
1 Supplementary material 
S1.1 AREBO Forward Kinematics 
 

 
Figure S1. AREBO’s 6 DOF kinemaƟc chain with its DH parameters. The three proximal DOF (ℛଵ, ℛଶ, ℛଷ) are 
actuated and control the 3D posiƟon of the robot’s endpoint aƩached to the arm and the three distal 
unactuated DOF (ℛସ, ℛହ, ℛ଺) help the robot to self-align to the orientaƟon of the arm; these three DOF form 
a spherical joint about the robot’s endpoint 𝐩௥. 

 
Forward kinemaƟcs computes the robot’s endpoint posiƟon and orientaƟon given the joint angles and DH 
parameters. 
The homogenous transformaƟon matrices between subsequent reference frames are given by: 

𝐓ℛభℛబ = ൦𝑐ଵ −𝑠ଵ 0 0𝑠ଵ 𝑐ଵ 0 00 0 1 00 0 0 1൪ , 𝐓ℛమℛభ = ൦ 𝑐ଶ −𝑠ଶ 0 00 0 1 0−𝑠ଶ −𝑐ଶ 0 00 0 0 1൪ , 𝐓ℛయℛమ = ൦−𝑠ଷ −𝑐ଷ 0 𝑟ଵ𝑐ଷ −𝑠ଷ 0 00 0 1 00 0 0 1 ൪ 

 

𝐓ℛరℛయ = ൦𝑐ସ −𝑠ଶ 0 00 0 −1 −𝑟ଶ𝑠ସ 𝑐ସ 0 00 0 0 1 ൪ , 𝐓ℛఱℛర = ൦ 𝑠ହ 𝑐ହ 0 00 0 −1 0−𝑐ହ 𝑠ହ 0 00 0 0 1൪ , 𝐓ℛలℛఱ = ൦ 𝑐଺ −𝑠଺ 0 00 0 1 0−𝑠ହ −𝑐଺ 0 00 0 0 1൪ 

 
The posiƟon and orientaƟon of the endpoint is given by: 𝐓ℛలℛబ = 𝐓ℛభℛబ ∙ 𝐓ℛమℛభ ∙ 𝐓ℛయℛమ ∙ 𝐓ℛరℛయ ∙ 𝐓ℛఱℛర ∙ 𝐓ℛలℛఱ 
Since 𝜃଺ is not measured, it is assumed to be zero, 𝐓ℛలℛబ = ቈ𝐑ℛలℛబ 𝐩𝐫𝓡𝟎𝟎 1 ቉ 

where, 
 𝐑ℛలℛబ = ቎ −𝑠ଵ𝑠ସ𝑠ହ − 𝑐ଵ(𝑐ଶଷ𝑐ହ + 𝑐ସ𝑠ଶଷ𝑠ହ) −𝑐ସ𝑠ଵ + 𝑐ଵ𝑠ଶଷ𝑠ସ −𝑐ହ(𝑐ଵ𝑐ସ𝑠ଶଷ + 𝑠ଵ𝑠ସ) + 𝑐ଵ𝑐ଶଷ𝑠ହ−𝑐ଶଷ𝑐ହ𝑠ଵ + (−𝑐ସ𝑠ଵ𝑠ଶଷ + 𝑐ଵ𝑠ସ)𝑠ହ 𝑐ଵ𝑐ସ + 𝑠ଵ𝑠ଶଷ𝑠ସ −𝑐ସ𝑐ହ𝑠ଵ𝑠ଶଷ + 𝑐ଵ𝑐ହ𝑠ସ + 𝑐ଶଷ𝑠ଵ𝑠ହ𝑐ହ𝑠ଶଷ − 𝑐ଶଷ𝑐ସ𝑠ହ 𝑐ଶଷ𝑠ସ −𝑐ଶଷ𝑐ସ𝑐ହ − 𝑠ଶଷ𝑠ହ ቏ 

 𝐩௥ℛబ = ൥𝑐ଵ(𝑟ଵ𝑐ଵ + 𝑟ଶ𝑐ଶଷ)𝑠ଵ(𝑟ଵ𝑐ଵ + 𝑟ଶ𝑐ଶଷ)−𝑟ଵ𝑠ଵ − 𝑟ଶ𝑠ଶଷ ൩ 

where,  𝑠௜భ௜మ⋯௜೙ = sin൫𝜃௜భ + 𝜃௜మ + ⋯ + 𝜃௜೙൯ and 𝑐௜భ௜మ⋯௜೙ = cos൫𝜃௜భ + 𝜃௜మ + ⋯ + 𝜃௜೙൯ 



S1.2 AREBO Inverse Kinematics 
Inverse kinemaƟcs is used to find the robot’s joint angles given the posiƟon and orientaƟon of the endpoint. 
The posiƟon of the end point of the robot is given by: 
 𝐩௥ℛబ = ൥𝑝௥,௫𝑝௥,௬𝑝௥,௭ ൩ = ቎cos 𝜃ଵ (𝑟ଵ cos 𝜃ଶ + 𝑟ଶ cos(𝜃ଶ + 𝜃ଷ)sin 𝜃ଵ (𝑟ଵ cos 𝜃ଶ + 𝑟ଶ cos(𝜃ଶ + 𝜃ଷ)−𝑟ଵ sin 𝜃ଶ − 𝑟ଶ sin(𝜃ଶ + 𝜃ଷ) ቏ 

Squaring and adding the terms, 
 𝑝௥,௫ଶ + 𝑝௥,௬ଶ + 𝑝௥,௭ଶ = 𝑟ଵଶ + 𝑟ଶଶ + 2𝑟ଵ𝑟ଶ cos 𝜃ଷ 
RewriƟng, 2𝑟ଵ𝑟ଶ cos 𝜃ଷ + (𝑟ଵଶ + 𝑟ଶଶ) − (𝑝௥,௫ଶ + 𝑝௥,௫ଶ + 𝑝௥,௫ଶ) = 0 𝜃ଷ = − cosିଵ (𝑝௥,௫ଶ + 𝑝௥,௬ଶ + 𝑝௥,௭ଶ) − (𝑟ଵଶ + 𝑟ଶଶ)2𝑟ଵ𝑟ଶ  

 
The z-coordinate of the robot’s endpoint is given by: 𝑝௥,௭ = −𝑟ଵ sin 𝜃ଶ − 𝑟ଶ(sin 𝜃ଶ cos 𝜃ଷ + sin 𝜃ଷ cos 𝜃ଶ) (𝑟ଶ sin 𝜃ଷ) cos 𝜃ଶ + (𝑟ଶ cos 𝜃ଷ) sin 𝜃ଶ + 𝑝௥,௭ + 𝑟ଵ sin 𝜃ଶ = 0 
Since 𝜃ଷ is known, the above trigonometric equaƟon is solved by the procedure explained in secƟon 1.3 to find 𝜃ଶ. 
 
Let, the orientaƟon of the endpoint be: 𝐑ℛలℛబ = ൥𝑟ଵଵ 𝑟ଵଶ 𝑟ଵଷ𝑟ଶଵ 𝑟ଶଶ 𝑟ଶଷ𝑟ଷଵ 𝑟ଷଶ 𝑟ଷଷ൩ 

 𝜃ସ is calculated by solving the following trigonometric equaƟon: (cos 𝜃ଵ) cos 𝜃ସ + (sin 𝜃ଵ sin(𝜃ଶ + 𝜃ଷ)) sin 𝜃ସ − 𝑟ଶଶ = 0 
Finally, 𝜃ହ is obtained by solving the equaƟon: (sin(𝜃ଶ + 𝜃ଷ)) cos 𝜃ହ − (cos(𝜃ଶ + 𝜃ଷ) cos 𝜃ସ) sin 𝜃ସ − 𝑟ଷଵ =  0 
The above equaƟons are of the form 𝑎 cos 𝛽 + 𝑏 sin 𝛽 + 𝑐 = 0 and are solved by procedure explained in secƟon 
S1.3. 
 

S1.3 Solving equation of the form a𝐜𝐨𝐬 𝜷 + 𝒃 𝐬𝐢𝐧 𝜷 + 𝒄 = 𝟎 
 𝑎 cos 𝛽 + 𝑏 sin 𝛽 + 𝑐 = 0 
SubsƟtuƟng,  

cos 𝛽 = 1 − ൬tan 𝛽2൰ଶ
1 + ൬tan 𝛽2൰ଶ = 1 − 𝑡ଶ1 + 𝑡ଶ 

sin 𝛽 = 2 tan 𝛽21 + ൬tan 𝛽2൰ଶ = 2𝑡1 + 𝑡ଶ 

And rewriƟng, 
 𝑎 1 − 𝑡ଶ1 + 𝑡ଶ + 𝑏 2𝑡1 + 𝑡ଶ + 𝑐 = 0 

 (𝑐 − 𝑎)𝑡ଶ + 2𝑏𝑡 + (𝑐 + 𝑎) = 0 



Solving for 𝛽, 𝑡 = tan 𝛽2 = −𝑏 ± √𝑎ଶ + 𝑏ଶ − 𝑐ଶ(𝑐 − 𝑎)  

𝛽 = 2 tan ቆ−𝑏 ± √𝑎ଶ + 𝑏ଶ − 𝑐ଶ(𝑐 − 𝑎) ቇ 

 

S1.4 Arm Forward Kinematics 

 
Figure S2. Details of the three-DOF kinemaƟc chain of the shoulder joint. The endpoint of the arm is at ℋଷ at a 
distance 𝑙 from its origin ℋ଴. The movements at the shoulder joint associated with the generalized coordinates 
of the arm are: ϕଵ – flexion extension, ϕଶ – abducƟon-adducƟon, ϕଷ – internal external rotaƟon 

 
The homogenous transformaƟon matrices between the reference frames are given by: 

𝐓ℋబℛబ = ⎣⎢⎢
⎡1 0 0 𝑥ℋబ0 𝑐టೣ −𝑠టೣ 𝑦ℋబ0 𝑠టೣ 𝑐టೣ 𝑧ℋబ0 0 0 1 ⎦⎥⎥

⎤ , 𝐓ℋమℋభ = ൦𝑐ଵ −𝑠ଵ 0 0𝑠ଵ 𝑐ଵ 0 00 0 1 00 0 0 1൪,  
𝐓ℋయℋమ = ൦−𝑠ଶ −𝑐ଶ 0 00 0 1 0−𝑐ଶ −𝑠ଶ 0 00 0 0 1൪ ,  𝐓ℋయℋమ = ൦𝑐ଷ −𝑠ଷ 0 00 0 −1 𝑙𝑠ଷ 𝑐ଷ 0 00 0 0 1൪ 

The posiƟon and orientaƟon of the end point is found by: 
 𝐓ℋయℛబ = 𝐓ℋబℛబ ∙ 𝐓ℋమℋభ ∙ 𝐓ℋయℋమ ∙  𝐓ℋయℋమ 
 
As AREBO only supports two DOF movements of the arm, 𝜙ଷ = 0, 𝐓ℋయℛబ =  ቈ𝐑ℋయℛబ 𝐩௛ℛబ𝟎 1 ቉ 

 
 



𝐑ℋయℛబ = ൥ −𝑐ଵ𝑠ଶ −𝑠ଶ 𝑐ଵ𝑐ଶ−𝑐టೣ𝑠ଶ𝑠ଵ + 𝑐ଶ𝑠టೣ 𝑐ଵ𝑐టೣ 𝑐ଶ𝑐టೣ𝑠ଵ + 𝑠ଶ𝑠టೣ−𝑐ଵ𝑐టೣ − 𝑠ଶ𝑠ଵ𝑠టೣ 𝑐ଵ𝑠టೣ −𝑐టೣ𝑠ଶ + 𝑐ଶ𝑠ଵ𝑠టೣ൩ 

  𝐩௛ℛబ = ቎ 𝑥ℋబ + 𝑙𝑐ଵ𝑐ଶ𝑦ℋబ + 𝑙𝑐టೣ𝑐ଶ𝑠ଵ + 𝑙𝑠ଶ𝑠టೣ𝑧ℋబ − 𝑙𝑐టೣ𝑠ଶ + 𝑙𝑐ଶ𝑠ଵ𝑠టೣ ቏ 

where,  𝑠௜భ௜మ⋯௜೙ = sin൫𝜙௜భ + 𝜙௜మ + ⋯ + 𝜙௜೙൯ and 𝑐௜భ௜మ⋯௜೙ = cos൫𝜙௜భ + 𝜙௜మ + ⋯ + 𝜙௜೙൯ 
 

S1.5 Arm Inverse Kinematics 
Let the orientaƟon of the arm with respect to the robot’s base reference frame ℛ଴ be: 𝐑ℋయℛబ = ൥ℎଵଵ ℎଵଶ ℎଵଷℎଶଵ ℎଶଶ ℎଶଷℎଷଵ ℎଷଶ ℎଷଷ൩ 

 𝜙ଵ = cosିଵ ൬ ℎଶଶcos 𝜓௫൰ 

 𝜙ଶ = − sinିଵ ℎଵଶ 
 

S1.6 Optimization 
The first step in the design of the robot is the calculaƟon of the link lengths. The link lengths were opƟmized 
with two objecƟves: 

1. Maximize the workspace of the arm (𝒲௔) that is reachable by AREBO.  
2. Maximize the manipulability along the plane orthogonal to the arm. 

The objecƟve funcƟon 𝑂(𝑟ଵ, 𝑟ଶ) wriƩen as a combinaƟon of these two objecƟves is defined as: 𝑂(𝑟ଵ, 𝑟ଶ) = 12 (𝑂௪(𝑟ଵ, 𝑟ଶ) + 𝑂ெ(𝑟ଵ, 𝑟ଶ)) 

where 𝑂௪(𝑟ଵ, 𝑟ଶ) and 𝑂ெ(𝑟ଵ, 𝑟ଶ) are the workspace and manipulability components of the objecƟve funcƟon.  
 
Workspace of the Arm 
The workspace of the arm is decided by the posiƟon of the human joint ℋ଴ with respect to the robot’s base 
reference frame ℛ଴, the distance of AREBO aƩachment from the human joint 𝑙 and the trunk rotaƟon 𝜓௫ and 
the range of the joint angles 𝜙ଵ, 𝜙ଶ. The enƟre workspace is divided into discrete numbers of points based on 
the parameter combinaƟons given in Table S1. 
 
Table S1. Parameter values and range for the coarse and fine search used in the opƟmizaƟon of the robot link 
lengths. CS – coarse search, FS – fine search, 𝑙 – distance between human joint and AREBO’s aƩachment point, 𝒐ℋబℛబ = [𝑜௫ 𝑜௬ 𝑜௭]் is the origin of the human joint and 𝜓௫ is the rotaƟon of the human about 𝑥ℋబ  axis. 

Parameter Values (cm) No of values 𝑟ଵ  CS {20, 22, ...,50} 16 
FS {33.1, 33.2, …, 34.9} 19 𝑟ଶ CS {20, 22, ...,50} 16 
FS {37.1, 37.2, …, 38.9} 19 𝑙 {15, 17.5, 20} 3 𝑜௫ ,  𝑜௬ {-10, 0, 10} 3 𝑜௭ {20, 30, 40} 3 𝜓௫(deg) {-30, 0, 30} 3 



 
 
Workspace component 𝑶𝒘(𝒓𝟏, 𝒓𝟐) 
Each point in the workspace of the arm is checked for its reachability with AREBO. A point is considered 
reachable if the AREBO’s joint angles 𝛉 yielded from its inverse kinemaƟcs are real and the angles are within the 
range: −135° ≤ 𝜃ଵ ≤ 0° −45° ≤ 𝜃ଶ ≤ 45° −135° ≤ 𝜃ଷ ≤ −45° −45° ≤ 𝜃ସ ≤ 45° −45° ≤ 𝜃ହ ≤ 45° 
These constraints are applied to avoid regions closer to the singular configuraƟon in AREBO. If the point is 
reachable, the reachability (𝜂௜(𝑟ଵ, 𝑟ଶ, 𝜽)) is denoted as 1, else it is 0. The workspace component 𝑂௪(𝑟ଵ, 𝑟ଶ) for a 
given 𝑟ଵ, 𝑟ଶ is the average reachability in all points of the arm’s workspace. 𝑂௪(𝑟ଵ, 𝑟ଶ) = ∑ 𝜂௜ே௜ୀଵ (𝑟ଵ, 𝑟ଶ, 𝜽)𝑁  𝑁 ∈ ℕ is the total number of points in 𝒲௔. 
 
Manipulability component 𝑂௪(𝑟ଵ, 𝑟ଶ) 
Manipulability is defined as the ability of the robot to apply forces in different direcƟons at a given joint space 
coordinate. In the case of AREBO, for safety reasons, it is required to apply forces only orthogonal to the arm (in 
the 𝐱ℛయ 𝐲ℛయ plane). 
The relaƟonship between the forces applied by the robot orthogonal to the arm (𝐟௫௬), along the axis of the arm 
(𝐟௭) and the actuator torques 𝛕௔ is given by: 𝐟௫௬ = 𝐏௫௬ ∙ 𝐉(𝛉)ି் ∙ 𝛕௔ 𝐟௭ = 𝐏௭ ∙ 𝐉(𝛉)ି் ∙ 𝛕௔ 
where 𝐉(𝛉) is the Jacobian matrix of the robot as a funcƟon of the generalized coordinates 𝛉. 𝐏௫௬, 𝐏௭ are the projecƟon matrices to project the forces at the endpoint orthogonal to the arm and along the 
axis of the arm respecƟvely. 
Assuming the orientaƟon of the endpoint is given by, 𝐑ℛలℛబ = [𝐱ℛల 𝐲ℛల 𝐳ℛల] 
The projecƟon matrices can be calculated by the following relaƟons: 𝐏୶୷ =  𝐱ℛల𝐱ℛల் + 𝐲ℛల𝐲ℛల் 𝐏୸ =  𝐳ℛల𝐳ℛల் 
The raƟo of the ability to apply forces orthogonal to the arm and the ability to apply forces along the axis of the 
arm is given by, 𝛾௜(𝑟ଵ, 𝑟ଶ, 𝛉) = ‖𝐏௭ ∙ 𝐉(𝛉)ି𝐓‖ଶฮ𝐏௫௬ ∙ 𝐉(𝛉)ି𝐓ฮଶ 

The manipulability index 𝑀௜(𝑟ଵ, 𝑟ଶ, 𝛉) at a point in the 𝒲௔ is 1 if 𝛾௜(𝑟ଵ, 𝑟ଶ, 𝛉) ≥ 1 else it is 0. 
The manipulability component 𝑂௪(𝑟ଵ, 𝑟ଶ) for a given  𝑟ଵ, 𝑟ଶ is the average of 𝑀௜(𝑟ଵ, 𝑟ଶ, 𝛉) across all points in the 
arm’s workspace is, 𝑂ெ(𝑟ଵ, 𝑟ଶ) = ∑ 𝑀௜ே௜ୀଵ (𝑟ଵ, 𝑟ଶ, 𝜽)𝑁  𝑁 ∈ ℕ is the total number of points in 𝒲௔. 
 

S1.7 Schematic of the Hinge Joint at Unactuated DOF 
Figure S3. A gives the schemaƟc of the 6th and the 5th DOF. The circular plaƞorm on the 5th DOF has 12 bearings 
(figure S3. B) that are placed on its side and boƩom. The eight bearings on the sides prevent translaƟons about 



𝐱ℛల, 𝐲ℛల  and the four bearing in the does not allow translaƟons along 𝐳ℛల and rotaƟons about 𝐱ℛల, 𝐲ℛల. Thus, 
this arrangement of 12 ball bearings allow only rotaƟon about 𝐳ℛల  which forms the 6th DOF of the robot. 

 
Figure S3. (A) SchemaƟc of the unactuated DOF. (B) Front and BoƩom view of the 5th DOF. 𝐩௥ is the end point 
of AREBO and 𝐱ℛల, 𝐲ℛల, 𝐳ℛలare the axis of the reference from ℛ଺. 
 

Algorithm S1: Estimation of orientation 
Algorithm 1: EsƟmaƟon of orientaƟon of human base frame with respect to the 
robot. 
Let the record of the robot’s endpoint posiƟon during the flexion-extension movements 
be [𝒑𝒓,𝒙[𝒏] 𝒑𝒓,𝒚[𝒏] 𝒑𝒓,𝒛[𝒏]]𝑻, 𝟎 ≤ 𝒏 < 𝑵, where 𝒏 ∈ ℤ is the Ɵme index and 𝟏 <𝑵 ∈ ℤ is the length of recorded data. The endpoint kinemaƟcs is computed from the 
joint angles of the robot. 
Let the equaƟon for the plane containing the flexion-extension movement be, 𝒂𝒙 +𝒃𝒚 + 𝒄 = 𝒛. The robot’s endpoint must saƟsfy this equaƟon, which can be expressed 
as the following:  

⎣⎢⎢⎢
⎡ 𝒑𝒓,𝒙[𝟎] 𝒑𝒓,𝒚[𝟎] 𝟏𝒑𝒓,𝒙[𝟏] 𝒑𝒓,𝒚[𝟏] 𝟏⋮ ⋮ ⋮𝒑𝒓,𝒙[𝑵 − 𝟏] 𝒑𝒓,𝒚[𝑵 − 𝟏] 𝟏⎦⎥⎥⎥

⎤ ቈ𝒂𝒃𝒄቉ = ⎣⎢⎢⎢
⎡ 𝒑𝒓,𝒛[𝟎]𝒑𝒓,𝒛[𝟏]⋮𝒑𝒓,𝒛[𝑵 − 𝟏]⎦⎥⎥⎥

⎤
 

𝐗 ∙ 𝐩 = 𝐳 
The algorithm for esƟmaƟng the orientaƟon parameter 𝝍𝒙 is given below. 

a) EsƟmate the parameters of the plane using the Moore-Penrose 
pseudoinverse, 𝐩ෝ = [𝒂ෝ 𝒃෡ 𝒄ො]𝑻 = 𝐗ା ∙ 𝐳. The normal to the plane is given by 𝐧𝒑 = [𝒂 𝒃 −𝟏]𝑻. 

b) Find the angle between normal to plane and robot z-axis 𝜽𝒔 = ± 𝟏ඥ𝒂𝟐+𝒃𝟐+𝟏. 

c) Find the vector 𝐧𝒔 formed by rotaƟng z-axis by angle 𝜽𝒔, 𝐧𝒔 = ൥𝟏 𝟎 𝟎𝟎 𝐜𝐨𝐬 𝜽𝒔 − 𝐬𝐢𝐧 𝜽𝒔𝟎 𝐬𝐢𝐧 𝜽𝒔 𝐜𝐨𝐬 𝜽𝒔 ൩ ൥𝟎𝟎𝟏൩ 

d) If,  𝐧𝒑𝑻𝐧𝒔 ൎ 𝟎 ⇒ 𝝍𝒙 = 𝜽𝒔, else 𝝍𝒙 = −𝜽𝒔.  
 

Algorithm S2:  Estimation of the human joint position and limb length 
Algorithm 2 Finding iniƟal human joint posiƟon 𝐨𝓗𝟎𝓡𝟎  and distance between the joint 
to point of robot aƩachment (𝒍) 



- Let the robot joint angles recorded while the subject performs small random 
movements be: 𝛉[𝒏], 𝟎 ≤ 𝒏 < 𝑵, where 𝒏 ∈ ℤ is the Ɵme index and 𝑵 ∈ ℤ, 𝑵 > 𝟏 is 
the length of data available. The corresponding endpoint posiƟon and orientaƟon are 
found by forward kinemaƟcs of AREBO and are given by 𝐩𝒓𝓡𝟎[𝒏] and 𝐑𝓡𝟔𝓡𝟎 [𝒏]. 
- Let the posiƟon of the human joint at 𝓗𝟎 be 𝐨𝓗𝟎𝓡𝟎 , then 𝐨𝓗𝟎𝓡𝟎 = 𝐩𝒓𝓡𝟎[𝒏] − 𝒍 ∙ 𝐳𝓡𝟔𝓡𝟎[𝒏] 
- RewriƟng,  ൣ𝐈𝟑 𝐳𝓡𝟔𝓡𝟎[𝒏]൧ ቈ𝐨𝓗𝟎𝓡𝟎𝒍 ቉ = 𝐩𝒓𝓡𝟎[𝒏] 

- SubsƟtuƟng all the recorded points, 

⎣⎢⎢
⎢⎡𝐈𝟑 𝐳𝓡𝟔𝓡𝟎[𝟎]𝐈𝟑 𝐳𝓡𝟔𝓡𝟎[𝟏]⋮ ⋮𝐈𝟑 𝐳𝓡𝟔𝓡𝟎[𝑵 − 𝟏]⎦⎥⎥

⎥⎤ ቈ𝐨𝓗𝟎𝓡𝟎𝒍 ቉ = ⎣⎢⎢⎢
⎡ 𝐩𝒓𝓡𝟎[𝟎]𝐩𝒓𝓡𝟎[𝟏]⋮𝐩𝒓𝓡𝟎[𝑵 − 𝟏]⎦⎥⎥⎥

⎤
 

𝐀𝐯 = 𝐛             ⇒     𝐯 =  𝐀ା𝐛 
 𝐀+ is Moore-Penrose inverse calculated as 𝐀+ = (𝐀𝑻𝐀)−𝟏𝐀𝑻 

 

S1.8 AREBO Jacobian matrix 
The Jacobian matrix relates the endpoint velocity 𝐩ሶ ℛలℛబ ∈ ℝଷ in the task space to the angular velociƟes of the 
joints of AREBO, 𝛉ሶ = [𝜃ሶଵ 𝜃ሶଶ 𝜃ሶଷ 𝜃ሶସ 𝜃ሶହ 𝜃ሶ଺]𝑻 ∈ ℝ଺. 

𝐩ሶ ℛలℛబ = ൥−𝑠ଵ(𝑟ଵ𝑐ଶ + 𝑟ଶ𝑐ଶଷ) −𝑐ଵ(𝑟ଵ𝑠ଶ + 𝑟ଶ𝑠ଶଷ) −𝑟ଶ𝑐ଵ𝑠ଶଷ 0 0 0𝑐ଵ(𝑟ଵ𝑐ଶ + 𝑟ଶ𝑐ଶଷ) 𝑠ଵ(𝑟ଵ𝑠ଶ + 𝑟ଶ𝑠ଶଷ) 𝑟ଶ𝑠ଵ𝑠ଶଷ 0 0 00 𝑟ଵ𝑐ଶ 𝑟ଶ𝑐ଶଷ 0 0 0൩
⎣⎢⎢
⎢⎢⎢
⎡𝜃ሶଵ𝜃ሶଶ𝜃ሶଷ𝜃ሶସ𝜃ሶହ𝜃ሶ଺⎦⎥⎥

⎥⎥⎥
⎤
 

𝐩ሶ ℛలℛబ = 𝐉(𝛉) ∙ 𝛉ሶ  
where,  𝑠௜భ௜మ⋯௜೙ = sin൫𝜃௜భ + 𝜃௜మ + ⋯ + 𝜃௜೙൯ and 𝑐௜భ௜మ⋯௜೙ = cos൫𝜃௜భ + 𝜃௜మ + ⋯ + 𝜃௜೙൯ 

S1.9 AREBO Gravity Compensation 
The gravity compensaƟon module of AREBO provides the actuator torques to hold the robot against gravity as 
a funcƟon of the joint angles 𝛉. A simple calibraƟon procedure is used to find this relaƟonship by recording the 
torque sensor values at various combinaƟons of 𝛉. The procedure is automated by a PD posiƟon controller in 
the actuators of AREBO. The steps and range for the actuated joint angles are given in  
 
Table S2, The steps and range of each actuated joint angle in the esƟmate of gravity compensaƟon equaƟons 
(𝛕௚) of AREBO. 

Angle Values (deg) No. of 
values 𝜃ଵ {0, -45, -90, -135, -90, -45, 0, 45, 0} 9 𝜃ଶ {-45, 0, 45} 3 𝜃ଷ {-45, 0, 45} 3 

 
Thus, 81 data sets are recorded for fiƫng with the analyƟcal equaƟon of 𝛕௚ that is derived from the potenƟal 
energy of the robot 𝑉, where the overall potenƟal energy is the sum of the individual potenƟal energy of the 
individual links, as given below, 



𝑉 =  ෍ 𝑤௜ ቎ቌෑ 𝐑ℛౠℛౠశభ௜ିଵ
௝ୀ଴ ቍ 𝐱୧቏ଶ,ଵ

ହ
௜ୀଵ     , 𝑖 ∈ ℕ, 𝑖 = 1,2, … , 5 

where, 
• 𝐱௜ are the coordinates of the centre of mass of link 𝑖 in its local reference frame 𝑅௜ 
• 𝑤௜ is the weight of link 𝑖, 
• [∙]ଶ,ଵ is the element in the second row of column matrix A. This element is the y coordinate of the centre 

of mass in the global reference frame ℛ଴ and causes the change in the potenƟal energy of the system. 

• ቀ∏ 𝐑ℛౠℛౠశభ௜ିଵ௝ୀ଴ ቁ 𝐱௜ transforms the locaƟon of the centre of mass from frame ℛ௜ to ℛ଴. 

 
The torque due to gravity 𝜏௚,௜ at the 𝑖௧௛ actuated DOF is given by, 𝜏௚,௜ =  − 𝑑𝑉𝑑𝜃௜            , 𝑖 ∈ ℕ, 𝑖 = 1,2,3  
Examining 𝜏௚,௜, it can be rewriƩen in the form, 𝜏௚,௜ = 𝑎ଵ𝑓ଵ(𝛉) + 𝑎ଶ𝑓ଶ(𝛉) + ⋯ + 𝑎௡𝑓௡(𝛉) 
where, 

• 𝑎௫ (𝑎௫ ∈ ℝ, 𝑥 ∈ ℕ, 𝑥 = ሼ1,2, … , 𝑛ሽ )are constants which are the product of the weight of the link and 
the centre of mass coordinates,  

• 𝑓௫(𝛉) are trigonometric funcƟons in joint coordinates 𝛉. 
The constants 𝑎௫ are treated as unknowns and a linear fit is made in MathemaƟca with recorded encoder and 
torque sensor data sets to determine 𝛕௚. The equaƟons are then exported to Arduino to set the feedforward 
current to the actuators for gravity compensaƟon. 
 

S1.10 Gains of AREBO Controller 
The high-level controller in AREBO sets the interacƟon force applied by the robot on the user. It uses a PD 
controller with gains as given below: 

1st Joint 𝐾ଵ,ଵ = ቊ 4, 𝜏ଵ௜௡௧ > 02, 𝜏ଵ௜௡௧ <  0 , 𝐾ଵ,ଶ = 2 

2nd Joint 𝐾ଶ,ଵ = 3, 𝐾ଶ,ଶ = 2 

2nd Joint 𝐾ଷ,ଵ = 3, 𝐾ଷ,ଶ = 2 

 

S1.11 Human Limb Model 
A simple calibraƟon procedure was employed to esƟmate the human joint torques due to the weight of the 
human limb as a funcƟon of the human limb angle 𝛟. This calibraƟon procedure is done aŌer compleƟng the 
esƟmaƟon of the human limb length 𝑙 and the orientaƟon 𝜓௫ of the human base frame. For esƟmaƟng the 
weight of the upper arm, a flexion-extension movement is imposed on the human shoulder joint while the joint 
angle and torques of AREBO are recorded. This data is used to esƟmate the human limb joint angles and the 
torque required to hold the upper arm against gravity, and the interacƟon force is measured. The posiƟon 
controller of AREBO is acƟvated to take the arm to various flexion angles (𝜙ଵ) and hold for 2 seconds to record 
the staƟc torque at the joints of AREBO. The torque due to the weight of the arm is recorded as, 𝛕௜௡௧ =[𝜏௜௡௧,ଵ 𝜏௜௡௧,ଶ 𝜏௜௡௧,ଷ] ்is calculated as: 𝛕௜௡௧ = 𝛕௥ − 𝛕௚ 
 
where,  𝛕௥ is the torque read at the torque sensors, 𝛕௚ is the torque due to the weight of the links of the robot. 



The interacƟon torque is transformed to the human base reference frame to find the human joint torques 𝛕௛ =[𝜏௛,ଵ 𝜏௛,ଶ 𝜏௛,ଷ]𝑻. 𝛕௛ = 𝐑ℛబℋబ. 𝛕௜௡௧ 
 
Only 𝜏௛,ଵ varies with the joint angles as the arm performs flexion extension and 𝜏௛,ଶ, 𝜏௛,ଷ are negligible. Assuming 
the center of mass of the arm lies along the axis of the arm, a linear fit was made in MathemaƟca with the 
equaƟon, 𝜏௛,ଵ = 𝜏௠௔௫ sin 𝜙ଵ to find the constant 𝜏௠௔௫ and hence the weight torque 𝜏௛,ଵ at the shoulder as a 
funcƟon of the flexion angle 𝜙ଵ.  
The gravitaƟonal torque to hold the arm as a funcƟon of the joint angles 𝜙ଵ, 𝜙ଶ is given by: 𝛕୦ = ൥𝜏௠௔௫ sin 𝜙ଵ cos 𝜙ଶ𝜏௠௔௫ sin 𝜙ଶ cos 𝜙ଵ0 ൩ 

 

S1.12 SJM Joint Actuation and Sensing 
The same Teensy 4.1 microcontroller is used to control both SJM and AREBO. Like AREBO, PWM lines from the 
microcontroller to the motor controllers are used to vary the torque in the actuators of SJM and four digital lines 
(channel A, channel B for each encoder) are used to read the encoders. HX711 load cell amplifiers are connected 
to each torque sensor and two digital lines from the amplifier are used to obtain the torque at the joints of SJM.  
 
Table S3. SpecificaƟon of actuators and torque sensors used in SJM. Actuators from Maxon InternaƟonal Ltd. 
and torque sensors from Forsentek Co., Ltd. An Escon 70/10 ec controller is used to control flexion/extension 
DOF and an Escon 36/3 EC controller is used for abducƟon/adducƟon DOF.  

Motor Gearbox Torque Sensor Encoder 
1st Joint EC Flat 90,                    Nominal 

torque – 0.953 Nm, part no. 
607950 

GP 52 C,       
Gear raƟo: 53:1, 
part no. 223090 

FTHC,    Range - 
40 Nm 

MILE, 4096 CPT, 
part no. 651168 

2nd Joint EC Flat 45,                  Nominal 
torque – 0.128Nm, part no. 

397172 

GP 42 C,     Gear 
raƟo 43:1, part 

no. 203120 

FTHB,     Range 
- 5 Nm 

MILE, 2048 CPT, 
part no. 462005 

 

S1.13 Closed Loop Bandwidth 

 



Figure S4. Closed loop bandwidth for the actuator used in 2nd DOF.  
 
To idenƟfy the torque controller bandwidth the output shaŌ of the actuator was fixed aŌer aƩaching a torque 
sensor in series to it. Input torque was set by sending digital signals from Teensy 4.1 microcontroller to the 
Maxon motor controller, and the torque sensor reading was recorded as the output. A chirp signal with 
amplitude 15 Nm, 0 to 3 Hz sweep over 120 seconds was used to vary the input torque. The magnitude spectrum 
of the closed loop torque controller is calculated as the raƟo of the average FFTs of the input and the output 
torque profiles. A 3 dB cutoff was used in the calculaƟon of bandwidth. Figure S4 shows the results for the 2nd 
actuator and the bandwidth in this case is 2.74 Hz. The experiment was repeated for other actuators as well and 
similar results were obtained. 
 

S1.14 Details of SJM controller 
 

Figure S5. Block diagram of the controller implemented in SJM.  
 
The SJM was designed to be a 2 DOF kinemaƟc and dynamic model of the human arm that can be trained by 
AREBO. The various blocks in the controllers implemented in SJM illustrated in Figure S5 are: 

a) Low-level current control loop – The Maxon motor controllers (Escon 70/10 ec) implement the current 
control at the lowest level based on the PWM signals sent by the Teensy 4.1 microcontroller. 

b) Human limb model – The module computes the SJM joint torques to hold it against gravity at various 
joint space coordinates of SJM. 

c) High-level posiƟon control loop – The posiƟon controller moves SJM to the desired joint space 
coordinates depending on the control mode that is tested (zero torque or adapƟve weight support 
mode). 

d) Level of impairment – This block simulates the weakness in the arm by mulƟplying the desired torque 
from the posiƟon controller by a factor 1 − 𝜉, (𝜉 ∈ ℝ, 0 ≤ 𝜉 ≤ 1). 𝜉 = 0, implies there is no impairment 
in the arm and 0 < 𝜉 ≤ 1 denotes the presence of arm impairments. 

 

S1.15 Effects of Shoulder Abduction Joint Angle on the Estimation of the Orientation of the Human Base 
Frame. 
In pracƟcal scenarios, it is not possible to perform a pure flexion-extension movement for the calibraƟon 
procedure to find 𝜓௫. To study the effects of these real-life movements on the accuracy of the human joint 
angles esƟmated by AREBO, randomly varying abducƟon movement, (𝜙ଶ) was imposed in SJM while it performs 
the flexion-extension movement (𝜙ଵ). Three scenarios were considered in the experiment: 1) 𝜙ଶ is almost zero 
denoƟng pure flexion movements (𝜙ଶ ≅ 0), 2) 𝜙ଶ varying between ±5° (−5° ≤ 𝜙ଶ ≤ 5°), 3) 𝜙ଶ varying 
between ±10° (−10° ≤ 𝜙ଶ ≤ 10°),  as shown in Figure S6A. The 𝜓௫ esƟmated in the three cases is then used 
to individually esƟmate the joint angles for the same randomly varying polysine movement performed by SJM. 
During this random movement, 𝜙ଵ varied between 0 to 90 degrees and 𝜙ଶ varied between -30 and +30 degrees. 



The encoder values of SJM are considered as ground truth to calculate the error in AREBO’s esƟmates of the 
joint angles. 
 

Figure S6. (A) Randomly varying AbducƟon during the calibraƟon procedure to find 𝜓௫. The blue curve is the 
has near zero 𝜙ଶ represenƟng pure flexion extension movement. The yellow and green curves depict the 
randomly varying 𝜙ଶ between ±5° and ±10° respecƟvely. (B) Errors in the joint angle esƟmated by AREBO 
due to the change in 𝜙ଶ during 𝜓௫ calibraƟon. 𝑒௙ – error in flexion, 𝑒௔- error in abducƟon, * - significant 
difference between the groups (p < 0.05 in one way ANOVA). 

 
Results of the angle esƟmates in the three cases show that the flexion angle is independent of the value of 𝜓௫ 
esƟmated and there was no significant difference between the groups (p>0.05 in one-way ANOVA). The errors 
in abducƟon were significantly different (p<0.05 in one-way ANOVA). The absolute median errors were high in 
the case of flexion (2.10°) as compared to the error in abducƟon (1.73°). 
 

S1.16 Error in Shoulder Angle Estimation Due to Fixed Trunk Assumption 
Compensatory movements are oŌen employed by stroke survivors with arm impairments and the shoulder joint 
posiƟon may not be fixed during these movements. The kinemaƟc model of the shoulder joint used in the study 
does not take this into account and hence, a theoreƟcal analysis is performed to evaluate the errors due to 
compensatory movements of the trunk on the human joint angle esƟmaƟon error. A 5 DOF kinemaƟc model of 
the trunk is used to simulate the condiƟons where the shoulder joints are not fixed as shown in Figure S7.   
Let ℬଵ − ℬହ be the reference frames that control the various movements of the trunk. ℬଵ, ℬଶ, ℬଷ form a 
spherical joint at the base of the spine and ℬସ, ℬହ form the sternoclavicular joint. If 𝛾௜ (𝑖 ∈ 1,2, . . ,5) is the angle 
associated with the reference frame ℬ௜, the movement corresponding to each angle is as follows: 

1. 𝛾ଵ − trunk flexion/extension 
2. 𝛾ଶ − trunk lateral flexion/extension 
3. 𝛾ଷ − trunk twist 
4. 𝛾ସ − shoulder protracƟon/retracƟon 
5. 𝛾ହ − shoulder elevaƟon/depression 

The five DOFs of the trunk together vary the posiƟon of the shoulder joint ℋ଴. 



Figure S7. KinemaƟc model of the trunk. The movements of the trunk are controlled by five reference frames ℬଵ − ℬହ and 𝑙௧, 𝑙௖ are the lengths of the trunk and clavicle. The kinemaƟc chain of the trunk end at the 
shoulder joint with reference frame ℋ଴. 

 
EvaluaƟon of errors in human joint angles due to trunk movements 
Random polysine trajectories of 20 seconds duraƟon are generated in MATHEMATICA and are incorporated to 
all the angles of the trunk (𝛾ଵ − 𝛾ହ varying between ±20°) and the shoulder joint (𝜙ଵ varying between ±45°, 𝜙ଶ varying between 0° − 45°). The rotaƟon of the human base frame with respect to the robot, 𝜓௫ is assumed 
to be a constant value chosen randomly between ±30°. At each Ɵme instant, the point of aƩachment of the 
robot with human arm is calculated by the forward kinemaƟcs analysis of the 7DOF kinemaƟc trunk-arm model. 
The human joint angle esƟmaƟon algorithm is then invoked to calculate angles 𝜙ଵ, 𝜙ଶ that will be esƟmated by 
AREBO, and the analysis is repeated 20 Ɵmes. 
 
Figure S8 shows the results of the errors in joint angle esƟmaƟon algorithm due to trunk movements. The 
deviaƟons of the shoulder joint coordinates during the random movements induced in the trunk are shown in 
Figure S8A. The plot in Figure S8B depicts the trajectories of the actual and esƟmated flexion (𝜙ଵ) and abducƟon 
(𝜙ଶ) angles. The (5th, 95th percenƟle) errors from the analysis are 1) (−16.2°, 16.5°) for flexion and 2) (−23.89°, 20.17°) for abducƟon. The variaƟon of the errors in angles 𝜙ଵ, 𝜙ଶ is illustrated by box plots in Figure 
S8C. 
 

 
 



 
Figure S8. Effects of trunk movements on joint angle esƟmaƟon algorithm. (A) DeviaƟon of the posiƟon of the 
shoulder joint with respect to iniƟal posiƟon due to trunk movements, 𝐄 = [𝐸௫ 𝐸௬ 𝐸௭]் are deviaƟons of 
the shoulder joint along 𝐱ℋబ, 𝐲ℋబ, 𝐳ℋబ  axes respecƟvely. (B) Actual angles of the shoulder and esƟmaƟon from 
AREBO with the human joint angle esƟmaƟon algorithm. (C) DistribuƟon of the flexion and abducƟon errors 
in the 20 sets of random movements considered. 

 


