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Abstract: This paper deals with the reconfiguration analysis of a 3-DOF (degrees-of-freedom) parallel
manipulator (PM) which belongs to the cylindrical parallel mechanisms family. The PM is composed
of a base and a moving platform shaped as equilateral triangles connected by three serial kinematic
chains (legs). Two legs are composed of two universal (U) joints connected by a prismatic (P) joint.
The third leg is composed of a revolute (R) joint connected to the base, a prismatic joint and universal
joint in sequence. A set of constraint equations of the 1-RPU−2-UPU PM is derived and solved
in terms of the Euler parameter quaternion (a.k.a. Euler-Rodrigues quaternion) representing the
orientation of the moving platform and of the Cartesian coordinates of the reference point on
the moving platform. It is found that the PM may undergo either the 3-DOF PPR or the 3-DOF
planar operation mode only when the base and the moving platform are identical. The transition
configuration between the operation modes is also identified.
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1. Introduction

During the past two decades, a great effort has been made in the research on multi-mode
mechanisms (also known as kinematotropic mechanisms, variable-degrees of freedom (DOF)
mechanisms, mechanisms with bifurcation or multifurcation and disassembly-free reconfigurable
PMs), which are a class of reconfigurable parallel mechanisms (PMs). In multi-mode PMs, fewer
actuators are required for the moving platform to perform two or more operation modes and less time is
needed in reconfiguring the PM because the process does not need to disassemble the mechanism [1–7].
The main issue when dealing with a reconfigurable mechanism is its complete kinematic analysis
(the reconfiguration analysis) [4,5], consisting of finding all the operation modes (motion patterns)
and the transition configurations from one operation mode to an other, which, as it has been noted,
represent constraint singular configurations of the PM. There are numerous examples of reconfiguration
analyses in the recent literature [8–13]. The methods commonly used to solve the analysis are based on
algebraic geometry and its numerical implementations [14–19]. For example, in References [13,20,21]
the Study coordinates are used to represent the motion of the moving platform of a PM and for the
kinematic analysis while in References [8,9,22] the position and orientation of the moving platform
are represented by using the Cartesian coordinates of a point on the moving platform and the Euler
parameter quaternion, respectively. The kinematic interpretation of all the 15 possible cases of the
values with a vanished component taken by the Euler parameter quaternion to represent orientation of
a rigid body has been presented in Reference [8], firstly. This classification is used in this paper for the
reconfiguration analysis of the 3-DOF PM under study.
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The paper aims to investigate the operation modes and the transition configurations of the
1-RPU-2-UPU cylindrical parallel mechanism. It is worth noticing that this work will extend the
special case of the same PM analyzed by the same authors [23] to the general case. In Reference [23]
the mobility analysis was conducted via an analytical procedure based on the screw theory and the
kinematic analysis was carried out by taking into account additional constraints to the UPU legs.
These constraints forced the UPU legs and the RPU leg to lay on parallel planes in the planar operation
mode. In this work the mentioned constrains were released leading to a general case with a wider
range of mechanisms with the same function for further optimization. Besides, the method used here
proved to be simpler and more convenient than that based on the screw theory providing a more
complete analysis of the operation modes of the PM under study. Indeed, the method adopted has
allowed to find every possible (even theoretical) operation mode of the PM that the authors did not
find in Reference [23] and to clarify which are the operation modes when the platforms’ circumscribed
circles have different radii (non-identical case).

The paper is organized as follows: Section 2 briefly recalls the mathematical definition of the
Euler parameter quaternion; Section 3 describes the PM architecture under study; Section 4 deals with
the reconfiguration analysis of the PM with base and moving platform shaped as identical equilateral
triangles; Section 5 revises the reconfiguration analysis by considering the base and moving platform
as different equilateral triangles (non-identical case), while Section 6 shows an alternative architecture
of the same family of PMs. Finally, the conclusions are drawn.

2. Mathematical Preamble

A rotation φ about an arbitrary axis u can be expressed by four parameters ei, (i = 0, . . . , 3), in
the Euler parameter quaternion [24]:

q = e0 + e1i + e2j + e3k = cos(
φ

2
) + sin(

φ

2
)u. (1)

In Equation (1) {i, j, k} is the basis in the Euclidean space V3. The Euler parameters are isomorphic
to the unit quaternion such that:

e2
0 + e2

1 + e2
2 + e2

3 = 1. (2)

In general, a vector p′ obtained by a rotation φ about u of a vector p can be expressed as:

p′ = qpq∗, (3)

where q∗ = e0 − e1i− e2j− e3k is the conjugate of q. A rotation q1 followed by a rotation q2 may be
represented by q = q2q1. The product of quaternions follows the multiplication rules:

i2 = j2 = k2 = ijk = −1,

ij = k = −ji, (4)

jk = i = −kj,

ki = j = −ik.

3. Description of the 1-RPU−2-UPU PM

Figure 1 shows the 1-RPU−2-UPU PM under study. The PM is composed by the fixed (base) and
the moving platforms connected by three legs. One leg is a serial kinematic chain with R, P and U
joints in sequence starting from the base. The other two legs are identical and they are serial kinematic
chains with U, P and U joints in sequence starting from the base. The vertical axis of the mounting
arrangement intersects the axis of the R joint at B1 at the base. The axes of the U joints intersect at
B2, B3 on the base and P2, P3 on the moving platform. Points B1B2B3 and P1P2P3 form two identical
equilateral triangles with the radius of their circumscribed circles equal to r. In all legs, the axes of two
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R joints connected by the P joint are parallel to each other. The direction of each P joint is perpendicular
to the axes of its two adjacent R joints.
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Figure 1. The 1-RPU−2-UPU PM geometry.

Let {O_xyz} and {OP_uvw} denote the coordinate frames fixed on the base and on the moving
platform, respectively. The x-axis is along the axis of R joint in the RPU leg and normal to the axes of R
joints on the base in the U joints of the UPU legs. The u-axis is normal to the axes of R joints on the
moving platform in the U joints of all legs. The x- and u-axes pass through the joint’s centers B1 and P1,
respectively. The y- and v-axes are, respectively, located on the plane defined by the axes of the R joints
on the base and that defined by the axes of the R joints on the moving platform. The points O and OP
are located at the centroides of the triangles B1B2B3 and P1P2P3, respectively. The third axes of the
reference systems are normal to the platforms. α, β, γ are the the unit vectors along with x-, y-, z-axes
while ξ, ν, ζ are the unit vectors along with u-, v-, w-axes expressed in {O_xyz}. The location of

{OP_uvw} in the fixed reference system is given by the position of its center p =
(

xP yP zP

)T

and the orientation denoted by the Euler parameter quaternion q. The unit vectors α along the x-axis
and β along the y-axis can be written in quaternion form as i and j, respectively, such that:

ξ = qiq∗ =
(

e2
0 + e2

1 − e2
2 − e2

3 2(e1e2 + e0e3) 2(e1e3 − e0e2)
)T

,

ν = qjq∗ =
(

2(e1e2 − e0e3) e2
0 − e2

1 + e2
2 − e2

3 2(e2e3 + e0e1)
)T

. (5)

The positions of Bi are:

rB1 = ri;

rB2 = r/2(−i +
√

3j); (6)

rB3 = r/2(−i−
√

3j).

The positions of Pi are:

rP1 = p + rξ;

rP2 = p + r/2(−ξ +
√

3ν); (7)

rP3 = p + r/2(−ξ −
√

3ν).
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4. Reconfiguration Analysis

The set of the constraints equations of the legs to the moving platform motion are:

1. Leg 1: RPU. This leg provides two constraint conditions:

• The R joint-axis at the base is perpendicular to R joint-axis attached to the moving platform:

(rB1) · (rP3 − rP2) = 0. (8)

• The R joint-axis connected to the moving platform belongs to the plane x = r:

(i) · (rP1 − rB1) = 0. (9)

2. Legs 2 and 3: UPU. Each of these legs provide one constraint condition. The constraint condition
is the same for both the legs.

• The R joints-axes attached to the base and the R joints-axes attached to the moving platform
are coplanar:

(rB3 − rB2)× (rP3 − rP2) · (rPk − rBk ) = 0. (10)

where k = 2 or k = 3, depending on which leg is considered.

After simple manipulations, the foregoing constraint equations lead to:

h1 = e0e3 − e1e2 = 0

h2 = xP − 2r(e2
2 + e2

3) = 0 (11)

h3 = xP(e0e1 + e2e3) + zP(e0e3 − e1e2) + re2e3 = 0

Equation (11) are the kinematic equations sought.

4.1. Operation Modes

Now, we look for all the sets of positive dimension solutions of Equation (11). In other words,
we search any possible combination of Euler parameters such to satisfy the Equation (11). The result
will give us all the possible operation modes of the PM. Because of the simple form of hi, i = 1, 2,
3, the sets of positive dimension solutions can be obtained by inspection by searching the values of
the Euler parameters able to vanish the left-hand side of Equation (11) and ensuring Equation (2).
The results obtained were, then, verified by carrying out the primary decomposition of the ideal
H = 〈h1, h2, h3〉 associated with the constraint Equation (2).

Mode I: 3-DOF PPR operation mode

{
e1 = 0

e3 = 0
: q = e0 + e2j, xP = 2re2

2.

It represents a rotation by 2atan2(e2, e0) about the y-axis with the position of OP given by

p =
(

2re2
2 yP zP

)T
. These two results are in agreement as it can be seen by a simple

geometrical proof.
This is a 3-DOF motion of the moving platform. Indeed, there are 3 constraint equations more

than Equation (2) that constrain the free motion of the moving platform represented by 7 parameters:
{e0, e1, e2, e3, xP, yP, zP}. Figure 2 shows the PM undergoing this motion. The transformation
matrix is:
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Ta =


e2

0 − e2
2 0 2e0e2 2re2

2
0 1 0 yP

−2e0e2 0 e2
0 − e2

2 zP
0 0 0 1

 ,

with e2
0 + e2

2 = 1.
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Figure 2. The 1-RPU−2-UPU PM undergoing the 3-DOF PPR operation mode (Mode I).

The operation mode I is defined PPR in [23].

Mode II: 3-DOF planar operation mode

{
e2 = 0

e3 = 0
: q = e0 + e1i, xP = 0.

It represents a rotation by 2atan2(e1, e0) about the x-axis. Point OP can only move on the plane
x = 0. As for mode I, also this motion is a 3-DOF motion. Figure 3 shows the PM undergoing
this motion.

!
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Figure 3. The 1-RPU−2-UPU PM undergoing the 3-DOF planar operation mode (Mode II).

The transformation matrix is:

Tb =


1 0 0 0
0 e2

0 − e2
1 −2e0e1 yP

0 2e0e1 e2
0 − e2

1 zP
0 0 0 1

 ,
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with e2
0 + e2

1 = 1. The operation mode II is defined planar motion in [23].
There are other Euler parameters combinations that satisfy Equations (2) and (11) . Only one of

them leads to an independent motion mode of the PM, namely Mode III, that, on the other side, can be
obtained only in theory by disconnecting and reassembling the PM. The other combinations of Euler
parameters lead to solutions being subsets of other solutions that cannot be considered independent
motion modes of the PM. We call them Solution IV and Solution V. For the sake of completeness, all the
results are given in Table 1.

Table 1. Other solutions from the kinematic equations.

Mode III: e0 = e1 = e2 = 0, xP = 2r : q = e3k. Half-turn rotation about the z-axis.

Solution IV: e0 = e1 = e3 = 0, xP = 2r : q = e2j. Half-turn rotation about the y-axis.

Solution V: e0 = e2 = 0, xP = 2re2
3 : q = e1i + e3k = (e1 − e3j)i.

Half-turn rotation about the x-axis
followed by a rotation by
2atan2(−e3, e1) about the y-axis.

It can be noted that Solution IV is nothing but the limit of mode I whenever the rotation of the
moving platform reaches π: e2 → 1. Solution V is a composition of mode II (which reaches the half-turn
rotation) and mode I. It cannot be obtained without bodies interferences.

4.2. Transition Configurations

Transition configurations are the configurations that allow the PM to switch from one operation
mode to an other. In the transition configuration the constraint equations of the associated operation
modes have to be guaranteed at the same time.

• Transition configuration between Mode I and Mode II: (Mode I) ∧ (Mode II)
The constraint equations are: 

e1 = 0

e2 = 0

e3 = 0

: q = e0, xP = 0.

This configuration represents any translation on the x = 0 plane.

Its transformation matrix is: TI∧I I =

(
1 p
0 1

)
, where 1 denotes the unity matrix and

p =

 0
yP
zP

.

Figure 1 shows the PM at the transition configuration.
• Other transition configurations

There can be no transitions between Mode I and Mode III or Mode II and Mode III that can be
physically reached. It can be noticed that Solution IV is the transition configuration between
Mode I and Mode II when the rotation about x−axis is π.

5. Reconfiguration Analysis: Non-Identical Case

In this section, the reconfiguration analysis presented in Section 4 is revised when considering
the base and the moving platforms as two equilateral triangles with the radius of their circumscribed
circles of rb and rp, respectively. In this case, Equation (11) become:
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e0e3 − e1e2 = 0

xP − (rb − rp)(e2
0 + e2

1)− (rb + rp)(e2
2 + e2

3) = 0 (12)

(rb − rp)e0e1 + (rb + rp)e2e3 + 2xP(e0e1 + e2e3) + zP(e0e3 − e1e2) = 0

Only the positive dimension solutions of Equation (12) that lead to independent motion modes
are considered in the following analysis.

The 3-DOF PPR operation mode (Mode I) is still possible in this case. Indeed, the moving platform
can rotate about the y-axis and xP = 2rpe2

2 + (rb − rp). The 3-DOF planar operation mode (Mode II) is
no longer possible in this case. Indeed, it is trivial to show that Equation (12) may be guaranteed if and
only if (rb − rp) = 0. Mode III is not affected by the dimensions of the base and moving platform and
it is only possible in theory.

Transition configurations are not considered in this case as the PM may undergo an unique
operational mode (PPR) with physics and geometry always guaranteed.

6. Other PMs Architectures

In general, any PM with the same set of constraint equations of that used for the 1-RPU−2-UPU
leads to the operation modes analyzed [25]. For example, in Figures 4 and 5 the 1-URU-2-RRU PM
is shown in the 3-DOF PPR and in the 3-DOF planar operation mode, respectively. As can be seen
there are two legs with two constraint equations, one leg with one. Further, the intermediate P joint is
substituted by an R joint to form a leg with 3−R planar kinematic chain.

Figure 4. The 1-URU−2-RRU PM undergoing the 3-DOF PPR operation mode.

Figure 5. The 1-URU−2-RRU PM undergoing the 3-DOF planar operation mode.
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7. Conclusions

The paper has presented a systematic reconfiguration analysis of a 1-RPU−2-UPU and other PMs
with the same set of constraint equations as the 1-URU−2-RRU PM. The use of the Euler parameter
quaternion and of the Cartesian coordinates of a point on the moving platform has proved to be
convenient and simple for the analysis of this type of PMs. Indeed, the analysis leads to the operation
modes of the PM in a straightforward manner with no need of any algebraic geometry method that
was used only to verify the results obtained. In the case of two identical equilateral triangles as base
and moving platform of the PM, the analysis shows two possible operation modes: the 3-DOF PPR
and the 3-DOF planar modes. The former is a rotation about the y-axis whilst the latter is a rotation
about the x-axis and a translation on the x = 0 plane of the reference point on the moving platform.
An other theoretical operation mode was found since it requires to disconnect and reassemble the
PM. As expected, the transition between the two operation modes occurs when the platform has no
rotation and the reference point of the moving platform lies onto x = 0 plane.

When the base and the moving platform are equilateral triangles of different sizes, the only
operation mode is the 3-DOF PPR. Therefore, in this case, the PM no longer has multiple
operation modes.

Future work will focus on the optimization of this multi-mode PM and developing a prototype
able to switch between the different modes by eliminating the constraint singularity. The main idea is
to use lockable Pi (planar parallelogram) and R joints as proposed in Reference [26].
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