li and Gutman [29].
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The general Randic index is defined as:

Ri(G)= Y (dudo)".

uveE(G)

Obviously R_1/,(G) is the particular case of Ry(G) when & = —1.
Gutman and Trinajstic introduced the first Zagreb index and second Zagreb index, which are

defined as: M1(G) = Y (dy+dy) and Ma(G) = Y (dy x dyp), respectively. The second
uveE(G) uveE(G)
modified Zagreb index was defined as:

m _ 1
MG = b dwdte)

For detail about these indices, we refer Nikoli¢ et al. [30], Gutman and Das [31], Das and
Gutman [32] and Trinajsti¢ et al. [33] to the readers.
The symmetric division index is defined as:

so0(©)~ T (mindde) | monldude)),

max(dy,,d,)  min(d,,dy)

uveE(G
Other well-known topological indices are the harmonic index, H(G) = )} ﬁ., the inverse
oucE(G) "
sumindex, I(G) = ¥ ddlfg , and the augmented Zagreb index [34,35]:
oueE(G) "

aey- £ (gt

vueE(G)

The following Table 1 relates some well-known degree-based topological indices with the
M-polynomial [5].

Table 1. Derivation of some degree-based topological indices from the M-polynomial.

Topological Index Derivation from M(G; x,y)
First Zagreb (Dx + Dy)(M(G; x,y)) x=y=1
Second Zagreb (DxDy)(M(G; x, }/))‘x y=1
Second Modified Zagreb (5xSy)(M(G; x, y))\x =1
General Randi¢ Index (DféD;)( (Gx y))‘ -
General inverse Randi¢ Index (S55y) (M(G; x, ]/))‘ —y=1
Symmetric Division Index (DxSy + SxDy) (M(G; ) |
Harmonic Index 25 J (M(G; x,y)) x=1
Inverse sum Index Sx ] Dx Dy(M(G; x,Y))—q
Augmented Zagreb Index $:3 QT D,,3Dy3(M(G ;X Y))

where:

X y
D, — xa(fa(;ffy)/ D, = ya(fa(;,y), S, = Of (ftfy) dt, Sy = Off(atc,t)dt, T(f(x,y) = f(x,x),
Qu(f(x,y)) = x"f(x,y).

3. Results

In this section, we give our computational results.
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Theorem 1. Let CNCy[n] be the graph of carbon nanocones. Then, the M-polynomial of CNCy[n] is:

M(CNCyi[n], x,y) = kx®y? + 2knx?y> + %(311 +1)x%y°.

Proof. Let CNCy[n] be the graph of nanocones. From the graph of CNC[n] nanocones, we can see
that there are two partitions, V(3y = {v € V(CNCy[n])|d, = 3} and Vi5y = {v € V(CNCy[n])|dy = 2}.
The edge set of the CNCy[n] can be partitions as follows:

Efy0y = {e = uv € E(CNCy[n])|dy = 2&d, = 2},

Efp3, = {e = uv € E(CNCy[n])|dy = 2&d, = 3}

and:
Eg33y = {e = uv € E(CNCy[n])|dy = dyp = 3}

From the molecular graph of CNC[n]|, we can observe that ’E {2’2}’ =k, |E {2,3}‘ = 2kn,

and ‘E{3/3}’ = %(37’1 + 1)
Thus, by Definition 1, the M-polynomial of CNCy[n] (Figure 4) is:
M(CNC[n];x,y) = ¥ mij(CNCi[n])x'y/,
i<j
= ¥ mn(CNC[n])x*y* + ¥ mys(CNCi[n])x®y + ¥ mas(CNC[n])x%y>,
252 253 33
= L mp(CNGn))x®y*+ ¥ ms(CNG[n])x*y’+ £ ms3(CNCe[n])x’y,

MUEE{Z/Z} “UGE{Z,?,} MUEE{3/3)
Epo ‘xzyz + ‘E{z,s} ’x23/3 + }5{3,3} ‘xsysl
= kx2y? + 2knx?y® + 5 (3n + 1)x%°.
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Figure 4. The 3D plot for the M-polynomial of CNCy[n] for k=n = 1.
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Theorem 2. Let CNCy[n] be the graph of carbon nanocones. Then:

M;(CNCy[n]) = 6kn? + 12kn + 4k.

M (CNCy[n]) = 9%kn? + 15kn + 4k.

"M, (CNCi[n]) = Lkn? + Bkn + k.

Ry (CNCi[n]) = k2%* 4 kn (n32"‘ + 22a+1 + 321,
Ry (CNCy[n]) = k4=% + 2kn6~% + kn(3n +1)97%.
SDD(CNCy[n]) = 2kn? + Skn + 2k.

H(CNCk[n]) = Ykn® + $kn + k.

I(CNCy[n]) = 3kn? + % kn +k.

A(CNCy[n]) = Zkn? + 125 kn + 8k.

0 X NG e

Proof. Let M(CNCy[n]; x,y) = f(x,y) = kx?y? + 2knx?y® + 2 (3n + 1)x%%,
Dy (f(x,y)) = 2kx®y? + 4knxy> + kn(3n + 1)x%°,
Dy (f(x,y)) = 2kx*y* + 6knx*y® + kn(3n + 1)x°y°,
k kn
Sx(f(x,y)) = §x2y2 + knx?y? + — (3n +1)x%y3,
kb, 2 kn
Sy(f(x,y)) = SXY gknx v+ — (3n+1)mx v,
DDy (f(x,y)) = 2°*kx*y* + 2”‘+13“knx2y3 + 32 n(3n +1)x3y,

k 1 kn
SiSy(f(x ) = o y2+2a_13aknx2y3+32a+1(3n+1) v

](f(x,y))—kx + 2knx® +k (3n —|—1)

SeJ(f(x,y)) = kx + knx +I;8(3n+1)

DDy (f(x,y)) = 4kx?y? + 12knx2y3 + 3kn(3n + 1)x%y°,
JD:Dy(f(x,y)) = 4kx* + 12knx” + 3kn(3n + 1)x°
S«JDxDy(f(x,y)) = kx* + 15—2knx5 + %kn(?m +1)x°
D; (f(x,y)) = 8kxy?* + 54knx®y> + 9kn(3n + 1)x°y>,
DID}(f(x,y)) = 64kxy? + 432knx>y> + 243kn (3n + 1)x°y?,
JDID;(f(x,y)) = 64kx* + 432knx” + 243kn(3n + 1)x°

Q_2JDID](f(x,y)) = 64kx> + 432knx> + 243kn (3n + 1)x*

S3Q_2JDID; (f(x,y)) = 8kx* + 16knx® + 264—43kn(3n +1)x*

Now we recover degree-based topological indices by using Table 1. The Figures 5-13 show the
relations of different topological indices with values of k and n. It is noticeable that all of the above
discussed topological indices vary quadratically with n, and linearly with k.

1. M1(CNCi[n]) = (Dx + Dy) (f(x,y)) (M(CNCx[n])x, )| x=y=1 = X (1812 + 261 + 10).
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Figure 5. Plots for the first Zagreb index (left for arbitrary n and k, middle for k = 4, and right for n = 5).

2. My(CNCi[n]) = (DxDy) (f (x,9)) (M(CNCy[n])x, y)

3000
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vmy=1 = & (81n* +234n% + 25512 + 1261 + 24).
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Figure 6. Plots for the second Zagreb index (left for arbitrary n and k, middle for k = 4, and right for

n=>5).

3. "My (CNCy[n]) = (SxSy) (f(x,))

x=y=1 = %kn2 + %—gkn + }Lk.
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Figure 7. Plots for the modified second Zagreb index (left for arbitrary n and k, middle for k = 4,

and right for n = 5).

4. Ry(CNCi[n]) = DDy f (x,y) |x=y=1 = k2% + kn (n3% 2201 4. 320~1),
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Figure 8. Plots for the Randic index (left for arbitrary # and k, middle for k = 4, and right for n = 5).

5. Ry(CNCi[n]) = (Sisﬁ)(f (x,y))

vyl = k4™ + 2kn6~% + Lkn(3n +1)97%,
Y 3

50

-50

Figure 9. Plots for the inverse Randic index (left for arbitrary n and k, middle for k = 4, and right for

n=>5).

6. SDD(CNCy[n]) = (DxSy + DySx) (f(x,¥))|x=y=1 = 2kn* -+ 5kn + 2k.
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Figure 10. Plots for the symmetric division index (left for arbitrary # and k, middle for k = 4, and right

for n =5).

7. H(CNCy[n]) = 28:J(f(x,¥))|x=1 = 3kn? + $tkn + Lk.
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Figure 11. Plots for the harmonic index (left for arbitrary # and k, middle for k = 4, and right for n = 5).
8. I(CNCx[n]) = SxJDxDy(f(x,y))|x=1 = 3kn? + Zkn + k.
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Figure 12. Plots for the inverse sum index (left for arbitrary n and k, middle for k = 4, and right for
n=>5).

9. A(CNCi[n]) = S3Q_»JDID3(f(x,y)) |x=1 = Zkn? + 2kn + 8k.
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Figure 13. Plots for the augmented Zagreb index (left for arbitrary n and k, middle for k = 4, and right
for n =5).

4. Conclusions

The closed form of the M-polynomials of all of the carbon nanocones is computed. This polynomial
generates a lot of information about degree-based topological descriptors, which are actually graph
invariants. These indices, in combination, determine the properties of nanocones. The topological
indices calculated in this paper are important for guessing the physicochemical properties of
understudy chemical compounds. For example, the Randi¢ index is a topological descriptor that
has been connected with numerous substance qualities of atoms, and has been found to be parallel
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to processing the boiling point and Kovats constants of the particles. To associate with certain
physicochemical properties, the GA index has a very preferable prescient control over the prescient
intensity of the Randi¢ index. The first and second Zagreb indexes were found to calculate the
aggregate m-electron vitality of the atoms inside specific surmised articulations. These are among
the graph invariants, which were proposed for the estimation of the skeleton of the spreading of the
carbon molecule. To calculate the distance-based topological indices of understudied nanocones is an
interesting problem that is worthy of further investigation.

Author Contributions: W.N. design the problem. A.F. and M.Y. investigate the results, M.M. draw the figures
and S.M.K. formate the paper and validate the results.

Funding: This research received no external funding.
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this paper.
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