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Abstract: Compared with complex and lengthy Gauss-Kriiger projection series expansions and real
number expressions, we improve the complex function representation of Gauss-Kriiger projections

a7

and rewrite them into the “multiple Angle form”, “exponential form”, and “double Angle form”.
The coefficients were expanded in the power series based on the first eccentricity e and the third
flattening n, respectively, and the truncation difference was analyzed when expanded to different
orders to obtain the simplified practical formulas for each form on the premise of meeting the accuracy
requirements of geodesy. Through numerical analysis, the computational efficiency of the forward
and inverse solutions of the Gauss-Kriiger projection is analyzed, which shows the superiority of
the “double Angle form”. Through the above measures, the expressions for forward and inverse
solutions of the Gauss-Krtiiger projection are obtained, meeting the accuracy requirements with a
higher computational efficiency and a more concise form.

Keywords: map projection; complex function; truncation difference analysis; computer algebra system

1. Introduction

Navigation is inseparable from maps; without high-precision maps as information
carriers, a navigation system is only a positioning system [1-3]. In particular, the trend
of electronic and intelligent development of maps and charts also puts forward higher
requirements on the efficiency and accuracy of projections’ forward and inverse solution
formulas [4-7]. The Gauss-Kriiger projection is one of the most important conformal pro-
jections and is widely used in geodesy, cartography, engineering surveying, and other
fields [8]. It has unique advantages in land-sea transition map and large-scale map con-
struction. At present, this projection is used as the mathematical basis of topographic maps
of the world and many countries. [9].

Gauss-Kruger projection theory has long been studied by scholars and has made
new progress in modern research. Abbey et al. discussed the application of the oblique
Mercator projection in modern engineering surveys and demonstrated its superiority
through calculations [10]. Sergio derived direct and transverse Mercator-type projections
for the constant-height surface-to-plane conformal mapping, and the precision of the
formula was analyzed by numerical analysis [11]. However, due to the limitation of
historical conditions, many mathematical analysis processes were completed manually at
that time, and the order and accuracy of the expansion formulas could not be very high;
sometimes, there were small mistakes that were not easy to find, especially since the inverse
solution was often presented as an iterative form that was not suitable for mathematical
analysis [12]. So, it is necessary to use an advanced computer algebraic analysis to make
necessary improvements and innovations.

Because of the connection between the theory of complex functions and conformal
projections, it is often useful to represent coordinates with complex numbers when working
with conformal mappings [13,14]. The theory of complex functions’ representation of
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map projections is as old as complex analysis is. Many scholars have made very mean-
ingful works in this field. Bowring discussed the complex function representation of the
Gauss-Kriiger projection [15]. Klotz gave the Gauss-Kriiger projection a complex function
solution for arbitrary bandwidth based on an effective recursive formula [16]. Schuhr gave
the Fortran program of forward and backward solutions of the Gauss-Kriiger projection
expressed by complex functions according to the formula in [16] and calculated them [17].
With the help of a computer algebra system, the forward and inverse solution formulas
of the Gauss-Kriiger projection complex function expression are calculated by iterative
solutions, and the scale ratio and meridian convergence angle of the complex function
expression are derived [18-20]. All these show the superiority of applying complex func-
tions to solve the mathematical problem of the Gauss-Kriiger projection. Guo Jiachun
realized the non-iterative process of forward and inverse solutions of the Gauss-Kriiger
projection based on Lee’s formula and revealed the essential process of the Gauss-Kriiger
projection [21,22]. Karney described two algorithms for the transverse Mercator projection,
one of which is based on Thompson and Lee’s more accurate formulation and achieves
an accuracy of 9 nanometers across the entire ellipsoid, and the other algorithm is a series
expansion method. Because the Gauss-Kriiger projection cannot be expressed in terms of
elementary functions, the mapping is usually computed by means of a truncated series.
Karney took Kriiger’s research further and expanded the original series to #%°, which led
to the new transverse Mercator algorithm with an accuracy of a few nanometers within
a certain range [23,24]. However, although the high-order expansion achieves extremely
high accuracy, it also makes the series expansion rather long and complex, which makes
the formula difficult to propagate and the computational efficiency is low.

In this paper, the expression of complex functions of the Gauss-Kriiger projection is
studied by means of series expansion. The symbolic expressions of forward and inverse
solutions without iteration are derived. We improve and modify the traditional forward
and inverse solutions of the Gauss-Kriiger projection of ellipsoids and rewrite them into
the complex function expressions expressed in “multiple Angle form”, “exponential form”,
and “double Angle form”. Based on the first eccentricity e and the third flattening n, the
coefficients in the formulas are expanded in power series, respectively, and the truncation
difference of the coefficients expanded to different orders is analyzed to obtain the simpli-
fied practical formulas of each form on the premise of meeting the accuracy requirements
of geodesy. Through numerical analysis, the computational efficiency of the forward and
inverse solutions of the Gauss-Kriiger projection is analyzed and the forward and inverse
solution algorithm of the Gauss-Kriiger projection with the highest computational efficiency
is obtained.

2. Complex Function Expression of the Gauss-Kriiger Projection

According to the literature [25,26], in the Gauss-Kriiger projection plane, x is the
ordinate, which is the northbound coordinate; and y represents the abscissa, that is, the east
coordinate. In addition, / represents the longitude difference, B represents geodetic latitude,

X(B = a(l _e fO \/ 3/2 N = \/1—e§5in28’

the inverse solution, the base pomt latitude By needs to be solved iteratively. Then, the
traditional Gauss-Kriiger projection real number expression is:

t = tan B, and 7% = ¢?cos? B. In

x = X + Nt cos? Blz2 0.5+ 5 (5 —t2+9112+4174)c0323f€—22+%(61—58t2+t4)cos4B(%}

y= NcosBl[lJr (

ot
B =By - 21\/{f

£+ 1) cos? BL, + 1k (5 — 182 + 1 + 14 — 581%%) cos* B |

|
1-—
( f){ 12(5+3tf+’7f ftjzf)(y)2+W(61+90tf+45t?>(@4} v
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In practical calculation, Equation (1) is often expressed as the power series of longitude
difference /. In order to reduce the deformation in the east-west direction, it is often
necessary to divide it into 3° or 6° zones. The zoning map can be drawn by using the
mathematical relationship of Equation (1), as shown in Figure 1.

Figure 1. Sketch of Gauss-Kriiger projection.

Although zoning increases the usability of Gauss-Kriiger projection in east-west
direction, it also creates a lack of continuity, especially in polar maps, which are fragmented
and cannot be applied. In view of the natural relationship between complex functions and
conformal mapping, some scholars have introduced this mathematical method into the
study of conformal projection in recent years. Bian Shaofeng extended the forward and
inverse solutions of the meridian arc length from the real number field to the complex
number field through iterative mathematical methods, and gave the complex variable
function formula of the Gauss-Kriiger projection [15,27]:

g = arctanh(sin B) — e - arctanh(e sin B)

w = g +1il = arctanh(sin B) — e - arctanh(esin B) +1i1

@ = arcsin[tanh(w)]

z=x+1iy = a(ape + ap sin2¢@ + a4 sinde@ + asin 6@ + agsin 8¢ + a1 sin 10¢)

@)

In Formula (2), w = q + il is the expression for isometric latitude in the field of complex
functions, where g is isometric latitude, which is the expression of geodetic latitude B, I
is longitude difference, and 4; is the constant coefficient expressed by the first eccentricity
e. The Gauss-Kriiger projection expansion represented by the complex function is the
power series form of the first eccentricity e of the ellipsoid, which has the advantages of
fast convergence and not needing to divide.

However, for the polar region, when the geodetic latitude B approaches 90°, the iso-
metric latitude g approaches infinity, which causes some trouble to the forward and inverse
solutions of the Gauss-Kriiger projection in the polar region. In order to solve this problem,
the conformal co-latitude 6 = 7 — ¢ is introduced, where ¢ is the conformal latitude,

. . e
P = 2arctan\/ 1isinB (%jri o g) — 7, then the conformal co-latitude can be expressed as:

. . e
0=rm— 2arctan\/%+;§g G;Zziﬁg) = 2(% — arctan(exp(q)))

. . e
~ 2arctan(exp( ) = 2aretan, [ 328 (12228

®)

The change curve of the isometric latitude g and conformal co-latitude 6 with geodetic
latitude B is shown in Figures 2 and 3.
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Figure 2. Sketch of isometric latitude g with geodetic latitude B.
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Figure 3. Sketch of conformal co-latitude 6§ with geodetic latitude B.

According to Equation (3) and Figure 3, when 0° < B < 90°, 6 is always available. By
substituting 6 into Equation (2), the expression of the forward solution of the Gauss-Kriiger
projection complex function can be obtained:

g = arctanh(sin B) — e - arctanh(e sin B)

w =g +1il = arctanh(sin B) — e - arctanh(esin B) +1i @)
0 = 2arctan[exp(—w)]

z=x+1y = a(ap0 — aysin20 + ay sin40 — wgsin 66 + ag sin 80 — 1o sin 100)

According to the literature [26], the relationship between the third flattening n and the
first eccentricity e of the ellipsoid is:

a—-b 1-vV1—e¢?
a+b 1412

with the help of the computer algebra system; the coefficients in Equation (4) are expanded
in terms of e up to e!® and in terms of 1 up to n°, which is shown in Table 1:

©)

Table 1. Coefficients in Equation (4).

Coefficient Representation Based on e Coefficient Representation Based on n
_ &2 3¢t 5¢° 17568 44110 5 81,4 _ 81,5
a0 =1—F — %1 — 35 — 16384 — 65536 ag=1-n+ ”_Z”+64
gy — & ¢t 9 T o0le” " 16381el ty — 111_771 +77 3_uil,4 281n5
2= 78 96 1024 184320 5898240 2= 2 6 720 1920
aq = 18t | 175 3lle”  18931c! ag = Bp? - @,ﬁ 4 3817n4 _ 6917.,5
4 = 768 T 5120 . 737280 20643840 4681 3 2%263 4 1g459 6720
ar — 6le° + 899¢° + 14977¢" X6 = 2" — 1egg " + g
6 = 15360 ' 430080 ' 27525120 b6 4 1° Y1401 &
g — A9561¢° " 175087¢10 a8 = 1emm0" — Teias0 "
8= 11287680, * 165150720 161980 s
%10 = gopa0"
a
10 = 82575360

It can be found that when the coefficients in Formula (4) are expanded in a power series
based on the third flattening 7, the form is more neat and more compact and the coefficients
are simpler, which simplifies the formula to some extent and improves the calculation



ISPRS Int. ]. Geo-Inf. 2022, 11, 566

50f17

efficiency. Co-latitude 6 and complex functions are introduced so that Equation (4) can also
be applied in the polar region.

According to the literature [24,25], the inverse solution formula of the Gauss-Kriiger
projection can be derived from Equation (4):

.z __ x+iy
{ W g~ aw, . . . . ©)

0 = —w + by sin 2w + by sin 4w + bg sin 6w + bg sin 8w + by sin 10w

Similarly, the coefficients in Equation (6) are expanded in terms of e up to ¢!’ and in

terms of 1 up to n°, which is shown in Table 2:

Table 2. Coefficients in Equation (6).

Coefficient Representation Based on e Coefficient Representation Based on n

__é 4 47 17 1783710 _ 2,2 157 2701 n4 _ 13359
by = _4% - 3%8 - zogggt 184512002 +1023592560 by n+3 % n+ 3 30"~ B2 n’
— E (4 le —_ n
bs = 755 + 1250 + 3 368640 + 1290240 by = ggn® + 151° — L6 + &
by — — A7¢8 28305 748910 by = —AZp3 4 3 gy 2095
6 = T 30720 -~ 430080 . 13762560 489 840 1480
bo = — 4397¢" | 131910 by = — 297 4177
8 = 41287689 6881280 b 165%38 T 10080
— = Tl
by = 165150720 10 161280

After obtaining the complex conformal co-latitude ©, according to its definition
0 = 2arctan(exp(—g +1il)), the following Equation (7) can be obtained:

tan § = exp(—q +il) = exp(—q) cos! —iexp(—q) sin!
=0 = 2arctan‘tan %‘ (7)
= @=7—0

After the conformal latitude ¢ is calculated from Equation (7), the geodetic latitude B
can be obtained according to [28]:

B = ¢ +mpsin2¢ 4 my sin4g + mg sin 6¢ + mg sin8¢ + mygsin 10¢ 8)
In Equation (8), the coefficients are shown in Table 3:

Table 3. Coefficients in Equation (8).

Coefficient Representation Based on e Coefficient Representation Based on n

10 o 22 116,44 26,5
" 2e 4+ e S _6|— 126811+ w0 + 161%6 "2 = 27n2 38 3 2;;27+445 Zmir %35
s = gge + N 115320022 +O2240e T 3 7136 i 5 111262+5315 !
me = 1286 + 11206 + 53760¢ me = 4§79 ” 5332 ;105 n

mg = 16%@9 "’ 01e0¢ mg = o0 4 BN

my = myg = Si5n°

To sum up, Equations (4) and (6) solve the problems of the forward and inverse
solutions of the Gauss-Krtiger projection and avoid zoning. Compared with the above
coefficients, it can be concluded that when the third flattening n replaces the first eccentricity
e, the coefficients of each expression are smaller in value and more compact in form, which
improves the efficiency of coordinate transformation to a certain extent.

3. Modification of the Complex Function Expression form of the Gauss-Kriiger Projection

Practical cartographic work involves not only the coordinate transformation of points,
but also the mapping of lines and surfaces. The process of map projection involves a
huge number of calculations, which puts forward higher requirements for the calculation
efficiency of the mathematical relations of the projection. In view of this, for the convenience
of description, Equations (4) and (6) are respectively defined as the “multiple Angle form”
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of the Gauss-Kriiger projection complex function expression. This section will make
modifications of them in order to obtain a more suitable form for computer calculation.

3.1. Form 1: “Power Exponential Form”

On the basis of Equation (4), the forward solution formula of the Gauss-Krtiiger
projection complex function of “power exponential form” is derived as follows:

Z = x+1iy = acy0 +acose(c1 sin 0 4 ¢3sin® © + ¢5sin® 6 + ¢ sin’ © 4 ¢g sin’ 9) 9)
According to Equation (4), the coefficients in Equation (9) are:

Co = 14qo

1 = —2{12 + 4114 — 6{16 + 8(18 — 10&10
c3 = —8ay + 32a¢ — 80ag + 160aqg

cs = —32a¢ + 192ag — 6720110

C7 = —128118 + 1024[110

Cg = —5125110

(10)

Similarly, the coefficients in Equation (9) are expanded in terms of e up to ¢!’ and in
terms of n up to n°, which is shown in Table 4

Table 4. Coefficients in Equation (9).

Coefficient Representation Based on e Coefficient Representation Based on n

_ 12 3.4 5 6 175 8 441 ,10 —1_ 5.2 _ 81,4 _ 81,5

co = 11(1 ¢~ wf 256‘3 T6384¢ ~ 65536° co=1—n+gn— 3’ 4 Gn' — &n
= —nt M2 43,3 | 338389,1 1268655

o — ——e + 17 4+ o6 4 26581 8 . 19937 10 cg=-n+ + 1033
1 19129 128) 5160969 6881280 — 13,27 1513 224659 n4 o 240511375
c3 = —gae* + 10 e® — ghiene® + mssreme ©= 1622 + e E8788 + 10080
cn— _Olg6 32§)177 o8 — B2993 10 s =—12n3+ nt — 278
5T A o 215030 _ _ 49561 4 185413 5
cr = — AL 8y 268 7 =—opynt+
7= 3242 330080°¢ _ 694585
cg = —20e €9 = — 7315
9 — " 161280

After the calculation of z, other calculation processes are consistent with Equation (4)
and will not be described here.

On the basis of Equation (6), the inverse solution formula of Gauss-Kriiger projection
complex function of “power exponential form” is derived as follows:

0=—-w+ <]1 sin w + j3 sin® w 4+ j5 sin® w + j7 sin’ w + jo sin’ w) cos w (11)
According to Equation (6), the coefficients in Equation (11) are:

j1 = 2by + 4by + 6bg + 8bg + 10b1g
j3 = —8bs — 32bs — 80bg + 160b1¢

j5 = 32bg + 192bg + 6721 (12)
j7 = —128bg — 1024by
jo = 512byg

Similarly, the coefficients in Equation (11) are expanded in terms of e up to ¢! and in
terms of n up to n°, which is shown in Table 5:

After the calculation of 0, the other calculation processes are consistent with Equation (6)
and will not be described here.
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Table 5. Coefficients in Equation (11).

Coefficient Representation Based on e Coefficient Representation Based on n
1,2 7 4 1069 ,8 | 11017 ,10 S 17,2 _ 193,3 | 39853 4 _ 316649 5
= 43 19%6 12826 + 737288 + 41287688 n= _” + 7 e, n”+ 5geg 1 — g7 1
3 = €0 + 0318 + el 3= —1n? + n® 4 1607 4 ZI58L7
3= 967 969, 368640 5160960 J3 = 5 449 7560
; *——66——(3 + 10 17,3 153114+ 34697 .5
J5 = ~ 90 2038 114688 Js = ; 40 560
o 4397 8 210 i 4397 4 @n5
J7 = 322560 80640 J7 = 1260 35
i) — _ 4583 ,10 o= —4 83
J9 = — 322560 Jo=—7351

3.2. Form 2: “Double Angle Form”

On the basis of Equation (4), the forward solution formula of the Gauss-Kriiger
projection complex function represented by “double Angle form” is derived as follows:

z = x +iy = ako® +asin20(ky + (ko + (k3 + (ks + k5 c0s20) cos 20) cos 20) cos20) (13)

According to Equation (4), the coefficients in Equation (13) are:

kO = 4ap

ky = —az +ag — axp

k2 = 2&4 — 4&18

ks = —4ag + 12a (14)
k4 = 86{8

k5 = *160110

Similarly, the coefficients in Equation (13) are expanded in terms of e up to ¢! and in
terms of n up to n°, which is shown in Table 6:

Table 6. Coefficients in Equation (13).

oefficient Representation Based on e oefficient Representation Based on n
Coefficient Representation Based Coefficient Representation Based

_ 12 4 26581 19937 _ 9 6., 26581 8 . 19937 ,10
ko = _%62 + 1926 + izsoe + g%gg%oe + 63%2803 ko = — 3¢ +71926 "2'7123806 + 5760960¢ +56881280€
k1= 713364 N 9?7 : 3840, 642+ 32256028508+ 5161%%08 f1 = 152 ZJF 309 3 O 11821+412601n977; 15008?1
ko = ng + 2560¢ 3440640 401287680 ky = 2421 R 12%163 +4 2681%08 + 5760 1
ks = §4?e - 107;283 + 2867206 ks = —gn” + pon” — s
ey — A 8 Jr o10 fu — 495614 221401 W5
4 516%998 20643840 4= 205 9
ks = — 516090° ks = — %50 ynd

On the basis of Equation (6), the inverse solution formula of the Gauss-Krtiger projec-
tion complex variable function represented by “double Angle form” is derived as follows:

0 = —w+sin2w(ly + (I + (I3 + (I4 + I5 c0s 2w) cos 2w) cos 2w) cos 2w) (15)
According to Equation (6), the coefficients in Equation (15) are:

li = by — bg + b1

I, = 2by — 4bg

Iy = 4bg — 12byg (16)
1y = 8bg

l5 = 16b10

Similarly, the coefficients in Equation (15) are expanded in terms of e up to ¢! and in
terms of n up to n°, which is shown in Table 7:
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Table 7. Coefficients in Equation (15).

Coefficient Representation Based on e Coefficient Representation Based on n
2 3 4 5

=~ = ' = e+ dfin & Al =g 3 g
I, — L 4 é 6 Z3%701 8 4211 _ n? | 2n® _ 4015n* _ 1969n°
2= 3¢ t a1¢ T 1321020 F 5160960¢ lh= 15+ 35 — 3061~ 2520
I = — 17 b — 283 eS — 25373 ell 1713 37n* 1013n
3= T 7680 ¢ 107530~ 15762560 ls = ="y + 210 + 1920
I, = — A7 8 1519 , _ _4397n* | 417700
l4 512%80 310 860160 l4 - = 425981360“ + 1260
5 = — 10321920 = =k

10321920 Is = — 30680

To sum up, based on the theory of complex functions, three kinds of complex function
expressions of the Gauss-Kriiger projection are derived by the computer algebraic system.
These expressions are completely equivalent, and all are symbolic expressions that are
suitable for any reference ellipsoid.

4. Truncation Difference Analysis

According to the series expansion principle, the larger the expansion order is, the
higher the corresponding precision is, and the longer the corresponding expression is. The
derived expansions of Equations (4), (6), (9), (11), (13) and (15) are symbolic expressions
applicable to the earth ellipsoid of any parameter. In this paper, the CGCS2000 national
geodetic coordinate system is taken as an example to carry out numerical analysis on the
three forms of complex function expressions of the Gauss-Kriiger projection and analyze
their truncation difference when expanded to different orders. Ellipsoid parameters of
CGCS2000: Major axis: a = 6378137 m; Flatness: f = 1/298.257222101; The first eccentricity:
e = 0.0818191910428152 [29].

The basic idea of the analysis is as follows: select a Gauss-Kriiger projection band
P={(B,1):|l] <3°60° < B <90°}, calculate the projection coordinate (xg, 1) through
the traditional real number formula given in [15,27], calculate the coordinate value (x;, y;)
through the forward solution expansion Formula (4) of “multiple Angle form”, and calcu-
late the difference, respectively, to get the calculation difference of the forward projection
solution. The difference distribution is shown in Figures 4 and 5:

(¢) Ax (expanding to e®) (d) A x (expanding to e")

Figure 4. The distribution of the abscissa truncation difference Ax when expanding to e10 68 ¢0 and ¢*.
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(b) Ay (expanding to es)
P

920

(¢) Ay (expanding to e6) (d) Ay (expanding to e‘*)
Figure 5. The distribution of the ordinate truncation difference Ay when expanding to ¢'%,¢8, ¢®, and ¢*.

Similarly, selecting the Gauss-Kriiger projectionband P = {(B,[) : |I| < 3°,60° < B <90°},
the difference distribution of the expansion of the forward solution in the form of multiple
angles based on the expansion of the third flattening 7 is shown in Figures 6 and 7:

90 90

(¢) Ax (expanding to n®)
(d) Ax (expanding to n?)

Figure 6. The distribution of the abscissa truncation difference Ax when expanding to 13, 4, n3, and n2.
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(a) A B (expandingto e®)

(a) Ay (expanding to n®)

(¢) Ay (expandingto n?)
(d) Ay (expanding to n?)

Figure 7. The distribution of the ordinate truncation difference Ay when expanding to n°, n*, nd,

and n2.

Similarly, selecting a Gauss-Kriiger projection band Q = {(x, y) : 0km < x < 6600 km,
ly| < 500 km}, the ellipsoid coordinate (By, ly) is calculated by the inverse solution formula
given in [26], then the coordinate (B, ;) is calculated by the inverse solution expansion
Formula (6) in the “multiple Angle form”, and the calculation difference (AB, Al) of the
inverse solution is obtained by calculating the difference, respectively. The difference
distribution is shown in Figures 8 and 9:

%
4
%,

&
%
5
0'0
A

57
s
0"‘

5
%
55
o
48
0"0
l'l

0.9
0%,
AR,
%,

9
47

%

%

9.

(b) A B (expanding to e®) (¢) A B (expanding to e*)
Figure 8. The distribution of the latitude truncation difference AB when expanding to €%, ¢, and e*.

Similarly, based on the expansion of the third flattening #, the difference distribu-
tion of the expansion of the inverse solution of the “multiple Angle form” is shown in
Figures 10 and 11:

As can be seen from Figures 4-11, when the forward and inverse complex function
expressions of the Gauss-Krtiger projection are expanded to the same order based on
the ellipsoid eccentricity e and the third flattening 7, the calculation differences are not
much different, which can be regarded as equal precision. When the expression of the
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forward solution is expanded to e!? and 1°, the coordinate calculation differences (Ax, Ay)
are of the order of 1077 mm. When the inverse solution expression is expanded to ¢!
and #°, the order of coordinate calculation difference (Ax, Ay) is 10", The truncation
difference of the forward and inverse solution can meet the requirements of geodesy
well, but the corresponding power series expansion formulas are also a little long and
complicated. According to [26], the calculation accuracy of the expansion is related to the
expansion order. When the expressions are expanded to ¢® and 13, the order of magnitude
of calculation difference (Ax, Ay) of the forward solution is 1072 mm, and the order of
magnitude of calculation difference (AB, Al) of the reverse solution is 10~%", both of which
meet the accuracy requirements. In addition, the expressions are more concise and practical.

-500,000

(a) Al (expanding to e®) (b) Al (expanding to e®) (¢) Al (expandingto e*)

Figure 9. The distribution of the longitude truncation difference Al when expanding to 8,0, and e*.

(a) A B (expanding to n*) (b) AB (expanding to n3) (¢) AB (expanding to n?)

Figure 10. The distribution of the latitude truncation difference AB when expanding to n*, n%, and n2.

i /
i,

0'5'
%
S

|
6x10° 7500000 /_500,000

(a) Al (expandingto n*) (b) Al (expanding to n®) (e) Al (expanding to n?)
Figure 11. The distribution of the longitude truncation difference Al when expanding to n#, n3, and n?.

Similarly, for the forward solution expression (9) in “power exponential form”, by
analyzing the truncation differences of the expression expanded to different terms, it can be
concluded that when the expression is expanded to cs5, the order of magnitude of calculation
difference (Ax, Ay) of the forward solution is 10~3 mm. The distribution of (Ax, Ay) is
shown in Figures 12 and 13:
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(a) Ax (expandingto cs terms) (b) Ay (expandingto c5 terms)

Figure 12. The distribution of (Ax, Ay) when expanding to c5 terms (based on e).

(a) Ax (expandingto cs terms) (b) Ay (expanding to c5 terms)
Figure 13. The distribution of (Ax, Ay) when expanding to ¢5 terms (based on 7).

For the inverse solution expression (11) in the form of “power exponent”, by analyzing
the truncation difference of the expansion to different terms, it can be concluded that the
order of magnitude of calculation difference of the inverse solution when the expression is
expanded to j5 terms is 107", The variation trend of the latitude and longitude calculation
difference (AB, Al) is shown in Figures 14 and 15:

2x1077
AI"1x1077

6x10°

(a) A B (expandingto js terms) (b) Al (expanding to js terms)

Figure 14. The distribution of (AB, Al) when expanding to j5 terms (based on e).
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(a) A B (expandingto js terms) (b) Al (expandingto js terms)
Figure 15. The distribution of (AB, Al) when expanding to j5 terms (based on n).

For the forward solution expression (13) in the form of “double Angle form”, by
analyzing the truncation difference of the expression expanded to different terms, it can
be concluded that the order of magnitude of the forward solution calculation difference
is 1072 mm when the expression expanded to k3 terms, and the variation trend of the
coordinate calculation difference (Ax, Ay) is shown in Figures 16 and 17:

(a) Ax (expandingto k, terms) (b) Ay (expandingto k, terms)

Figure 16. The distribution of (Ax, Ay) when expanding to k3 terms (based on e).

(a) Ax (expandingto k, terms) (b) Ay (expandingto k, terms)

Figure 17. The distribution of (Ax, Ay) when expanding to k3 terms (based on ).
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For the inverse solution expression (15) in the form of “double Angle form”, by
analyzing the truncation difference of the expansion to different terms, it can be concluded
that the order of magnitude of calculation difference of inverse solution when the expression
is expanded to I3 terms is 107", and the variation trend of latitude and longitude calculation
difference (AB, Al) is shown in Figures 18 and 19:

(a) A B (expanding to I3 terms) (b) Al (expandingto I3 terms)

Figure 18. The distribution of (AB, Al) when expanding to I3 terms (based on e).

(a) A B (expandingto l3 terms) (b) Al (expandingto I3 terms)

Figure 19. The distribution of (AB, Al) when expanding to I3 terms (based on n).

To sum up, on the premise of meeting the accuracy requirements of geodesy, the
simplified expressions of the complex functions of the three forms of the Gauss-Kriiger
projection are as follows:

The expression in “multiple Angle form”:

z=x+1iy ~ a(ag® — aysin26 + a4 sin460 — e sin60) (17)
0 ~ —w + by sin 2w + by sin4w + bg sin 6w (18)

The expression in “exponential form”:
Z = x+iy = acpO + acos O (c1 sin 0 4 c3 sin® © + c5 sin® 6) (19)
O~ —w+ (jl sin w 4+ j3 sin® w + j sin® w) cos w (20)
The expression in “double Angle form”:

z =x+1iy =~ akg® + asin20(ky + (k + k3 cos 20) cos 20) (21)
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0 ~ —w +sin2w(ly + (I + I3 cos 2w) cos 2w) (22)

5. Case Analysis and Calculation Efficiency Analysis

Through the above derivation, three forms of simplified expressions (17-22) for complex
functions of the Gauss-Krtiger projection are obtained that meet the accuracy requirements. In or-
der to verify their efficiency, the CGCS2000 ellipsoid constant is selected for an example analysis.
Take the region 0° < B < 90°, —3° <1 < 3° (0 km < x < 6000 km, —500 km < y < 500 km)
that contains the poles, where the number of points can be determined by the resolution of
geodetic latitude and longitude directions. Take the resolution of 1/ x 1/ (2 km x 2 km) as
an example, including 5401 x 217 (3001 x501) points.

Taking the above region as an example, the computational efficiency of all formulas in
the paper is analyzed. Through the traditional formula of real numbers (Formula (1)), the
forward solution takes T; and the inverse solution takes T;.

Through the “multiple Angle form” formula, when expanding to a;¢ terms, it takes Ty
for the forward solution (Formula (4)); and when expanding to by terms, it takes Ty; for the
inverse solution (Formula (6)). When expanding to ag, it takes t1¢ for the forward solution
(Formula (17)); and when expand to bg, it takes t;; for the inverse solution (Formula (18)).

Through the “exponential form” formula, when expanding it to cg terms, it takes Tp¢
for the forward solution (Formula (9)); and when expanding to jg terms, it takes Tp; for
the inverse solution (Formula (11)). When expanding to cs, it takes ty¢ for the forward
solution (Formula (19)); and when expanding to js, it takes t5; for the inverse solution
(Formula (20)).

Through the “double Angle form” formula, when expanding it to ks terms, it takes T3¢
for the forward solution (Formula (13)); and when expanding to I5 terms, it takes T3; for the
inverse solution (Formula (15)). When expanding to k3, it takes t3¢ for the forward solution
(Formula (21)); and when expand to 3, it takes t3; for the inverse solution (Formula (22)).

The derived algorithm is compiled and run on a 2.90 GHz Intel processor by software
Matlab2017a. The calculation results are shown in Table 8:

Table 8. Calculation time of different formulas (unit: s).

Forward Group Tt T1¢ fyf b); fof T5¢ t3f
solutions Time 4281 5.714 4471 6.738 5.127 5.132 4.310
Inverse Group T; Th; ty Ty toi T3 t3
solutions Time 37.21 7.938 6.711 9.083 7.434 7.421 6.436

According to Table 8, because of the integration and iteration operation involved, the
calculation efficiency is very low when using the traditional real formula. When complex
functions are introduced and series expansion is adopted, the new forward and inverse
solution formulas only involve the sum and multiplication of trigonometric functions,
which greatly improves the computational efficiency. By comparing Ty, Ty, and T3, it can
be found that the calculation efficiency of the form of “double Angle” is highest, which is
close to that of the form of “multiple Angle”, while the calculation efficiency of the form of
“exponential” is the lowest. By comparing tyy, t5¢, and t3¢, it can be found that the calculation
efficiency of the three forms of inverse solution formulas also has a similar rule. By
comparing Ty¢ and tyy, it can be found that the lower-order terms are more efficient for both
forward and inverse solutions. In conclusion, after precision analysis, truncation difference
analysis, and calculation efficiency analysis, the Gauss-Kriiger projection complex function
expression in the “double Angle form” not only meets the requirements of geodesy, but also
improves the calculation efficiency relatively well when expanded to k3 terms; especially
for the case of higher resolution and more points, the superiority of the improved formula
is more prominent, and it can better meet the requirements of modern electronic charts for
higher map resolution and more efficient projection transformation.
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6. Summary

In this paper, the mathematical mapping relation between ellipsoid coordinates and
map plane coordinates is solved based on the theory of complex functions. With the help
of the computer algebra system Mathematica, the improved complex function expressions
of the Gauss-Kriiger projection are derived in three forms. The formulas derived are
symbolic expressions and are applicable to any reference ellipsoid. Moreover, each formula
is expanded in a power series based on e and #, respectively. Taking CGCS2000 reference
ellipsoid as an example, the numerical analysis is carried out. By analyzing the truncation
difference when the expression is expanded to different orders, the simpler expansion
formula satisfying the requirement of geodetic precision is obtained, which improves the
calculation efficiency to a certain extent and makes the formula easier to use and spread.
Furthermore, taking 5401 x 217 (3001 x501) points as an example, by comparing the time
it takes to calculate the forward and inverse coordinate solutions with different formulas,
it is verified that the complex function expression of the Gauss-Krtiger projection of the
“double Angle form” is the least time-consuming and the highest computational efficiency.
To sum up, this paper starts from the mathematical basis of map projection theory, the
complicated and lengthy higher-order expansions are abandoned, and we improve the
efficiency of projection transformation by improving the coordinate transformation formula
on the premise of ensuring the accuracy of projection transformation.
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